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I. SINGLE CRYSTAL X-RAY DIFFRACTION REFINEMENTS

High quality single crystals of Na2BaNi(PO4)2 were grown using the flux method, and the

crystal structure of Na2BaNi(PO4)2 was characterized using a Bruker D8 Quest diffractometer

with Mo-K𝛼 radiation (𝜆 = 0.71073Å). The data integration and reduction were performed with

the commercial Bruker APEX2 software suite. The refined lattice parameters and the atomic

occupations are presented in Tables S1 and S2. We note that a slightly different crystal structure

with space group 𝑃3̄ was reported [1, 2]. We also tried refining the crystal structure with 𝑃3̄, but

obtained higher R-factors: R1 = 6.57, 𝜔R2 = 8.90.

TABLE S1. Single crystal X-ray diffraction refinements for Na2BaNi(PO4)2.

Formula Na2BaNi(PO4)2

Formula mass (g/mol) 431.95

Crystal system Trigonal

Space group 𝑃3̄𝑚1

𝑎(Å) 5.2806(4)

𝑏(Å) 5.2806(4)

𝑐(Å) 6.9591(5)

𝛼 90◦

𝛽 90◦

𝛾 120◦

𝑉 (Å3) 168.054(5)

𝑇 (𝐾) 100

𝜌(𝑐𝑎𝑙) (𝑔/𝑐𝑚3) 4.269

𝜆(Å) 0.71073

F (000) 214.0

Crystal size (mm3) 0.11×0.06×0.02

𝜇 (mm−1) 17.454

Final R indices R1 = 3.83, 𝜔R2 = 5.95

R indices (all data) R1 = 3.98, 𝜔R2 = 6.00

Goodness of fit 2.97
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TABLE S2. Wyckoff positions, coordinates, occupancies, and equivalent isotropic displacement parameters

for Na2BaNi(PO4)2.

Atom Wyckoff site 𝑥 𝑦 𝑧 Occupancy Ueq

Ba1 1𝑎 0 0 0 1 0.00310

Ni1 1𝑏 0 0 0.5 1 0.00593

Na1 2𝑑 0.666667 0.333333 0.681298 1 0.01090

P1 2𝑑 0.666667 0.333333 0.243700 1 0.00556

O1 2𝑑 0.666667 0.333333 0.026836 1 0.00814

O2 6𝑖 0.356792 0.178396 0.323064 1 0.03942
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II. MAGNETIZATION MEASUREMENTS

a b c

M
 (µ

B
/N

i)

M
 (µ

B
/N

i)

M
 (µ

B
/N

i)

T (K) T (K) T (K)

B//c B//c B//c

FIG. S1. Temperature dependent magnetization of Na2BaNi(PO4)2 with field along the 𝒄 axis. The arrows

indicate the transition temperatures at different fields.
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FIG. S2. Temperature dependent magnetization of Na2BaNi(PO4)2 with field in the 𝒂𝒃 plane.

The temperature dependent magnetization of Na2BaNi(PO4)2 with field along the 𝒄 and 𝒂 axes

are shown in Figs. S1 and S2, respectively. All the transition temperatures were determined through

the peak positions of the temperature derivative 𝑑𝑀/𝑑𝑇 , indicated by the arrows shown in Fig. S1.

Figure S3a-b show the isothermal magnetization 𝑀 (𝐵) measured at various temperatures with

𝐵 ∥ 𝒄 and 𝐵 ∥ 𝒂, respectively. As we lower the temperature, the phase boundaries gradually become
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FIG. S3. a-b Field dependence of magnetization 𝑀 (𝐵) measured at different temperatures with field applied

along the 𝒄 and 𝒂 axes, respectively. c-d Magnetic susceptibilities 𝑑𝑀/𝑑𝐵measured at different temperatures

with field applied along the 𝒄 and 𝒂 axes, respectively. e-f The field-temperature magnetic phase diagram

overlaid on the contour plots of magnetic susceptibility 𝑑𝑀/𝑑𝐵 with magnetic field along the 𝒄 and 𝒂 axes,

respectively. The magnetic phase boundaries were extracted through 𝑀 (𝑇, 𝐵), 𝐶 (𝑇, 𝐵), neutron diffraction

and MCE measurements.

