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Supplementary Tables (see Excel file)

Supplementary Table 1. List of metrics for evaluating ATM performance. The name,
purpose, and implementation details of each metric are listed for comparison. For more details of
each metric, see Methods.

Supplementary Table 2. Simulation results for ATM on identifying disease subtypes. We
show the area under the precision-recall curve (AUPRC) for ATM in simulated data with two
subtypes that have 20/10/5 years of age at diagnosis differences. Results for LDA (fifth column)
are also shown for comparison. Rows show results for varying proportions of samples that
belong to the smaller subtype. The results correspond to Figure 2.

Supplementary Table 3. Characteristics of disease topics inferred from the UK Biobank.
For each topic, we listed the top 10 representative diseases (by topic loadings), heritability
estimates, average topic weights (across all individuals), average age (weighted across all disease
diagnosis assigned to the topic), proportional of variance explained by BMI, sex, Townsend
deprivation index, and birth year.

Supplementary Table 4. Topic loadings of 10 inferred disease topics across 348 diseases in
the UK Biobank. For each disease we reported the topic loading across diagnoses before 60
years old and after 60 years old. The Phecode, number of incidences, ICD-10 code, disease
name, and Phecode systems are also listed for each disease. The values in this table correspond
to Figure 3.

Supplementary Table 5. Topic loadings as functions of age for 10 inferred disease topics.
For each topic, we listed the topic loading of each disease from age 30 to 80 years old. At each
age point, the topic loadings add to one across diseases for each topic. The values correspond to
Figure 4A and Supplementary Figure 13.

Supplementary Table 6. Number of diagnoses assigned to each subtypes for 52 diseases. We
listed the number of diagnoses assigned to each disease subtypes by the diagnosis-specific topic
probability, for the 52 diseases that have at least two subtypes with >500 diagnosis.

Supplementary Table 7. Average age at diagnosis for each subtypes of the 52 diseases. We
listed the age at diagnosis across all diagnoses within each disease subtype, for the 52 diseases
that have at least two subtypes with >500 diagnosis.

Supplementary Table 8. Excess PRS in cases for all topics across 10 diseases (selected by
heritability z-score). We report the estimated changes in s.d. of PRS per unit changes in the
patient topic weight, which is estimated through regression across disease diagnoses. The PRS
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was estimated using BOLT-LMM and all the cases of British Isle Ancestry. Numbers correspond
to Figure 5B and Supplementary Figure 17.

Supplementary Table 9. Excess genetic correlations. Columns are: Phecode of the first disease
(trait1), Phecode of the second trait (trait2), subtype of the first trait (topicl), subtype of the
second trait (topic2), the z-score of genetic correlation between two disease subtypes
(subtype.rho.zscore), estimate of genetic correlation between two disease subtypes
(subtype.rho.est), standard error of genetic correlation between two disease subtypes
(subtyp.rho.err), the z-score of genetic correlation between two diseases (all.rho.zscore), estimate
of genetic correlation between two diseases (all.rho.est), standard error of genetic correlation
between two diseases (all.rho.err), z-score of excess genetic correlation (diff.zscore), estimate of
excess genetic correlation (diff.rg), absolute value of excess genetic correlation
(diff.rg.zscore.abs), p-values for excess genetic correlation (P), FDR for excess genetic
correlation (FDR), name of the first disease (phenotype.1), and name of the second disease
(phenotype.2). We only reported p-values of excess genetic correlation when both genetic
correlation estimation has standard error <0.1 and at least one of the genetic correlation has |z-
score[>4. Numbers correspond to Figure 6 and Supplementary Figure 19.

Supplementary Table 10. Heritability estimation for disease subtypes. For each disease we
list heritability estimates for two subtypes using LDSC. Topic.x refer to the subtype with the
highest heritability, topic.y refer to subtype with the lowest heritability. We report the point
estimate, standard error, z-scores of both disease subtypes. The z-score of heritability differences
between the two subtypes are also reported. Note we used a different sample threshold 1000 (due
to the power of LDSC), which includes 26 of the 52 diseases that have subtypes.

Supplementary Table 11. Excess Fsr estimation across disease subtypes. We report the
estimate of excess Fisr (computed as the Fsr across subtypes subtracted by the Fsr from controls
with matched topic weights). The p-values are for excess Fs7>0, which is computed from 1000
randomly sampled control sets.

Supplementary Table 12. GxTopic interaction tests across independent GWAS SNPs. Each
row represents one SNP x topic weight paris (disease subtype). OR, SE, STAT, and P represent
the odds ratio, standard error, test statistics, and p-value of the main effects. SNPxTopic OR,
SNPxTopic STAT, SNPxTopic P, SNPxTopic FDR represent the odds ratio, test statistics, p-
value, and genome-wide FDR of testing the interaction effect in model 2 of Supplementary
Figure 22. We use Studywise FDR which adjusts for multiple testing across GWAS SNPs of all
disease subtypes.
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Supplementary Table 13. Significant SNP x topic interactions. Same table as supplementary
Table 12, but filtered to SNP-topic pairs with interaction effect passing FDR<0.1. Reported
SNP-topic pairs were selected for topic weights specific effect estimation in Figure 7 and
Supplementary Figure 24.

Supplementary Table 14. Effect size estimation across topic weight quartiles for significant
SNP x topic interactions. Quartile, mean_effect, se_effect, refer to the quartile of topic weight,
estimate of effect sizes of the SNP using case-controls from this quartile, and standard error of
the effect size estimation. We also reported the nearest genes reported by GWAS Catalog. The
last column reports the P-value of effect size being different between the top and bottom
quartiles.

