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A. Fabrication and transport characterization of device A.
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Figure S1. Optical image of the device and alignment to hBN. a. Resulting final stack,
where the red and white dotted lines show misalignment between the edges of top and bottom
hBN and those of the two graphene flakes composing the MATBG in blue. b. — ¢. Optical
micrographs of top and bottom hBN used for stacking the van-der-Waals heterostructure shown
in a. The white and red dotted lines mark the crystallographic edges of the two hBN flakes. d.
Optical picture of the final device, with a schematic of our 4-probe measurement setup. The
black dotted line marks the position of the narrow-etched region of the top-graphite gate, cor-
responding to the location of the weak link in the junction. Scale bars equal 5 pm in all figures.
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Figure S2. Landau fan diagram and absence of quantized plateau Hall resistance at low
field. a. Longitudinal resistance Ry vs. carrier density n and perpendicular magnetic field
B, where Landau levels were used to calculate the twist angle of the device. b. Anti-symme-
trized transverse resistance Ry, vs. 7 at B = 0.5 T, plotted in units of 4/e’, where / is Planck’s
constant and e is the electron charge. No quantized plateau Hall resistance close to v=-2 is
observed. All data in the figure is taken setting V7¢=0 V.
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Figure S3. Temperature dependence and characterization of the superconducting state.
a. Ry as a function of n and temperature 7. b. Current-voltage (/-V) characteristic of the su-
perconducting state at n=—1.72 x 10'? cm? for a wide range of temperatures. From the lowest
temperature data, we extract a critical current of /. = 240 nA. The inset shows R, as a function
of T, where a transition to the superconducting state is observed with a critical temperature 7.
=3.5 K, taken as the temperature at which R.. equals to 50% of the normal state resistance. ¢.
Differential resistance dVx/dl vs. d.c. current I at various temperatures. Fitting Vi o< F yields
a BKT transition temperature 7pxr=2.25 K. d. Perpendicular critical field B. vs T taken as half
of the normal state resistance values. From linearly fitting B. =(®,/2mn2,)(1 — T/T.), we ex-
tract a Ginzburg-Landau superconducting coherence length {;; = 106 + 8 nm at 7= 0, where
@y = h/2e is the superconducting flux quantum. All data in the figure is taken setting V7c= 0
V.



B. Dual gate characterization of device A and electrostatic model.

Fig. S4a shows R as a function of back gate voltage Vpc and top gates voltage V'7g,
measured at 1.8 K. This dual-gate map contains two distinct features, corresponding to the n
and n, regions sketched in Fig. lc of the main text. The diagonal features, marked as gray
dashed lines in the figure, are those gated both by the back gate and the top gates. Its carrier
density is given by n = CpsVpc + CreVr6, where Cps and Crg are the capacitances of the back
gate and top gates, respectively. The features corresponding to the junction are displayed as
green dashed lines. This region is mainly gated by the back gate, but having a small contribu-
tion from the top gates due to the effect of stray fields'. This explains why these features are
not perfectly vertical but rather have a finite slope. The carrier density of this region follows 7
= CpcVp6 + aCrcVrs, where oo << 1. As such, we can independently gate the two regions.

Fig. S4b is a zoom-in of the dual-gate map measured at 35 mK, where the dark blue
region corresponds to the superconducting state. By following this dark blue region parallel to
the grey lines, the dual-gated main regions remain in the superconducting phase, whereas the
single-gated junction region can be continuously changed in doping, creating different config-
urations of a JJ, as indicated by the white squares. This diagonal line is the one followed to take
the dVx/dl colormap of Fig. 1d in the main text.

In order to gain insight on how the electrostatics of the dual gated architecture of our
device works, we have performed electrostatic simulations by solving the Poisson equation
with a finite difference method®>. The generalized Poisson equation is given by V-
[e(r) VV ()] = p(1) /€y, where € is the dielectric constant (¢ = 4 for hBN), V is the electro-
static potential, p is the density of electric charges and €, is the vacuum permittivity. The prob-
lem is solved self-consistently with an iterative approach following a successive over-relaxa-
tion method®. Dirichlet boundary conditions (BCs) are used for the electrodes: ¥ (z =20 nm) =
VG and V (z = —20 nm) = Vjpe. The sides and top regions with no gate are set with Neumann
BCs, satisfying 0V« = 0 and 0V, = 0, respectively. The model is strictly electrostatic, not in-
cluding any band structure properties of the MATBG. Fig. S5a shows the response of the case
where the weak link is set very close to the v=-2 CI (SCS configuration). The linecut shown
in Fig. S5b is extracted from the dashed gray line of the figure, where the MATBG would be
located. Here the electrostatic potential is converted to n by a factor related to the capacitances
of the top and back gates. From the simulations it is possible to estimate the effective size of
the JJ (ds), which does not match the length of the etched region, d = 150 nm. Since » has a
slow transition from the SC to the CI state, the effective length of the JJ is d; =100 nm.
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Figure S4. Dual-gated maps. a. R, vs. Vg and Vg at T= 1.8 K. The diagonal features marked
with grey dashed lines are the integer fillings of the main regions (# in Fig. 1b of main text),
gated by both the back gate and top gates. Slightly tilted vertical features, fitted with green
dotted lines, are the integer fillings of the junction region (ns in Fig. 1b of main text), mainly
gated by the back gate. Labels of the integer filling factors marked by dashed lines correspond
to: band insulator (B/) at full filling, correlated insulator at plus/minus three-quarter filling
(C:3/4), plus/minus half filling (Cx;2) and one quarter filling (C;4) and Dirac point (D). b.
Zoom-in of black-delimited area in A taken at base temperature 7' = 35 mK, where the super-
conducting state is fully developed. White squares mark the diagonal line in the map at which
both main regions are kept in the superconducting state, and the junction region is set at differ-
ent doping.
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Figure SS. Simulations of the electrostatic potentials governing our devices. a. Calculated
potentials as a function of position x and height z, for a junction configuration with Vzs =
—1.25 V and V6= —0.25 V. The back gate and top gates are placed at z = —20 nm and z = 20
nm, respectively. The etched region is marked by the double arrow at the top of the figure. The
dashed gray line shows the position at which the MATBG would be located. b. Extracted line-
cut of the electrostatic potential from a at z = 0 nm, the MATBG position. Vertical red dashed
lines show the position where the top graphite was etched. The light green and red regions
show the extension of the SC and CI states. The effective length of the JJ in this case is 100
nm, as marked in the figure.



