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Abstract: The binary contact path process (BCPP) introduced in Griffeath (1983) de-
scribes the spread of an epidemic on a graph and is an auxiliary model in the study of
improving upper bounds of the critical value of the contact process. In this paper, we are
concerned with limit theorems of the occupation time of a normalized version of the BCPP
(NBCPP) on a lattice. We first show that the law of large numbers of the occupation time
process is driven by the identity function when the dimension of the lattice is at least 3
and the infection rate of the model is sufficiently large conditioned on the initial state of
the NBCPP being distributed with a particular invariant distribution. Then we show that
the centred occupation time process of the NBCPP converges in finite dimensional distribu-
tions to a Brownian motion when the dimension of the lattice and the infection rate of the
model are sufficiently large and the initial state of the NBCPP is distributed with the same
invariant distribution as that in the law of large numbers.
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1 Introduction

In this paper we are concerned with the normalized binary contact path process (NBCPP).
For later use, we first introduce some notations. For d > 1, the d-dimensional lattice is
denoted by Z%. For z,y € Z? we write  ~ y when they are neighbors. The origin
of Z% is denoted by O. Now we recall the definition of the binary contact path process
(BCPP) introduced in [4] by Griffeath. The binary contact path process {¢;};>0 on Z¢ is a

continuous-time Markov process with state space X = {0,1,2,.. .}Zd and evolves as follows.
For any z € Z%, x ~ y and t > 0,

1
0 at rate T;\Ad’
oe(x) + ¢e(y)  at rate TFond:

(bt ("E) — {
where ) is a positive constant. As a result, the generator Q of {¢;}+>0 is given by

Q/(0) = HZMZ (16" = 10) + 1553 2 2 (@™ = F(6)

reZd y~x

for any f from X to R depending on finite coordinates and = € Z?, where

IR (ol S

10 fz=x
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and
¥ {¢(w)+¢(y) if z=x

for all z € Z.

Intuitively, {¢; }:>0 describes the spread of an epidemic on Z%. The integer value a vertex
taking is the seriousness of the illness on this vertex. A vertex taking value 0 is healthy and
one taking positive value is infected. An infected vertex becomes healthy at rate ﬁ. A

vertex x is infected by a given neighbor y at rate H—%Ad'

seriousness of the illness on x is added with that on y.
The BCPP {¢:}1>0 is introduced to improve upper bounds of critical values of high-
dimensional contact processes (CP) according to the fact that the contact process {&;}1>0

on Z® can be equivalently defined as

When the infection occurs, the

0 if priponay(®) =0,
xTr) = .
() {1 if ¢14axaaye(z) >0

for any = € Z?. For a detailed survey of the contact process, see Chapter 6 of [5] and Part
IT of [6]. The critical value A, of the contact process is defined as

S —1] =1

According to the above coupling relationship between BCPP and CP, it is shown in [4] that

Ac(d) < m for d > 3, where 7,4 is the probability that the simple random walk on

7% starting at O never return to O again. Especially, \.(3) < 0.523 as a corollary of the
above upper bound. In [7], a modified version of BCPP is introduced and then a further
improved upper bound of A.(d) is given for d > 3. It is shown in [7] that A\.(d) < 22;3: and
consequently A.(3) < 0.340.

The BCPP belongs to a family of continuous-time Markov processes called linear systems
defined in Chapter 9 of [5], since there are a series of linear transformations { A : k > 1}
on X such that ¢; = Ax¢s— for some k > 1 at each jump moment ¢. As a result, for each
m > 1, Kolmogorov-Chapman equations of

{IE (ﬁgﬁ)t(ml)) D XT1,...,Tm € Zd}
i=1

are given by a series of linear ordinary differential equations. For mathematical details, see
Theorems 9.1.27 and 9.3.1 of [5].

For technical reasons which we will recall in Section 2, it is convenient to investigate a
normalized version {n;};>o of the BCPP defined by

1—2dA
Nt = exXp Wﬁ (bl;jf)\t.