Supplementary Table 15. Literature search of disease subtypes identified by ATM. We
searched on Pubmed using the description (ignoring conjunctions) AND “subtype” in
title/abstract and manually screened the top 10 relevant results between 2012 and 2022. The
studies that mentioned subtypes of the searched diseases are included in the “Published
references” column. If there is no reference of target disease subtypes among the top 10 search
results, we use “NA”. We note our search is not exhaustive but nevertheless provides
information on whether subtypes of the target disease are described in studies involving target
disease and subtypes.

Supplementary Table 16. ATM running time. We tested the running time on the UK Biobank
data using ATM of varying topic number and parametric form of topic loadings. Degrees of
freedom from 2 to 7 represent linear, quadratic polynomial, cubic polynomial, spline with one
knot, spline with two knots, and spline with three knots. Note a few models with 50 topics did
not converge.
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Supplementary Figures

a —QO*%Q—>

N
M

Supplementary Figure 1. Plate notation of ATM generative model. M is the number of
subjects; Ny is the number of records within s subject. All plates (circles) are variables in the

generative process, where the plates with shade w is the observed variable and plates without
shade are unobserved variables to be inferred; 6 is the topic weight for all individuals; z is
diagnosis-specific topic probability; ¢ is the age at onset for each diagnosis; g is the topic
loadings which are functions of age #; « is the (non-informative) hyperparameter of the prior
distribution of 8. The generative process is described in the Methods and Supplementary Note.
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Supplementary Figure 2. Additional simulation studies established the power of the
method to identify comorbidity. The precision and recall rate to correctly assign incident
disease to correct comorbidity profiles using Latent Dirichlet Allocation (LDA) and our method
(ATM). X-axis refers to the proportion of cases that belong to the small subgroup; precision and

recall are computed for the label incidences in the small subgroup. Each dot represents the mean
of 100 simulations of 10,000 people, the bar shows the 95% confidence intervals. Red refers to
the ATM and green refers to the LDA model.(a) Scenario where two subtypes are simulated with
20 years of difference in age at diagnosis. (b) Scenario where two subtypes are simulated with 10
years of difference in age at diagnosis. (c) Scenario where two subtypes are simulated with 5
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Supplementary Figure 3. Same analysis as in Figure 2 but simulating the smaller subtype
to have older age at diagnosis. The area under precision and recall curve (AUPRC) to correctly
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assign incident disease to correct comorbidity profiles using Latent Dirichlet Allocation (LDA)
and ATM. X-axis refers to the proportion of cases that belong to the older subtype (the orange
subtype); precision and recall are computed for classifying the incidences in the older subgroup.
Each dot represents the mean of 100 simulations of 10,000 people, the bar shows the 95%
confidence intervals. In the right column red refers to the ATM and green refers to the LDA
model. Note AUPRC is only meaningful when precision and recall pertains to classifying the
smaller subtype, therefore we simulate with the smaller subtype taking up to 50% of cases. (a)
Scenario where two subtypes are simulated with 20 years of difference in age at diagnosis. (b)
Scenario where two subtypes are simulated with 10 years of difference in age at diagnosis. (c)
Scenario where two subtypes are simulated with 5 years of age difference.
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Supplementary Figure 4. Additional simulation studies established the power of the
method to identify comorbidity. (a) Same analysis as Figure 2 but simulated subtypes with
same age at diagnosis distribution. LDA outperforms ATM slightly as we have additional
regularisation when modelling topic loading as functions of age, while for LDA age is not
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modelled. (b) AUPRC computed as in Figure 2A with varying population size, average number
of diseases per individual, and number of distinct diseases. Each dot shows the mean of 20
simulations and the bar shows 95% confidence interval.
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Supplementary Figure 5. Simulations confirming that ATM could accurately recover topic
loadings and topic weights. (a) We simulated data using 5 topics while fitting models of
varying topic numbers. To compute prediction odds ratios (see Methods), we used 80% of data
as training data to fit ATM and computed prediction odds ratio in the held out data, where we
use the topic loading computed from the training data and prior diseases to infer the topic
weights to predict the target diseases. The simulation was performed for 20 replications for each
topic number in the inference. (b-c) We assign each disease to a single topic based on topic
loading and compute the grouping accuracy as the proportion of disease pairs that are correctly
grouped to the same topic. The grouping accuracy remains high for varying simulated population
size and average disease per individual. (d) Recovery of topic loadings. We evaluate the
accuracy of topic loading inference by computing the cosine similarity between inferred topic
loading with the underlying truth. We match the inferred topics with the true topics using
correlation of topic weights, using a greedy procedure (matching the first inferred topic from all
true topics and then matching the next topic from the remaining not-matched true topics) to
ensure the matching is bijectively. (e) Recovery of topic weights. We evaluate the accuracy of
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184  Supplementary Figure 6. Posterior topic distributions are different between age groups for

185  diseases that have subtypes. The figure has the same legends as Figure 3A but focusing on 52
186  diseases that have a subtype with at least 500 incidences.
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190  Supplementary Figure 7. Prediction odds ratio across different model configurations. Each
191  dot represents one inference on a random training and testing split of the UK Biobank

192  individuals. The models are run with different topic numbers and parametric configurations of
193  topic loadings. Degrees of freedom (d.f.) from 2 to 7 represent linear, quadratic polynomial,