C. Device B characterization
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Figure S6. Device B transport characterization. a. Ry vs. Vg vs. Vrg at 35 mK. Very similar
features to device A are visible and highlighted with the same nomenclature as in Fig. S4. The
red cross marks the position where the Fraunhofer pattern shown in d. is measured, correspond-
ing to the SC/CI’/SC position, similar to the main pattern of the other sample discussed in the
main text. b. Ry vs. v vs. B at low fields. ¢. R vs. T characteristics of the SC at the center of
the dome as marked by the green dashed of b. d. (Top) Magnification of b around the SC state
-3 <v < -1.8. (Bottom) dVy/dl vs. I at different n,, keeping n = —1.44x10'? cm™ in the SC
state. Dashed green vertical lines mark the position where 7, is no longer in the SC state. e.
Fraunhofer pattern of the SC/SC/SC position in this device. f. Fraunhofer pattern of the
SC/CI’/SC position in this device.



D. Evolution of the asymmetric Fraunhofer patterns with n and T, and I, extraction

Fig. S7a displays an extension of the dVx/d/ vs I map shown in Fig. 1d of the main
text, to better identify the #, positions of the Fraunhofer patterns, which are labelled with color
dots. Fig. S7b-e show the evolution of the Fraunhofer patterns when the weak link is being
doped at different carrier densities 7, Upon tuning n, from —1.72x10'? cm™ (SC/SC/SC con-
figuration) to —1.56x10'? cm™ (SC/CI’/SC configuration), the Fraunhofer evolves from being
symmetric in both current and field towards being asymmetric. When n, 2 —1.35x10'? cm™ or
ny S —2.1x10'? cm?, the coherence is lost in our JJ and so we do not observe a supercurrent
anymore. However, distinct superconducting non-linearities remain, which are in line with An-
dreev reflections at the SC interfaces®.

To study the behavior of the JJ with magnetic field, a detailed analysis of /. at different
currents and fields is performed in the main text (Fig. 3 and 4). The exact procedure by which
we define and extract /. is shown in Fig. S8a. We define /. as the / value at which the resistance
is non-zero anymore. We define a R threshold value of =100 (), displayed as the dashed red
line and /. is taken as the / value at which the dV./dI exceeds such a threshold, marked by the
red cross in the figure. Since this procedure is highly dependent on the value of the defined
threshold, several values are considered, and an error is taken by calculating the standard de-
viation of all the extracted /. values. The error obtained from this analysis is the error which is
plotted in the temperature dependence of 4B in Fig. 4. The main value of /. is chosen as the
best fit to the contour in the Fraunhofer pattern, as shown in Fig. S8b. In this example we plot
the 35 mK data shown in Fig. le (right) of the main text. The extracted /. and I~ are plotted
as a red and green dashed line over the map. The same procedure is followed for all the Fraun-
hofer patterns mentioned in the main text.

Finally, in this section, we discuss the temperature dependence of the Fraunhofer pat-
tern of the SC/CI’/SC configuration and its magnetic hysteresis. Fig. S9 shows the SC/CI/’SC
Fraunhofer patterns measured at different temperatures that are not shown in the main text. For
every temperature, the Fraunhofer is measured with field sweeping in both directions. The in-
sets of each of these plots demonstrate the fact that the position and magnitude of coherence
peaks is reversed at zero field for opposite field sweeping directions, due to the hysteretic be-
havior inside the JJ. The hysteresis is further evidenced in the /. vs. B plots (Fig. S9 1-p) where
II."(Bup) |# |I" (Bdown) |, and is gradually lost until 7= 800 mK, where |I."(Bup) |= |I" (Bdown) |-
The temperature dependence of 4B shown in Fig. 4d of the main text is extracted from this
data.
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Figure S7. Carrier density dependence of the asymmetry in the Fraunhofer patterns. a.
dVu/dl vs. I and ny at T = 35 mK, keeping n in the superconducting state. b.-e. Fraunhofer
patterns with the weak link being at different doping n,, corresponding to those labelled by the
color circles in a. The Fraunhofer patterns evolve from being symmetric in the SC/SC/SC to

being asymmetric in the SC/CI’/SC configuration.
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Figure S8. I, extraction from the dV,,/dI vs. I data. The plotted data corresponds to the
same Fraunhofer pattern as in Fig. 1e (right) of the main text. a dV./d/ vs. I linecut of b at zero
field. The red dashed line marks a threshold value defining the end of the superconducting
state. b. dVw/dI vs. I and B. The extracted I." and I.” are sketched as dashed red and green lines.
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Figure S9. Temperature dependence of the SCS Fraunhofer pattern and its hysteresis. a-
e. Fraunhofer patterns measured at n; = —1.56x10'? cm?, at increasing temperatures from 35
mK to 700 mK and by sweeping the magnetic field up. Insets of each plot show a dVx/dl vs. I
linecut at B=0 T. f-k. Corresponding Fraunhofer patterns to a-e respectively, at the same tem-
perature but opposite magnetic field sweep direction. I-p. Extracted positive critical current /"
from the corresponding temperatures and with field sweeping up (blue) or down (red).

