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Supplementary Tables (see Excel file) 1 
Supplementary Table 1. List of metrics for evaluating ATM performance. The name, 2 
purpose, and implementation details of each metric are listed for comparison. For more details of 3 
each metric, see Methods.  4 
 5 
Supplementary Table 2. Simulation results for ATM on identifying disease subtypes. We 6 
show the area under the precision-recall curve (AUPRC) for ATM in simulated data with two 7 
subtypes that have 20/10/5 years of age at diagnosis differences. Results for LDA (fifth column) 8 
are also shown for comparison. Rows show results for varying proportions of samples that 9 
belong to the smaller subtype.  The results correspond to Figure 2. 10 
 11 
Supplementary Table 3. Characteristics of disease topics inferred from the UK Biobank. 12 
For each topic, we listed the top 10 representative diseases (by topic loadings), heritability 13 
estimates, average topic weights (across all individuals), average age (weighted across all disease 14 
diagnosis assigned to the topic), proportional of variance explained by BMI, sex, Townsend 15 
deprivation index, and birth year.   16 
 17 
Supplementary Table 4. Topic loadings of 10 inferred disease topics across 348 diseases in 18 
the UK Biobank. For each disease we reported the topic loading across diagnoses before 60 19 
years old and after 60 years old. The Phecode, number of incidences, ICD-10 code, disease 20 
name, and Phecode systems are also listed for each disease. The values in this table correspond 21 
to Figure 3.  22 
 23 
Supplementary Table 5. Topic loadings as functions of age for 10 inferred disease topics. 24 
For each topic, we listed the topic loading of each disease from age 30 to 80 years old. At each 25 
age point, the topic loadings add to one across diseases for each topic. The values correspond to 26 
Figure 4A and Supplementary Figure 13.  27 
 28 
Supplementary Table 6. Number of diagnoses assigned to each subtypes for 52 diseases. We 29 
listed the number of diagnoses assigned to each disease subtypes by the diagnosis-specific topic 30 
probability, for the 52 diseases that have at least two subtypes with >500 diagnosis.  31 
 32 
Supplementary Table 7. Average age at diagnosis for each subtypes of the 52 diseases. We 33 
listed the age at diagnosis across all diagnoses within each disease subtype, for the 52 diseases 34 
that have at least two subtypes with >500 diagnosis.  35 
 36 
 37 
Supplementary Table 8.  Excess PRS in cases for all topics across 10 diseases (selected by 38 
heritability z-score). We report the estimated changes in s.d. of PRS per unit changes in the 39 
patient topic weight, which is estimated through regression across disease diagnoses. The PRS 40 
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was estimated using BOLT-LMM and all the cases of British Isle Ancestry. Numbers correspond 41 
to Figure 5B and Supplementary Figure 17. 42 
 43 
 44 
Supplementary Table 9. Excess genetic correlations. Columns are: Phecode of the first disease 45 
(trait1), Phecode of the second trait (trait2), subtype of the first trait (topic1), subtype of the 46 
second trait (topic2), the z-score of genetic correlation between two disease subtypes 47 
(subtype.rho.zscore), estimate of genetic correlation between two disease subtypes 48 
(subtype.rho.est),  standard error of genetic correlation between two disease subtypes 49 
(subtyp.rho.err), the z-score of genetic correlation between two diseases (all.rho.zscore), estimate 50 
of genetic correlation between two diseases (all.rho.est),  standard error of genetic correlation 51 
between two diseases (all.rho.err), z-score of excess genetic correlation (diff.zscore),  estimate of 52 
excess genetic correlation (diff.rg), absolute value of excess genetic correlation 53 
(diff.rg.zscore.abs), p-values for excess genetic correlation (P), FDR for excess genetic 54 
correlation (FDR), name of the first disease (phenotype.1), and name of the second disease 55 
(phenotype.2). We only reported p-values of excess genetic correlation when both genetic 56 
correlation estimation has standard error <0.1 and at least one of the genetic correlation has |z-57 
score|>4. Numbers correspond to Figure 6 and Supplementary Figure 19. 58 
 59 
Supplementary Table 10. Heritability estimation for disease subtypes. For each disease we 60 
list heritability estimates for two subtypes using LDSC. Topic.x refer to the subtype with the 61 
highest heritability, topic.y refer to subtype with the lowest heritability. We report the point 62 
estimate, standard error, z-scores of both disease subtypes. The z-score of heritability differences 63 
between the two subtypes are also reported. Note we used a different sample threshold 1000 (due 64 
to the power of LDSC), which includes 26 of the 52 diseases that have subtypes.  65 
 66 
Supplementary Table 11. Excess FST  estimation across disease subtypes. We report the 67 
estimate of excess FST (computed as the FST across subtypes subtracted by the FST from controls 68 
with matched topic weights). The p-values are for excess FST>0, which is computed from 1000 69 
randomly sampled control sets.  70 
 71 
Supplementary Table 12. GxTopic interaction tests across independent GWAS SNPs. Each 72 
row represents one SNP x topic weight paris (disease subtype). OR, SE, STAT, and P represent 73 
the odds ratio, standard error, test statistics, and p-value of the main effects. SNPxTopic OR, 74 
SNPxTopic STAT,  SNPxTopic P, SNPxTopic FDR represent the odds ratio, test statistics, p-75 
value, and genome-wide FDR of testing the interaction effect in model 2 of Supplementary 76 
Figure 22. We use Studywise FDR which adjusts for multiple testing across GWAS SNPs of all 77 
disease subtypes.  78 
 79 
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Supplementary Table 13. Significant SNP x topic interactions. Same table as supplementary 80 
Table 12, but filtered to SNP-topic pairs with interaction effect passing FDR<0.1. Reported 81 
SNP-topic pairs were selected for topic weights specific effect estimation in Figure 7 and 82 
Supplementary Figure 24.  83 
 84 
Supplementary Table 14. Effect size estimation across topic weight quartiles for significant 85 
SNP x topic interactions. Quartile, mean_effect, se_effect, refer to the quartile of topic weight, 86 
estimate of effect sizes of the SNP using case-controls from this quartile, and standard error of 87 
the effect size estimation. We also reported the nearest genes reported by GWAS Catalog. The 88 
last column reports the P-value of effect size being different between the top and bottom 89 
quartiles.  90 
 91 
Supplementary Table 15. Literature search of disease subtypes identified by ATM. We 92 
searched on Pubmed using the description (ignoring conjunctions) AND “subtype” in 93 
title/abstract and manually screened the top 10 relevant results between 2012 and 2022. The 94 
studies that mentioned subtypes of the searched diseases are included in the “Published 95 
references” column. If there is no reference of target disease subtypes among the top 10 search 96 
results, we use “NA”. We note our search is not exhaustive but nevertheless provides 97 
information on whether subtypes of the target disease are described in studies involving target 98 
disease and subtypes. 99 
 100 
Supplementary Table 16. ATM running time. We tested the running time on the UK Biobank 101 
data using ATM of varying topic number and parametric form of topic loadings. Degrees of 102 
freedom from 2 to 7 represent linear, quadratic polynomial, cubic polynomial, spline with one 103 
knot, spline with two knots, and spline with three knots. Note a few models with 50 topics did 104 
not converge.  105 
  106 
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Supplementary Figures 107 

