
Supplementary Information
a = b (S1)

a− b = 0 (S2)

a+ b = 0 (S3)

exp(
b

a
) = c (S4)

b

a
= ln c (S5)

exp(
a

b
) = c (S6)

a = b

c = d
(S7)

a− b = 0

c− d = 0
(S8)

a− b = 0

c+ d = 0
(S9)

ρ
dV (t)

dt
= w1 + w2 − w (S10)

w1 + w2 − w − ρ
dV (t)

dt
= 0 (S11)

ρ
dV (t)x(t)

dt
= w1x1 + w2x2 − wx(t) (S12)

ρ
dV (t)

dt
= w1 − w2 − w (S13)

ρ
dV (t)

dt
= w1 + w2 − w

ρV (t)
dx(t)

dt
= w1[x1 − x(t)] + w2[x2 − x(t)]

(S14)
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dV (t)

dt
=

1

ρ
[w1 + w2 − w]

dx(t)

dt
=

w1

ρV (t)
[x1 − x(t)] +

w2

ρV (t)
[x2 − x(t)]

(S15)

A
dh(t)

dt
= qi − Cv

√
h(t)

Cv = C0

√
g/gc

(S16)

P = Pa +
ρg

gc
h(t)

q = C0

√
P − Pa

ρ

A
dh(t)

dt
= qi − q

(S17)

k = k0 exp(−
E

RT (t)
)

V
d

dt
CA(t) = q[C0 − CA(t)]− V kCA(t)

V ρC
d

dt
T (t) = wC[Ti − T (t)] + (−Hr)V kCA(t) + UA[Tc − T (t)]

(S18)

−rA = k0 exp(−
E

RT (t)
)CA(t)

V
d

dt
CA(t) = q[C0 − CA(t)] + rAV

V ρC
d

dt
T (t) = wC[Ti − T (t)] +HrV rA + UA[Tc − T (t)]

(S19)

−rA = kCA(t)

k = k0 exp(−
E

RT (t)
)

V
d

dt
CA(t) = q[C0 − CA(t)] + rAV

V ρC
d

dt
T (t) = wC[Ti − T (t)] +HrV rA + UA[Tc − T (t)]

(S20)

−rA = kCA(t)

k = k0 exp(
−E

RT (t)
)

Q =
aF b+1

c

Fc + (
aF b

c

2ρccp
)
(T (t)− Tc)

d

dt
CA(t) =

F

V
[C0 − CA(t)] + rA

dT (t)

dt
=

F

V
[T0 − T (t)] +

hr

ρCp
rA − Q

ρcpV

(S21)
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k = k0 exp(
−E

RT (t)
)

Q =
aF b+1

c

Fc + (
aF b

c

2ρccp
)
(T (t)− Tc)

d

dt
CA(t) =

F

V
[C0 − CA(t)]− kCA(t)

dT (t)

dt
=

F

V
[T0 − T (t)]− hr

ρCp
kCA(t)−

Q

ρcpV

(S22)

Q =
aF b+1

c

Fc + (
aF b

c

2ρccp
)
(T (t)− Tc)

d

dt
CA(t) =

F

V
[C0 − CA(t)]− k0 exp(

−E

RT (t)
)CA(t)

dT (t)

dt
=

F

V
[T0 − T (t)]− hr

ρCp
k0 exp(

−E

RT (t)
)CA(t)−

Q

ρcpV

(S23)

k = k0 exp(−
E

RT (t)
)

V
d

dt
CA(t) = q[C0 − CA(t)]− V kCA(t)

2

V ρC
d

dt
T (t) = wC[Ti − T (t)] + (−Hr)V kCA(t)

2 + UA[Tc − T (t)]

(S24)

−rA = kCA(t)
2

k = k0 exp(−
E

RT (t)
)

V
d

dt
CA(t) = q[C0 − CA(t)] + rAV

V ρC
d

dt
T (t) = wC[Ti − T (t)] +HrV rA + UA[Tc − T (t)]

(S25)

V
d

dt
CA(t) = q[C0 − CA(t)]− V k0 exp(−

E

RT (t)
)CA(t)

2

V ρC
d

dt
T (t) = wC[Ti − T (t)] + (−Hr)V k0 exp(−

E

RT (t)
)CA(t)

2 + UA[Tc − T (t)]

(S26)

τ = H/L

δ = aG/L

K = G/L

τ
d

dt
x1(t) = K[yf − b]− [1 + δ]x1(t) + x2(t)

τ
d

dt
x2(t) = δx1(t)− [1 + δ]x2(t) + x3(t)