E. Disentangling different magnetic signals

A key finding of the results is that we observe two distinct magnetic states. The effect
that survived to the 7¢ of the JJ is attributed to orbital magnetism, while the effect found only
at the lowest T is discussed in different possible scenarios. Apart from the 7, the main way to
distinguish these effects is through their behavior with magnetic field. While the orbital mag-
netization requires fields higher than ~300 mT to be polarized, the other state can be polarized
with fields of ~3 mT. This distinction is shown in Fig. S10. Fig S10a shows the dVx/dl meas-
ured at B =0 mT and 7 = 35 mK right after cool-down from 20 K to get rid of all the magnet-
ization effects. When no pre-magnetizing field B has been applied (By = 0 mT), the dVx/d/
is rather symmetric with respect to I (black curve). After applying a By < 3 mT, the curves
remain symmetric, while for By >+ 5 mT, the asymmetry appears. Fig S10b shows the same
measurement but now at 800 mK. First, the sample is warmed up to 20 K, cooled down and
measured at 800 mK without applying any field (black curve). Then we see how for By =+ 50
mT the curves remain the same, while for By >+ 300 mT the asymmetric /. appears. A further
difference is the direction of the asymmetry. For the low T state, applying By > 0 makes . >
|I:'|, while the opposite is true for the orbital magnetic state.
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Fig. S10. Distinguishing between high and low field hysteresis. d/,/d/ measured right after
cooling down (black curves) or after applying different B), at 35 mK a. and 800 mK b. While
at 35 mK, fields above 3 mT are enough to switch the magnetic state, at 800 mK, fields above
300 mT are needed, proving we have two distinct effects. The behavior of the dVi./d/ is also
different for the two effects, i.e. for the low field effect I.” > |I.], when By > 0, whereas the
opposite is true for the high field effect. This is clear comparing the orange and purple curves
at the two temperatures.

F. Demonstrating the superconducting diode effect.

We demonstrate the superconducting diode behavior in Fig. S11. In Fig. S11b we apply |I| ~
25 nA and continuously switch the current direction. Simultaneous measurements of the device
resistance show that the device is clearly resistive in one current direction and superconducting
in the other, depending on the magnetization direction.
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Fig. S11. Zero-field switchable superconducting Josephson diode. a, dV./d/ vs. I measured
setting ny- -1.56x10'? cm™ at 35 mK. All curves are taken at B=0 mT after pre-magnetizing
the sample at By = +50 mT (red) or By = -50 mT (blue). The shaded gray regions mark the
values of current at which the diode behavior is observed. b, Switching between resistive and
superconducting state by changing the direction of / as shown in the top panel. By applying
opposite Bum, the diode behavior is inverted (red and blue curves).

G. Two-dimensional planar and three-dimensional bulk behavior of the Fraunhofer
patterns

In a two-dimensional superconductor, the film thickness is smaller than the London
penetration depth A. In this case, the magnetic flux can penetrate into the superconductor and



the spatial distribution of magnetic field is governed by the Pearl length A = 212 /t, where ¢ is
the film thickness . It has been previously shown ®7 that the critical current of a two-dimen-
sional JJ under a perpendicular magnetic follows the relation AB2p = 1.8 @y/w?, where w is the
lateral size of the junction. This is different from a three-dimensional bulk Josephson junction®,
where the period of the oscillations follows A4B3p = 1.8 @y/wd where d is the length of the
junction. According to our JJ geometry (w= 1.2+ 0.1 um and d; & 100 nm), AB3p is estimated
to be ~ 16 = 1 mT, which is far larger than AB>p ~ 2.5 £ 0.5 mT, as shown in the calculations
in Fig. S12. The modelled data of section G are calculated considering the 2D JJ formalism
for the description of the flux.

d
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Figure S12. Planar and bulk Josephson Junctions Fraunhofer patterns and 2D SQUIDS.
a. Calculations of the expected critical current for a JJ of our sample dimensions (w = 1.2 um
and d = 100 nm) in the 2D planar regime and the 3D bulk regime.

H. Modeling Fraunhofer patterns from Real Space Current Density Distribution

The critical current of a Josephson junction in a perpendicular magnetic field is repre-
sented by the modulus of the Fourier transform of the current density distribution in real space
Jy(x)°. This means that one can extract the current density distribution of a JJ by calculating the
inverse Fourier transform of the measured Fraunhofer pattern. For example, a homogenous
current distribution will give the regularly studied Fraunhofer pattern, while more complex
current distributions lead to more complex diagrams. Here we focus on the case of having edge
states or just bulk contribution. The current distribution and the corresponding Fraunhofer pat-
tern to different cases combining bulk and edge conduction are shown in Fig. S13.

The process to calculate the Fraunhofer pattern from the real space current density dis-
tribution is done following the procedure developed by Dynes and Fulton!®. Given a certain
Js(x), its complex Fourier transform will yield the complex critical current function: J.(f) =
fjooo dx Js(x)e*, where f = (L+21)B/®yis a normalized field in units of pm, L is the length

of the JJ and A is the penetration depth into the superconducting electrodes. The experimentally
measured /. is then given by the modulus of this complex current density distribution /()=
|3c(B)]- In our case, we use the formalism given in section G about 2D JJs to calculate the
pattern. This means that instead of using L+24, we use the aproximation w/1.8 to account for
the fact that the material will not screen the magnetic field.



In order to simulate the asymmetries observed in the data of device A we introduce
some phase shifts into the patterns to simulate the magnetic origin of the signals. The phase
shifts are introduced as an extra field in the S parameter by substituting B = Bex + ¢, where Bex
is the external field and ¢ will be the extra phase. This phase could have different origins, but
in this model we just study it as a component which changes the effective field experienced by
the sample. The next step is to separate these phases for the different components of the pattern
by introducing @gedge1, Pedge2 and gpuir, corresponding to the different edges and the bulk of the
JJ. When @edger = (Qedgez We tefer to it simply as @edges. Fig. S14 shows Fraunhofer patterns
calculated giving different phases acquired by the edges. In general we keep @pui= 0, because
we are interested in the asymmetries of the data. The bulk phase would contribute to a total
shift of the pattern, but would not produce asymmetries. We find that asymmetries in /.(B) arise
when @puik# Pedges, yielding a signal in which I.°(B*) # I.*(B), as we observe in the experiment
(see Fig. S14d). In order to obtain the current-field coupling leading to the tilt of the signal, the
phase of the edges needs to change sign with the current direction: sgn(@edges(I")) = -sgn(@edges(I
)). This implies that the current carries an effective field which is opposite for opposing current
directions. By introducing this current induced phase, we obtain all the broken symmetries
observed in the pattern of device A, this is: I.*(B") # I.°(B’) and I.*(B*) # I'(B"), while keeping
the symmetry along the /- B coupled direction: I.°(B*) # I'(B). In the experiment this symmetry
is further broken due to the hysteresis. This could be broken in our model just by adding an
extra phase to the whole device, which would shift the pattern to the positive or negative field
direction.