 108 

 109 
Supplementary Figure 1. Plate notation of ATM generative model. M is the number of 110 
subjects; Ns is the number of records within sth subject. All plates (circles) are variables in the 111 
generative process, where the plates with shade 𝑤 is the observed variable and plates without 112 
shade are unobserved variables to be inferred; 𝜃 is the topic weight for all individuals; z is 113 
diagnosis-specific topic probability; t is the age at onset for each diagnosis; 𝛽 is the topic 114 
loadings which are functions of age t; 𝛼 is the (non-informative) hyperparameter of the prior 115 
distribution of 𝜃. The generative process is described in the Methods and Supplementary Note.  116 

 117 

 118 
 119 
 120 
 121 
 122 
 123 
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 124 
Supplementary Figure 2. Additional simulation studies established the power of the 125 
method to identify comorbidity. The precision and recall rate to correctly assign incident 126 
disease to correct comorbidity profiles using Latent Dirichlet Allocation (LDA) and our method 127 
(ATM). X-axis refers to the proportion of cases that belong to the small subgroup; precision and 128 
recall are computed for the label incidences in the small subgroup. Each dot represents the mean 129 
of 100 simulations of 10,000 people, the bar shows the 95% confidence intervals. Red refers to 130 
the ATM and green refers to the LDA model.(a) Scenario where two subtypes are simulated with 131 
20 years of difference in age at diagnosis. (b) Scenario where two subtypes are simulated with 10 132 
years of difference in age at diagnosis. (c) Scenario where two subtypes are simulated with 5 133 
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years of age difference. 134 

 135 
Supplementary Figure 3. Same analysis as in Figure 2 but simulating the smaller subtype 136 
to have older age at diagnosis.  The area under precision and recall curve (AUPRC) to correctly 137 
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assign incident disease to correct comorbidity profiles using Latent Dirichlet Allocation (LDA) 138 
and ATM. X-axis refers to the proportion of cases that belong to the older subtype (the orange 139 
subtype); precision and recall are computed for classifying the incidences in the older subgroup. 140 
Each dot represents the mean of 100 simulations of 10,000 people, the bar shows the 95% 141 
confidence intervals. In the right column red refers to the ATM and green refers to the LDA 142 
model. Note AUPRC is only meaningful when precision and recall pertains to classifying the 143 
smaller subtype, therefore we simulate with the smaller subtype taking up to 50% of cases. (a) 144 
Scenario where two subtypes are simulated with 20 years of difference in age at diagnosis. (b) 145 
Scenario where two subtypes are simulated with 10 years of difference in age at diagnosis. (c) 146 
Scenario where two subtypes are simulated with 5 years of age difference.   147 
 148 
 149 
 150 
 151 

 152 
Supplementary Figure 4. Additional simulation studies established the power of the 153 
method to identify comorbidity. (a) Same analysis as Figure 2 but simulated subtypes with 154 
same age at diagnosis distribution. LDA outperforms ATM slightly as we have additional 155 
regularisation when modelling topic loading as functions of age, while for LDA age is not 156 
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modelled. (b) AUPRC computed as in Figure 2A with varying population size, average number 157 
of diseases per individual, and number of distinct diseases. Each dot shows the mean of 20 158 
simulations and the bar shows 95% confidence interval.  159 
 160 
   161 
 162 

 163 
Supplementary Figure 5. Simulations confirming that ATM could accurately recover topic 164 
loadings and topic weights. (a) We simulated data using 5 topics while fitting models of 165 
varying topic numbers. To compute prediction odds ratios (see Methods), we used 80% of data 166 
as training data to fit ATM and computed prediction odds ratio in the held out data, where we 167 
use the topic loading computed from the training data and prior diseases to infer the topic 168 
weights to predict the target diseases. The simulation was performed for 20 replications for each 169 
topic number in the inference. (b-c) We assign each disease to a single topic based on topic 170 
loading and compute the grouping accuracy as the proportion of disease pairs that are correctly 171 
grouped to the same topic. The grouping accuracy remains high for varying simulated population 172 
size and average disease per individual.   (d) Recovery of topic loadings. We evaluate the 173 
accuracy of topic loading inference by computing the cosine similarity between inferred topic 174 
loading with the underlying truth. We match the inferred topics with the true topics using 175 
correlation of topic weights, using a greedy procedure (matching the first inferred topic from all 176 
true topics and then matching the next topic from the remaining not-matched true topics) to 177 
ensure the matching is bijectively.  (e) Recovery of topic weights. We evaluate the accuracy of 178 
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topic weight inference by computing the correlation of inferred topic weights and with the 179 
underlying truth. The ordering of topics uses the same strategy as in panel d.  180 
 181 
 182 