194  cubic polynomial, spline with one knot, spline with two knots, and spline with three knots.The
195  prediction odds ratios are computed on the testing data using topic loadings inferred from the
196 training data and topic weights inferred using previous diseases of testing individuals. The odds
197  ratios are between the odds that target diseases are within model-predicted top percentile disease
198  set versus the odds that target diseases are within the prevalence-ordered top percentile disease
199  set.
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Supplementary Figure 8. Comparison of prediction odds ratio between LDA and ATM.
Each dot represents results from running either ATM or LDA on the same random training and
testing split. The models were run with different topic numbers and we chose a cubic spline with
one knot for configuring ATM topic loadings. The prediction odds ratios are computed on the
testing data using topic loadings inferred from the training data and topic weights inferred using
previous diseases of testing individuals. The odds ratios are between the odds that target diseases
are within model-predicted top percentile disease set versus the odds that target diseases are
within the prevalence-ordered top percentile disease set.
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Supplementary Figure 9. Evidence lower bound (ELBO) of different model configurations
on the entire dataset. Each dot represents one inference on a random training and testing split of
the UK Biobank individuals. The models are run with different topic numbers and parametric
configurations of topic loadings. Degrees of freedom (d.f.) from 2 to 7 represent linear, quadratic
polynomial, cubic polynomial, spline with one knot, spline with two knots, and spline with three
knots.
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Supplementary Figure 10. Comparison of ELBO for collapsed variational inference and
mean-field variational inference. ELBO is computed by fitting the ATM using two inference
methods on the entire UK Biobank dataset, where the topic loadings are configured as cubic
polynomials. Models of different numbers of topics are fitted with 10 random initialisations for
both CVB and the VB (mean-field variational inference, which is a more commonly used
inference method for Bayesian models). The ELBO of an inference methods is a lower bound
that approximates the evidence function, which depends on the number of topics and parametric
form of topic loading, but not the inference methods; higher ELBO means better inference
accuracy.
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Supplementary Figure 11. Prediction log odds ratio of comorbidities. Diseases combinations
(comorbidities) are extracted from topics loadings that are trained on a training set, using max
value of average topic assignments (Methods). Roughly, the odds ratio of each disease
combination is computed by selecting all disease sets containing combinations of 2, 3, 4, and 5
diseases assigned to the same topic by max topic loading, and dividing incidences where the
disease sets appeared in one patient by the expected number in an independent testing set. We
show the comparison of ATM and PCA for all combinations of 2, 3, 4, and 5 diseases; here we
use PCA as we wish to show the superiority of topic modelling in identifying clusters of disease

compared to other low-rank methods that are not based on multinomial distribution.
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Supplementary Figure 12: Posterior topic distributions of female and male populations.
The figure is the same as Figure 3A but comparing the topics that are inferred from female and

male populations separately.
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Supplementary Figure 13. Top seven diseases in each comorbidity topic. Seven diseases that
have highest loading within the topic are shown for each comorbidity topic. Colour of the curves

reflect the ordering of Phecodes. We chose seven for best visual presentation. Numerical results
are reported in Supplementary Table 5.
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Supplementary Figure 14. Additional topic sparsity analysis. (a) Sparsity of disease topic
loadings. Box plot shows the distribution of topic loading for disease of different incidence
numbers. (b) Sparsity of patient topic weights. Box plot shows the topic weight distribution in
decreasing order for individuals with different numbers of diagnosis.
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Supplementary Figure 15. Topic distribution for the 52 diseases that have at least 500 cases
assigned to distinct topics. For each disease of the 52 diseases, we computed the proportion of
diagnoses assigned to each subtype. The box plot shows the distribution of the subtype
proportion from the largest (leftmost boxes) to the smallest. For nearly all diseases, the cases are
concentrated into three subtypes, with very few cases assigned to other topics.
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Supplementary Figure 16. Comorbidity subtype distribution over age for 52 diseases.
Diseases shown are ordered by 13 phecode systems: infectious diseases, neoplasms,
endocrine/metabolic, hematopoietic, mental disorders, neurological, circulatory system,

respiratory, digestive, neoplasms, genitourinary, dermatologic, and musculoskeletal. Numerical

results are reported in Supplementary Table 7.
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Supplementary Figure 17. Excess PRS analysis for all topics across 10 diseases (selected by

heritability z-score). The bar plot shows the estimated changes in s.d. of PRS per unit changes

in the patient topic weight in disease cases. The PRS is estimated using all the cases in British
Isle Ancestry. The stars show disease-topic pairs that are significant at FDR = 0.1. Numerical
results are reported in Supplementary Table 8.
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Supplementary Figure 18. Heritability and PRS are not associated with age and subtype
size. (a) We plot heritability deviation from all cases versus age deviation from all cases of 41
subtypes (from 14 diseases that have heritability z-score above 5). The heritability is estimated
by first performing mixed-effect association analysis using BOLT-LMM on imputed SNPs from
the British Isle Ancestry then using LDSC. (b) Heritability for the subtypes plotted with the
sample size of the subtype. (c-d) Excess PRS from Figure 5B plotted against the age and the
sample size (denoted by the ratio of samples between subtype and all cases) for the subtypes.
The dots and the bars show the mean and 95% confidence interval across all subfigures.
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Supplementary Figure 19. Excess genetic correlation (r;) between disease subtypes across
disease subtypes. Lower left panel shows the 7, of disease-subtype or subtype-subtype pairs

subtracted by the 7, of corresponding disease-disease pairs. Each row or column represents a
disease or subtype. For disease-disease pairs, the excess r, is not defined in the lower left panel,
since the difference is 0. The upper right panel shows r, of corresponding disease-disease pairs,
where values could be duplicated as the same disease could have multiple subtypes. The 89
diseases or subtypes are chosen here by heritability z-score > 4 and r, z-score > 4 with at least

one other disease or subtypes. We kept 57 rows and columns for better visualisation by

removing 32 diseases that have subtypes included. A star means FDR < 0.1, while a shade means
a nominal statistical significance at P = 0.05.
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Supplementary Figure 20. Comparison of excess genetic correlation (r;) between subtypes
using summary statistics from case-control matched by topic weights (x-axis) and not
matched by topic weights. The analysis is performed on subtypes of four diseases: type 2
diabetes, hypercholesterolemia, hypertension, and asthma. The excess r; (shown in panel (a) of
Figure 6 ) of two case-control matching strategies across 28 subtype pairs are compared and the
effect lies along the diagonal line. The excess genetic correlation attenuated slightly when topic

