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Abstract

In this paper, we consider the backward problem for a time fractional diffusion-wave equa-
tion in a cylinder. The ill-posedness and a conditional stability of the inverse problem
are proved. Based on the generalized quasi-boundary value regularization method, we
propose an iterative generalized quasi-boundary value regularization method to deal with
the inverse problem, and this iterative method has a higher convergence rate. The conver-
gence rates of the regularized solutions under an a priori regularization parameter choice
rule and an a posteriori regularization parameter choice rule are obtained. Numerical

examples illustrate the effectiveness and stability of our proposed method.
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alized quasi-boundary value regularization method; convergence rates

1. Introduction

In recent years, the fractional diffusion-wave equation has attracted more and more
attention because it has been successfully applied to some important practical fields such
as physics, chemistry, biology, finance, etc [1, 2]. Due to the memory and genetic prop-
erties of the fractional derivative, the fractional diffusion-wave equation has its unique
advantages in describing superdiffusion phenomena [3, 4, 5].

The direct problem for the time fractional diffusion-wave equation is well-posed in
the sense of Hadamard, and has been studied with relatively well-developed results [6,
7, 8]. However, the inverse problem for the time fractional diffusion-wave equation is
usually ill-posed in the sense of Hadamard. This means that the existence, uniqueness
and stability of the solution of the inverse problem cannot be satisfied simultaneously. The

solution to most inverse problems exists, but the solution is not continuously dependent
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on the measurement data, i.e., a small noise in the measurement data can cause a large
perturbation in the solution. In other words, the ill-posedness can lead to unstable result
of the direct computation. Therefore, an appropriate regularization should be proposed
to obtain a stable solution of the inverse problem.

Currently, some regularization methods are used for the inverse problem of the time
fractional diffusion or diffusion-wave equation. Wei and Wang [9] proposed a modified
quasi-boundary value method to identify a space-dependent source term of the time frac-
tional diffusion equation. Tuan et al. [10] solved the backward problem for the inho-
mogeneous time fractional diffusion equation using the Tikhonov regularization method.
Tuan et al. [11] proposed a modified regularization method to study the inverse initial
value problem of the time fractional diffusion-wave equation. Yang et al. [12] used the
truncated regularization method to determine the initial value of the inhomogeneous time
fractional diffusion-wave equation. Han et al. [13] studied the backward problem of the
time fractional diffusion equation using the fractional Landweber iterative regularization
method. Yang et al. [14] proposed an iterated fractional Tikhonov regularization method
for solving the backward problem of the spherically symmetric time fractional diffusion
equation. Wei and Luo [15] proposed a generalized quasi-boundary value regularization
method to deal with the inverse source problem in the time fractional diffusion-wave
equation. For other regularization methods to solve the inverse problem of the time-
fractional diffusion or diffusion-wave equation, refer to [16, 17, 18, 19]. The available
regularization methods can be divided into two categories. One is non-iterative regu-
larization methods, such as Tikhonov regularization method, truncation regularization
method, and quasi-boundary value regularization method. The other category is iterative
regularization methods, such as iterated Tikhonov regularization method and Landweber
iterative regularization method. In this paper, we combine the generalized quasi-boundary
value regularization method and iteration, and thus propose an iterative generalized quasi-
boundary value regularization method for solving the backward problem of a time frac-
tional diffusion-wave equation in a cylinder. We learned from [15] that the generalized
quasi-boundary value regularization method has a higher convergence rate compared to
the Larventiew regularization method and the modified quasi-boundary value regulariza-
tion method. For the iterative generalized quasi-boundary value regularization method,
we can obtain some higher convergence rates than the generalized quasi-boundary value
regularization method in [15].

We focus on the following inhomogeneous time fractional diffusion-wave equation in a

cylinder

u
D?U(T,Z,t):T+;—+7+f(7",2,t), (11)



with the initial conditions
u(r, z,0) = ¢(r, 2), 0<r<R0<z<L, (1.2)
u(r, 2,0) = (r, z), 0<r<R0<z<IL, (1.3)

and the boundary conditions

lir% u(r, z,t)  bounded, 0<z<LO0<t<ZT, (1.4)
r—

u(R,z,t) =0, 0<2<L0<t<T, (1.5)
u(r,0,t) = u(r, L,t) =0, 0<r<RO0<t<T, (1.6)

where f(r, z,t) is source term, the boundary condition (1.4) is equivalent to the symme-
try boundary condition w,(0,z,¢t) = 0 [20], Dfu(x,t) represents the Caputo fractional

derivative of order « defined by

1 " Upr (7, 2,7)
Dy t) = ——~d l<a<?2
t U(T, 2 ) F(Q . Oé) A (t . 7_>a_1 T, «Q )

and ¢(r, z) need to satisfy the compatibility conditions

lim ¢(r, z) = limu(r, z,0),
r—0 r—0

?(R,z) =u(R,z,0),
o(r,0) = u(r,0,0),
¢(r, L) = u(r,L,0).

If all the data ¢(r, 2), 1(r, z) and f(r, z,t) are known, problem (1.1)-(1.6) is a direct
problem for the time fractional diffusion-wave equation. The inverse problem here is to

recover the initial value ¢(r, z) based on the final time data
u(r,z,T) = g(r, 2), 0<r<R0<z<L. (1.7)

Since the measurement is inevitably contaminated by noise, we assume that ¢°(r,2) is

g(r, z) with measurement noise and satisfies

lg°(r, 2) = g(r, 2)|| <6, (1.8)

where || - || is the L2([0, R] x [0, L]) norm and ¢ > 0 denotes a noise level.