 183 
Supplementary Figure 6. Posterior topic distributions are different between age groups for 184 
diseases that have subtypes. The figure has the same legends as Figure 3A but focusing on 52 185 
diseases that have a subtype with at least 500 incidences.  186 
 187 
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 188 

 189 
Supplementary Figure 7. Prediction odds ratio across different model configurations. Each 190 
dot represents one inference on a random training and testing split of the UK Biobank 191 
individuals. The models are run with different topic numbers and parametric configurations of 192 
topic loadings. Degrees of freedom (d.f.) from 2 to 7 represent linear, quadratic polynomial, 193 
cubic polynomial, spline with one knot, spline with two knots, and spline with three knots.The 194 
prediction odds ratios are computed on the testing data using topic loadings inferred from the 195 
training data and topic weights inferred using previous diseases of testing individuals. The odds 196 
ratios are between the odds that target diseases are within model-predicted top percentile disease 197 
set versus the odds that target diseases are within the prevalence-ordered top percentile disease 198 
set. 199 
 200 
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 201 
Supplementary Figure 8. Comparison of prediction odds ratio between LDA and ATM. 202 
Each dot represents results from running either ATM or LDA on the same random training and 203 
testing split. The models were run with different topic numbers and we chose a cubic spline with 204 
one knot for configuring ATM topic loadings. The prediction odds ratios are computed on the 205 
testing data using topic loadings inferred from the training data and topic weights inferred using 206 
previous diseases of testing individuals. The odds ratios are between the odds that target diseases 207 
are within model-predicted top percentile disease set versus the odds that target diseases are 208 
within the prevalence-ordered top percentile disease set. 209 
 210 
 211 
 212 

 213 
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 214 
Supplementary Figure 9. Evidence lower bound (ELBO) of different model configurations 215 
on the entire dataset. Each dot represents one inference on a random training and testing split of 216 
the UK Biobank individuals. The models are run with different topic numbers and parametric 217 
configurations of topic loadings. Degrees of freedom (d.f.) from 2 to 7 represent linear, quadratic 218 
polynomial, cubic polynomial, spline with one knot, spline with two knots, and spline with three 219 
knots. 220 

 221 
Supplementary Figure 10. Comparison of ELBO for collapsed variational inference and 222 
mean-field variational inference. ELBO is computed by fitting the ATM using two inference 223 
methods on the entire UK Biobank dataset, where the topic loadings are configured as cubic 224 
polynomials. Models of different numbers of topics are fitted with 10 random initialisations for 225 
both CVB and the VB (mean-field variational inference, which is a more commonly used 226 
inference method for Bayesian models). The ELBO of an inference methods is a lower bound 227 
that approximates the evidence function, which depends on the number of topics and parametric 228 
form of topic loading, but not the inference methods; higher ELBO means better inference 229 
accuracy.   230 
 231 
 232 
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 233 
Supplementary Figure 11. Prediction log odds ratio of comorbidities. Diseases combinations 234 
(comorbidities) are extracted from topics loadings that are trained on a training set, using max 235 
value of average topic assignments (Methods). Roughly, the odds ratio of each disease 236 
combination is computed by selecting all disease sets containing combinations of 2, 3, 4, and 5 237 
diseases assigned to the same topic by max topic loading, and dividing incidences where the 238 
disease sets appeared in one patient by the expected number in an independent testing set. We 239 
show the comparison of ATM and PCA for all combinations of 2, 3, 4, and 5 diseases; here we 240 
use PCA as we wish to show the superiority of topic modelling in identifying clusters of disease 241 
compared to other low-rank methods that are not based on multinomial distribution.   242 
 243 
 244 
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 245 
Supplementary Figure 12: Posterior topic distributions of female and male populations. 246 
The figure is the same as Figure 3A but comparing the topics that are inferred from female and 247 
male populations separately. 248 
 249 
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 250 
Supplementary Figure 13. Top seven diseases in each comorbidity topic. Seven diseases that 251 
have highest loading within the topic are shown for each comorbidity topic. Colour of the curves 252 
reflect the ordering of Phecodes. We chose seven for best visual presentation. Numerical results 253 
are reported in Supplementary Table 5. 254 
 255 
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 256 
Supplementary Figure 14. Additional topic sparsity analysis. (a) Sparsity of disease topic 257 
loadings. Box plot shows the distribution of topic loading for disease of different incidence 258 
numbers. (b) Sparsity of patient topic weights. Box plot shows the topic weight distribution in 259 
decreasing order for individuals with different numbers of diagnosis. 260 
 261 
 262 
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 263 
Supplementary Figure 15. Topic distribution for the 52 diseases that have at least 500 cases 264 
assigned to distinct topics. For each disease of the 52 diseases, we computed the proportion of 265 
diagnoses assigned to each subtype. The box plot shows the distribution of the subtype 266 
proportion from the largest (leftmost boxes) to the smallest. For nearly all diseases, the cases are 267 
concentrated into three subtypes, with very few cases assigned to other topics.    268 
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Supplementary Figure 16. Comorbidity subtype distribution over age for 52 diseases. 270 
Diseases shown are ordered by 13 phecode systems: infectious diseases, neoplasms, 271 
endocrine/metabolic, hematopoietic, mental disorders, neurological, circulatory system, 272 
respiratory, digestive, neoplasms, genitourinary, dermatologic, and musculoskeletal. Numerical 273 
results are reported in Supplementary Table 7. 274 
 275 
 276 
 277 
 278 
 279 
 280 
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 281 
Supplementary Figure 17. Excess PRS analysis for all topics across 10 diseases (selected by 282 
heritability z-score). The bar plot shows the estimated changes in s.d. of PRS per unit changes 283 
in the patient topic weight in disease cases. The PRS is estimated using all the cases in British 284 
Isle Ancestry. The stars show disease-topic pairs that are significant at FDR = 0.1. Numerical 285 
results are reported in Supplementary Table 8. 286 
 287 
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 288 
Supplementary Figure 18. Heritability and PRS are not associated with age and subtype 289 
size. (a) We plot heritability deviation from all cases versus age deviation from all cases of 41 290 
subtypes (from 14 diseases that have heritability z-score above 5). The heritability is estimated 291 
by first performing mixed-effect association analysis using BOLT-LMM on imputed SNPs from 292 
the British Isle Ancestry then using LDSC.  (b) Heritability for the subtypes plotted with the 293 
sample size of the subtype. (c-d) Excess PRS from Figure 5B plotted against the age and the 294 
sample size (denoted by the ratio of samples between subtype and all cases) for the subtypes.  295 
The dots and the bars show the mean and 95% confidence interval across all subfigures.  296 
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 298 
 299 
Supplementary Figure 19. Excess genetic correlation (rg) between disease subtypes across 300 
disease subtypes. Lower left panel shows the rg of disease-subtype or subtype-subtype pairs 301 
subtracted by the rg of corresponding disease-disease pairs. Each row or column represents a 302 
disease or subtype. For disease-disease pairs, the excess rg is not defined in the lower left panel, 303 
since the difference is 0. The upper right panel shows rg of corresponding disease-disease pairs, 304 
where values could be duplicated as the same disease could have multiple subtypes. The 89 305 
diseases or subtypes are chosen here by heritability z-score > 4 and  rg z-score > 4 with at least 306 
one other disease or subtypes.  We kept 57 rows and columns for better visualisation by 307 
removing 32 diseases that have subtypes included. A star means FDR < 0.1, while a shade means 308 
a nominal statistical significance at P = 0.05.  309 
 310 
  311 
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 312 
 313 
Supplementary Figure 20. Comparison of excess genetic correlation (rg) between subtypes 314 
using summary statistics from case-control matched by topic weights (x-axis) and not 315 
matched by topic weights. The analysis is performed on subtypes of four diseases: type 2 316 
diabetes, hypercholesterolemia, hypertension, and asthma. The excess rg (shown in panel (a) of 317 
Figure 6 ) of two case-control matching strategies across 28 subtype pairs are compared and the 318 
effect lies along the diagonal line. The excess genetic correlation attenuated slightly when topic 319 
weights are matched, while it can not explain all the excess rg.     320 
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321 
Supplementary Figure 21. Excess FST of disease subtypes compared with controls with 322 
matched topic weights. P-values are for testing case-FST significantly higher than controls of 323 
similar topic weight distribution. The permutation controls are sampled for 1,000 times with the 324 
same topic weights distribution and sample size to the disease subtypes. We focus on 49 of the 325 
52 diseases which have more than one subgroup of at least 500 cases. Subtypes are defined based 326 
on the max value of the diagnosis-specific topic probability. Three diseases (“hypertension”, 327 
“hypercholesterolemia”, and “arthropathy”) are excluded as there are not enough controls that 328 
match the topic weights of cases. The colour shows the value of FST across subtypes.    329 
 330 
 331 
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 332 
Supplementary Figure 22. Simulation analysis verified the SNP x topic interaction tests are 333 
calibrated when no actual interaction exists. We show the false positive rate of two models 334 
under five simulated model structures where no actual interaction exists (Methods). The false 335 
positive rate is computed as the power to detect interaction effects using model 1 (red; linear 336 
model) and model 2 (green; with non-linear main effect term) under P-value=0.05.  The five 337 
structures evaluated are (1) SNP causal to topic and topic causal to disease; (2) SNP causal to 338 
disease and disease causal to topic; (3) SNP is causal to both topic and disease; (4) and (5) SNP 339 
is causal to both topic and disease with nonlinear effects.  340 
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  341 