τ
d

dt
x3(t) = δx2(t)− [1 + δ]x3(t) + xf

(S27)
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H
d

dt
x1(t) = G[yf − b]− [L+ aG]x1(t) + Lx2(t)

H
d

dt
x2(t) = aGx1(t)− [L+ aG]x2(t) + Lx3(t)

H
d

dt
x3(t) = aGx2(t)− [L+ aG]x3(t) + Lxf

(S28)

V1
d

dt
C1(t) = q[Ci − C1(t)]− V1k1

V2
d

dt
C2(t) = q[C1(t)− C2(t)]− V2k2

(S29)

−r1 = k1

−r2 = k2

V1
d

dt
C1(t) = q[Ci − C1(t)] + r1V1

V2
d

dt
C2(t) = q[C1(t)− C2(t)] + r2V2

(S30)

V1
d

dt
C1(t) = q[Ci − C1(t)]− V1k1C1(t)

V2
d

dt
C2(t) = q[C1(t)− C2(t)]− V2k2

(S31)

−r1 = k1C1(t)

−r2 = k2

V1
d

dt
C1(t) = q[Ci − C1(t)] + r1V1

V2
d

dt
C2(t) = q[C1(t)− C2(t)] + r2V2

(S32)

V1
d

dt
C1(t) = q[Ci − C1(t)]− V1k1C1(t)

V2
d

dt
C2(t) = q[C1(t)− C2(t)]− V2k2C2(t)

V3
d

dt
C3(t) = q[C2(t)− C3(t)]− V3k3C3(t)

(S33)

r1 = −k1C1(t)

r2 = −k2C2(t)

r3 = −k3C3(t)

V1
d

dt
C1(t) = q[Ci − C1(t)] + r1V1

V2
d

dt
C2(t) = q[C1(t)− C2(t)] + r2V2

V3
d

dt
C3(t) = q[C2(t)− C3(t)] + r3V3

(S34)
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V1
d

dt
C1(t) = q[Ci − C1(t)]− V1k1

V2
d

dt
C2(t) = q[C1(t)− C2(t)]− V2k2C2(t)

V3
d

dt
C3(t) = q[C2(t)− C3(t)]− V3k3

(S35)

r1 = −k1

r2 = −k2C2(t)

r3 = −k3

V1
d

dt
C1(t) = q[Ci − C1(t)] + r1V1

V2
d

dt
C2(t) = q[C1(t)− C2(t)] + r2V2

V3
d

dt
C3(t) = q[C2(t)− C3(t)] + r3V3

(S36)

mC
d

dt
T (t) = wC[Ti − T (t)] + heAe[Te(t)− T (t)]

meCe
d

dt
Te(t) = Q− heAe[Te(t)− T (t)]

(S37)

Qe = heAe[Te(t)− T (t)]

mC
d

dt
T (t) = wC[Ti − T (t)] +Qe

meCe
d

dt
Te(t) = Q−Qe

(S38)

d

dt
T (t) =

w

m
[Ti − T (t)] +

heAe

mC
[Te(t)− T (t)]

d

dt
Te(t) =

Q

meCe
− heAe

meCe
[Te(t)− T (t)]

(S39)

k1 = k10 exp(−E1/RT )

k2 = k20 exp(−E2/RT )

d

dt
x1(t) = −k1x1(t)

d

dt
x2(t) = −k1x1(t)− k2x2(t)

(S40)

d

dt
x1(t) = −k10x1(t) exp(−E1/RT )

d

dt
x2(t) = −k10x1(t) exp(−E1/RT )− k20x2(t) exp(−E2/RT )

(S41)
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r1 = k1CT (t)CA(t)− k2CD(t)CE(t)

r2 = k3CD(t)CA(t)− k4CM (t)CE(t)

r3 = k5CM (t)CA(t)− k6CG(t)CE(t)

ki = ai exp(−
Ei

RTR
)

d

dt
CA(t) = −(r1 + r2 + r3)

d

dt
CT (t) = −r1

d

dt
CD(t) = r1 − r2

d

dt
CM (t) = r2 − r3

d

dt
CG(t) = r3

d

dt
CE(t) = r1 + r2 + r3

(S42)

ki = ai exp(−
Ei

RTR
)

d

dt
CA(t) = −k1CT (t)CA(t) + k2CD(t)CE(t)− k3CD(t)CA(t)