pronounced for both field directions. For 𝐵 ∥ 𝒄, a broad plateau at about one third of the saturated

moment is revealed for 𝑇 ≲ 0.3K. In contrast, no plateau phase was observed for field in the 𝒂𝒃

plane. The temperature evolution of the anomalies in 𝑑𝑀/𝑑𝐵 curves for both field directions are

illustrated in Figs. S3c-d. The contour plots of the magnetic susceptibility 𝑑𝑀/𝑑𝐵 as a function

of temperature and field for both field directions are presented in Figs. S3e-f. The Magnetic phase

boundaries extracted through 𝑀 (𝑇, 𝐵), 𝐶 (𝑇, 𝐵), neutron diffraction and magnetocaloric effect

(MCE) measurements are over-plotted.
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III. SPECIFIC HEAT MEASUREMENTS

The low-temperature specific heat of Na2BaNi(PO4)2 with magnetic field applied along the 𝒄

and 𝒂 axes are shown in Figs. S4-S5, respectively. For both field directions, clear sharp anomalies

were observed and the peak positions were extracted as the upper phase boundaries, shown as

circles in Fig. 2e in the main text and Figs. S3e-f in Supplementary Information.

The magnetic phase diagrams overlaid on the contour plots of normalized entropy 𝑆/𝑅 ln3 for

both field directions are shown in Fig. S6. It is clear that only a small portion of the full 𝑅 ln3

entropy is released (about 0.2𝑅 ln3 to 0.4𝑅 ln3) at the upper phase boundary. In other words, a

great amount of moments are still fluctuating deep inside these ordered phases.

Since spin fluctuations persist down to the inaccessible low-temperature region, we have ex-

trapolated a residual entropy of 0.15𝑅 ln3 at 𝐵 = 0 in the main text. Note that the spin fluctuations

are greatly reduced in the 1/3-plateau (see Fig. S6a), as a result the full 𝑅 ln3 is expected to be

recovered in this phase without accounting for the inaccessible low-temperature region. Figure S7
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FIG. S4. a Temperature evolution of the magnetic specific heat 𝐶M/𝑇 measured at different magnetic fields

with 𝐵 ∥ 𝒄. b Field evolution of the magnetic specific heat 𝐶M/𝑇 measured at different temperatures with

𝐵 ∥ 𝒄.
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FIG. S5. a Temperature evolution of the magnetic specific heat 𝐶M measured at different magnetic fields

with 𝐵 ∥ 𝒂. b Field evolution of the magnetic specific heat 𝐶M/𝑇 measured at different temperatures with

𝐵 ∥ 𝒂.

a b

BsBc1
Bc2 Bs

FIG. S6. The field-temperature magnetic phase diagram overlaid on the contour plots of the normalized

entropy 𝑆/𝑅 ln3, with 𝐵 ∥ 𝒄 and 𝐵 ∥ 𝒂, respectively. The magnetic phase boundaries were extracted through

𝑀 (𝑇, 𝐵), 𝐶 (𝑇, 𝐵), neutron diffraction and MCE measurements.

shows the temperature dependent magnetic specific heat (blue filled circles) measured at 𝐵 = 0.8T.
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FIG. S7. Left axis: Temperature dependence of the magnetic specific heat (blue filled circles) measured

at 𝐵 = 0.8T with 𝐵 ∥ 𝒄. Right axis: The temperature dependence of the integrated magnetic entropy at

𝐵 = 0.8T (green solid line).

The corresponding integrated entropy (green soild line) is also presented, without adding a residual

entropy by hand. We can find the total entropy reaches 0.96𝑅 ln3 above 10 K, clearly demonstrating

the effective spin-1 physics for Na2BaNi(PO4)2.
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IV. MAGNETIC STRUCTURE ANALYSIS

The magnetic structure of Na2BaNi(PO4)2 at 80 mK was analyzed by representation theory.

For Ni site at (0,0,0.5) and the magnetic propagation vector (1/3, 1/3, 𝑘𝑐 = ±0.293(1)), the spin

configuration can be described by three different irreducible representations (IRs). Table S3 lists

the basis vectors for IRs Γ1, Γ2 and Γ3, respectively.

For Γ1, the moments are constrained along the 𝒄 axis with an “UUD” spin configuration in the

𝒂𝒃 plane (Fig. S8a). The amplitude of the moment is modulated by 𝑒𝑖 𝑘𝑐 ·𝑟𝑐 along the 𝒄-axis. For

TABLE S3. Basis vectors of decomposed irreducible representations (IR) of space group 𝑃3̄𝑚1 with

magnetic wave-vector 𝒌 = (1/3,1/3,0.293) and moments on Ni site (0,0,0.5).