 342 
Supplementary Figure 23: Power to detect true SNP x topic interaction effect under 343 
simulation. (a) We simulated data with 10,000 individuals, topic-to-disease main effect size 344 
equal to 2, interaction effect from 0.04 to 0.4, and SNP-to-disease main effect size proportional 345 
to the interaction effect (0.02 to 0.2); disease diagnoses are generated using gaussian liability 346 
with top 20 percentile as cases. We tested for the SNP x topic interaction using model 1 and 347 
model 2 and computed the power of discovering the true interaction. (b) We simulated data with 348 
10,000 individuals and an interaction effect equal to 0.4. Instead of simulating a single SNP 349 
effect, we simulated 2 to 20 variants that all interact with topic weight. We then test the SNP x 350 
Topic interaction in model 1 and model 2 with one variant at a time, which is the same strategy 351 
as most GWAS interaction tests. We note the power of model 2 is lower than model 1, while we 352 
still choose model 2 as it is better calibrated (Supplementary Figure 22).  353 
 354 
 355 
 356 
 357 
 358 
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Supplementary Figure 24. Additional 39 SNPs (mapped genes in the parentheses) that have 360 
different effect sizes in different quantiles of topic weights. Blue dots are the effect sizes of 361 
the target SNP within each topic weights quartile; grey dots are the effect sizes of background 362 
SNPs which are genome-wide significant for the traits but do not have evidence supporting 363 
interaction with topic weights (P>0.05). The grey line shows the regression line of the grey dots 364 
and its 95% confidence interval. The topic weights (of the topic being tested) are matched for 365 
both case and controls within each quartile.  Numerical results are reported in Supplementary 366 
Table 14.367 