The remainder of this paper is composed of five sections. In Section 2, we give some
preliminary material. The ill-posedness and a conditional stability of the inverse problem
are analyzed in Section 3. In Section 4, we propose an iterative generalized quasi-boundary
value regularization method and provide the convergence rates under two regularization
parameter choice rules. In Section 5, numerical examples are shown to verify the ef-

fectiveness and stability of our method. Finally, a brief conclusion is given in Section
6.



2. Preliminaries

Throughout this paper, we use L*(2) to denote the Hilbert space of Lebesgue mea-
surable function v(r, z) with weight r on Q = [0, R] x [0, L]. Denote the inner product

and norm on LZ(Q) by (-,-) and || - || z2(q), respectively, as follows

(u,v)r:/gu(r, 2)v(r, 2)rdrdz,

]| z2() = (/ v (r, z)rdrdz)%.
Q

Then, we give some useful definitions and lemmas.
Definition 2.1 [21, 22]: The two parameter Mittag-Leffler function is defined as

z € C,

— I'( ak + ﬁ
where a > 0 and 8 € R are arbitrary constants.
Lemma 2.1 [22]: f l <a <2, 8 €R, n >0, there holds

1 1
+ N
I(f—an O

Lemma 2.2 21]: If 1 < a <2, 8 € R, I < pu < min{7, 7a}, there exists a positive

Eop(—n) = 7 — 00.

constant C' which depends on «, 3, and pu, such that

C
1+ 2|’

[Bap()] < i < larg(2)] < .

Lemma 2.3 [23]: For 0 < ¢ < 1 and k > 1, define pi(¢) = S50 (1 — ¢)? and 74(¢) =
1—¢pi(¢) = (1= ¢)*. Then

Pe(Q)¢H < K, 0<p<l,
re(Q)¢" <O (k+1)7"

where

3. Ill-posedness and conditional stability

In this section, we formulate the inverse problem into an integral equation by the
series expression of the weak solution for the direct problem. Further, we consider the

ill-posedness and a conditional stability of the inverse problem.
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If the source term f(r, z,t), initial conditions, and boundary conditions as (1.1)—(1.6)
are known, applying the method of separation of variables and Laplace transform of
Mittag-Leffler function, we can obtain the unique solution of the direct problem as follows

[e.o]

U(T’, Z, t) = Z [¢mnEa,1(_/\mnta) + wmntEaQ(_)\mnta)

m,n=1

[ )= 7 B At = 7)) 2),
where ¢ = (0(7, 2), Winn (7, 2) )iy Yo = (V(1, 2), Wi (17, z))r, fron(T) = (f(r, 2, 7), Wi (1, 2) )1y

Amn = (42)? 4 (7). The eigenfunctions wy,,(r, z) = fRJl ™
standard orthogonal basis in L?(Q2). The Jy(x) and J;(z) denote the order 0 and order 1
Bessel functions, and {u, }5°, are the sequence of the zeros of Jy(x).

Using the final time data (1.7), we have

—————Jo(¥5")sin("F z) form a

U(T, Z, T) = Z [¢mnEa,1(_)\mnTa) + wmnTEaQ(_)\mnTa)
m,n=1
/ frn (T)(T — T)a_lana(—)\mn(T — 7)) dT W (1, 2)
=g(r,2).

Denote

[e.e]

h(r,z) = g(r,2) — Z (VT Ea2(= A T)

- / ST = 1) B (=D (T — 7)) (1 2),

then, the inverse problem is to find coefficients {¢mn }ry = from the following equation
Z (bmnEa,l(_AmnTa)wmn(T; Z) = h(ra Z) (3'1)
m,n=1

Let gmn = (9(7, 2), Wnn (7, 2) )1y B = (B(7, 2), Wi (7, 2) ), We have
gbmnEa,l(_)\mnTa) = hmn7

where Rmn = Gmn — VmnT Eoo(—AmnT) — fOT Jon(T)NT — 1) Ey o (=X (T — 7)%)d.
According to (3.1), the inverse problem can be transformed into solving the following

integral equation

R L o
/0 | Y Bat AT (€ mhenlr 20(E ) = ). (32

m,n=1



Regarding the properties of the function E, 1 (=X, T*), we give the following Lemmas.
Lemma 3.1: For 1 < a < 2 and any fixed T" > 0, there exists at most finite points
such that E, 1(—An,T*) = 0. Denote the point set which makes E, 1(—A\,T*) = 0 is
I = {(mn)1,(mn)s, ..., (mn);}.

Proof: By Lemma 2.1, we know that there exists C > 0 such that
1

Eo (=X, 1) < <0, Amn L > Cy,
al ) 20(1 — @) Apn T 0

for 1 < a <2, so we know E, 1 (=, T%) = 0 only if A, 7% < Cy. Because A, = +00
when m — 400 or n — +o0, there are only finite \,,, satisfying \,,,T% < Cj.

Lemma 3.2: For any \,,, satisfying A\, > A1 > 0 and 1 < a < 2, there exist positive
constants C and C which depend on «, T and Aq1, such that

C C
)\;n <NEa1(=AmnT?)| < - mn & I.
Proof: From Lemma 2.2, we have
C C

| B p(=AmnT?)

| < < .
1+ /\mnTa >\mn
By lemma 3.1 and its proof process, we know that there exists Cy > 0 such that

1

Eo1(=XApn 7| > Ao T

| a,l( mn )| ol |2F(1 — Oé))\mnTa |a mn > 007
then there exist C' > 0 such that

o C
‘Eoz,l(_kmnT )‘ Z \ 5 mn §é Il-
Thus, we have
C C
)\_ S |Ea71<—/\mnTa)| S )\ s mn ¢ Il.