weights are matched, while it can not explain all the excess r.
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Supplementary Figure 21. Excess Fsr of disease subtypes compared with controls with
matched topic weights. P-values are for testing case-F'sr significantly higher than controls of
similar topic weight distribution. The permutation controls are sampled for 1,000 times with the
same topic weights distribution and sample size to the disease subtypes. We focus on 49 of the
52 diseases which have more than one subgroup of at least 500 cases. Subtypes are defined based
on the max value of the diagnosis-specific topic probability. Three diseases (“hypertension”,
“hypercholesterolemia”, and “arthropathy”) are excluded as there are not enough controls that
match the topic weights of cases. The colour shows the value of Fsr across subtypes.
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Supplementary Figure 22. Simulation analysis verified the SNP x topic interaction tests are
calibrated when no actual interaction exists. We show the false positive rate of two models
under five simulated model structures where no actual interaction exists (Methods). The false
positive rate is computed as the power to detect interaction effects using model 1 (red; linear
model) and model 2 (green; with non-linear main effect term) under P-value=0.05. The five
structures evaluated are (1) SNP causal to topic and topic causal to disease; (2) SNP causal to
disease and disease causal to topic; (3) SNP is causal to both topic and disease; (4) and (5) SNP
is causal to both topic and disease with nonlinear effects.
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Supplementary Figure 23: Power to detect true SNP x topic interaction effect under
simulation. (a) We simulated data with 10,000 individuals, topic-to-disease main effect size
equal to 2, interaction effect from 0.04 to 0.4, and SNP-to-disease main effect size proportional
to the interaction effect (0.02 to 0.2); disease diagnoses are generated using gaussian liability
with top 20 percentile as cases. We tested for the SNP x topic interaction using model 1 and
model 2 and computed the power of discovering the true interaction. (b) We simulated data with
10,000 individuals and an interaction effect equal to 0.4. Instead of simulating a single SNP
effect, we simulated 2 to 20 variants that all interact with topic weight. We then test the SNP x
Topic interaction in model 1 and model 2 with one variant at a time, which is the same strategy
as most GWAS interaction tests. We note the power of model 2 is lower than model 1, while we
still choose model 2 as it is better calibrated (Supplementary Figure 22).
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Supplementary Figure 24. Additional 39 SNPs (mapped genes in the parentheses) that have
different effect sizes in different quantiles of topic weights. Blue dots are the effect sizes of
the target SNP within each topic weights quartile; grey dots are the effect sizes of background
SNPs which are genome-wide significant for the traits but do not have evidence supporting
interaction with topic weights (P>0.05). The grey line shows the regression line of the grey dots
and its 95% confidence interval. The topic weights (of the topic being tested) are matched for
both case and controls within each quartile. Numerical results are reported in Supplementary
Table 14.
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Supplementary Figure 25: QQ plot of SNP x topic interaction for all GWAS SNPs (P <
5% 107%). (a) We show the interaction between SNP-topic where the topics define disease
subtypes. We focus on the subset of subtypes whose disease have h? z-score larger than 4 to
ensure there is enough GWAS signal for testing. The P-values are for testing the interaction
effects with nonlinear topic-to-disease main effects (Model 2 in Supplementary Figure 22). (b)
As a control to show the calibration of the tests, we plot the QQ-plot over the same set of GWAS
SNPs, but over the topic that are not identified as subtypes of the disease by ATM.
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Supplementary Figure 26. Comparison of simulated diagnosis per individual versus true

UK Biobank data. Histogram of number of distinct diseases per patient from the UK Biobank

HES dataset and from the simulated exponential distribution with mean = 6.1.
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Supplementary Figure 27. Examples of simulated vs. inferred topic loadings from ATM.
Left panel shows the topic loadings used to simulated 10,000 individuals; right panel shows the
inferred topic loadings using topic loadings parametrized as cubic polynomials.
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1 Usage instruction for the supplementary notes

The purpose of this supplementary note is to provide a self-contained explanation of the
mathematical basis underlying our topic based model. Therefore, the materials are not
meant to provide new discoveries but to help readers to derive all of our inference methods
without referring to external materials (though we do listed references to text wherever
appropriate). As a consequence, we made no efforts to condense steps, and opt to expand
with more details when we feel it is necessary.

2 Generative process of a curve topic model

We constructed a Bayesian hierarchical model to infer latent risk profiles for common
diseases. In summary, the model assumes there exist a few disease topics that underlie
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Supplementary Figure 1: Plate notation of ATM generative model. M is the number of
subjects, Ny is the number of records within st* subject. All plates (circles) are variables
in the generative process, where the plates with shade w is the observed variable and
plates without shade are unobserved variables to be inferred. 6 is the topic weight for all
individuals; z is diagnosis-specific topic probability; ¢ is the age at onset for each diagnosis; g
is the topic loadings which are functions of age t; a is the (non-informative) hyperparameter
of the prior distribution of #. The generative process is described in the Methods and
Supplementary Note.

many common diseases. Each topic is age-evolving and contain risk trajectories for all
diseases considered. An individual’s risk for each diseases is determined by the weights of
all topics. The indices in this note are as follows:

s=1,...,M;
n=1,..,Ng;
i=1,..,K;
7=1,...,D;

where M is the number of subjects, N is the number of records within s** subject, K is
number of topics, and D is the total number of diseases we are interested in. The generative
process (Supplementary Figure 1) is as follows:

o 0 € RM*K is the topic weight for all individuals, each row of which (¢ RX) is
assumed to be sampled from a Dirichlet distribution with parameter a. « is set as a

hyper parameter.
0s ~ Dir(a).



e zc{l1,2, .. K}Zs Ns is the topic assignment for each diagnosis w € {1,2, ..., D}Zs N
Note the total number of diagnoses across all patients are ) N,. The topic assign-
ment for each diagnosis is generated from a multinoulli distribution with parameter
equal to s individual topic weight.