 368 
Supplementary Figure 25: QQ plot of SNP x topic interaction for all GWAS SNPs (P < 369 
5 × 10!8). (a) We show the interaction between SNP-topic where the topics define disease 370 
subtypes. We focus on the subset of subtypes whose disease have ℎ2 z-score larger than 4 to 371 
ensure there is enough GWAS signal for testing. The P-values are for testing the interaction 372 
effects with nonlinear topic-to-disease main effects (Model 2 in Supplementary Figure 22). (b) 373 
As a control to show the calibration of the tests, we plot the QQ-plot over the same set of GWAS 374 
SNPs, but over the topic that are not identified as subtypes of the disease by ATM. 375 
 376 
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 377 
Supplementary Figure 26. Comparison of simulated diagnosis per individual versus true 378 
UK Biobank data. Histogram of number of distinct diseases per patient from the UK Biobank 379 
HES dataset and from the simulated exponential distribution with mean = 6.1. 380 
 381 
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 382 
 383 
Supplementary Figure 27. Examples of simulated  vs. inferred topic loadings from ATM. 384 
Left panel shows the topic loadings used to simulated 10,000 individuals; right panel shows the 385 
inferred topic loadings using topic loadings parametrized as cubic polynomials.    386 
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1 Usage instruction for the supplementary notes

The purpose of this supplementary note is to provide a self-contained explanation of the
mathematical basis underlying our topic based model. Therefore, the materials are not
meant to provide new discoveries but to help readers to derive all of our inference methods
without referring to external materials (though we do listed references to text wherever
appropriate). As a consequence, we made no efforts to condense steps, and opt to expand
with more details when we feel it is necessary.

2 Generative process of a curve topic model

We constructed a Bayesian hierarchical model to infer latent risk profiles for common
diseases. In summary, the model assumes there exist a few disease topics that underlie

1



Supplementary Figure 1: Plate notation of ATM generative model. M is the number of
subjects, Ns is the number of records within sth subject. All plates (circles) are variables
in the generative process, where the plates with shade w is the observed variable and
plates without shade are unobserved variables to be inferred. θ is the topic weight for all
individuals; z is diagnosis-specific topic probability; t is the age at onset for each diagnosis; β
is the topic loadings which are functions of age t; α is the (non-informative) hyperparameter
of the prior distribution of θ. The generative process is described in the Methods and
Supplementary Note.

many common diseases. Each topic is age-evolving and contain risk trajectories for all
diseases considered. An individual’s risk for each diseases is determined by the weights of
all topics. The indices in this note are as follows:

s = 1, ...,M ;

n = 1, ..., Ns;

i = 1, ...,K;

j = 1, ..., D;

where M is the number of subjects, Ns is the number of records within sth subject, K is
number of topics, and D is the total number of diseases we are interested in. The generative
process (Supplementary Figure 1) is as follows:

• θ ∈ RM×K is the topic weight for all individuals, each row of which (∈ RK) is
assumed to be sampled from a Dirichlet distribution with parameter α. α is set as a
hyper parameter.

θs ∼ Dir(α).

2



• z ∈ {1, 2, ...,K}
∑

s Ns is the topic assignment for each diagnosisw ∈ {1, 2, ..., D}
∑

s Ns .
Note the total number of diagnoses across all patients are

∑
sNs. The topic assign-

ment for each diagnosis is generated from a multinoulli distribution with parameter
equal to sth individual topic weight.

zsn ∼Multi(θs).

• β(t) ∈ F(t)K×D is the topic which is K ×D functions of age t. F(t) is the class of
functions of t. At each plausible t, the following is satisfied:∑

j

βij(t) = 1.

In practice we use softmax function to ensure above is true and add smoothness by
constrain F(t) to be spline or polynomial functions:

βij(t) =
exp(pT

ijϕ(t))∑D
j=1 exp(p

T
ijϕ(t))

,

where pij = {pijd}, d = 1, 2, ..., P ; P is the degree of freedom than controls the
smoothness; ϕ(t) is polynomial and spline basis for age t.

• w ∈ {1, 2, ..., D}
∑

s Ns are observed diagnoses. The nth diagnosis of sth individual wsn

is sampled from the topic βzsn(t) chosen by zsn:

wsn ∼Multi(βzsn(tsn)),

here tsn is the age of the observed age-at-onset of the observed diagnosis wsn.

The value of interest in this model are global topic parameter β, individual (patient)
level topic value θ, and topic value z of each diagnosis. Based on the generative process
above, we notice each patient is independent conditional on α and β. Therefore, we could
adopt an EM strategy, where we first estimate θ and z, then estimate β which maximise
the evidence lower bound.

In the first step we could work on the likelihood function fore each patient to estimate
posterior distributions of patient specific variables θ and z. The likelihood function for sth

individual is as follows:

lnp(w, z, θ|α, β) = ln p(θ|α) +
Ns∑
n=1

{ln p(zn|θ) + ln p(wn|zn, β)},

p(θ|α) =
Γ(

∑K
i=1 αi)∏K

i Γ(αi)

K∏
i=1

θαi−1
i ,

p(zn|θ) = θ1(i=zn),

p(wn|zn, β(tn)) = β1(i=zn),1(j=wn)(tn).

(1)
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Due to the computational cost of simultaneously modelling hundreds of diseases in the
biobank and the inference accuracy consideration (which we will explain in section 4), we
adopted a collapsed variational methods for this step. The method is motivated by [1].
Detailed explanation on why we chose this rather sophisticated methods rather than the
commonly used mean filed methods is discussed in section 4, for those interested.

In the second step, we treated the β as parameter of the model and seek to maximise
the evidence function p(w|α, β) (obtained by integrate out θ and z from the likelihood
function). Directly working on the evidence function is implausible, therefore we work on
the evidence lower bound, where we made use of the posterior distribution q(z, θ) estimated
in previous step.

L(z, θ, β, α) = Eq{ln p(w, z, θ|α, β)− ln q(z, θ)}. (2)

We will see this is still not easily achieved, therefore we applied a local variational method
to find an approximate solution. For an easy introduction to local variational inference,
see chapter 10.5 of [2]. Details of the inference will be explained in section 3.

3 Inference of model posterior distribution and parameters

The model inference will be performed by alternation an E-step and a M-step. The EM
algorithm will guarantee good convergence properties. For both steps, variational methods
will be used to approximate the distribution, though the techniques are very different. We
have tested under realistic parameters, these approximated distribution are close to the
true distribution.