IR 𝑚𝑎 𝑚𝑏 𝑚𝑐 𝑖𝑚𝑎 𝑖𝑚𝑏 𝑖𝑚𝑐

Γ1 0 0 1 0 0 0

Γ2 1 0 0 0.5774 1.1547 0

Γ3 1 0 0 -0.5774 -1.1547 0

a c e

fdb

a a ab b b

c c c

FIG. S8. a, c and e Possible zero-field magnetic structures of Na2BaNi(PO4)2 correspond to three different

IRs Γ1, Γ2 and Γ3, respectively. b, d and f The calculated magnetic structure factor versus observation using

Γ1, Γ2 and Γ3 model, respectively.
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Γ2 and Γ3, the magnetic structures are degenerate 120◦ spin structures with anti-phase chirality.

The moments rotate along the 𝒄-axis with an angle cos−1(𝑘𝑐 · 𝑟𝑐), as shown in Figs. S8c and e,

respectively. By Rietveld refinement, we found that Γ1 gives the best fit with 𝑅𝐹 = 4.45, 𝜒2 = 2.68

for the single crystal neutron diffraction data measured 80 mK and 0 T, as shown in Fig. S8b.
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V. SCALING ANALYSIS OF THE PHASE BOUNDARY

The scaling analysis of the exponents should be performed in a low-temperature window [3, 4].

To verify the exponents extracted in this work are robust and valid, we tried to fit them for a series

of window sizes to check convergence. In Fig. S9, we show that 𝜈𝑧 stays practically at 1 across

a wide range of fitting windows: from 𝑇max ≈ 374.1mK ∼ 0.65𝑇c max down to 𝑇max ≈ 124.2mK,

confirming that the fitting is robust in a wide critical region.

a b

FIG. S9. a Scaling behavior of the magnetic phase boundary 𝑇 ∝ (𝐵s −𝐵)𝜈𝑧 with the highest temperature

of fitting range 𝑇max=223.4 mK ≲ 0.4𝑇𝑐 max in the vicinity the critical field 𝐵s. b Critical exponents 𝜈𝑧 as a

function of 𝑇max, with fitting performed for 49.5 mK ≤ 𝑇 ≤ 𝑇max.
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VI. NEUTRON SCATTERING

Figure S10a-b shows the temperature evolution of magnetic reflections (−2
3 ,1

3 ,𝐿) at zero field.

As the temperature rises from 80 mK, the absolute value of the 𝐿 component dramatically decreases

(solid blue dots), indicating it is near the border of a phase transition. In this zero-field case, we did

not reach lower temperature to fully pin down the transition, similar to the other thermodynamic

measurements, indicating that 𝑇N1 is slightly below 80 mK. Further increasing the temperature,

the 𝐿 location of the magnetic reflections remains basically unchanged, while the intensity of the

magnetic peaks gradually decreases. The dashed black arrow around 431 mK, shown in Fig. S10b,

BN1

T (K)

[-2
/3

,1
/3

,L
]  

(r.
l.u

.)

a b

dc
Int.

0

5

10

B (T)

[-2
/3

,1
/3

,L
]  

(r.
l.u

.)

B (T)

B//c
T=80 mK

Bs

[-2
/3

,1
/3

,L
]  

(r.
l.u

.)

FIG. S10. a Contour plot of temperature evolution of the magnetic reflections at (− 2
3 ,

1
3 , 𝐿) measured at

zero field. b The line cuts of temperature evolution of the incommensurate magnetic reflections (− 2
3 , 1

3 ,𝐿)

measured at zero field. The red and blue filled circles represent the integrated intensity and the L component

of the magnetic reflection, respectively. c The contour plot of field evolution of the magnetic reflections

at (− 2
3 ,

1
3 , 𝐿) measured at 𝑇 = 80mK. d The line cuts of field evolution of the incommensurate magnetic

reflections (− 2
3 ,

1
3 , 𝐿) measured at 𝑇 = 80mK. The red and blue diamonds represent the integrated intensity

and the 𝐿 component of the magnetic reflection, respectively.
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FIG. S11. a Inelastic neutron scattering intensity measured at 𝑇 = 60mK and 𝐵 = 3T along different high

symmetry directions using incident neutron energy 𝐸i = 3.3meV. The intensity is integrated over the window

of 𝐿 = [−0.22,0.22]. The black empty circles are centers of the Gaussian fit to the data. The theoretical