From Lemma 3.1, we can easily get that there exists at most a finite point set I; =
{(mn)1, (mn)s, ..., (mn);} such that E,1(=X,,T*) = 0 for mn € I;. In particular, note
that the point set I; may be empty, which can be considered as a special case.

We consider the general case, i.e., I} # &, then equation (3.2) can be rewritten as

R L o0
/0 /0 Z Eo1(= A T)Ewmn (&, )W (1, 2) (&, n)dEdn = h(r, 2). (3.3)

m,n=1,mn¢Il

Similar to reference [24], we known that the equation (3.3) has infinitely solutions only

when h,,,,, = 0 for mn € I; and the condition

= hmn 2
Z <Ea,1(_>\mnTa)) <o

mn=1,mn¢Il



holds, but in L3(€2), it exists a unique solution as

o

e hmn
o(r,z) = Z Ea,l(_)\mnTa>wmn<r’ z).

m,n=1,mn¢I

Wi (T, 2), Eo1(=AunT?) >0
Denote w,. (1, 2) = , we have
—Wmn (7, 2), Eo1(—AnT*) <0

o0

7 hmn *
o(r,z) = Z For(-A Ta)’wmn(r, ). (3.4)
m,n=1,mn¢I; a1 mn
From Lemma 3.2, we note that in (3.4)
1 Amn o mm. o, 1
> —==|(=)"+(—)|=—00, as m,n — oo.
(T = ¢ RHTE

which indicates that the inverse problem is ill-posed, i.e., a small measurement noise in the
data g(r, z) can cause a large perturbation in the solution (E(r, z). Hence, it is necessary to
use a regularization method to recover the stability of the solution of the inverse problem.
Before that, we give a conditional stability theorem for the inverse problem.

Theorem 3.1: For any ¢(r, 2) € span{wm,(r, z), mn € I} satisfying an a priori bound

condition
lo(r,2)|l, <E,  p>0, (3.5)

where

[e.9]

l6(r =1 D An)* Grantmn(r, 2)],

m,n=1,mn¢Il
oo

= (Y Qu)on)?,

m,n=1,mn¢I;

then we have
2 p
[o(r,2)|| < CLE#2||h(r, 2)||7+2,

where C = (%)P% is a constant.
Proof: For any é(r, 2) € span{wm,(r, z), mn € I, }*+ we have

o0

o(r,2) = Z PrnWmn (T, 2).-

m,n=1,mné¢l

Using the Holder inequality, we obtain

2 = ha
r,z)||* = nn
H¢< )H Z |Ea,1<_/\mnTa)|2

mn=1,mné¢l




4

e 22,
- Z = 7 T
‘Ea,l (_AmnTa) ‘

mn=1,mn¢I

o h2 , o )
< mn -2 B2y |
B ( Z |Ea71(—)\mnTa)|p+2) ’ ( Z mn) + (3 6)

mn=1,mné¢l mn=1,mné&I

From Lemma 3.2, there holds

o [e.e]

Z W < Z hon ()‘mn )P
|Ea,1(_/\mnTa>|p+2 o ‘Ea,l(_)\mnTQ)‘Q Q

mn=1,mné&l mn=1,mn¢Il

[e.9]

= Y bl = (Pl < (P E (3.7

mn=1,mné¢l
Combining (3.6) and (3.7), we can obtain

1. 20 4 2p
lo(r, 2)|1> < (5)P+2EP+2 |A(r, 2)||7+2.

4. Iterative regularization method and convergence rate

In this section, we propose an iterative generalized quasi-boundary value regularization
method to solve the backward problem of time-fractional diffusion-wave equation in a
cylinder. The convergence rates of the regularized solution under an a prior: regularization
parameter choice rule and an a posteriori regularization parameter choice rule are given.

We define a linear operator A : L2(Q2) — L3() as follows

Alv(r, z) = Z A UmnnWinn (T 2),

m,n=1

where v > 0 is a real number and v,,,, = (v(7, 2), W (7, 2) ).

Let the function u%*(r,z,t) be the solution of the following iterative regularization
problem
e OPudk 1 oudk 9ok
a, 0k _ p p p
D™ (r, 2, t) = 52 +; a + 522 + f(r,z,t), 0<r<RO<z<LO<t<T,
up(r,2,0) = 0 (r, 2), 0<r<R0Z<z2<I,
(2, 0) = 007, 2), 0<r<RO<:<L
lir% uf;k(r, z,t)  bounded, 0<z2<L,0<t<T,
T—r
w* (R, 2,t) =0, 0<z<LO0<t<T,
uf;k(r,O,t):u/‘i’k(r,L,t):O, 0<r<RO0<t<T,
\Ufjk<r7 Z, T) = 95(r’ Z) - /’LA’Y(bZ’k(Ta ’Z) + :U’A’y(bi’kil<r7 Z>7 0 S r S R’ 0 S < S L’




for k = 1,2,3,..., and the initial value qbfjo(r, z) = 0, where p > 0 is a regularization
parameter and £ is the number of iterations. If we fix £ = 1, this iterative regularization
method is transformed into the generalized quasi-boundary value regularization method
n [15].

