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Fig. S1: a, X-ray diffraction patterns of BFO/STO, BFO/SAO/STO, and freestanding BFO films transferred onto STO. The red and blue dashed lines indicate the shift of the (002) diffraction peak of freestanding BFO films. b, Surface morphology of transferred freestanding BFO onto 0.7 wt% Nb-doped SrTiO3 (001) substrate by atomic force microscopy. c, A  freestanding BFO film transferred on the PDMS exhibiting good flexibility. d-f, X-ray reflectivity measurements of BFO/STO, BFO/SAO/STO, and freestanding BFO films, respectively. The solid lines are the bests fit to the experimental data (open symbols), with calculated thickness of the BFO film in d about 47.0 nm, thicknesses of BFO and SAO in e about 46.5 nm and 16.7 nm respectively and the thickness of the freestanding BFO in f about 45.6 nm. It’s worth noting that the thickness of all the BFO layers among these samples are almost the same. g-i, RSM of BFO/STO, BFO/SAO/STO, and freestanding BFO films around (103) peak, respectively. j-l, RSM of BFO/STO, BFO/SAO/STO, and freestanding BFO films around (013) peak, respectively. The results show that the BFO/STO and BFO/SAO/STO films are both co-epitaxially grown. 


2. HAADF-STEM images and atomically resolved energy-dispersive X-ray spectroscopy (EDS) mapping of the BFO/SAO/STO
[image: ]
Fig. S2: a, A low-magnification scanning TEM high-angle annular dark-field (STEM-HAADF) image of the BFO/SAO/STO, where the bright area indicates the BFO layer and the dark area indicates SAO buffer layer grown on STO substrate. b-f, Atomically resolved energy-dispersive X-ray spectroscopy (EDS) mapping of the Bi, Fe, Sr, Al, and O elements. The results show the good quality of the BFO films without any dislocation. g, HAADF-STEM image of the BFO/SAO/STO heterostructures. The interfaces between the BFO layer and SAO layer, as well as that one between SAO layer and STO substrate can be clearly distinguished from the HAADF image, where a gap exhibits between them, confirming the freestanding nature of the BFO films.


[bookmark: _Hlk120101060]3. SHG measurements at different incident laser powers
[image: ]
Fig. S3: a, Incident light power dependent SHG spectra of BFO/STO. b, Linear relationship between the intensity on 400 nm of a and the square of incident light power, confirming the SHG response. For other samples, they exhibite the similar properties. 


4. RA-SHG measurements of BFO/STO films under different temperatures without magnetic field
[image: ]
[bookmark: OLE_LINK1][bookmark: OLE_LINK2]Fig. S4: a-g, RA-SHG measurements of BFO/STO films below the Néel temperature (about 618 K), both the antiferromagnetic order and the ferroelectric order contribute to the SHG signal, and their coupling leads to the asymmetry of the RA-SHG patterns. h-i, RA-SHG patterns of BFO/STO films above Néel temperature, in which the antiferromagnetic order disappears and only the ferroelectric order contributes to the SHG signal. With temperature increasing, both the antiferromagnetic and ferroelectric orders are suppressed. When the temperature is above the Néel temperature, the sample transform from the antiferromagnetic phase to the paramagnetic phase, leaving only the ferroelectric order. The scatters are the experimental data, the bule dashed lines represent the contribution of the ferroelectric order to the SHG signal, and the gray shadows represent the contribution of the antiferromagnetic order to the SHG signal.


5. Room temperature RA-SHG measurements of freestanding BFO films under different magnetic fields
[image: ]
Fig. S5: a, RA-SHG of freestanding BFO films under different magnetic fields at room temperature. b-h, Theoretical fitting results of -6 T, -4 T, -2 T, 0 T, 2 T, 4 T, and 6 T RA-SHG patterns respectively. The dotted lines are the experimental data, and the bule dashed lines represent the contribution of the ferroelectric order to the SHG signal. The gray shadows represent the contribution of the antiferromagnetic order to the SHG signal. It can be seen that both parts vary significantly with the magnetic field. 