3.1 Collapsed variational inference to estimate patient-level posterior
distribution q(z, θ)

The variational inference aims to approximate posterior p(z, θ|w, α, β) using variational
distributions q(z, θ) that has some constraint on, which makes them easier to estimate.
The most widely used form of variational distribution is the factorised ones, where we
assume target posterior distributions are independently distributed, i.e. q(z, θ) = q(z)q(θ).
We will derive the inference using this assumption and compare it with the collapsed
variational inference in section 4.

The latent variable model using Dirichlet distribution is typically designed to model
text, where a document is equivalent as a patient in our model. A document will have
thousands of words (equivalent of our diagnoses), which provides strong information to
tolerate stronng assumptions on q(z, θ). To estimate a model with less diagnoses per
patient, flexible variational distributions are preferred for approximation accuracy. Here
we adopted a collapsed variational method, which is is more accurate than the mean-field
variational inference method. [1] The idea is to only assume a factorization over q(z), but
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not between z and θ. Therefore the assumptions and lower bound of evidence became
(note we are considering likelihood function for only the sth patient from now on, as all of
patients are independend conditional on α, β):

q(z, θ) = q(θ|z)
∏
n

q(zn),

L(z, θ, β, α) = Eq{ln p(w, z, θ|α, β)− ln q(z)− ln q(θ|z)}
= Eq(z){Eq(θ|z){ln p(w, z, θ|α, β)− ln q(θ|z)} − ln q(z)}

(3)

Maximise Eq(θ|z){ln p(w, z, θ|α, β)−ln q(θ|z)} with respect to q(θ|z) will give us q(θ|z) =
p(θ|w, z, α, β). The maximisation is achieved similarly to the mean-field approximation
where the evidence is decomposed into a lower bound and KL divergence, where lower
bound is maximised when KL divergence is 0. Using methods provided in Teh et al, the
lower bound could then be simplified to:

L(z, θ, β, α) = Eq(z){ln p(w, z|α, β)− ln q(z)}

The optimisation of this lower bound is same to those provided in collapsed gibbs
sampling, where we first marginalise over θ.

p(w, z|α, β) =
∫
θ

Γ(
∑K

i=1 αi)∏K
i Γ(αi)

K∏
i=1

θ
αi+

∑
n zni−1

i ·
K∏
i=1

D∏
j=1

β
∑

n zniwnj

ij

=
Γ(

∑K
i=1 αi)∏K

i Γ(αi)

∏K
i Γ(αi +

∑
n zni)

Γ(
∑K

i=1 αi +Ns)
·

K∏
i=1

D∏
j=1

β
∑

n zniwnj

ij .

(4)

From this marginal complete data likelihood, we could derive the conditional distribution
p(zn′ = k|z¬n′ ,w, α, β) (as in collapsed gibbs sampling) to evaluate the dependency within
z. Here ¬n′ refer to indices of all words excluding n′.

p(zn′ |z¬n′ ,w, α, β) =
p(zn′ , z¬n′ ,w|α, β)
p(z¬n,w|α, β)

=
p(z,w|α, β)

p(z¬n, w¬n|α, β)p(wn′ |α, β)

∝

∏K
i Γ(αi +

∑
n zni)

∏K
i=1

∏D
j=1 β

∑
n zniwnj

ij∏K
i Γ(αi +

∑
¬n′ zni)

∏K
i=1

∏D
j=1 β

∑
¬n′ zniwnj

ij

∝
K∏
i

(αi +
∑

n∈¬n′

zni)
zn′i

K∏
i=1

D∏
j=1

β
zn′iwn′j
ij .

(5)
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For a large Ns, (αi +
∑

n∈¬n′ zni) will be approximately the same across n′, therefore zn′

will be less dependent on z¬n′ .

lim
Ns→∞

p(zn′ |z¬n′ ,w, α, β) ∝
K∏
i

[
(αi +Nsθi)

D∏
j=1

β
wn′j
ij

]zn′i
,

where distribution of z factorises over n within a single subjects. Therefore, the q∗(z) in
equation 17 which factorises over n could approximate p(z|w, α, β) accurately. However,
Ns is likely to be small in the patient dataset, therefore the mean-field approximation in
equation 17 would be less accurate as it does not include any dependency between zn
and z¬n′ . We therefore adopt the strategies proposed by Teh et al to use variatioanal
distribution to approximate the marginal distribuion in equation 4:

ln q∗(zn′) = Eq(z¬n′ ){ln p(w, z|α, β)}

= Eq(z¬n′ ){
K∑
i=1

ln Γ(αi +
∑
n

zni) +

K∑
i=1

D∑
j=1

zn′iwn′j lnβij}+ const(zn′)

=
K∑
i=1

zn′i

(
Eq(z¬n′ ){ln(αi +

∑
n∈¬n′

zni)}+
D∑
j=1

wn′j lnβij

)
+ const(zn′)

(6)

We now have the form of multinomial distribution of zn′ . The key lies in how to estimate
Eq(z¬n′ ){ln(αi +

∑
n∈¬n′ zni)}. Teh et al [1] proposed a Gaussian approximation which

could improve computation efficiency by magnitudes. We first expand ln(αi +
∑

n∈¬n′ zni)
by Taylor expansion:

ln(αi +
∑

n∈¬n′

zni) = ln(αi + n0) +

∑
n∈¬n′ zni − n0

(αi + n0)
−

(
∑

n∈¬n′ zni − n0)
2

2(αi + n0)2
,

where we included only first two terms. If setting n0 = Eq(z¬n′ ){
∑

n∈¬n′ zni} =
∑

n∈¬n′ Eq{zni},
we get:

Eq(z¬n′ ){ln(αi +
∑

n∈¬n′

zni)} = ln(αi + n0)−
V arq[

∑
n∈¬n′ zni]

2(αi + n0)2
. (7)

where, V arq[
∑

n∈¬n′ zni] =
∑

n∈¬n′(1−Eq{zni})Eq{zni} .Plugging this into equation 6 and
notice the normalization of multinomial distribution, we get:

zn′i ∼ Cat
( (αi + n0) exp

(
− V arq [

∑
n∈¬n′ zni]

2(αi+n0)2
+
∑D

j=1wn′j lnβij
)

∑K
i=1(αi + n0) exp

(
− V arq [

∑
n∈¬n′ zni]

2(αi+n0)2
+
∑D

j=1wn′j lnβij
)). (8)
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For prediction tasks, the posterior θ could be evaluated using distribution of z.