1-magnon dispersion (black solid line on the left) and intensity (contour map on the right) used the same

parameters as in Fig. 3c in the main text, except that here we use 𝐵 = 3T instead of 𝐵 = 5T. b Inelastic

neutron scattering intensity along 𝐿-direction for different in-plane momenta at 𝑇 = 60mK and 𝐵 = 3T. The

black empty circles are centers of the Gaussian fit to the data and the blue dashed lines are guides to the eye.

corresponds to the AFM phase transition at 𝑇N. For 𝑇 > 𝑇N, we can still observe the weak diffuse

scattering along the 𝒄 axis, resulting in the residual intensity as seen in Fig. S10b.

To reveal the location of 𝑇N1, we followed the same strategy as the other thermodynamic

measurements performed in this work. By applying a magnetic field along the 𝒄 axis, we indeed

see that the 𝐿 component of the magnetic reflections undergoes an abrupt change to 1/3 (Fig. S10c-

d), confirming that 𝑇𝑁1 is an incommensurate-commensurate transition, and for 𝑇𝑁1 = 80mK the

corresponding critical field 𝐵𝑁1 is tiny (see the left arrow in Fig. S10d). As the field is further

14



FIG. S12. The inelastic neutron scattering spectra along the high-symmetry directions measured at𝑇 = 60mK

and a 𝐵 = 5.0T, b 𝐵 = 4.0T, c 𝐵 = 3.0T, d 𝐵 = 2.8T, e 𝐵 = 2.6T, f 𝐵 = 2.4T, g 𝐵 = 2.2T, h 𝐵 = 2.0T. The

intensity is integrated over the window of 𝐿 = [−0.22,0.22]. The incident neutron energy 𝐸i = 1.5meV is

used here.

raised, the intensity of the magnetic peak reaches the maximum in the center of the 1/3-plateau

until it is suppressed at the saturation field 𝐵s ≈ 1.8T. Note that we did not observe the transition

𝐵c2 ≈ 1.56T in the neutron diffraction data, while both the magnetization and MCE data clearly

indicate its existence, possibly related to the first order nature of the 𝐵c2 transition. Another

possibility is that our sample was heated up by the neutrons, pushing it outside the SN phase.

Further investigations are in our plan to clear up this issue.
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Figure S11a shows the inelastic neutron scattering spectrum along different high-symmetry

directions measured at 𝑇 = 60mK and 𝐵 = 3T with the field applied along the 𝒄-axis. By using the

same parameters as in Fig. 3c in the main text, the theoretical 1-magnon dispersion (black solid

line on the left) and intensity (contour map on the right) well reproduced the observed spin wave.

Figure S12 shows the inelastic neutron scattering spectra measured at different magnetic fields

in the fully polarized state at 𝑇 = 60mK using 𝐸i = 1.5meV. By decreasing the magnetic field, the

one-magnon spin wave gradually moved to lower energies.
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VII. MAGNETOCALORIC EFFECT (MCE)

As shown in Fig. S13, the MCE measurements show additional evidence of the transition at 𝐵c2.

By sweeping the magnetic field with a fixed bath temperature 𝑇 = 50mK, the sample temperature

variation was recorded as the field was swept through the phase boundaries. It is clear that the

value of 𝐵c2 determined from 𝑑𝑀/𝑑𝐵 agrees well with the anomaly observed in the MCE curves

(Fig. S13a-b). To further verify the transition at 𝐵c2, the MCE measurements were repeated at

three different samples. As illustrated in Fig. S13c-e, the anomaly at 𝐵c2 can be observed in all

three samples.