Denote (¢5)pn = (5% (r, 2), Wynn (7, 2))r, We have

o0

uz’k(r: z T) = Z [(Qﬁﬁ’&)mnEa,l(_)\mnTa) + wmnTEaQ(_)\mnTa)

/ Frn() (T = 7)1 B (= AT — 7)) (1 ).

Then, based on the iterative regularization form, we have

[e.9]

ufjk(rra 2, T) = Z [(Qbﬁ’é)mnEa,l(_/\mnTa) + ¢mnTEa,2(_/\mnTa)

+ Frn(TNT = 7)* By o(= X (T — 7)*)d7 |y (7, 2)

= 37 (g — BN (B Y A 1A () i (1 2),

where g, = (9(r, 2), Wmn (7, 2)),. Further, we can deduce that

00 he U (¢k—1,6)mn
5k _ e
(b'u <r, Z) mzngl[Eo‘ 1(_)\m”Ta) + ,u/\;’yrm Ea,l(_AmnTa) + ,u)\ynn]wmn(r’ Z)
oo k-1 hd
B m;l = )\m”Ta) + M)\mn) Ea,l(_)\mnTa> + ,u)\:nymn wmn(r, Z)
3 HA k houn
- 1 - mn\'> ) 41
mznjl( (anl(_/\mnTa) + ,u)\;ynn) )Ea,l(_/\mnTa)w (T Z) ( )
where Ky, = g8 = U TEas(=AnnT?) = J} fun(r)(T = 1) Eu( = AT = 7))
From (4.1), we can find that (5— (_AZ%Z ) may tend to infinity when

Eo1(=AmnT*) < 0, which causes trouble in obtaining the error estimate between ¢Z’k(r, 2)
and 5(7‘, z). Thus, we modify the regularized solution gbi’k (r,z) as

[e.e]

PSP Y SR .- S, ) N S—
a ’ ‘Ea,l(_)\mnTa)‘"i_,U)\Z’m |Ea,1< AmnTa)| mn

myn=1,mn¢I

T, Z).

For simplicity, let
A7
n) -1 ( HApn - )k:7
|E0671(_)‘mnTa)| + ,U)\mn

then we obtain the regularized solution as

k
Eyiny (A

T8,k - k hé
B = D B ) () (4.2

mn=1,mné&l



4.1. a priori reqularization parameter choice rule
We first prove some useful lemmas, and to ensure that the following lemmas and
theorems are strictly valid, assume that A,,,, > 1. This holds easily because A, =
(B2)? + ()2, so it is sufficient to take L < 7 to satisfy Ay, > 1.
Lemma 4.1: For constants > 0, v > 0,7 > 0, £ > 0, we have
Fk
sup Y ( ) < k'CIQ .
m,neN ’Ea 1( T )‘ Ium

Proof: By Lemma 2.3, we have

E|Eg1(=XpnT%)]
|Eoz,1 (=AmnT)| + pAinn ’

k

then
FlyOom) ;
|Ea 1(= A T)| |Ea,1<_)‘mnTa)| + (A n
k
oy H AT
kAmn
T Cr 3

Introduce a new variable x = A,,,, let

kx

For v > 0, the function A(x) is continuous. Since A(z) > 0, lim, 0 A(z) = 0 and

lim, 4 A(x) = 0, the maximum point satisfies A’(x) = 0. Thus, we obtain

and

_ ki)
,u1+w ‘

(4.5)

Denote Cy = (1 47)~'y™ C~ T, from (4.3) and (4.5), we have

F¥_ (Amn k
sup iy o) < CP .
m,neN |Ea,1<_/\mnTa)| Ium

Lemma 4.2: For constants gy >0,y >0, 7T > 0, k > 0, we have

PR Ko p = 2k(1+7),
sup (1 - F/]zfy()\mn)))\m% < A p
m,neN C3 k™" p2a+1 . 0 < p < 2k(1+7).
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Proof: By A, > 1 and Lemma 3.2, we have

-£ M)‘Zln k -z
(1= F, (M) <|Ea,1(—AmnTa)| +M?nn)

N
< (Cﬁ‘#)k/\;ﬁ

A”77/’7.
I+y—3

fiAmn k
= ) 4.6
() (4.6)

Let

I+y—g%

= b (4.7)

If 14~ — £ <0, that is p > 2k(1 + ), we have
B(x) <C'p. (4.8)

If 14+vy—4 > 0, that is 0 < p < 2k(1+4), the function B(z) is continuous. Since B(x) > 0,

lim, o B(z) = 0 and lim,_, B(x) = 0, the maximum point satisfies B'(z*) = 0. Thus,

we obtain
C(2k(1 —
x*:(_( (1+7) p)>ﬁ’
pp
and
1 p p _ p 1— p
B(x) < B(z*) = ——— 20+ 260+ O 260+ (2k(1 + ~) — 2R | 4.9
(z) < B(z") i)’ Il c (2k(1+7) —p) (4.9)
Denote C3 = Q(Iiv)p%(ﬁrv) CH (2k(1+~) — p)l—Tk(%r’Y), from (4.6) to (4.9), we have
L B Q_k:uka p > 2k(1 + 7)7
sup (1 o Fu,’y()\mn»)\m% < P
m,neN CsP k7 F 2 0 < p < 2k(14 7).

Theorem 4.1: Let the exact solution ¢(r, z) be given by (3.4) and the regularized solution
~5,k‘ . . Fy . .
?u (r,z) be given by (4.2). If the noise data ¢°(r) satisfies (1.8) and the exact solution
¢(r, z) satisfies the a priori bound condition (3.5), the following convergence rates are
satisfied.