From this model we can conclude that the experimental Fraunhofer of Fig. 2a requires
the presence of edge states which carry an additional phase with respect to the bulk, this phase
changes sign for a given current direction and, in addition, there is a general magnetism in the
junciton which is responsible for the global phase shift and the hysteresis at low 7. As was
discussed in the main text, all these ingredients can be explained in the framework of a valley
polarized state, in which the current can switch the orbital magnetic state. Finally, the fact that
Qedgel  Pedge2 as In Fig. S14f, can be understood in terms of having at least two different valley
polarized domains which would effectively give a different phase for the two edges. Comparing
Fig. S14f to the data of Fig. S14a, this seems to be the model which resembles the most the
measured data and therefore is chosen to be plotted in Fig. 2b of the main text.
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Fig S13. Fraunhofer patterns corresponding to different current density distributions.
a-c. Fraunhofer patters corresponding to the current density distributions shown in d-f.
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Fig. S14. Asymmetric Fraunhofer patterns corresponding to different symmetry broken
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late the Fraunhofer patterns including both bulk and edge contribution. Both edges and the bulk
can include a different phase. d. Calculated Fraunhofer pattern having a different phase be-
tween edge and bulk but with the same phase between edges. e. Same as d., but the phase of
the edges changes when inverting the current direction. f. The phases of the two edges are
opposite and they change sign upon changing the current direction.



I. Disregarding possible artifacts of the magnetic signals

A key question to answer when magnetic hysteresis and shifts from zero-field are ob-
served in experiments is whether they can have a trivial origin, i.e. trapped flux in the magnet.
It is known that superconducting magnets can trap flux in their coils, leaving fields of few mT
when the magnets sit at the measured zero-field. This can also lead to trivial magnetic field
hysteresis, as the trapped flux will depend on the magnet’s history, leading to positive field
shifts when previous field was negative and vice versa. For example, ramping from positive
field will in general lead to the measured zero-field be present at a negative field position.

The first question is whether the shift of the Fraunhofer pattern measured at 800 mK in
Fig. 3b could be just due to this trapped flux. In the following we argue why this cannot be the
case. This Fraunhofer pattern was measured after having applied a By =+500 mT, followed by
the sequence of (+15 mT—>-15 mT) and then (-15 mT—>+15 mT), in order to extract the hyste-
resis at that field. In this case, the maximum critical current values in both the By, and B,
patterns are shifted towards positive fields, but no hysteresis is observed, as is seen in Fig. 4d.
This behavior is not in line with the trapped flux scenario, since in that case we should either
have two different shifts (from the up and down sequence). However, we observe a shift to
positive fields, which we attribute to the polarized orbital magnet after having applied +500
mT. The shift of +2.5 mT is in line with the expected shift from the orbital magnetization as is
explained in the main text.

The second question is whether the measured hysteresis at low 7' could be due to the
magnet. In this case the 7' dependence of the hysteresis should be enough to disregard an origin
due to trapped flux in the magnet. While the sample 7 'is increased from 35 mK to 800 mK, the
magnet’s temperature is kept constant at ~3.6 K. Therefore, all the features seen in Fig. 4 and
Fig. S9 are only due to the sample 7 increase and cannot be related to the magnet’s trapped
flux.

We would like to note that we do see some shifts in patterns which could be attributed
to the magnet. For example, Fig. le (left) has a shift of -2 mT. Although we cannot conclude
the origin of this shift, in this case it could be due to the trapped flux since the pattern is shifted
to negative fields and was measured coming from a large positive field of +150 mT. However,
it is important to note that such shifts are not always observed. For example, Fig. 1e (center)
was measured from -200 mT and shows a shift ~+0.2 mT. Therefore, we want to emphasize
that the hysteresis of Fig. 4 is not related to this and has a clear distinct origin. Although we
could expect some small shifts from 0 field due to some trapped flux, the 7 dependence evolu-
tion, the disappearance of phase jumps and the asymmetry after overcoming a coercive field as
shown in Fig. S10 cannot be explained by this.



J. The model Hamiltonian for the TBG based-Josephson junction

In this section, we present the model Hamiltonians for this Josephson junction, which
will be used to calculate the Fraunhofer patterns. The Josephson junction studied in this
experiment is rather special in the sense that all parts are formed by the MATBG only. As
schematically plot in Fig. S15a, this Josephson junction consists of three parts: the left and right
parts are the superconducting MATBG which conducts supercurrents, and the middle part that
links the two superconducting parts is also formed by a MATBG but being closed to half-filling,
where correlated insulating phases are known to be established.

To capture the bands of MATBG, we used a hexagonal lattice model ', which is
written as:

Hy = Z]-‘s(l) (CIT Ty Cips T H.c.) + Zj’5(3) (Cl1L Ty Ciys® T H.c.). (1)

where the ¢j = (¢j41, Cj4 1 Cj— 1, Cj— 1) denotes a four-component electron annihilation operator
with ¢;;. being the annihilation operator for p, + ip,, orbitals, 1/ representing spin up/down at
a site j, and the first-nearest neighbor and the fifth-nearest neighbor (to break the emergent
SU(4) symmetry) hopping terms are considered with hopping matrix T; = [t,0;0,t,] ® gy,
Ty =[t,,0;0,t3] @ 0, , the connecting vectors 8 = {8;,C;8,,€%8,} , 83 =
{83,C585,C283} (see Fig.S15b), g, is an identity matrix defined in spin-space. This model
respects D3 point group symmetry, spin SU(2) symmetry, and the orbital U(1) symmetry. It is
also worth noting that we can regard the two orbitals p, + i{p, as a representation of two

valleys § = + '!. In the calculations, we adopted the model parameters from ref. ['!], where
t; = 0.331 meV, ¢, = —0.01 + 0.097i meV.