Furthermore, the 𝐵c2 anomaly shows a clear temperature dependence in both magnetization and

MCE measurements. As shown in Fig. S14, we can find that the 𝐵𝑐2 anomaly in 𝑑𝑀/𝑑𝐵 and MCE

curves gradually disappears as we raise the temperature.
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FIG. S13. a Magnetization and magnetic susceptibility 𝑑𝑀/𝑑𝐵 measured at 50 mK with the field applied

along the 𝒄 axis. b MCE measured by monitoring 𝑇 while sweeping magnetic field up with a fixed bath

temperature 𝑇 = 50mK and the field applied along the 𝒄 axis. c-e MCE measured at three different samples

with a fixed bath temperature 𝑇 = 50mK and magnetic field along the 𝒄 axis.
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FIG. S14. a Magnetic susceptibility 𝑑𝑀/𝑑𝐵 measured at different temperatures with magnetic field along

the 𝒄 axis. b MCE measured by fixing different bath temperatures with magnetic field along the 𝒄 axis.
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VIII. ESR SPECTRA

As shown in Figure S15a and b, our earlier ESR measurements were carried out in a pulsed

magnetic field at 𝑇 = 2 K with 𝐵 ∥ 𝒂𝒃 and 𝐵 ∥ 𝒄, respectively. Resonance peaks from 1-magnon

excitation at Γ point marked by the black arrows are observed at different frequencies for both field

directions. The corresponding frequency-field (𝐹 −𝐵) relations for 𝐵 ∥ 𝒄 and 𝐵 ∥ 𝒂𝒃 are shown in

Fig. S15c. By linear fittings, we can get the 𝑔-factors 𝑔𝑐 = 2.25(1) and 𝑔𝑎𝑏 = 2.24(5) (corrected

by the measured 𝑔DPPH), respectively.

Due to the noisy signals in our pulsed-field ESR spectra, we did not observe the weak 2-magnon

bound state there. Later, we performed another ESR experiment in a steady magnetic field, where

the magnetic field was tilted 6◦ away from the 𝒄 axis. With the first-derivative collecting mode,

higher quality data revealed more details in the steady-field ESR spectra. Figure S16 shows the

ESR spectra of Na2BaNi(PO4)2 measured in a steady magnetic field at 𝑇 = 2K. Besides the 1-

magnon excitations at Γ point (indicated by the red arrows in Fig. S16), we can also observe the

weak signals of the 2-magnon bound state at Γ point (blue arrows at lower field) and the finite-𝑇

excitations from the 1-magnon state to the 2-magnon bound state at K point (purple arrows at

higher field). The specific excitation paths are also illustrated in Fig. S17a. We note that there are

a b c

DPPH

DPPH

FIG. S15. a and b ESR spectra measured at 𝑇 = 2K in a pulsed magnetic field for 𝐵 ∥ 𝒂𝒃 and 𝐵 ∥ 𝒄,

respectively. The signals marked by the black arrows are from 1-magnon excitation at the Γ point, and

the sharp anomalies in the ESR spectra are the resonant signals for DPPH. c The frequency-field relation

obtained at 𝑇 = 2K with 𝐵 ∥ 𝒂𝒃 (red triangles) and 𝐵 ∥ 𝒄 (black diamonds). The green hexagons are the

ESR signals of DPPH.
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FIG. S16. ESR spectra measured at 𝑇 = 2K in a steady magnetic field tilted 6◦ away from the 𝒄 axis. The

signals marked by the red, blue and purple arrows represent the 1-magnon excitation at Γ point, 2-magnon

bound state at Γ point, and the finite-𝑇 excitation from the 1-magnon state to the 2-magnon bound state at

K point, respectively. The insets show zoomed-in view of the excitation at higher field (purple arrow).

also a series of resonance signals around the 1-magnon resonance peaks, possibly correspond to

the finite-𝑇 excitations from the 1-magnon state to the 2-magnon continuum.

The lines in Fig. S17b are the calculated 𝐹 − 𝐵 relation of the 1-magnon state (red solid line)

and the 2-magnon bound state (blue dashed line) at Γ point, and the finite-𝑇 excitation from the

1-magnon state to the 2-magnon bound state at K point (purple dashed line), with 𝐵 ∥ 𝒄. The red

diamonds and the black circles are the ESR signals with 𝐵 ∥ 𝒄 (pulsed) and 𝐵 tilted 6◦ away from

the 𝒄 axis (steady), respectively.
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FIG. S17. a The energies of the 1-magnon excitation, 2-magnon continuum and 2-magnon bound state at

𝐵 = 5T, for the TL model (4) in the main text with 𝐽 = 0.032meV, Δ = 1.13, 𝐷/𝐽 = 3.97, and 𝑔𝑐 = 2.24. The

arrows illustrate the dominant signals observed in our ESR experiments. b The calculated frequency-field

relation of the 1-magnon state (red solid line) and the 2-magnon bound state (blue dashed line) at Γ point,

and the finite-𝑇 excitation from the 1-magnon state to the 2-magnon bound state at K point (purple dashed

line), with 𝐵 ∥ 𝒄. The red diamonds and black circles are the observed ESR signals with 𝐵 ∥ 𝒄 (pulsed) and

𝐵 tilted 6◦ away from the 𝒄-axis (steady), respectively.