(1) If p > 2k(1 + v) and choose p = (%) 1+1k++7km we have a convergence rate

75k Y . ..
195" (r, 2) — (1, 2)[| < (kCy + C7%) ETFRFRy §TR47

(a+)
(2) If 0 < p < 2k(1 + ) and choose p = (%)ZPIB , we have a convergence rate

165% (r, 2) — 6(r, 2)|| < (KCy + CsF k) E7z 6752,

11



Proof: Using the triangle inequality, we obtain

163 (r, 2) = 6(r, 2|l < 1635 (r, 2) = G 2)l| + 16} (r, 2) = &(r, 2)].

From (1.8), (4.2) and Lemma 4.1, we have

= 1
,LL,’Y( mn) |Eo¢,1(_>\mnTa)| ( mn mn>wmn(rv Z) ||

m,n=1,mn¢I;

163" (r, 2) = of(r, 2)]| =

°° 1
— Fk s *
|| Z H,A/()\mn) |Ea,l <_)\mnTa)‘ (gmn gmn)wmn (T’ Z) ||

mn=1,mn¢Il

F* (Amn) >
< sup ——— I (o = )W (7 2)|
m,neN ’Ea,l(_)\mnTa>’ m,n=§rm¢[1
kC:
<225 (4.10)
JERt
From (3.4), (3.5), (4.2) and Lemma 4.2, we have
~ ~ i h
k _ k mn *
) =Bl = 3 (B )= g 5t
m,n=1,mn¢Il;

> (1= FE Qn)) And A Guni (7, 2) |

m,n=1,mn¢l;

[e.9]

< sup (1— Fjw()\mn)))\;gﬂ Z A?nnamnw:’m(ru 2)||
m,neN m,n=1,mné¢l;

< FE sup (1 - F;]f,v(/\m”))/\’;’%
m,neN

C*urE, p > 2k(147),
e, (1+7) (4.11)
Cs* k™ 2 B, 0<p<2k(l+7).

Combining (4.10) and (4.11), we obtain

- - CrurE, > 2k(1 +7),
1505, 2) - B )l < K25y {€ 1B p22UE)
P Cs" k™ p2t B, 0 < p < 2k(1+7).
Choose p by
5 1
(F)755,  p=2k(L+7),
H= O 20+
(E) P2 0<p<2k(l+7),

then we have
(]{502 +Q7k)E1+kl+k7(5li:iZ'y, P Z Qk(l +'7),

1655 (r, 2) = 6(r, 2)]| < 2
g (kCy + C3* k¥ B2 5552, 0<p<2k(l+7).
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4.2. a posteriori reqularization parameter choice rule

We consider an a posterior: regularization parameter choice rule which is in accordance
with the Morozov discrepancy principle.

First, we define a linear operator B : L?(Q) — L?(Q) and an orthogonal operator
P: LX(Q) — span{wmn(r, z),mn € I }* as follows

Bu(r,z) = Z Eo 1 (= Amn T ) Umnwin (1, 2),

m,n=1
00

Pu(r,z) = Z VnnnWinn (T 2)

mn=1,mn¢Il

where vy, = (v(r, 2), Wina (7, 2))r. Then, the Morozov difference principle here is to find

the regularization parameter p so that
5.k 9 —
||B¢u (T’, Z) — Ph (Tu Z)H _T57 (412)

where 7 > 1 is a constant and

[e.9]

Ph(r,2)’ = Y (g = CmnT Eaz(—AmnT®)
m,n=1,mné¢l;
_ / T — 1 B (AT — 7)) (r2). (4.13)
0

According to the following lemma, we know that there exists a unique solution for (4.10)
if Ph(r,z)’ > 710 > 0.
Lemma 4.3: Set

G(n) = |BG} (r, 2) — PR (r, 2)].

If ||R°(r, 2)|| > 0, then the following results are obtained
(a) G(p) is a continuous function;

(b) lim,,_,o G(p) = 0;

(©) Tinys e G1) = 177, 2)

(d) G(p) is a strictly increasing function over (0, +00).
Proof: From (4.2) and (4.13), we have

G =1 > (Fi, ) = DA wh(r, 2)|
myn=1,mné¢l
S N .
ol D D ) B (75 2| (4.14)

|Eoé,1 (_AmnTa” + ,U)\;ynn

mn=1,mn¢Il
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This implies that

o0

Gy <l Y. hwi(r2)l,

m,n=1,mn¢I;

= [|n*(r, 2)]I.

From (4.14), the results are obtained.
Lemma 4.4: For constants > 0, v >0, T > 0, £ > 0, we have

_p 6Q_k,uk7 D Z 2k(l + 7) - 27
sup (1 — F,If,«/O‘mn)))‘m%|Ea,1<_)‘mnTa)‘ <3 PR =5
mneN CClk " p2mn . 0<p<2k(l4+7)—2.
Proof: By A, > 1 and Lemma 3.2, we have
(1= FF () A Bt (<A T)] = ( i YAt | B (~Aun T)|
it 7 |Ea,1<_)‘mnTa)| + ,U)\;ynn 7
Al 2 C
< (% Y At
)\mn + /J)\ )\mn
Iu)\lﬂfp—”
mn el
—)"C. 4.15
= () (1.15)
Let
1-1—7—M
B 145 2k
Ifl—l—y—i‘i2 <0, that is p > 2k(1 + ) — 2, we have
H(z) <C™'p. (4.17)

If1+~-— ’;i,f > 0, that is 0 < p < 2k(1 + ) — 2, the function H(x) is continuous.