+ k4CM (t)CE(t)− k5CM (t)CA(t) + k6CG(t)CE(t)

d

dt
CT (t) = −k1CT (t)CA(t) + k2CD(t)CE(t)

d

dt
CD(t) = k1CT (t)CA(t)− k2CD(t)CE(t)− k3CD(t)CA(t) + k4CM (t)CE(t)

d

dt
CM (t) = k3CD(t)CA(t)− k4CM (t)CE(t)− k5CM (t)CA(t) + k6CG(t)CE(t)

d

dt
CG(t) = k5CM (t)CA(t)− k6CG(t)CE(t)

d

dt
CE(t) = k1CT (t)CA(t)− k2CD(t)CE(t) + k3CD(t)CA(t)

− k4CM (t)CE(t) + k5CM (t)CA(t)− k6CG(t)CE(t)

(S43)

ki = ai exp(−
Ei

RTR
)

d

dt
CT (t) = −k1COCT (t)CA(t) + k2COCD(t)CE(t)

d

dt
CD(t) = k1COCT (t)CA(t)− k2COCD(t)CE(t)− k3COCD(t)CA(t) + k4COCM (t)CE(t)

d

dt
CM (t) = k3COCD(t)CA(t)− k4COCM (t)CE(t)− k5COCM (t)CA(t) + k6COCG(t)CE(t)

d

dt
CG(t) = k5COCM (t)CA(t)− k6COCG(t)CE(t)

d

dt
CA(t) = −k1COCT (t)CA(t) + k2COCD(t)CE(t)− k3COCD(t)CA(t)

+ k4COCM (t)CE(t)− k5COCM (t)CA(t) + k6COCG(t)CE(t)

d

dt
CE(t) = k1COCT (t)CA(t)− k2COCD(t)CE(t) + k3COCD(t)CA(t)

− k4COCM (t)CE(t) + k5COCM (t)CA(t)− k6COCG(t)CE(t)

(S44)
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r1 = k1COCT (t)CA(t)

r2 = k2COCD(t)CE(t)

r3 = k3COCD(t)CA(t)

r4 = k4COCM (t)CE(t)

r5 = k5COCM (t)CA(t)

r6 = k6COCG(t)CE(t)

ki = ai exp(−
Ei

RTR
)

d

dt
CT (t) = −r1 + r2

d

dt
CD(t) = r1 − r2 − r3 + r4

d

dt
CM (t) = r3 − r4 − r5 + r6

d

dt
CG(t) = r5 − r6

d

dt
CA(t) = −r1 + r2 − r3 + r4 − r5 + r6

d

dt
CE(t) = r1 − r2 + r3 − r4 + r5 − r6

(S45)

Supplementary Table S1: Pairs of equation groups (EGs) used in experiments. Label indicates whether the two
EGs are equivalent (1) or not (0). The cases 1–7 in Table 1 and 2 are the same as cases 29, 4, 30, 8, 6, 32, and 36 ,
respectively.

Case EG1 EG2 Label Case EG1 EG2 Label

1 (S1) (S2) 1 26 (S1) (S3) 0
2 (S4) (S5) 1 27 (S4) (S6) 0
3 (S7) (S8) 1 28 (S7) (S9) 0
4 (S10) (S11) 1 29 (S10) (S12) 0
5 (S14) (S15) 1 30 (S14) (S10) 0
6 (S16) (S17) 1 31 (S18) (S21) 0
7 (S18) (S19) 1 32 (S18) (S24) 0
8 (S19) (S20) 1 33 (S19) (S22) 0
9 (S21) (S22) 1 34 (S19) (S25) 0

10 (S22) (S23) 1 35 (S20) (S23) 0
11 (S21) (S23) 1 36 (S20) (S26) 0
12 (S24) (S25) 1 37 (S21) (S24) 0
13 (S25) (S26) 1 38 (S22) (S25) 0
14 (S24) (S26) 1 39 (S23) (S26) 0
15 (S27) (S28) 1 40 (S29) (S31) 0
16 (S29) (S30) 1 41 (S29) (S32) 0
17 (S31) (S32) 1 42 (S30) (S31) 0
18 (S33) (S34) 1 43 (S30) (S32) 0
19 (S35) (S36) 1 44 (S33) (S35) 0
20 (S37) (S38) 1 45 (S33) (S36) 0
21 (S38) (S39) 1 46 (S34) (S35) 0
22 (S37) (S39) 1 47 (S34) (S36) 0
23 (S40) (S41) 1 48 (S42) (S44) 0
24 (S42) (S43) 1 49 (S42) (S45) 0
25 (S44) (S45) 1 50 (S43) (S45) 0
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