Zsn ~ Multi(0s).

e B(t) € F(t)X*P is the topic which is K x D functions of age t. F(t) is the class of
functions of t. At each plausible ¢, the following is satisfied:

Zﬁij(t) =1.
J

In practice we use softmax function to ensure above is true and add smoothness by
constrain F(¢) to be spline or polynomial functions:
5y = oPho)
ij - D )
Zj:l exp(pg;»(ﬁ(t))
where p;; = {pija}, d = 1,2,..., P; P is the degree of freedom than controls the
smoothness; ¢(t) is polynomial and spline basis for age .

e we{l?2.., D}Zs Ns are observed diagnoses. The nt” diagnosis of s* individual wsy,
is sampled from the topic f,,, (t) chosen by zs,:

Wep ~ Multi(B,, (tsn)),
here tg, is the age of the observed age-at-onset of the observed diagnosis wg,.

The value of interest in this model are global topic parameter (3, individual (patient)
level topic value 0, and topic value z of each diagnosis. Based on the generative process
above, we notice each patient is independent conditional on « and 3. Therefore, we could
adopt an EM strategy, where we first estimate # and z, then estimate § which maximise
the evidence lower bound.

In the first step we could work on the likelihood function fore each patient to estimate
posterior distributions of patient specific variables 6 and z. The likelihood function for st
individual is as follows:

N,
Inp(w, 2, 6|, 8) = lnp(0la) + > _{Inp(24]0) + Inp(wa|2s, 8)},

n=1

D(SH @) 77 ot
Olo) = ===—1| | 0" ", (1)
p(0]e) 11 T(on) L[l
p(Zn‘H) = Hl(izzn)a
P(wn|2n, B(tn)) = Bili=zn),1(i=wn) (tn)-

3



Due to the computational cost of simultaneously modelling hundreds of diseases in the
biobank and the inference accuracy consideration (which we will explain in section 4), we
adopted a collapsed variational methods for this step. The method is motivated by [1].
Detailed explanation on why we chose this rather sophisticated methods rather than the
commonly used mean filed methods is discussed in section 4, for those interested.

In the second step, we treated the [ as parameter of the model and seek to maximise
the evidence function p(w|a, 3) (obtained by integrate out 6 and z from the likelihood
function). Directly working on the evidence function is implausible, therefore we work on
the evidence lower bound, where we made use of the posterior distribution ¢(z, ) estimated
in previous step.

L(z,0,5,a) =E/{lnp(w,z,0|a,5) —Ing(z,0)}. (2)

We will see this is still not easily achieved, therefore we applied a local variational method
to find an approximate solution. For an easy introduction to local variational inference,
see chapter 10.5 of [2]. Details of the inference will be explained in section 3.

3 Inference of model posterior distribution and parameters

The model inference will be performed by alternation an E-step and a M-step. The EM
algorithm will guarantee good convergence properties. For both steps, variational methods
will be used to approximate the distribution, though the techniques are very different. We
have tested under realistic parameters, these approximated distribution are close to the
true distribution.

3.1 Collapsed variational inference to estimate patient-level posterior
distribution ¢(z, 6)

The variational inference aims to approximate posterior p(z,0|w,«a, 3) using variational
distributions ¢(z, ) that has some constraint on, which makes them easier to estimate.
The most widely used form of variational distribution is the factorised ones, where we
assume target posterior distributions are independently distributed, i.e. ¢(z,0) = q(z)q(0).
We will derive the inference using this assumption and compare it with the collapsed
variational inference in section 4.

The latent variable model using Dirichlet distribution is typically designed to model
text, where a document is equivalent as a patient in our model. A document will have
thousands of words (equivalent of our diagnoses), which provides strong information to
tolerate stronng assumptions on ¢(z,0). To estimate a model with less diagnoses per
patient, flexible variational distributions are preferred for approximation accuracy. Here
we adopted a collapsed variational method, which is is more accurate than the mean-field
variational inference method. [1] The idea is to only assume a factorization over ¢(z), but



not between z and 6. Therefore the assumptions and lower bound of evidence became
(note we are considering likelihood function for only the s patient from now on, as all of
patients are independend conditional on «, f3):

q(z,0) = q(6]z) [T a(zn);

L(z,0,5,a) =E{Inp(w,z,0|e, ) —Ing(z) —Ing(f|z)} (3)
- Eq(z){Eq(9|z){lnp(wv z, H‘Oév 5) - IHQ(H‘Z)} - 1HQ(Z)}

Maximise Eqg).){Inp(w, z, 0]a, ) —In q(0|z) } with respect to q(f|z) will give us ¢(0|z) =
p(0|w,z,a, B). The maximisation is achieved similarly to the mean-field approximation
where the evidence is decomposed into a lower bound and KL divergence, where lower
bound is maximised when KL divergence is 0. Using methods provided in Teh et al, the
lower bound could then be simplified to:

,C(Z, 0,8, a) = Eq(z){lnp(w,z]a, B) - IHQ(Z)}

The optimisation of this lower bound is same to those provided in collapsed gibbs
sampling, where we first marginalise over 6.

( | B) F(Zfil al) ﬁ eai+zn Zni—1 ﬁ ﬁ /an ZniWnj
P\W,Z|, = — i . i
6 H'K ['(a;) i=1 i=1 j—l !