θ ∼ Dir(α+

Ns∑
n=1

Eq{zn})

The evidence lower bound over all subjects is as follows:

L(z, θ, β, α) =Eq(z){ln p(w, z|α, β)− ln q(z)}

=

M∑
s=1

(
ln Γ(

K∑
i=1

αi)−
K∑
i

ln Γ(αi)− ln Γ(Ns +

K∑
i=1

αi)+

K∑
i=1

Eq(z){ln Γ(αi +
∑
n

zni)}+

Ns∑
n=1

K∑
i=1

E{zsni}
D∑
j=1

wsnj lnβij

)
−

M∑
s=1

( Ns∑
n=1

K∑
i=1

E{zni} lnE{zni}
)
,

(9)

where we need to approximate Eq(z){ln Γ(αi +
∑

n zni)}. Making use of the Stirling’s

approximation, we found ln Γ(z) = (z − 1
2) ln(z) − z + 1

12z + 1
2 ln(2π) could approximate

ln Γ(z) accurately for z > 1. Therefore, by plugging in Stirling’s approximation and reuse
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equation 7 we could approximate this expectation:

Eq(z){ln Γ(αi +
∑
n

zni)} =Eq(z){(αi +
∑
n

zni) ln(αi +
∑
n

zni)

− 1

2
ln(αi +

∑
n

zni)− (αi +
∑
n

zni) +
1

12(αi +
∑

n zni)
+

1

2
ln(2π)}

=Eq(z){(αi + n0) ln(αi + n0) +
(
∑

n zni − n0])
2

2(αi + n0)

− 1

2
ln(αi + n0) +

(
∑

n zni − n0])
2

4(αi + n0)2

− (αi +
∑
n

zni)

+
1

12(αi + n0)
+

(
∑

n zni − n0])
2

12(αi + n0)3
+

1

2
ln(2π)}

=(αi + n0) ln(αi + n0)−
1

2
ln(αi + n0)− (αi + n0) +

1

12(αi + n0)

+ V arq[
∑
n

zni]
( 1

2(αi + n0)
+

1

4(αi + n0)2
+

1

12(αi + n0)3
)

+
1

2
ln(2π),

(10)

Note here the first order terms in Taylor expansion are cancelled after taking the ex-
pectation and setting n0 =

∑
nEq{zsni}. The variance are computed by applying the

independent assumption over q(zn): V arq[
∑

n zni] =
∑

n(1−Eq{zni})Eq{zni}.

3.2 Estimate topic profiles β(t)

In the conventional topic modeling, the topic values could be estimated by directly max-
imising the evidence lower bound with a constraint

∑D
j=1 βij = 1, which is described in

section 4. Here we estimate the topic as functions of age by parameterising each βij as a
function of age. The only related term in likelihood function (equation 1) is:

ln p(wn|zn, β(tn)) =
K∑
i=1

zsni

D∑
j=1

wsnj lnπ(βij(tn)),

where we use softmax function to ensure topics are each a multinomial distribution:

π(βij(tn)) =
exp(βT

ijϕ(tn))∑D
j=1 exp(β

T
ijϕ(tn))

.
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We used spline/polynomial functions to model age. The goal is to estimate spline/polynomial
coefficients βij = {βijd}, d = 1, 2, ..., P , where P is the degree of freedom that controls the
smoothness. ϕ(tn) is polynomial or spline basis. Notice here the scale of βij = {βijd} does
not matter, as we could subtract same intercept from the exponential in both numerator
and denominator to change in the scale. However, in practice we put a prior N (βij |0, σ2

0I)
on βij to regularise the search space of the gradient descent optimization described below.
Here we choose a non-informative prior with large variance, σ2

0 = 100.
To maximise the evidence lower bound, we notice that ln(·) is a concave function and

by Taylor expansion:

ln(
D∑
j=1

exp(βT
ijϕ(tsn))) ≤ ln ζ + ζ−1(

D∑
j=1

exp(βT
ijϕ(tsn))− ζ).

Therefore, by introducing a variational variable ζ, we find following lower bound of the
ELBO function L with respect to βij :

L[β] =
M∑
s=1

Ns∑
n=1

Eq{ln p(wn|zn, β(tsn))}

=
M∑
s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
βT
ijϕ(tsn)− ln(

D∑
j′=1

exp{βT
ij′ϕ(tsn)})

)
E{zsni}wsnj ≥

M∑
s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
βT
ijϕ(tsn)− ζ−1

sni

D∑
j′=1

exp{βT
ij′ϕ(tsn)} − ln ζsni + 1

)
E{zsni}wsnj .

(11)

We could then apply a method called local variational inference to maximise the right hand
side of equation 11. We do this by updating β and ζ in turn. Take derivative with respect
to ζsni, we obtained following update:

ζsni =
D∑
j=1

exp{βT
ijϕ(tsn)} (12)

In order to update the lower bound with respect to β, we separate the terms containing
βij :

L[βij ] =

M∑
s=1

Ns∑
n=1

E{zsni}wsnjβ
T
ijϕ(tsn)−

M∑
s=1

Ns∑
n=1

E{zsni}ζ−1
sni exp{β

T
ijϕ(tsn)}.