Ae=supg A: P Zf;\(m):Oforsomet>O

zE€Z

The state space of the normalized binary contact path process (NBCPP) {n};>0 is Y =
[0, +00)2" and the generator £ of {m}i>0 is given by

L) =513 30 (Fm7) = F) + 55 2 52 () = £(a)

n (;d - 1) S fmn(), o

€L



where f! is the partial derivative of f with respect to the coordinate n(x).
Inspired by counterpart results given in [2] and [1] for voter models and branching random
walks, in this paper we study the law of large numbers and the central limit theorem of the

occupation time process {f; nu(O)du} of NBCPP. According to a calculation of the
t>0

variance, it is natural to guess that the above central limit should be with three different
forms in respective cases where d > 5, d =4 and d = 3, as Theorems 1 of [2] and 1.1 of [1].
However, in this paper we only give a rigorous result for part of the first case, i.e., CLT of
the occupation time for sufficiently large d, according to the fact that we can not bound
the fourth moment of 7;(O) uniformly for ¢ > 0 when the dimension d is low. For our main
result and mathematical details in the proof, see Sections 2 and 3.

2 Main results

In this section we give our main result. For later use, we first introduce some nations and
definitions. We denote by {5, }»>0 the discrete-time simple random walk on 7% ie.,

1

P<Sn+1 =Y = @

S, = x)

for any n > 0, z € Z% and y ~ . We denote by {Y}:}+>0 the continuous-time simple random
walk on Z% with generator L given by

Lh(a) = 533 (h(y) ~ h(a)

Yy~

for any bounded h from Z% to R and x € Z%. As defined in Section 1, we use 4 to denote
the probability that {S),},>1 never return to O again conditioned on Sy = O, i.e,

Vd:P(Sn;«éOforallnzl‘So:O) :P(Yt;éOforanytzO‘Yo:x)
for any x ~ O. For any ¢t > 0, we use p:(+,-) to denote transition probabilities of Yz, i.e.,
pe(x,y) = P(Yt = y‘Yo = x)
for any .,y € Z%. For any x € Z%, we define
O(x) = P(Sn = g for some n > O‘So = O).

We use T to denote the configuration in Y where all vertices take value 1. For any n € Y, we
use E, to denote the expectation operator of {n;}+>o conditioned on 79 = 7. Furthermore,
for any probability measure p on Y, we use E,, to denote the expectation operator of {n;}+>0
conditioned on 7y being distributed with p.

Now we recall some basic properties of NBCPP {1;}:>¢ proved in Chpater 9 of [5] and
Section 2 of [8].

Proposition 2.1. (Liggett, [5]) For anyn € Y, t > 0 and x € Z4,

Eymi(x) = Y pola, y)n(y)-

yeLd

Furthermore, Eyny(z) = 1 for any x € Z* and t > 0.



Proposition 2.2. (Liggett, [5]) There exist a series of functions {q}i>0 from (Z4)? to R
and a series of functions {G; }1>o0 from (Z%)* to R such that

Eg (n:(0)m(x)) = Ex (n:()m(x +9)) = Y ai(x, 2)

z€Z4

and

Ey (ne(@)me(y)) = Y e ((2,9), (z,w) n(z)n(w)

z,wEZLe

for anyt >0, x,y € Z¢ and n € Y. Furthermore,

Qt(Oaw) = Z qt ((x,z),(y,z))

(y,2): y—z=w
for any x,w € Z2.

Proposition 2.1 is an application of Theorem 9.1.27 of [5] and Proposition 2.2 is an

application of Theorem 9.3.1 of [5]. We write ¢; and §; as qt)‘ 4 and cji‘ < respectively when
we need to distinguish the dimension d and infection rate .

Proposition 2.3. (Liggett, [5]) When d > 3 and A > m, we have following proper-
ties.
1)For any x,y,z,w € 72,

. Ad Y \,d .
Lm g (z,y) =, lim g (z,y,2,w) = 0.

2) Conditioned on 19 = I, n; converges weakly as t — +oo to a probability measure Urd
on Y.
3) For any x,y € 74,

Jim B¢ (0(@)) = supEy ((2)?) = o, (0(0))°) = 14+ =
and
Jim,_ Covr (o). ) = Covi, (o), o)) = 25—,
where hy g = 2421 |

142dA

Proposition 2.3 is an application of Corollary 2.8.20 and Theorem 9.3.17 of [5].

Proposition 2.4. ([8]) There exist an integer dy > 5 and a real number Ao > 0 satisfying
following properties.

(1) If d > dg and A > Ao, then)\>m.