Based on the insight about the presence of the spin and orbital magnetism, we write the
model Hamiltonian of this Josephson junction formed by the MATBG as:

H = Hy + Hy, + Hyy + Horger ()

where H, captures the bands of MATBG as written in Eq. (1). Let us introduce the details for
other terms as follows.

To enable the bands to form orbital Chern bands, we added the Haldane Hamiltonian'?:
H, = ZjEA,S(Z) [(C]T T, - Cips@® T H.c.) + ‘msmgC]T Gl + Z]-EB_S(Z) [C]T . TZT "Ciys@ T

H.c. _mstagcl-‘r ' Cj]; (3)

where the next-nearest connecting vectors §® = (8,, C38,,C%8,), A and B are the sublattice
indices, the complex hopping matrix T, = [tfei‘/’, 0;0, tfe_i‘p] Q) 0y and M, is a staggered
potential. Without loss of generality, we set t; = 0.2t;, Mgqq = 0.1t4, @ = /2, where the
bands are topological . This consideration is motived by another experiment with the same
experimental setup, where orbital moiré Chern bands were found'#. Noted what is esstential in
our discussions is that the bands are orbital Chern bands carrying net orbital magnetism. In this
sense, a phenomenological term as Eq. (3) is sufficient for our purpose. Physically, these terms
can be induced by the combination of the moiré potential and some C->T breaking terms. Note
although we added the Haldane Hamiltonian for the whole MATBG, it is only crucial for the
middle part of the junction to generate the orbital magnetism upon valley polarization. We



checked whether the Haldane Hamiltonian is added or not in the left and right superconducting
part will not affect the features of the Fraunhofer pattern as long as the chemical potential is
far from the charge neutrality point.

The filling difference between different regions is captured by H,:

H, = —YjeLr HscC,T “Cj — YjeM HC,T - Cj 4)

with ug, u respectively, denotes the chemical potential of the superconducting MATBG parts
in the left, right part (label as L, R) of the junction, and the MATBG near half-filling in the
middle part (label as M) of the junction (Fig. S15a). In the calculation, we fix y; = —0.5 meV
in the superconducting part which is around the middle of moiré bands.

Finally, to capture the phase orders in different parts, we introduced a mean-field
Hamiltonian H,,4.,, Which is written as:

Horder = ZjeL,R (lAscleitpL(R)C}-(Tx ® io—y)C]T + H. C.) + ZjEM C]-"‘(Aspfo ® oz + Avaz ®
00)Cj. %)

where Pauli matrices T, o operates on orbital-, spin-space, respectively, Ag., Ag, and A,
denotes the order parameters of superconducting states, spin-polarized states, valley-polarized
states, respectively. The first term captures the superconducting phase ¢ gy of the left (right)
part of the junction. Here, we assumed the superconducting order parameter takes the
conventional BCS form, which is most likely to be stabilized by the electron-phonon
interaction'>!®. Considering that the key features of the Fraunhofer patterns arise from the spin
and orbital magnetism in the middle part, similar Fraunhofer patterns may be found even when
the paring is unconventional, such as p-wave or d-wave paring, although some details such as
the amplitude of supercurrent should be different. A detailed study of the junction in the
presence of both unconventional pairings and magnetism is beyond the scope of this work, but
in general this is interesting and we leave it as future work. The second term captures the spin-
and valley-polarized states that generate the spin and orbital magnetism in the middle part of
the junction.

Superconducting MATBG Superconducting

MATBG near
half-filling MALEG

Figure S15. Sample and lattice geometry considered in the theoretical calculation for this
MATBG based-Josephson junction. a. A schematic plot of the studied twisted bilayer



graphene based Josephson junction. b. A figure to illustrate the effective hexagonal lattice for
the Fraunhofer pattern calculations, where §; are bond vectors, A and B label two different
sub-lattices, the yellow arrow indicates there is a hopping between two sites. The dash lines
highlight the shape of the recursive unit in our Fraunhofer pattern calculations.

K. The method for the calculation of the Fraunhofer patterns

After introducing the model Hamiltonian for the Josephson junction formed by the
MATBG, we now present the detailed process for the calculation of Fraunhofer patterns. To
evaluate the Fraunhofer patterns, we need to take account into the effects of external magnetic
fields B on the junction, where we consider B is finite only in the middle part. This is done by
replacing the hopping terms in the middle part with the Peierls substitution as:

i [ A(r)-dr
tijo = te'nS - (6)
The Landau gauge fields are taken as A(r) = (0, Bx, 0), where we set x-direction to be the
transverse direction of the junction. Let us insert A(r) back to Eq. (6) and we can obtain

. 2mXAy ©

i (AM)-d i
tjjre I A = gy, ¢ remedo, @)

Here, a is the lattice constant, N, is the total number of hexagonal plaquettes, the flux
quantum ®, = h/2e, the total flux ® = ;NtBaz, X=(x1+x)/2,Ay =y, —y; with j =
(1, 1), 0" = (x2,¥2).