21



IX. 3- AND 4-MAGNON STATES

To exclude the possibility of a first order transition at 𝐵s, we check whether the 2-magnon

bound states have attractive interactions, i.e., whether there are formation of 3- or 4-magnon bound

states in the relevant parameter region. This can in principle be calculated exactly by solving

the Lippmann-Schwinger equation, similarly to the 2-magnon solution presented in the main text.

However, this approach quickly becomes over complicated as we increase the magnon number. In

this section, we use a different method that can be easily generalized to handle larger number of

magnons. The method was initially proposed by Trugman to study the holes in high-temperature

superconductors [5, 6], and was later generalized to other systems [7–9].

Here we outline the basic idea of the method. In the FP state, the excitations are gapped for

𝐵 > 𝐵s. As a consequence, the size of the excited states are controlled by the finite correlation

length 𝜉. Motivated by this observation, we start by creating local excitations |𝜑𝑖⟩ (see Fig. S18

for the choice of initial states) and project them to momentum space:

|𝜑𝑖 (𝒌)⟩ ≡ 𝑃̂(𝒌) |𝜑𝑖⟩√︃
⟨𝜑𝑖 |𝑃̂(𝒌) |𝜑𝑖⟩

. (S1)

Here 𝑃̂(𝒌) ≡ 1
𝑁

∑
𝒓 𝑒
𝑖 𝒌·𝒓𝑇 (𝒓) is the projection operator. Then we apply the Hamiltonian HTL to

|𝜑𝑖 (𝒌)⟩ to generate new states that dress up |𝜑𝑖 (𝒌)⟩. Systematic improvement of the variational

space is achieved by repeating this process iteratively. Finally, we diagonalizeHTL in the variational

basis {𝜑𝑖 (𝒌)} to obtain both energy and wave function of the excited states. Convergence of this

approach can be checked by comparing the energies and the measured quantities at different

iterations.

We start by showing that the variational approach indeed agrees with the exact results for the

2-magnon bound state. After 𝑀 = 3 iterations from the total 𝑆𝑧 = 𝑁 −2 initial basis (see Fig. S18a),

the dimension of the variational space is expanded from D = 4 to D = 31. Figure S19a shows that

the dispersion of the 2-magnon bound state practically agrees with the exact solution even at 𝑀 = 3.

In other words, the 2-magnon bound state occupies a relatively small spatial range. Similarly, the

dispersion of the 3-magnon and 4-magnon states at 𝑀 = 8 iteration are shown in Figs. S19b and c,

respectively.

The minimum of the 3-magnon state is located at the K-point (Fig. S19b). The binding energy

is defined by subtracting a 2-magnon bound state at Γ-point and a 1-magnon state at K-point:

𝐸𝐵3 (K) = [𝐸2(Γ) +𝐸1(K)] −𝐸3(K). (S2)
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FIG. S18. Initial basis for 2-, 3-, and 4-magnon states used in the variational method.
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FIG. S19. Results of the variational calculation for HTL. The parameters are fixed at 𝐽 = 0.032meV,

Δ = 1.13, 𝐷/𝐽 = 3.97, 𝑔𝑐 = 2.24 and 𝐵 = 5T. a Comparison of the variational calculation at 𝑀 = 3 and the

exact results for the 2-magnon bound state. b Dispersion of the 3-magnon states at 𝑀 = 8. c Dispersion of

the 4-magnon states at 𝑀 = 8. d Binding energies of the 2-, 3-, and 4-magnon states at different iterations.

Figure S19d shows no evidence that supports formation of 3-magnon bound state up to 𝑀 = 14

iterations, and indicates that 𝐸𝐵3 (K) → 0 for 1/𝑀→ 0. In fact, the continuum of states in Fig. S19b
already indicates that these are all scattering states between a 2-magnon bound state and a 1-magnon
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state.