(2) For any d > dy, A > \o and x € 74,

Euyt (10(0))) < liminf B} (((2))") < +o.

i—sdtoo L

(8) For any d > dy and A > Ao,

Jm o s Covi, (n0(@) m()m(z)) =0,
oo (m,y,z)e(Zd)3:
le—ylyAlla—zly 20
where || - ||y is the l;-norm on R and a A b = min{a, b} for a,b € R.



Parts one and two of Proposition 2.4 follow from Proposition 2.1 of [8] and Fatou’s
lemma. Part three of Proposition 2.4 follows from the analysis leading to Proposition 2.2
of [8] and Fatou’s lemma.

We omit proofs of Propositions 2.1 to 2.4 in this paper since they are only repeats of
analyses given in Chapter 9 of [5] and Sections 3, 4 of [8]. Now we give our main result.
Our first main result is about the law of large numbers of the occupation time process

{fo nu(O)du}i>o.

Theorem 2.5. Ifd > 3, A > m and the initial state ng of the NBCPP on Z% is
distributed with vy 4, then

tN
N1—1>r-Ii-1<>o N /o Mu(O)du = ¢

in L? for any t > 0.

Our second main result is about the central limit theorem of the occupation time process.
For any ¢t > 0 and N > 1, we define

tN
X = o [ o)~ an

We write X}V as Xt{V)\, 4 When we need to distinguish d and A\. We have the following theorem.

Theorem 2.6. Let dy and \g be defined as in Proposition 2.4. For any d > dy, A\ >
Ao, integer m > 1 and t1,ta,...,t,, > 0, conditioned on the initial state ng of the N-

BCPP on Z% being distributed with Ux.d; (ng7>\7d, thz,/\,d’ e ’thxz,/\.d> converges weakly to

C1(\,d) (Bt,, Bty, ..., Bt,,) as N — 400, where {B;}¢>0 is a standard Brownian motion
and

2 [ [7°° pri0(0,0)drdd

Cr(\d) =
Hd) haa i pe(0,0)d6

Remark 2.1. Theorem 2.6 is consistent with a calculation of variance. According to Propo-
sitions 2.1 to 2.8 and the Markov property of {n:}i>0,

+oo
lim Var,, ,(X]V) = h,\d/ ZQJ )pr(O, z)d

N—+oco

According to the strong Markov property of the simple random walk,

+o0 +oo
/ po(z,0)dd = @(m)/ pe(0,0)do
0 0

and hence

oo LT (0, 2)po(, O)drdd
/ Z(I) 2)po(0, ) Foo
Jo  pe(0,0)db
0 0 b (O, O)drdy.
fo+oo pe(0,0)do
Theorem 2.6 shows that the central limit theorem of the NBCPP is an analogue of that

of voter models and branching random walks given in [2] and [1] when the dimension d
is sufficiently large. According to Proposition 2.3, calculations of variances as in Remark




2.1 imply that central limit theorems of occupation times of NBCPP on Z3, Z* and Z¢
for d > 5 should respectively be analogues of that of voter models and branching random
walks in each cases. However, our current proof of Theorem 2.6 relies heavily on the fact

that sup;> E;"d ((nt(O))4) < 400 when d and A are sufficiently large, which we have not
managed to prove yet for small d. That is why we currently only discuss the NBCPP on Z¢
with d sufficiently large.

Proofs of Theorems 2.5 and 2.6 are given in Section 3. The proof of Theorem 2.5 is
relatively easy, where it is shown that

1 tIN

Nlirfoovar”m ﬁ/o Ny (O)du | =0

according to Propositions 2.1 and 2.3. The proof of Theorem 2.6 follows the strategy in-
troduced in [1] to prove central limit theorems of occupation times of branching random

walks. The core idea of the strategy is to decompose f(f (n.(0) — 1) du as a martingale M,
plus a remainder R; such that the quadratic variation process ﬁ(M Yen of ﬁMtN con-

and

verges to Cit in L? and ﬁRtN converges to 0 in probability as N — 4o0. To give the

above decomposition, a resolvent function of the simple random walk {Y;};>0 on 74 is u-
tilized. There are two main technical difficulties in the execution of the above strategy for
the NBCPP. The first one is to prove that Var (%(MMV) converges to 0 as N — 400,

which ensures that the limit of %(M )tn is deterministic. The second one is to show that
E (% SUPg<s<in (Ms — MS,)2) converges to 0 as N — 400, which ensures that the limit
process of {ﬁMt N }e>0 is continuous. To overcome the first difficulty, we relate the cal-

culation of Var ((M);x) to a random walk on Z2¢ according to the Kolmogorov-Chapman
Equation of linear systems introduced in [5]. To overcome the second difficulty, we bound

P (% SUPg<s<in (Ms — M,_)* > e) from above by O (% JNE (n:(0)) ds) according to

the strong Markov property of our process. For mathematical details, see Section 3.