After this Peierls substitution, we can evaluate the Josephson current using the lattice recursive

Green’s function method!”!®, Here, the recursive unit is shown in Fig. S15b (within dashed
lines), which is formed by two zigzag chains. The specific recursive processes are:

(i) obtain the edge Green’s function of the superconducting MATBG in the right and left part
of Josephson junction by recursively calculating:

L(R . L(R L(R —
Gy ® (wn) = (iw, — H® — 5[ (w,)) 7, 8)
Lo=V,,.,6 (w)V,_., R =V,,,.G (w, )V, )
Ll L-1bi-1,1-1\Wn )V 15 4 Li+1Ui+,1+1 W)V 4 4

where [ is the index for the recursive unit, w, = (2n + 1)nT is the Matsubara frequency with
T as temperature. Here the intra-unit Green’s function G (w,) and self-energy X, ; is evaluated
iteratively until G;;(w,,) is saturated using the intra-unit Hamiltonian H lLl(R) of the left and right
part, the hopping Hamiltonian V,,, ; between the unit [ and [ + 1. Note that HlLl(R) and Vq
are Bogoliubov de Gennes (BdG) Hamiltonians defined in Nambu basis (¢;, ch). For example,
Vigr, = diag[VS4 ; VAR 1 with VYL, = V&4, . Also note the initial Green’s function
Goo(wy) = (lw, — HILI(R))'l, and the superconducting phase in Hj; and Hf are ¢, and ¢p,
respectively. After these iterations, we can obtain the intra-unit Green’s function G;, ;, (wy)
and Gy, 1, (wy), where 1y (l3) is the index of the first (last) unit of the middle part.

(i1) obtain the intra-unit Green’s function Gy, ;,(wy), nearest-unit Green’s function Gy, ;,+1(wy),

where [, labels a unit cell in the middle part. To obtain this, we can first perform a similar
recursive calculation as step (i) for the [; to [, — 1 and for [; to [, + 1 part, i.e.,



Gu(wy) = (lw, — Hlﬂld - le(wn))_l' (10)

Lip1041 = Vl+1,lGll(wn)Vl1-|-1,L- (11)

Here initial Green’s function for [; to [, — 1 and [3 to [, + 1 part are GlLl’ll and Gl’;l3 . In this

way, we can obtain X, 4 ;,_1(wp) and Z;, 41 1, +1(wy). Then we can obtain

Gy 1, (Wn) = (iwn — Hif = 21,1 1,-1(0p) = Zpp1,0,+1 (@n)) 7L (12)
Gy 1,41 (@Wn) = Glz+1,12+1(wn)Vlz,zzﬂGlz,lz (wn), (13)
Glz+1,l2 (wp) = Glz,lz (wn)VlZ,lz+1Glz+1,l2+1(wn)- (14)
(iii) evaluate the Josephson current:
1A§) = =iT Zn Tr[V1,41Gp010, (@) = Vi 11 Gy (@), (19)

where the current depends on the phase difference A¢p = ¢, — ¢ and in particular, being
distinct from Viy4 ;, the Vj 1, = diag[Vi%4 ;; —Vlﬁ‘f;’l], i.e., there is an additional sign in the hole
part, as the electron and hole carry opposite currents. More details of this method can be
referred to ref. [17,18].

L. Orbital Chern bands and the orbital magnetic moment.

In this section, we illustrate the features of energy bands of normal states in our model
Hamiltonian. The energy bands along high symmetry lines with and without valley polarization
are shown in Fig. S16a and Fig. S16b. Fig. S16a reproduces the bands of MATBG given in ref.
[11,12], where the red lines and green lines label the bands from two valleys, respectively. In
Fig. S16b, we added a valley polarization A,,, = 1.5 meV and the Haldane terms, but leaves
the spin polarization to be zero so that each band is doubly degenerate. Here the degeneracy at

K is lifted by the Haldane terms, which break C,T symmetry, and near half-filling v = -2, an
isolated band from one valley would be occupied as a result of the valley polarization. Since
the cooper pairs are pairing states from intervalley, the supercurrent will be weakened stronger
with the increase of valley-polarization strength A,,,,.

Another crucial feature is that the bands are topological nontrivial now, i.e. they are
orbital Chern bands, due to the Haldane terms (see Eq. 3). To illustrate this, the distribution of
Berry curvature in the Brillouin zone is depicted in Fig.S16c¢. It clearly shows the band carries
a finite Chern number C = 1. Note the Chern numbers C of Chern bands in each valley carry
the same sign but are opposite for opposite valleys (Fig. S16b), as the two valleys are related
by the time-reversal operation. As we mentioned, the appearance of orbital Chern bands in
these MATBG samples near half-filling have been found in ref. [!4] already.

An important consequence of the orbital Chern bands is to give rise to orbital
magnetism'®?°. To show this explicitly here, we calculated the orbital magnetic moment 1,
carried by these orbital Chern bands with!*22;

<unk|ViH (K) |ug(K)>x <ujk| Vi H (K) [y, >

Mot = 37 Xizn Im : (16)

Eix—Enk



where H(K)|upk >= Enklunk >, [, n are band indices. To see the magntude of the orbital
magnetic moment of per electron for n-th band M,, 5.+, We can calculate:

1
Mn,orbit = NZR Myk, (17)

where N is the number of k points. We found the calculated M,, ,,p;; is about 3 pp for each
moire band according to the orbital magnetic moment distribution shown in Fig. 16D. In the
next part, we will show such a large orbital magnetic moment will give rise to a shift in the
Fraunhofer pattern being compable to the experiment.

a Without valley polarization b With valley polarization

Energy (meV)
o

el
-
g
=

Figure S16: a-b Band structures of MATBG with and without valley polarization. The solid
red bands are from one valley, while the dashed green bands are from the opposite valley. In b
the Haldane term is added to lift the degeracies at +K and a dashed black line is used to indicate
the half-filling position, where there is an insulating gap. ¢ Distribution of Berry curvature of
the lowest bands in b in the Brillouin zone, which clearly shows a Chern number € = 1. d
Orbital magnetic moment in k-space in units of Bohr magneton g5 of the lowest band in b.