Since H(z) > 0, lim, o H(z) = 0 and lim, 1, H(z) = 0, the maximum point satisfies

H'(z*) = 0. Thus, we obtain

C(2k(1+7)—p—2)
(p+2)n

)

=

= m(p + 2) 2k1(7ff'v)ﬂ2kz()ff'v) c~ 2191(7?—437) (Qk(l + fy) —p— 2)1_%.
= e O

(4.18)

Denote Cy = 1+7) (p—{—2)2k<1+v> o (2k(1+~)—p— 2)1_2kz<71+fv>, from (4.15) to (4.18),

we have

_p 6Q_k,uk7 D Z 2k(l + 7) - 27
(1= B Q) Mkl (AT < 1 5
m,neN CC4 k™ JUEICE 0< p< 2k<1 + 7) - 2.

14



Theorem 4.2: Let the exact solution ¢(r, z) be given by (3.4) and the regularized solution
5,‘3’“(7“, z) be given by (4.2). Assume that the noise data ¢°(r) satisfies (1.8) and the exact
solution 5(7", z) satisfies the a priori bound condition (3.5). The regularization parameter
i is chosen by the Morozov discrepancy principle (4.12), then the following convergence
rates are satisfied.

(1) If p > 2k(1 4+ v) — 2, we have a convergence rate

k+kvy—1

||$fljk(r7 Z) (T Z)” < O5Ek+k'}/5 k+kv ,

1—k—k~

cC- 1 ktky—1
where C5 = KCy(== )HM + (1 +7) * C 7R,
(2) If 0 < p < 2k(1 +7) — 2, we have a convergence rate

1G5% (r, z) — 6(r, 2)|| < CoE72 772,

where Cg = KCy(Z252)7% + (1 +7)7#2 07,
Proof: From (4.12) and Lemma 4.4 |, we have

o

TO = H Z (F,]z—yO‘mn) - )hfnn ;an<7a Z)H

m,n=1,mn¢I
00

< Y A= FL Qo)) B = Bann) i (7, 2)|

mn=1,mné¢l
00

+ || Z (1— F;Ifq()‘mn))hmnw%n(ﬁ 2)||

mn=1,mn¢l

o0 o0

< Z (hfnn — T )W (7, 2) [ + || Z (F;]f,'y()‘mn) — Dhpnwp, (1, 2)|

mn=1,mn¢Il mn=1,mn¢Il
)

m,n=1,mn¢I
)

=0+ H Z (1 - F;If,'y()‘mn)))‘r_n?l)‘?m’Ea,l(_)‘mnTa)’gmnw;knn<rv Z)”

mn=1,mné&¢l
o

<5+ sup (1= Ff Q) A2 [Baa (“Amn TN D Anmntn (1, 2)|
m.neN mn=1,mn¢l
CCrurE, p>2k(1+7) -2,

<o+

CClk i B, 0 =
kTR B <p<2k(l+7) -2

Therefore, we have

cc™* . FE..
1 ( )E()F, p>2k(1+7) -2,
- < gg ,}k . d 5 (4.19)
1% 2(1+w) 2(149)

(?) 2 (), 0<p<2k(147) -2,

15



Combining (4.10) and (4.19), we obtain

. .
_ § KCy(TE )i B s 55", p > 2k(1+9) 2,
5k Y < -
195" (r,2) — ¢, 2)|| < COME* 5 5 5
KCy(———) 72 Eregme, 0<p<2k(1+7) -2

(4.20)

From (3.4) and (4.2), we have

o0

I65(r.2) = o(r )P = D (1= E On)) G

m,n=1,mné¢I;

Case 1: p > 2k(1 + ) — 2, we have

lop(r,2) = o(r )P = > (1= FF () *0mn
mn=1,mn¢l

0 _ kt+ky—1
= Y (- B O

mn=1,mn¢Il

_gktky—1 ~p_1

(1= F* )T | Bt (A T 2557 Gt ™

> k+kvy—1
<>, (L=FF ) hny,)

m,n=1,mn¢I;

[e.e]

(Y (1= F ) Ban (A T) 2D G2 i

mn=1,mn¢I
k+kvy—1

= (Qq) (Q2)ﬁ- (4.21)

Q=( S (1= F5 ))?h2)?

mn=1,mn¢Il

o0 [e.9]

<O Y A= FE Q) — B0+ (Y (L= FF ()2 (R,)0)2
mn=1,mné&I mn=1mné¢l
<6+ 76 (4.22)

and

Qi =( Y (1= F ) P Baa (- AT 2EDG2 )3
mn=1,mné¢l;
= C —2(k+ky—1) \ — T2 \1
<) ()R 62 )

A\ mn”‘mn
m,n=1,mné¢l; mn
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o0

_ }: —2(k+ky—1) \2k+2ky—2—pyp 12 \i
m,n=1,mn¢Il;

(Y e B2y
m,n=1,mné¢l;

< C«l—k—kvE‘

From (4.21) to (4.23), we get

165 (r, 2) — 3(r, 2)|| < (1+7) Fobr ¢ e B 6 kb

Case 2: 0 < p < 2k(1+7) — 2, we have

[e.e]

IG5 2) =)= 30 (1= FL )6,

mn
mn=1,mn¢Il

o0

. 2-Es
= D (= FE ) b

m,n=1,mn¢l

(1= X Oun)) 2552 | Bt (~ A T) | 2552 30t
< Z (1= FEF (An))*h2y,) 72
mn=1,mn¢Il

o0

(3 (0 B ) B (AT 782,)57

m,n=1,mné¢l;