3 Proofs of Theorems 2.5 and 2.6

In this section we prove Theorems 2.5 and 2.6. We first give the proof of Theorem 2.5.

Proof of Theorem 2.5. Throughout this proof we assume that d > 3, A\ > m and 7

is distributed with vy 4. According to Proposition 2.3, {n,(O)},>0 are uniformly integrable
and hence

]Em,(ﬂ?(o) = tLleroo Efnt(O) =1

1 tN
]EVA,d N/O nu(o)du =1

for any N > 1 and t > 0. Hence, to prove Theorem 2.5 we only need to show that

1 tN
lim -~ Var,, , / 7u(O)du | = 0 (3.1)
0

N—+oco N2

Therefore,



for any ¢ > 0. Since

tN tN 0
Var,, , (/0 nu(O)du> = 2/0 (/0 Cov,, , (1-(0),m9(0)) dr) de

tN 0
—2 ( | cova. (no<o>,ne_r(0>>dr> @,

to prove Equation (3.1) we only need to show that

lim Cov,, , (m0(0),7,(0)) = 0. (3.2)

t——+o0o

According to Propositions 2.1 and 2.3,

Covy, , (10(0),n:(0)) = Eyu, , (m0(O)n:(0)) — 1

=By, [7000) | D (O 0)mly) | | -1
yezd
=Y p:i(0,y) (Bu,, (0(O)mo(y)) — 1)
yeZ
=Y pi(0,y)Covy, , (10(0),m0(y)) = hid > pi(0,9)@(y). (3.3)
yezd T oyers

Since d > 3, for any € > 0 there exists M > 0 such that ®(y) < € when ||y||s > M. As a
result, by Equation (3.3),

lim sup Cov,, , (10(0),1:(0))

t—+o0
. 6 1 i
< lim sup — Z pi(0,y) + hxd Z (tl>1+moopt(0’ y)>
—too BAd M Myl <M
= lim sup . Z pi(0,y) < - —.
t—+oo Nad fx.a
yillylh =M

Since e is arbitrary, let ¢ — 0 and then Equation (3.2) holds. As we have explained, Theorem
2.5 follows from Equation (3.2) and the proof is complete.
O
From now on we assume that d > dy and A > Ao, where dy and A9 are defined as
in Proposition 2.4. As we have introduced at the end of Section 2, our proof follows the
strategy introduced in [1], where X}V is decomposed as a martingale plus a remainder term.
As N — +oo, the martingale converges weakly to a Brownian motion and the remainder
converges to 0 in probability. In detail, for any 6 > 0, we define

Go(n) = > go(x) (n(x) — 1),

Py

where gg is the resolvent function of the simple random walk given by

“+o0
go(x) = / efeupu(O, x)du.
0



According to the fact that p;(0,0) = O(t~%2) as t — 400, Y., gb(x) < +oo when k > 2
and d > 5. Let

t
M? = Gy(n:) — Go(mo) — / LG (ns)ds,
0

then by Dynkin’s martingale formula, {M{};>0 is a martingale with quadratic variation
process {(M%);}1>0 given by

W)= [ (£ ((Gotn))?) - 260(a)£Ga(n.))

According to the definition of L,

(M?), = Kld/o PHE (gg(w) + AZQ?@)) ds. (3.4)

€L y~x

According to the fact that 8ge(-) — Lge(-) = 1o(-),

LGoy(n) = 0Go(n) — (ﬂ(O) - 9299(96)) = 0Go(n) — (n(0) —1).

As a result,

where

t
RY = —Go(my) + Golno) + / 0Go (1.)ds.
0

To prove Theorem 2.6, we need following lemmas.
Lemma 3.1. For anyt >0, &(MYN),n converges to C1(A,d)t in L? as N — +ooc.