M. Estimate the phase shift in Fraunhofer patterns arising from the presence of net
magnetization

The magnetic field in a sample is:
B = po(H + M), (18)

where H can be regarded as the applied magnetic fields, uy = 4w X 1077 T- m/A is the
vacuum magnetic permeability, and the magnetization, including the orbital and spin part, is
given by:



M = Myppi + Mspin- (19)

Let us assume each electron carries yug magnetic moment, where ug = eh/2m, =
9.27 x 1072 J/T, and denote the electron density is p m ~3. The magnetization thus is written
as:

M = ypug. (20)
Therefore, the effective B field from the magnetization is:
Besr = uoM =yp X 1.13 X 1072 T. (21)

For the twisted bilayer graphene near the magic angle, the moire pattern lattice constant is
Ly = 14nm and the thickness is about 0.34 nm. Near the half-filling v = —2, the electron
density (in unit of m=3) is:

p =2/(142 x/3/2 x 0.34) x 10?7 ~ 3.47 x 10?5 (22)

We can also use the experimental carrier density ~ 1.72 X 1012 ¢cm =2, and the electron

density becomes:
p~ 1.72/0.34 x 1025 = 5.07 x 1025, (23)

Using the estimated electron density, we obtain the shift fields due to the presence of
magnetism as:

Bess ~ 0.4~0.6 y mT (24)

There are two moire bands and each moire band carries a orbital magnetic moment of 3ug
according to the previous section so that y~6ug for the valley polarized state at v = —2. As a
result, the shifting field B, is eastimated to be 2.4~3.6 mT, being consistent with the observed
2.5 mT phase shift in the Fraunhofer pattern. After adding this shifting field, the peak of
Fraunhofer pattern will be moved to a finite field, as illustrated in Fig. S17b.

N. Details for the theoretically calculated Fraunhofer patterns

In this section, we summarize some details for the theorectically calculated Fraunhofer
patterns. To obtain the critical current as a function of @, i.e., Fraunhofer pattern, at each
external field, we vary the phase different over 0 to 2w and obtain the largest positive and
smallest negative current as I7 (®) and I (®). In our calculations, we set pairing gap A =
0.1 meV, and we tuned p, which effectively changes the filling, and the order parameter in
the middle region: Ag and A,,,, which give rise to the spin and orbital magnetism.

First, we set u in the middle of the bands and did not add the valley polarization. In this
case, the middle region behaves as a normal metal and the whole junction is a SC-N-SC
junction. As a result, we obtained the standard Fraunhofer pattern, as shown in Fig.S17a, where
I ~ |sin(nd>/<1>0) |

¢ Td/dy
Next, we turn on the valley polarization A,,,. As we discussed, the valley polarization
has several effects: (i) As we consider the inter-valley pairing, the valley polarization would



suppress the formation of the cooper pairing and reduce the supercurrent through this junction;
(i) The valley polarization will break the time-reversal symmetry and lift the valley
degeneracy. Consequently, the combination of orbital Chern bands and valley polarization
results in net orbital magnetism. Especially, as we showed, the orbital magnetic moment can
be tens of Bohr magneton and leads a shift in Fraunhofer pattern with a shift flux @y = BesrS
(as illustrated in Fig.S17b), S is the junction area. On the other hand, we found the Fraunhofer
pattern with the valley polarization A, typically follows a standard Fraunhofer pattern when
u is away from half-filling, being expected for an SC-I-SC junction or an SC-N-SC junction (I
denotes insulator).

However, we found the Fraunhofer pattern deviates from the standard Fraunhofer pattern
when the p is closed to the half-filling, and especially, some asymmetric behaviors are
established. The calculated Fraunhofer pattern near half-filling with A, = 0.8 meV, u =
—0.9 meV is plotted in Fig.S17c. Here we chose a sizable valley polarization so that the two
valleys are fully separated. It can be seen that the Fraunhofer pattern exhibits a similar
asymmetric behavior as observed in the experiment. We also checked the asymmetric
behaviour is quite robust as long as the A, can polarize two valleys considerably, as shown in
Fig. S17d-i, where we display the Fraunhofer patterns at half-filling for various Ay,

However, we found the asymmetry with respect to B fields is lost when the Haldane
terms are removed, regardless of the strength of valley polarization (Fig. S17d). This suggested
the orbital magnetic moment plays a crucial role in giving rise to the asymmetric behaviour.
This understanding is also reasonable as the magnetic fields couple with the orbital moment
and can shift the Chern bands. Because this shifting is opposite for opposite fields (the applied
fields are small~several mT would not reverse the sign of orbital moment), it thus could result
in different critical supercurrent through this junction for opposite fields. On the other hand,
the orbital magnetic moment gradually concentrates near half-filling, and thus we obtained a
relatively symmetric Fraunhofer pattern in calculation when u is artifically tuned away from
half-fillings. Therefore, our interpretation that this asymmetry with respect to B in Fraunhofer
patterns arises from the coupling between external B fields and orbital magnetic moment of
bands is qualitatively consistent with our calculations. This interpretation would also directly
imply there is a current-induced magnetization switching in the experiment as discussed in the
main text, since the asymmetric behaviour is reversed for opposite current directions.

Beyond the bands level, here we also give a mean-field level discussion on how the
coupling between B fields and orbital magnetization can introduce asymmetric Fraunhofer
patterns in this junction. We assumed the sign of valley polarization A,, with the switch of
current direction and the B fields couples with A, as this valley polarized state carries orbital
magnetic moment. We can describe this switching with a phenomenological free energy as
Frree = aly, + bAY, + A4sign(1)A,, — A,BA,,. As shown in the main text Fig. 3e, the sign
of valley polarization depends on the current direction in this case. Moreover, we would like
to point out the coupling between magnetic fields and valley polarization order, i.e., BA,,, term,
in general, gives a larger A, at the positive B field region, and a smaller A, at the negative
B-field region. As a result, this can result in another mechanism for the possible asymmetry in
Fraunhofer patterns at positive B field and negative B field range. Note the coercive field
B, ~300 mT is much larger than the applied fields, so the field itself would not switch the



valley polarization, and the change of A, due to the change of B field thus should be quite
small. It is worth mentioning that in our calculation, we found a 0.01 meV change in A, is
enough to enable the asymmetry induced by this mechanism to be seen. However, whether
several mT B fields used in the experiment can cause a meaningful change in A, such as large
as 0.01 meV, would depend on the specific details, such as domain walls and interactions.