= (Q:&)”%(Qﬁﬁ~

1
Qi =0 Y (1=FF (\un))?h2,)?
m,n=1mn¢I;

<O > = F Q) (e = 1))+ (>
mn=1,mn¢Il mn=1,mn¢Il

<+ 70.

and

Qi=( Y (1= F ) Bt (< Aa T 752,,)
mmn=1,mné¢l

o

C ~ 1
<Y (o
m,n=1,mn¢I; mn

o0

mn=1,mné&I

(4.23)

(4.24)

(4.25)

(1= FF )2 (B,)%)2

(4.26)



<C"E. (4.27)
From (4.25) to (4.27), we get
185 (r, 2) — o, 2)|| < (1 + 1) PR C 7 B g (4.28)

Combining (4.24) and (4.28), we have

ktky—1  1—k—ky ktky—1

(14 1) *+ky C Rk Ek+1k75 e p > 2k(1 4 7y) — 2,
(1+7)72 i Bragita, 0<p<2k(l+ry) -2
(4.29)

165(r, 2) = o(r, 2)]

Combining (4.20) and (4.29), we obtain

163" (r, 2) = o(r, 2)|| <

C —k - —R—RY Y=
KCy(TEmymer 1 (147) 0" QR B s B > 9k (1 +4) — 2
60 kk_k p —2p p
[K02(4—1)p%+(1+7)mgm]£7p%5m, 0<p<2k(l+7)—2.
7— p—

Remark 4.1: For the iterative generalized quasi-boundary value regularization method,
there is no saturation in the convergence rates. If the smoothness index p of the un-
known initital value ¢(r, z) is large enough, we can choose a slightly larger & such that
the convergence rate O(d %) is better than 0(55%) under the a prior: regularization
parameter choice rule and the convergence rate 0(5%) is better than O(577) under
the a posteriori regularization parameter choice rule. 0(55%) and O(677) are the con-
vergence rates of the generalized quasi-boundary value regularization method under the a

priori regularization parameter choice rule and the a posterior: regularization parameter

k+ky k+ky—1
T+k+ky and Ttk

choice rule, respectively. This is obvious because both functions are

strictly increasing functions with respect to k € N.

5. Numerical implementation

In this section, we present some examples to illustrate the effectiveness and stability
of the proposed method. To avoid the ’'inverse crime’, the finite difference methods [25]
are used to calculate the dierct problem. The finite difference schemes are sketched as
follows.

First, we denote the discrete points in the time interval [0,7] as ¢, = n7(n =

0,1,---, N) with the time step size 7 = %, the grid points in the space interval [0, R]

as r; = th,(i =0,1,--- ,M) and [0, L] as z; = jh,(j =0,1,---, M), where h, = % and
h, = % represents the space step size. The value of each grid point is uf; = u(ry, 2, ).
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Second, based on the finite difference scheme, we discretize the equation D{u(r, z,t) =

g:fz + 71“(31,: + 21;2 —I—f(?“ zZ, t) as
1— -1
T (CV)5 Z (CV) i b(a) )5 N b(a) ]
I“(g_ ) tU Z] - n—k—1 n—k tu n—1%1,5
1 -1 nol nol 1 nol nol 1 -1 nol nol
= h_( i1y 2u Y U 1?]) + m(“wfj - “i—fj) + ﬁ(uzri?l 2u; ; * + “i,jfl)
+ f(ri, 2z, t,_ %) 1,j=1,2, M —1, (5.1)
1 1l
where b,(f‘) = (k+ 1) - k**k > O),uzj 2= (uly ), by = Huly — ul)
Denote p = TQF,(;’_Q), = Tar](g—a)’ = Twr}(s—a) nd (5.1) can be simplified as
(4_7“z - 5)“171,3' + (1 +p+ou; — (4_7‘1 + §)Ui+1,j i1 T Ui
p S\ n— n— p S q ,— q n
= (5 - 4_n)ui—ll,j + (1 2 Q)ui,j ! + (5 + 4_,,,,2)uz+l] + 2“1] 11 + 2“ ,j-&l
n—1
o o T3 —a), ., .
+ Z(b;—)k—l - bfz—)kx“f; f] N+ Tbn Wij + ——5—— % + 1} h.
k=1
Then we have the following matrix equation
o (3 —
AUY = BUO 4 b0+ TEE D oy,
n n—1 n—1 n—2 0 () TO‘F(?) — Oé) n n—1
AU" = BU" 4+ /U + U+ -+ 3,U +Tbn_1C+T(F + F"7h),
n:2737"' aN7
where 8, = 6" — 6\, B = 26\ — b\ —5\*L(1=2,3,- -+ ;n—1), 8, = b, — b\,
vectors
Ur = (uyll,la u?,% o 7“?,M—17 ug,l? U;z, T 7ug,M—17 o 7u7lt/[—1,17 u71\14—1,2’ T 7u7]ti—1,M—1)’
C= 11,012, s Y1im—1,V21, %22, s Von—1, , Vnm—11, Urm—12, "+ s Um—1,Mm-1),
F" = (fﬁla f{tQa T 7f1n,M—17 fQTtla f;lga e 7f£M—17 T 7f]7\l/[—1,17 f]7\l/[—1,27 e 7f]r\L/[—17M—1)>
TL:O,]_,"' aNa
A and B are matrices
[ Auy (o +5)1 |
) Y e
A= : . c R(M_1)2X(M_1)2
<47’]\j 2 - 1_2))[ AM727M72 _<4T]\j_2 _'_ g)]-
(72— 51  Ay—1m—
L drar—1 2
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Bia (5+ ﬁ)]
(5 — a1 By 2+ )1
B = c RM-1?x(M-1)?
E—37) Buoma G+
= (g - 41'];_1)] BM—l,M—l i
(1+p+aq) —4
—3 (1+p+q) —4
Aii = € R(M—l)x(M—l),
—3 (1+p+q) —4
. —3 (1+p+4q)]
(1-p—q) 1
3 (1-p—gq) g
By = € ROI-DX(I-1)
3 (1-p—q) g
: 3 (1-p—q)]