Lemma 3.2. For anyt >0, \/LWRL([N converges to 0 in L? as N — +o0.

Lemma 3.3. For anyt >0,
. 1 1/N 1/N 2
lim E{ sup — (MS - M, ) =0,
N—4o0 0<s<tN

where MslfN = limycs,u-s M;/N, i.e., the state of MmN

We first utilize Lemmas 3.1, 3.2 and 3.3 to prove Theorem 2.6.

at the moment just before s.

Proof of Theorem 2.6. According to Lemmas 3.1, 3.3 and Theorem 1.4 of Chapter 7 of
3], {ﬁMtIJ(,N}tZO converges weakly to {\/C1(\,d)Bi}i>0 as N — +oo. Consequently,
Theorem 2.6 follows from Equation (3.5) and Lemma 3.2.

O

Now we only need to prove Lemmas 3.1, 3.2 and 3.3. We first give the proof of Lemma
3.1.



Proof of Lemma 8.1. Conditioned on Yy = O, the number of times {Y;};>o visits O follows
a geometric distribution with parameter 4 and at each time Y; stays at O for an exponential
time with mean 1. Therefore,

too oo 11
/ ps(0,0)ds = Eo/ 1{XS:O}d5 =1x—=—.
0 0 Yd  7d
Then by Equation (3.4) and Proposition 2.3,

, Loy ) HL+2)d) 1
i B (N<M >“V) Y N Zgo

2yqt [0 [T
= m ) p9+r(07 O)d@dr = Cl()\, d)t

Hence, to complete the proof we only need to show that

1
Jlim 5 Var,, ((Ml/N>tN> = 0. (3.6)

By Proposition 2.2 and the Markov property of {n;}:>0, for s < v and z,w € 74,

COVL/A a (ns ZQu s w U) y, )) COVUA,d (778(55),770(11)770(2)) :

Therefore, to prove Equation (3.6) we only need to show that

Jim ST Vo(@)Vo(w)dr (w,w), (4, 2)) [Coviy o (@), m)m(2)| =0, (3.7)

where Vp(x) = g2 (x) + Yy g3 (y), which is decreasing in 6. Since Y. Vy(z) < +o0,

D (). () = 3 ar(0.) = Ex (0 (O)7) <14

hxa

and
sup [Covi , (1 (w), o (w0 (2)) | < 2wy, (0(0))") < 00

w,yY,z
according to Propositions 2.2 to 2.4 and Cauchy-Schwarz inequality, to prove (3.7) we only
need to show that

lim Y4 ((w,w), (y,2)) [Covu, 4 (05 (@), m0(y)mo(2))| = 0 (3.8)

r——400

for any z,w € Z? according to the dominated convergence theorem. By Proposition 2.4, for
any € > 0, there exists M > 0 such that |Cov,, , (n3(z),no(y)n0(2))| < € when ||z — yHl A
lx — z||1 > M and hence

(jr ((U), w)’ (yv Z)) |COVV>\,d (773(93), 770(3/)770(2))‘

(,2): le—yllanllz—zll1 =M

<e 3 @ ((w,0), (3, 2)) < el + ——).

hx.a
(y,2): llz—yliAllz—z[1>M



We claim that

t—+o0 t—+o0

lim cht((w,w),(y, = lim th w,w), (v,2)) =0 (3.9)

for any w,y,z € Z4. The proof of Equation (3.9) is given later. By Equation (3.9), Propo-
sition 2.4 and Cauchy-Schwarz inequality,