_ F(ZZ 1 OZ@) H F(al + Z Zm Zn Z"iw"j'
[IF () T, ai+ N) Hgl_llﬁj

From this marginal complete data likelihood, we could derive the conditional distribution
p(2n = k|z2-n, W, , 5) (as in collapsed gibbs sampling) to evaluate the dependency within
z. Here —n/' refer to indices of all words excluding n’.

p(2nts Z—nr, W], B)
p(z-n, Wla, B)
_ pmwlas)
p(zﬂnv wﬂn|a7 B)p(wn’ ‘av 6)

I + ) TTE T g sns 5
HK F(ng + Zﬁn/ an) Hl 1 H] 1 ﬁzﬁn’ ZniWnj

Z Zn/zwn’g
OCH%+ S s T4

ne-n’ i=1j=1

p(zn’ ‘Zﬂn’a W, &, /8) =




For a large Ny, (o +>,,c_, #ni) Will be approximately the same across n’, therefore z,
will be less dependent on z_,,.

K D
) W,/ Znli
RENCTERNES || R Crl
i
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where distribution of z factorises over n within a single subjects. Therefore, the ¢*(z) in
equation 17 which factorises over n could approximate p(z|w, «, 3) accurately. However,
Ny is likely to be small in the patient dataset, therefore the mean-field approximation in
equation 17 would be less accurate as it does not include any dependency between z,
and z_,. We therefore adopt the strategies proposed by Teh et al to use variatioanal
distribution to approximate the marginal distribuion in equation 4:

Ing*(zy) = Eq(zﬁn,){lnp(w, zla, B)}

K K D
= Eq(zﬁn/){z InT(e; + Z Zni) + Z Z ZpriWyyj 10 B} 4 const(zyr) -
i=1 n i=1 j=1

D
Znti (Eq(zﬂn,){ln(ai + Z Zni)} + an,j In Bij) + const(zy)

1 ne-n' j=1

Il

)

We now have the form of multinomial distribution of z,,. The key lies in how to estimate
Ei {ln(; + > e #ni)}. Teh et al [1] proposed a Gaussian approximation which
could improve computation efficiency by magnitudes. We first expand In(a; + >,/ Zni)
by Taylor expansion:

Sneon 2t =10 (Lgomt Zni — 10
1 | NE 1 ‘ ne-m o ne—n
n(ai+ 3 zw) = Infay + o) + SEEIS 2oai + o)

ne-n'

where we included only first two terms. If setting no = Eq__){>_ne-n #nit = Dne—m Eqlznit,
we get:

Varf][ZnEﬁn’ Zni]
2(a; +mp)2 (7)

Eq(o_n{Ina; + Z Zni)} = In(a; + ng) —

ne-n'

where, Varg[Y ", c v 2nil = > pc-m/ (1 =Eq{2ni})E¢{zni} .Plugging this into equation 6 and
notice the normalization of multinomial distribution, we get:

\% ! Zni
(o +mo)exp (— % + ZjD:l Wy In B;5)

Vv ! Zni
51 (i + o) exp (= Fgnsen =l 4 570w n )

Znti ™~ Cat( ) (8)



For prediction tasks, the posterior 8 could be evaluated using distribution of z.

N

0 ~ Dir(a+ Y Eq{zn})

n=1

The evidence lower bound over all subjects is as follows:

E(Z7 0,8, Od) :Eq(z){lnp(wa Z‘av 5) - lnq(z)}

M K K K
=3 (0> ) = > IT(as) DN, + 3 )+
s=1 =1 7

i=1

K
i=1 n

(9)
Ns K D
Z Z E{zsni} Z Wen;j In ﬂ”) _
n=11=1 J=1

i (i EK: E{zi} mE{z0i} ),

s=1 n=1i=1

where we need to approximate Egy{InT'(a; + >, zni)}. Making use of the Stirling’s
approximation, we found InT'(z) = (2 — %) In(z) — z + é + %1n(27r) could approximate
InT'(2) accurately for z > 1. Therefore, by plugging in Stirling’s approximation and reuse



equation 7 we could approximate this expectation:

E{InT(0i + Y 2zni)} =Eq{(0i + Y 2zni) In(e + Z Zni)

1 1
ln(ai+zn:zni)— 0@+sz e s T2 me)

(Zn #ni — o)’
2(041' + 710)

(En Rni — no])2
4(o¢i + n0)2

=E ) {(a; + no) In(a; + no) +

1
—3 In(a; + no) +
— (o + Z Zni)
n

1 (32, zni —n0))?* 1
12(c; + no) + 12(a; + 10)3 +5 In(2m)}

1

12(0@ + ’I’Lo)
1 n 1 n 1 )
o; + no) 4(017; + 7’L(])2 12(0&,’ + n0)3

1
=(a; + no) In(a; + no) — 5 In(a; + no) — (g +no) +

+ Var, [Z Zni) ( 2

n

1
+3 In(27),
(10)
Note here the first order terms in Taylor expansion are cancelled after taking the ex-

pectation and setting ng = ), Eq{2smi}. The variance are computed by applying the
independent assumption over q(zy,): Vary[Y ", zni] = >, (1 — Eg{zni})Eq{zni}-

3.2 Estimate topic profiles 5(t)

In the conventional topic modeling, the topic values could be estimated by directly max-
imising the evidence lower bound with a constraint Z]'D:1 Bi; = 1, which is described in
section 4. Here we estimate the topic as functions of age by parameterising each f3;; as a
function of age. The only related term in likelihood function (equation 1) is:

K D

lnp(wn|2’n; B(tn)) = Z Zsni Z Wsnj In W(Bij (tn))7
i—1 =1

where we use softmax function to ensure topics are each a multinomial distribution:

T z’j tn — eXp(ﬁz]¢(tn>)
Bl = = (@t




We used spline/polynomial functions to model age. The goal is to estimate spline/polynomial
coefficients B;; = {Bija}, d = 1,2,..., P, where P is the degree of freedom that controls the
smoothness. ¢(t,) is polynomial or spline basis. Notice here the scale of 3;; = {f;;a} does
not matter, as we could subtract same intercept from the exponential in both numerator
and denominator to change in the scale. However, in practice we put a prior N’ (,Bij\O, 0(2)1)
on f3;; to regularise the search space of the gradient descent optimization described below.
Here we choose a non-informative prior with large variance, o3 = 100.