Similarly, the minimum of the 4-magnon state is located at Γ-point (Fig. S19c). The binding

energy is defined by subtracting two 2-magnon bound states both at Γ:

𝐸𝐵4 (Γ) = 2𝐸2(Γ) −𝐸4(Γ). (S3)

Again, Figure S19d indicates that 𝐸𝐵4 (Γ) → 0 for 1/𝑀 → 0. In other words, there is no formation

of 4-magnon bound state. Note that the narrow continua of states below 1.72 meV in Fig. S19c are

the scattering states of a pair of 2-magnon bound states.
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X. DMRG CALCULATION

We use the same TL model as in the main text:

HTL = 𝐽
∑︁
⟨𝑖, 𝑗⟩

(
𝑆𝑥𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦𝑖 𝑆

𝑦
𝑗 +Δ𝑆𝑧𝑖 𝑆𝑧𝑗

)
−𝐷

∑︁
𝑖

(
𝑆𝑧𝑖
)2 −𝐻

∑︁
𝑖

𝑆𝑧𝑖 , (S4)

where 𝑆𝛼𝑖 (𝛼 = 𝑥, 𝑦, 𝑧) are the spin-1 operators, and ⟨𝑖, 𝑗⟩ runs over the nearest neighbor bonds. The

anisotropies were fixed as Δ = 1.13 and 𝐷/𝐽 = 3.97. In this section we set 𝐽 = 1 as the unit of

energy, and the results here should be scaled correspondingly for comparison to the main text. The

effective magnetic field 𝐻 ≡ 𝑔𝑐𝜇𝐵𝐵 has already absorbed the 𝑔-factor 𝑔𝑐 and the Bohr magneton

𝜇B.

The Hamiltonian (S4) was studied using a U(1) symmetric density matrix renormalization group

(DMRG) method on long cylinders and torus. We first took 𝐻 = 0, and performed the ground state

search procedure for every total spin quantum sector 𝑆𝑧 =
∑
𝑖 𝑆
𝑧
𝑖 on a 𝐿𝑥 × 𝐿𝑦 cylinder (𝑦 direction

periodic, and 𝑥 direction open) or torus, with 𝑆𝑧 ∈ [0, 𝑁], where 𝑁 = 𝐿𝑥𝐿𝑦 is the total number of
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FIG. S20. Field dependence of the 𝑇 = 0 magnetization for cylinders of size a 9×6, b 12×6, and c 15×6.
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FIG. S21. Field dependence of the 𝑇 = 0 magnetization for cylinders of size a 6×4, b 9×6, and c 12×8.
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FIG. S22. Extrapolation of critical fields 𝐻c1, 𝐻c2, and 𝐻s as a function of 1/𝐿𝑦 to the thermodynamic

limit, where linear regressions were used.

lattice sites. When external field 𝐻 > 0, the total energy of each spin sector 𝑆𝑧 is shifted down

by 𝐻𝑆𝑧 from its zero-field value, i.e., 𝐸 (𝑆𝑧, 𝐻) = 𝐸 (𝑆𝑧,0) −𝐻𝑆𝑧. The 𝑇 = 0 magnetization can be

obtained as 𝑀 = 𝑆𝑚𝑧 /𝑁 , where 𝑆𝑚𝑧 is the total spin sector which takes the lowest energy among all

sectors at any given 𝐻. In other words, 𝐸 (𝑆𝑚𝑧 , 𝐻) = min{𝐸 (𝑆𝑧, 𝐻)}.
Besides the results on a torus presented in Fig. 5a in the main text, we computed the 𝑇 = 0

magnetization curve on two series of cylinders. The first series involve cylinders of a fixed width

𝐿𝑦 = 6 but different length 𝐿𝑥 = 9,12,15. A maximum bond dimension of 1200 was used to

ensure the convergence of the ground state energy at each quantum sector 𝑆𝑧. Ground state energy

𝐸 (𝑆𝑧,0) of each sector was extrapolated to zero discarded weight 𝜖 , defined as the sum of discarded

eigenvalues of the reduced density matrix. In the worst cases, 𝜖 reaches 10−5, and in other cases 𝜖 is

around 10−8. In Fig. S20, we show magnetization as a function of 𝐻 for the 9×6, 12×6, and 15×6

cylinders. We find that all three sizes exhibit a wide 1/3 plateau starting from 𝐻c1 ≈ 0.23, ending

around 𝐻 = 4.8. This 1/3 plateau is followed by another “artificial” plateau whose magnetization