lim Z qr ((w7 w)» (y7 Z)) ‘COVV)\,d (773(35)» 770(3/)770(2))’ =0

r—
(y,2):lz—yll1 <M or |lx—z[|1 <M

and hence
9 1
limsup » ¢ ((w, w), (y, 2)) |Covy, , (W (@), m0(¥)n0(2))| < e(1 + —).
rtoo hx.a
Since € is arbitrary, let € — 0 and then Equation (3.8) holds.
O
Now we prove Equation (3.9) to complete the proof of Lemma 3.1.
Proof of Equation (3.9). By Theorem 9.3.1 of [5] and the definition of £,
+0o0 L,y
¢ ((w,w), (y,v)) = e % n|H ((w,w), (y,v)),
n=0
where H is a (Z%)? x (Z%)? matrix given by
% ifx#y,u~zandv=y,
ﬁ ife#4y,u=xandv~y,
s iz =yand (u,v) = (v,2),
H((z,y),(u,0) =4 5 ifz=yu~zandv=u,
% ifr=y,u=xand v ~ x,
ﬁ ifx=y,u~xandv=ux,
0 else
and
n—1
H”((w,w),(ym)) = Z H H((ui7vi)=(ui+1>vi+1))‘
{(uisvidto<i<n® =0
(10, 00)=(w,w), (wnvn)=(y,v)
As a result,
n—1
> G (w,w), (y,v _2tz <H9 (B> Bit1) g, (1)= y})
vEZD i=0

where {8, = (8.(1),3,(2)) : n >0} is a random walk on (Z%)? such that

ﬁ ifx#y,u~xand v=uy,
ﬁ ifx#y,u=zand v ~y,
ﬁ if v =y and (u,v) = (z, ),

P(BnH:(u,v) 5n:(x,y)): ﬁ ifx =y,u~xzand v=u,
6le ife=y,u~xandv=r,
ﬁ ifr=y,u=xand v~ x,
0 else

10



and O is a function from (Z?)2 to R such that
H ((z,y), (u,v)) deg(z, y)

@((xay)’(uvv)) = 9 ,
where
_ J4d if x #£ vy,

Then for each i > 0, ©(8;, Bix1) > 1 and O(f;, Bi+1) = 1 when and only when 3;(1) = 5;(2).
Hence, by Holder’s inequality,

Z qt ((w7 w)7 (y, U))

veZd

<|E +Oo@1+e 116 —2t = (2t)n P _ e/(1+¢€) 1

< Egw,w) E) (Bi, Bix1) e nz:% o (P (Bn(1) =y)) (3.10)
for any € > 0. Since {8,(1) — 8,(2)}n>0 is a lazy version of the simple random walk on Z<

and H(f;, Bi+1) > 1 only when 3;(1) = 5;(2), by the strong Markov property of {5, }n>0,

By [ [[ 0 (5.8 6‘”1 Tt S (e W)
(w,w) s z+1 6d+1 4d Yd e\, d,

1=0 k=1
where
(.2 = 1 6d+ 1 1+6+ 2d  [(6d+1 1+€+ 4d  [6d+1 1+€<1 )
6d+1 \2-2d\ 6d+1\ 2-2d 6d+1\2-2d Vd)-
Since>\>m,
, 1
lgr(l)ae(d,)\) 4d)\+1/2+1—'yd<1

and hence there exists €y > 0 such that E,, ., (H:;Og et (b, 5i+1)) < +o00. By Equation
(3.10), to complete the proof we only need to show that

t—+oo

+oo n
lim e )" % (P (Ba(1) = y))/ ) = g, (3.11)

Since d > 3 and {$3,(1)},>1 is a lazy version of the simple random walk on Z<,
Hence, for any e > 0, there exists M > 1 such that (P (8,(1) = y))eo/(HEO) <ewhenn>M
and then

“+o0
_ €o/(1+eo0) —2t (Qt)n _
(5a(1) = 1)) sty S e

M- 1 —2t (2t)

Since lim;_, 1 o Z =0, we have

. —2t = (Qt)n _ €o/(1+e€0)
limsup ey (P (Ba(1) =) <e

n!
t——+o00 n—0

Since e is arbitrary, let ¢ = 0 and then Equation (3.11) holds.

Now we prove Lemma 3.2.

11



Proof of Lemma 3.2. According to Propositions 2.1 and 2.3, for any moment ¢ > 0,

E., ((V%Gl/w(nc)y) Vit (=Gl ) =V, (=Guyxlm))

- ]ﬁggjgw(w)gw(wq’(zﬂ)

Xd

= _1d —(r+s)/N
N € O,I s\, ,0 drdsdu
Nh)\,d/o /0 /0 ;;m )ps (25 y)pu(y, 0)

Vd “+oo “+o0 “+o0
/ / / e_(r+s)/NpT+S+u(O, O)drdsdu
Nhxa Jo 0 0

+o00 0 v
=1 —/N(f 1du) do | do
Nhra /0 (0, 0) </0 e (/0 u) v

_ Nyg [T —6/N ¢
_h/\,d/o 16(0,0) (1 ¢ 1+ ) ) do.