i=1,2,---, M —1,and I € RM-D*(M=1) ig jdentity matrix.
Final, the final time data u(r,z,T) = g(r, z) is obtained.
After obtaining the final time data g(r, 2), we generate noisy data ¢°(r, z) by adding

a random disturbance, i.e.
g‘s =g+eg- (2rand(size(g)) — 1),

and the corresponding noise level is calculated by d = [|¢° — g|.
To show the accuracy of the regularization method, we calculate the relative error

between the exact solution and the regularized solution by

182, 2) = 3 2) |-
[9(r.2)]

In numerical experiments, we always take « = 1.5, R =n, L =n, T =1, N =

r =

10, M = 40. The exact solution 5(7’, z) is given by (3.4) and the regularized solution
~k,5 . . . . . . .

¢,°(r, z) is given (4.2). The regularization parameter p under the a priori choice rule is
given by Theorem 4.1, and the regularization parameter p under the a posteriori choice
rule is chosen by (4.12) with 7 = 1.1. Moreover, to demonstrate the advantages of our

proposed iterative generalized quasi-boundary value regularization method (IGM), we
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compare it with the generalized quasi-boundary value regularization method (GM). We
have mentioned that when & = 1, IGM agree with GM. Here we choose k = 20 in IGM,
and v = 0.5.

Example 5.1: Take the initial values
P(r,2) = (r* — 7%)(2* — 72),
U(r,z) =0,

and the source term

2 2—a
105 = 1

Then the exact solution is given by

(r? — 1) (2% — m2) — 4t + 1)(22 — 72) = 2(* + 1)(r* — 7).

u(r, z,t) = (12 + 1) (r* — 72)(2* — 72).

Example 5.2: Take the initial values

(- +2)sin(z),  0<r<o,
¢(7’, Z) = 2 27; T 2
(2——)sin(z), S <r<m
\ T
( 2
(1+—T)sin(z), 0<r< E,
W(r,2) = o I
(4 — —)sin(z), —<r<m,
\ s 2

and the source term
fr, z,t) = 2t “rsin(z).

Figs 1-6 give the comparisons and the absolute error between the exact solution ¢(r, z) and
the regularized solutions of GM and IGM under the a prior: and a posterior: regularization
parameter choice rules with ¢ = 0.001 for Examples 5.1-5.2. Tables 1-2 show the relative
errors of GM and IGM under the a priori and a posterior: regularization parameter choice
rules with different noise levels of Examples 5.1-5.2.

From Figs 1-6 and Tables 1-2, we can find that IGM is even comparable to GM. It
can also be concluded that the smaller €, the more effective the regularization method is.
In addition, it seems that the results obtained from the a priori regularization parameter
choice rule and the a posteriori regularization parameter choice rule are very close to each
other. This is because the a prior: regularization parameter choice rule is related to the a
priori bound condition. If a better a prior: bound condition is chosen, the result is closer
to the a posteriori regularization parameter choice rule. However, if a smaller or larger
a priori bound condition is chosen, the result is worse. In summary, numerical examples

verify the effectiveness and stability of our iterative regularization method.
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Fig 2: The comparison of regularized solutions of GM and IGM under a priori case for Example 5.1.
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Fig 3: The comparison of regularized solutions of GM and IGM under a posteriori case for Example 5.1.

Table 1: The relative errors for different ¢ under a priori case and a posteriori case of Example 5.1

€ 0.001 0.01 0.05
GM e 0.0145 0.0644 0.1583
IGM e  0.0095 0.0361 0.1072
GM et 0.0136 0.0520 0.1419
IGM e ?ost 0.0087 0.0337 0.0981
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Exact solution

Fig 4: Exact solution ¢(r, z) for Example 5.2.
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Fig 5: The comparison of regularized solutions of GM and IGM under a priori case for Example 5.2.
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Fig 6: The comparison of regularized solutions of GM and IGM under a posteriori case for Example 5.2.
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Table 2: The relative errors for different € under a priori case and a posteriori case of Example 5.2

€ 0.001 0.01 0.05
GM eP" 0.0782 0.0864 0.1874
IGM e 0.0754 0.0934 0.1728
GM et 0.0751 0.1051 0.2313
IGM e 75t 0.0746 0.0998 0.1527

6. Conclusion

In this paper, we propose an iterative generalized quasi-boundary value regularization
method for solving the backward problem of time fractional diffusion-wave equation in a
cylinder from final time data. The ill-posedness and a conditional stability of the inverse
problem are proved. Based on an a prior: assumption for the exact solution, we obtain the
convergence rates of the regularized solutions under an a priori regularization parameter
choice rule and an a posteriori regularization parameter choice rule. Numerical examples

illustrate the effectiveness and stability of our proposed method.
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