𝑀 drops systematically with increasing 𝐿𝑥 . We note that the total spin quantum number difference

of the two neighboring plateaus is a constant (Δ𝑆𝑧 = 𝐿𝑦) for any given 𝐿𝑦, therefore we believe

that the “artificial” plateau will eventually merge into the 1/3 plateau in the thermodynamic limit,

whose range expands from 𝐻c1 ≈ 0.23 to 𝐻c2 ≈ 6.76. Following a narrow spin nematic phase for

𝐻 ∈ [6.76,7.27], the magnetization curve finally saturates when 𝐻 ≥ 𝐻s ≈ 7.27.

In the second series of lattices, we increase the length 𝐿𝑥 and the width 𝐿𝑦 proportionally, using

cylinders of size 6×4, 9×6, and 12×8. We aim at extrapolating the critical field strengths 𝐻c1,

𝐻c2, and 𝐻s accurately to the thermal dynamic limit. The maximum bond dimension used are
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FIG. S23. Dipolar and quadrupolar structure factors at Γ and K points. a In-plane quadrupolar structure

factor, b In-plane dipolar structure factor, c Out-of-plane dipolar structure factor. The corresponding lattice

sizes are indicated on top of each column.

400 for 6× 4, 1200 for 9× 6, 3000 for 12× 8 with the worst discarded weight reaches a scale of

10−5. The magnetization curves of these three sizes are shown in Fig. S21. To our surprise, all

critical fields 𝐻c1, 𝐻c2, and 𝐻s have little finite size effects, and they extrapolate almost as a flat

line in 1/𝐿𝑦 to the thermodynamic limit, as shown in Fig. S22. We conclude that 𝐻c1 = 0.230(8),
𝐻c2 = 6.76(3), and 𝐻s = 7.270(4) in the thermodynamic limit. Here the error bars are defined

by the largest absolute difference of the critical fields among different sizes. To compare with

the experimental results, we convert 𝐻c1, 𝐻c2, and 𝐻s to 𝐵c1 = 0.057(2)T, 𝐵c2 = 1.668(8)T and

𝐵s = 1.794(1)T.
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To reveal the nature of these phases, we computed the following structure factors:

𝑆𝑧𝑧𝑑 (𝒌) =
1
𝑁

∑︁
𝑖, 𝑗

𝑒−𝑖 𝒌·(𝒓𝑖−𝒓 𝑗 ) ⟨𝑆𝑧𝑖 𝑆𝑧𝑗 ⟩, (S5a)

𝑆⊥𝑑 (𝒌) =
1
𝑁

∑︁
𝑖, 𝑗

𝑒−𝑖 𝒌·(𝒓𝑖−𝒓 𝑗 ) ⟨𝑆𝑥𝑖 𝑆𝑥𝑗 + 𝑆𝑦𝑖 𝑆
𝑦
𝑗 ⟩, (S5b)

𝑆⊥𝑞 (𝒌) =
1
𝑁

∑︁
𝑖, 𝑗

𝑒−𝑖 𝒌·(𝒓𝑖−𝒓 𝑗 ) ⟨𝑄𝑥2−𝑦2

𝑖 𝑄
𝑥2−𝑦2

𝑗 +𝑄𝑥𝑦𝑖 𝑄
𝑥𝑦
𝑗 ⟩, (S5c)

where 𝑄𝑥
2−𝑦2

𝑖 ≡ 𝑆𝑥𝑖 𝑆𝑥𝑖 − 𝑆𝑦𝑖 𝑆
𝑦
𝑖 , 𝑄𝑥𝑦𝑖 ≡ 𝑆𝑥𝑖 𝑆𝑦𝑖 + 𝑆

𝑦
𝑖 𝑆

𝑥
𝑖 . The labels 𝑖, 𝑗 run over the center 1

3𝐿𝑥 × 𝐿𝑦 sites

on a 𝐿𝑥 × 𝐿𝑦 cylinder, and for a torus they run over all the sites. The results for the torus can be

found in Fig. 5b in the main text, that agree well with the perturbative calculations. Additional

results on the cylinders are shown in Fig. S23, that also agree well with the ones on the torus.

Due to limited system sizes available, we did not attempt to extrapolate the order parameters to the

thermodynamic limit.
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