To maximise the evidence lower bound, we notice that In() is a concave function and
by Taylor expansion:

D D
(Y " exp(BLé(tsn)) < ¢+ ¢ exp(BLo(tm)) — ).
j=1 =1

Therefore, by introducing a variational variable {, we find following lower bound of the
ELBO function £ with respect to 3;;:

M N
ﬁ[m = ZZEq{lnp(wn‘zmﬂ(tsn))}

s=1n=1
M Ns D

Z Z Z (B 0(ten) = (3" exp{BT 6 (ton)}) ) Edzoni boons > (11)
s=1n=1i=1 j=1 j'=1

N D

M D
Z Z Z tsn) - Cs_nll Z exp{ﬁg’/(ﬁ(tsn)} —In Csni + I)E{zsm}wsnj-
Jj'=1

s=1n=1i=1 j=1

We could then apply a method called local variational inference to maximise the right hand
side of equation 11. We do this by updating 8 and ( in turn. Take derivative with respect
to (sni, we obtained following update:

D

Csni = ZeXp{ﬂg;Qs(tsn)} (12)

j=1
In order to update the lower bound with respect to 3, we separate the terms containing

/Bz'j:

E[,BU] - Z Z E{zsnz}wsnjﬁ Z Z E{Zsm}csm exp{,@l] ¢( sn)}

s=1n=1 s=1n=1

There is no analytical solution for 3,;, but the lower bound is convex so we could maximize
the lower bound using following gradient information:

By Lip) = ZZ(E{Zsm}wsm E{zoni} ot exp{Bh6(tn)} ) 0lten)  (13)

s=1n=1



The gradient information of [,[51.].] allows efficient numeric estimation of 3;;. However,
evaluating L5, and Vg, L5 is computational expensive due to exp{,@iTjgb(tsn)}, which
require looping through s, n (the entire records set over all subjects!). The gradient descent
methods for estimating 3;; requires evaluatingls, ) and Vﬁijﬁ[ﬁ] at each gradient step,
which prohibit scaling up the model to large data set. To solve this problem in practice
we discretise tg, into years which allows us to pre-compute the sum of E<{,21§m}C;11Z over all
incidences that happened at each age year. For each new (3;;, we could then sum over all
years, which reuses the sums computed. This trick significant reduced the computation cost
of evaluating Lg, 1 and Vﬁijﬁ[ﬁ} which makes the estimation of age topics over the entire
UK Biobank HES possible. In conclusion, we could update B using following psuedo-code:

Algorithm 1: Maximize local variationl lower bound

initialization;
for i < 1 to K do
for j < 1to D do
Update (s = Ejpzl exp{ﬁiTjgb(tsn)} :
Update B;; to maximize Lg, j ;
end
end

Note here we need to update (gy; for each j, while in practice we only update (g,; once
for each optimization of 3 to allow parallel computation over j.

The above computation provide a point estimate for 3, which we adopted when applying
our methods to empirical data. We also provide mathematical derivation for posterior
distributions of 3, though we did not present results using this method to empirical data.
We use a Gaussian prior for 3;;4 and perform full variational inference on f:

/Bij ~ N(0, 021)-
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Here sigma is a hyperparameter that encourages sparsity.

M Ns K D P
£[ﬁ] = Z Z Eq{lnp(w”‘zn7 ton } + Z Z Z < q{lnp Zjd)} EQ{IHQ( z]d>})
s=1n=1 i=1 j=1d=1

M Ns K D

D
=SSN S (BdBi ) 0 (ten) — Efin(d_ exp(8L6(ten))) ) Ef zni Jwsnj —
j=1

s=1n=1i=1 j=1

=
)
o)

K D P
Z q{lﬁmd} ZZZEQ{IDQ(IBmd)} 2
i=1 j=1d=1

—1 d—

>
S
A
<.
I
_
a
Il
—_

M= §f-
] >
Mb

( q{ﬁw} P(tsn) — Comi Z Eq{exp Bzg¢(tsn))} —In Copi + 1)E{zsni}wsnj_

s=1n=1i=1 j=1 J=1
1 K D P K D P
ﬁZZZEQ{Ide} ZZZ q{lnq zyd

.
Il
—
<
Il
—
o
Il
—

i=1 j=1 d=1
(14)

Following [3], we assumed an independent variational Gaussian distribution for each f;;q4:
Bija ~ N (Nijds Vi)
and observe the moment-generating function of Guanssian distribution is:

2(tsn)V?
E {exp(B;;q9d(tsn))} = exp <¢d(tsn))\ijd + %(Q)Vﬂd»

We obtain a tractable lower bound with respect to the variational parameters {(sni, Aijd, l/i2j a

M & ¢5(tsn)v %d
‘CC N2 Z Z Z Z ts” - snl ZeXP{Z <¢d ts” ijd + 9 )}_

s=1n=11i=1 j=1
K D P (15)

In Coni + 1) - E{zgni fwsnj — ZZZ 252 Ud—l— lnuud)

i=1 j=1d=1

4 Comparison of collapsed variational inference and mean
field variational inference

A vast number of inference methods have been developed for models based on original
Latent Dirichlet Allocation. The most prominet of which are collapsed gibbs sampling
and mean field variational inference. For inference of model with exchangeable variables

11



using extremely large and noisy data set, it is desirable to have a deterministic method
such as variational inference. Collapsed variational inference makes less assumptions for
approximation, therefore the inferred distributions are strictly closer to the true poste-
rior distributions than the mean-field variational Bayesian methods. We will explain why
accuracy would be importance for the data we are considering in section 4.2.