But regardless of different levels of interpretations, our experimental data and our
calculations strongly suggest asymmetric symmetry Fraunhofer patterns indicate a net orbital
magentization near v = —2 and it can be switched by the supercurrent. To our knowledge, the
orbital magnetic moment-induced asymmetric Fraunhofer pattern has not been realized so far.
We thus think a more qualitative study is quite desirable and would leave this as another work.

In device B, the system is much more insulating. The Fraunhofer pattern is found to
be almost purely SQUID-like, which implies the edge states are dominant near the Fermi en-
ergy. Here, we present a theoretical calculation to show the SQUID Fraunhofer pattern in-
duced by the edge states at half-filling, in which the Chern number is equal to -2. We use the
same model presented above, but the chemical potential is now set within the insulating gap
at half-filling. Fig. S18 displays the calculated Fraunhofer pattern with a valley polarization
A,p= —0.8 meV, temperature T = 0.02A;. It is expected that the Fraunhofer pattern overall
displays a SQUID feature in this case.

Finally, we discuss the feature of the Fraunhofer pattern in the presence of spin
magnetism. As we discussed, the spin magnetism is one of the possibilities to give rise to the
data in the low-temperature range (T <800 mK) according to the measured Fraunhofer
patterns. To show explicitly, we calculated the Fraunhofer pattern by adding a spin polarization
Agp. Specifically, we inputted Ag, as a hysteresis loop of B field as shown in Fig. S19a, where
we define the saturated spin polarization Ay, as Aggryrace- In Fig. S19¢ and Fig. S19¢, we show
the Fraunhofer pattern with Ag pyrare/Dse = 0.5 and Agpiyrate/Dse =1, Age is the
superconducting gap. By sweeping the B-field from negative to positive and from positive to
negative, we also found a hysteresis in the Fraunhofer pattern induced by the hysteresis of spin
magnetism. This is due to the fact that the supercurrent carried by singlet Cooper pairings will
be reduced by the increase of spin polarization. It thus would be also expected the hysteresis
will be more prominent when the size of spin polarization characterized by Agyiurate 1S
comparable to the superconducting paring gap A, as we showed in Fig. S19c. This Fraunhofer
pattern can reproduce all the main characteristics of the experimental measurements at 35 mK
(Fig. 4c in the main text).
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Figure S17: Fraunhofer pattern in the presence of valley polarization and orbital
magnetism. a. Standard Fraunhofer pattern when the middle range is a metal, where I denotes
the critical current. b. Shift of ®,, in the Fraunhofer pattern due to the orbital magnetism. c.
Typical Fraunhofer pattern near half-filling, which supports an insulating gap. The asymmetry
induced by the valley polarization is quite clear. d. Fraunhofer pattern near half-filling “’with
no C2T symmetry breaking terms. The asymmetry is not present in this case as there is no
orbital magnetization. e-j. Calculated Fraunhofer pattern with various valley polarized strength
A, (in units of meV) near half-filling. To compare with the experiment, we also add a shift of

+0.8®,, for I} in the Fraunhofer pattern for c.
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FIG. S18. SQUID Fraunhofer pattern induced by edge states. The parameters are A, =

—0.8 meV, the temperature T = 0.024;, and the chemical potential is set within the insulat-
ing gap at half-filling.
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Figure S19. Hysteresis in Fraunhofer pattern from spin magnetism. a. Hysteresis loop
inputted in the calculation, where Aggpyrqre denotes the saturated spin polarization. b.
Fraunhofer pattern with Aggiyrare/Ase = 0.5. ¢. Fraunhofer pattern with Aggryrate/Ase = 1.
AB signal the size of the hysteresis due to the spin polarization, as explained in the main text.

O. Fraunhofer pattern in the presence of unconventional pairings.

As we have pointed out in the main text, the unconventional Fraunhofer pattern, which only
appears when the junction region is tuned near half-filling, should result from the correlated
states near hallf-filling of the junction part instead of the superconducting part. Next, we
demonstrate this point by showing the Fraunhofer patterns in the presence of various pairings.
We first classify the possible pairings using irreducible representations of the D3 crystal group
of MATBG. For simplicity, we focus on all k-independent intervalley pairings. All the k-
independent intervalley pairing forms in the spin and valley degree of freedom are summarized
in Table S1.

Next, we evaluate the Fraunhofer patterns by replacing the pairing matrix in Eq. (5) with these
pairngs. The results are shown in Fig. S20. Evidently, the resulting Fraunhofer patterns are not
sensitive to the exact pairing forms, regardless of the spin-singlet pairing and spin-triplet
pairing.



IRs A A, E

Cay =70 ® e—igaz +1 +1 +2

Coy = 1, Q i0y, +1 +1 0

Spin-singlet T, & ioy, — —

Spin-triplet i1y, & oy — (ity ® 0, ity Q 0p)

Table S1: Classification of all possible momentum independent pairings of TBG according to
the irreducible representations (IRs) of the D3 symmetry group.

1) intervalley spin-singlet A; pairing : A4, s = T, ® i0y,,

2) one one-dimensional intervalley spin-triplet A;-pairing A, ; = iT, & 0y,
3) one two-dimensional intervalley spin-triplet E-pairing with

E;-pairing: Ag; =ity @ 0.

E,-pairing: Ag, = iT, & 0p.

a Spin-singlet A, pairing b Spin-triplet A, pairing

11V mad

0 1 1 1 0 1 1

-4 -2 0 2 4 4 2 0 2 4
D/D, O/,
c Spin-triplet E, pairing d Spin-triplet E, pairing

11 VN cimaxd

0 , . . 0 , . .
D/D, D/,

Figure S20. Fraunhofer pattern in the presence of various pairings. a-d. Display the Fraun-
hofer pattern for the spin-singlet A1 pairing, spin-triplet A1 pairing, spin-triplet E1 pairing and
spin-triplet E2 pairing, respectively. Here we have set Ay, = -0.8 and other parameters to be
the same as Fig. S16c. This implies the form of order parameters is not a critical issue in stud-
ying the observed highly unconventional Fraunhofer patterns.
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