Since pg(0,0) = O(0~%2) as § — +o0, lim,_, 4o 1—e ¥ (142) = 1 and lim,_,o w =
1/2, there exist 0 < My, Cy < +oo such that pg(0,0) < C40~? when § > My, 1 —e *(1 +
r) < Cy2? when o < M; and 1 — e ®(1 +2) < Cy when z > M;. Therefore, for d > 5,

]\/[1 ]\/[1
%/ po(0,0) (1 —e (1 + g)) o < ﬂ/ 62d9 = O(N1),
0

haa ~ Nhxa Jo
N~q /NMl ( —9/1\/( 9)) C3va /NM1 2_d ~1/2
— 0,0)1—-e¢ 1+ — do < 0“7 2d0 = O(N
h)\,d M, pa( ) N Nh)\,d M, ( )
and

+oo 2 +oo
M/ 19(0,0) (1 _ 0N (1 + 9)) do < M/ 6-4/249 — O(N?~ ).
hxa Jnw, N Nd o JNM

In conclusion,

Jim B, <(jNG1/N<no>)2> ~ m_E,, ((;NGUN@NQ))Q) 0. (312)

By Cauchy-Schwarz inequality,

1 tN 1 2 tN tN 9
Eu,\,d (\/N 0 NGI/N(ns)dS> < F o (EV)\,d ((Gl/N(T/S)) ))ds

t2N2
= WIEV)\@ ((GI/N('UO))2> .

Hence, according to Equation (3.12),

1 M ’
Nli)rilooEVA’d ﬁ o NGl/N(Ué)dS =0. (313)

Lemma 3.2 follows from Equations (3.12) and (3.13).

At last, we prove Lemma 3.3.
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Proof of Lemma 3.3. By Equation (3.5) and the fact that {X}¥};> is continuous in ¢,
1 A\ 2 1
sup (Mi/ N My ) < sup o supmax{g}/y(2)ni(2), gi/n (@) (W)} (3.14)
0<s<tN 0<s<tN

For any M > 0, let

_ 1
v =inf{s 0 T supmax{g? ()3 (x), g1 ()3 (9)} > M},

then

1
{0<Su<ptN + SUP max{gl/N( 2 (x), g3 5 (@)ng (y)} > M}y = {r <tN}.

Conditioned on {73, < tN}, there exists xq € Z? such that

max{gy (z0)n7,, (o), 93w (w07, ()} > NM.

If {ns(y) }y~aw, and ns(zo) do not jump to 0 during s € [Tar, Tar + 1], then

min{ (5 —
max{g3 ()11 (o), 93/ (o)l (y)} = N Memintiza=h0)

for s € [rar, Tar41] and hence

e (s —1),0}
g + 775 ds > N2M2 2 min 2Ad_1 ,0 .
[ bt (0 Xt

T Yy~

Since the state of a vertex jumps to 0 at rate 1/(2Ad), according to the strong Markov
property of {1 }:>0,

tN+1 .
p (/0 Zgl/N < +Z’75 )ds > N2N2e2mind (a1, 0}>

y~x
d+1

ZP(TM §tN)e_

Then, by Markov’s inequality, Proposition 2.4 and the fact that
Z g1/ () < Z 9o () < +o0,
x

we have

1
P( sup L supmac(g? (v >n§<x>,g%/N<x>n§(y>}>M)
0<s<tN xT

2d+1

€ 2xd tN+1 4 4 C
< NZ N (D0 /O ;go(az) (Exa (n*(0)) (2d+1)) ds < Vi (3.15)

where C5 < 400 is independent of N and M. According to Fubini theorem, for any positive
random variable V' and any ¢ > 0,

+oo
E (Vl{V>c}) = CP(V > C) + P(V > u)du

c
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Hence, for any € > 0,

1 N 2 03 Cg 2C3
E f(Ml/N_Ml/ ) <ede—2 1 =2 du = e+ =2
(oiﬁzv s * ‘TNe Nuz® T T Ne

€

according to Equations (3.14) and (3.15). As a result,
1 1/N 1/N\?
limsupIE< sup — (MS/ - M.~ ) > <e.
N—+oc0 0<s<tN

Since € is arbitrary, let € — 0 and the proof is complete.
O
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