4.1 Mean field variational inference to estimate patient-level posterior
distribution ¢(z, 6)

Please note this section is just a replication of [4] using our notation, which is provided
to make the note self-contained. We assume variational distributions for latent variables
f and z are independent of each other, then we could get the variational lower bound for
the log likelihood of a single subject:

q(z,0) = q(z)q(0),

L(z,0,0,0) =E/{Inp(w,z,0|c, ) —Ing(z,0)}. (16)

It is straightforward to estimate ¢(z) and ¢() that maximise the lower bound £(z, 6, 8, «):

N
Ing*(0) =Inp(fla) + Eq(z){z Inp(z,]0)} + const

n=1
N,

K f
= Z(O‘i + Z E{zni} —1)In6; + const,
i=1

n=1

N, N
Ing*(z) = Eq(g){z Inp(z,|0)} + Z In p(wy|2n, B) + const
n=1 n=1

N, K D
- Z Z ni (E{ln 0i} + Z wWnj In 62‘]‘) + const.
j=1

n=1 i=1
We see that ¢(6) factorises over ¢ and ¢(z) factorises over n,i. Therefore, we get the
variational distribution for z and 6:

N

0; ~ Dir(o; + > B{zn})

n=1

Zni Cat

exp (E{ln 0;} + ZjDzl wyj In ﬁw) )
Yoisy exp (B{In6;} + 37 wn;In B;)
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We then has the (m + 1) E—step as follows:

K N
E™ ! YIn6;} = U(a; + Z E™{zni}) — Z ai+ Y E™{z}))
n=1 i=1 n=1
m+1 m (18)
B ) = exp (E™H{In6;} + ijl Wy In B )
Zfil exp (Em+H{In6;} + Zle Wr; In ﬁm)
where E™ and ™ refers to the estimation of previous step (m" step); ¥ is the digamma

function.
To perform the M-step, we maximize the lower bound £ in equation 2 for the entire
population.

M K K
(z,0,5,« Z <lnF Zaz Zlnf(ai) + Z(ai — 1)E{lnfg}+
s=1 i i=1
i Z(E{zsm}E{ln 0si})+
n=1 i=1
Z Z E{Zsm} Z Wsnj In BZ])
n=1 i=1 (19)
K Ny K N
Z (mr S (ai+ > Efzi)) - > InT(ai+ > E{zu})+
s=1 i=1 n=1 i=1 n=1

K

N
> (ai+ Y Efzn} — DE{ln6,}+
n=1

i=1
Ns K
> Efzw} Bz}
n=1i=1
For B, we take terms in £ and add Lagrange multipliers:
M N

ﬁ[ﬁ Z Z In /sz Z Z E{zsm}wsnj + Z )\ Z ﬁz]

=1 j=1 s=1n=1

Set the derivative of L5 with respect 3 to zero, we could get the (n + 1)*" update for beta:

M N.
51@'—&—1 _ 25:1 Znil En+1{zsni}wsnj
?, D M N,
Zj:l 25:1 Zn; En+1{zsni}wsnj

The terms in lower bound that contains « are:

M K
Lo, = Z (ln F(Z a;) —InT'(ay) + Z E”H{ln 951})
s=1 i=1
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Take the derivatives with respect to a:

0Ly

oy ( ZO‘Z ai)) + iEnH{lnesi}_

And the Hessian:
K
V2Lio) = M - diag(— ¥ (a) ) + M - W(3 @),
i=1

where ! is the Trigamma function. We use the Newton-Raphson method the find the
maximal of o as described in [4]. In practice, we used a = 1 to put an uninformative prior
robust optimization.

4.2 Patient with a few diseases versus documents with many words

In section 3.1, we briefly explained why we chose to use collapsed variational inference over
a simpler mean-filed variational inference method. We will focus on the difference between
equation 17 and equation 5. For the mean-field variational distribution:

Ing* (= Z Z Zni (E{ln 0;} + Z wpj In BZJ) + const,

n=1 =1

which factorised over each of the N diagnosis. Therefore, the inferred distribution for each
zp, 1s conditional i.i.d.

Q(Zn'|zﬁn’7 W, &, 67 9) = Q(ZTL’|W7 «, 57 9)1

Here —n/ refer to indices of all diagnoses excluding n’. However, for collapsed VB, condi-
tional distribution depends on other diagnoses of the same patient:

K
q(Zn/‘Z_‘nl’W7C¥7ﬂ) o H(az + Z an Z 1 H H Zn’zwn’]
[

ne-n’ i=1j=1

The impact of the the dependency on the accuracy of posterior approximation depends
on the data structure. Most of topic modelling modes were designed for text modelling,
where each document have a large word number N,. In this case, (a; + >, ¢, Zni) Will
be approximately the same across n':

Ng—o00

K D
1:]#nli
lim p(zy|2-n, W, a, 5) H [(Oéi + N,0) H Bz;{n ]]
% j=1
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where 6; is the topic value for the st document. We see z—_, no longer exist and ¢*(z) in
equation 17 could approximate p(z|w, «, 3) accurately. However, each patient on average
have 6.1 distinct diagnoses in UK Biobank HES, making Ny small for the mean-field ap-
proximation. Note, we do not need to assume independence of z,, it is a consequence of
assume independence between ¢(6) and ¢(z), which is called induced factorisation in some
cases. (section 10.2.5 in [2]) In this cases collapsed VB models the dependency between z,
and z_, and have better accuracy at approximating posterior distribution.
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