6. First-principles calculation results of  BFO supercell under different magnetic structures
[image: ]
Fig. S6: The electronic dipole moment (red) and the ionic dipole moment (blue) of BFO with ferromagnetic (FM) order (triangle) and G-type antiferromagnetic (AFM) order (circle) in x, y, and z directions. The electronic dipole and ionic dipole are both larger in BFO with G-type antiferromagnetic order than that with ferromagnetic order in all three directions, showing the enhancement of electric polarization induced by G-type antiferromagnetic order.


7. Schematic diagram for the possible mechanisms of magnetism enhancement in BFO films
[image: ]


Fig. S7: a, Schematic diagram of the cycloidal local magnetic moment (orange arrows) induced by the antiferromagnetic cycloidal order. b and c, The residual magnetic moment (orange shadow) enlargement resulted by the variation of the period of the antiferromagnetic cycloidal order1, 2. d, The residual magnetic moment enlargement resulted by the weakening of collinearity and enhancement of  with the transition of propagation direction 3.


[bookmark: _Hlk120101897]8. M-H results of about 53-nm-thick epitaxial and freestanding BFO films
[image: ] 
Fig. S8: The red dotted line represents the data of about 53-nm-thick epitaxial BFO thin film, and the blue dotted line represents the data of about 53-nm-thick freestanding BFO thin film.


9. Mathematical expressions for SHG processes













The second harmonic generation in the nonlinear optical process can be expressed as: , where  is the second-order nonlinear optical susceptibility tensor of the three-rank, and  is the incident optical electric field of the laser with a frequency . Under the multi-level approximation, it can be expressed as: , where  and  are the incident light frequency and photon wave vector, respectively 4. In general, the three-rank electric dipole (ED) term  contributes the most, while the electric quadrupole (EQ) term  and other higher-order terms contribute less. The three-rank  is constrained not only by the formal symmetry properties of the tensor itself, but also by the nonlinear medium symmetry. If the medium has inversion symmetry, the components in  will follow the relationship:, resulting in . Therefore,  can only be produced in non-centrosymmetric medium (such as ferroelectric materials, surfaces, and interfaces of materials) 5, 6. For ferroelectric crystalline materials that can undergo an ED process, from the signal obtained from the rotational anisotropy SHG measurements, information related to the crystal symmetry, such as lattice structure and crystal orientation, can be analytically extracted.










For a crystalline material with magnetic order, the  can be expressed as: , where the time-invariant tensor  and the time-noninvariant tensor  represent the crystallographic (symmetry breaking caused by ferroelectric) and magnetic orders structure (symmetry breaking caused by antiferromagnetic), respectively 7, 8. For the multiferroic BFO material, the SHG signal contains both parts. With an approximation that considers only the electric dipole, the SHG source term  is related to the light-induced nonlinear polarization  in the following way:  , where . The SHG signal measured experimentally is the intensity  of the frequency-doubled light, and its relationship with P is: .







To analyze SHG experimental data, the second-order nonlinear optical susceptibility tensor should be represented in the laboratory coordinate system (x, y, z), as shown in the schematic diagram of Fig. 2A. Here, the incident angle  is 45° and the azimuth angle  is 0°, so that the laboratory coordinate system and the crystal coordinate system are parallel. By rotating the polarization angle  of the incident light and fixing the polarization of the reflection light as p () or s (), the variation of the SHG intensity can be obtained. The point-group of the crystal structure of our grown BFO films is , the time-invariant SHG susceptibility tensor for the  point-group is in the form:

	,	(1)

for p-out configuration, so  = 0°. Substituting the time-invariant SHG susceptibility tensor  into the , we have:

	,	(2)

	,	(3)

	,	(4)

	,	(5)





in which , , and  are the diagonal elements of the transmitted Fresnel factor  in fundamental and second harmonic optical materials. Because of ,we obtained:

	.	(6)
Below the Néel temperature (about 618 K), the existence of the antiferromagnetic order in BFO films break the time-reversal symmetry. As the non-centrosymmetric magnetic order also break the spatial-inversion symmetry, the magnetization-induced ED-SHG is produced. With magnetic point-group m, the time-noninvariant SHG susceptibility tensor is 8:

	.	(7)

Similarly, substitute the time-noninvariant SHG susceptibility tensor , we have:

	,	(8)

	,	(9)

	,	(10)

	.	(11)

[bookmark: _Hlk118901136]Because of , we obtained:

	.	(12)
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