There is no analytical solution for βij , but the lower bound is convex so we could maximize
the lower bound using following gradient information:

∇βij
L[β] =

M∑
s=1

Ns∑
n=1

(
E{zsni}wsnj −E{zsni}ζ−1

sni exp{β
T
ijϕ(tsn)}

)
ϕ(tsn) (13)
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The gradient information of L[βij ] allows efficient numeric estimation of βij . However,

evaluating L[βij ] and ∇βij
L[β] is computational expensive due to exp{βT

ijϕ(tsn)}, which
require looping through s, n (the entire records set over all subjects!). The gradient descent
methods for estimating βij requires evaluatingL[βij ] and ∇βij

L[β] at each gradient step,
which prohibit scaling up the model to large data set. To solve this problem in practice
we discretise tsn into years which allows us to pre-compute the sum of E{zsni}ζ−1

sni over all
incidences that happened at each age year. For each new βij , we could then sum over all
years, which reuses the sums computed. This trick significant reduced the computation cost
of evaluating L[βij ] and ∇βij

L[β] which makes the estimation of age topics over the entire
UK Biobank HES possible. In conclusion, we could update β using following psuedo-code:

Algorithm 1: Maximize local variationl lower bound

initialization;
for i← 1 to K do

for j ← 1 to D do

Update ζsni =
∑D

j=1 exp{β
T
ijϕ(tsn)} ;

Update βij to maximize L[βij ] ;

end

end

Note here we need to update ζsni for each j, while in practice we only update ζsni once
for each optimization of β to allow parallel computation over j.

The above computation provide a point estimate for β, which we adopted when applying
our methods to empirical data. We also provide mathematical derivation for posterior
distributions of β, though we did not present results using this method to empirical data.
We use a Gaussian prior for βijd and perform full variational inference on β:

βij ∼ N (0, σ2I).
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Here sigma is a hyperparameter that encourages sparsity.

L[β] =
M∑
s=1

Ns∑
n=1

Eq{ln p(wn|zn, β(tsn))}+
K∑
i=1

D∑
j=1

P∑
d=1

(
Eq{ln p(βijd)} −Eq{ln q(βijd)}

)

=
M∑
s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
Eq{βij}Tϕ(tsn)−Eq{ln(

D∑
j=1

exp(βT
ijϕ(tsn)))}

)
E{zsni}wsnj−

1

2σ2

K∑
i=1

D∑
j=1

P∑
d=1

Eq{β2
ijd} −

K∑
i=1

D∑
j=1

P∑
d=1

Eq{ln q(βijd)} ≥

M∑
s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
Eq{βij}Tϕ(tsn)− ζ−1

sni

D∑
j=1

Eq{exp(βT
ijϕ(tsn))} − ln ζsni + 1

)
E{zsni}wsnj−

1

2σ2

K∑
i=1

D∑
j=1

P∑
d=1

Eq{β2
ijd} −

K∑
i=1

D∑
j=1

P∑
d=1

Eq{ln q(βijd)}.

(14)

Following [3], we assumed an independent variational Gaussian distribution for each βijd:

βijd ∼ N (λijd, ν
2
ijd),

and observe the moment-generating function of Guanssian distribution is:

Eq{exp(βijdϕd(tsn))} = exp
(
ϕd(tsn)λijd +

ϕ2
d(tsn)ν

2
ijd

2

)
,

We obtain a tractable lower bound with respect to the variational parameters {ζsni, λijd, ν
2
ijd}:

Lζ,λ,ν2 =
M∑
s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
λT
ijϕ(tsn)− ζ−1

sni

D∑
j=1

exp{
P∑

d=1

(
ϕd(tsn)λijd +

ϕ2
d(tsn)ν

2
ijd

2

)
}−

ln ζsni + 1
)
·E{zsni}wsnj −

K∑
i=1

D∑
j=1

P∑
d=1

( 1

2σ2
ν2ijd +

1

2
ln ν2ijd

)
.

(15)

4 Comparison of collapsed variational inference and mean
field variational inference

A vast number of inference methods have been developed for models based on original
Latent Dirichlet Allocation. The most prominet of which are collapsed gibbs sampling
and mean field variational inference. For inference of model with exchangeable variables
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using extremely large and noisy data set, it is desirable to have a deterministic method
such as variational inference. Collapsed variational inference makes less assumptions for
approximation, therefore the inferred distributions are strictly closer to the true poste-
rior distributions than the mean-field variational Bayesian methods. We will explain why
accuracy would be importance for the data we are considering in section 4.2.

4.1 Mean field variational inference to estimate patient-level posterior
distribution q(z, θ)

Please note this section is just a replication of [4] using our notation, which is provided
to make the note self-contained. We assume variational distributions for latent variables
θ and z are independent of each other, then we could get the variational lower bound for
the log likelihood of a single subject:

q(z, θ) = q(z)q(θ),

L(z, θ, β, α) = Eq{ln p(w, z, θ|α, β)− ln q(z, θ)}.
(16)

It is straightforward to estimate q(z) and q(θ) that maximise the lower bound L(z, θ, β, α):

ln q∗(θ) = ln p(θ|α) +Eq(z){
Ns∑
n=1

ln p(zn|θ)}+ const

=
K∑
i=1

(αi +

Ns∑
n=1

E{zni} − 1) ln θi + const,

ln q∗(z) = Eq(θ){
Ns∑
n=1

ln p(zn|θ)}+
Ns∑
n=1

ln p(wn|zn, β) + const

=

Ns∑
n=1

K∑
i=1

zni

(
E{ln θi}+

D∑
j=1

wnj lnβij

)
+ const.

(17)

We see that q(θ) factorises over i and q(z) factorises over n, i. Therefore, we get the
variational distribution for z and θ:

θi ∼ Dir(αi +

Ns∑
n=1

E{zni})

zni ∼ Cat
( exp

(
E{ln θi}+

∑D
j=1wnj lnβij

)∑K
i=1 exp

(
E{ln θi}+

∑D
j=1wnj lnβij

))
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We then has the (m+ 1)th E-step as follows:

Em+1{ln θi} = Ψ(αi +

Ns∑
n=1

Em{zni})−Ψ(

K∑
i=1

(
αi +

Ns∑
n=1

Em{zni}
)
),

Em+1{zni} =
exp

(
Em+1{ln θi}+

∑D
j=1wnj lnβ

m
ij

)∑K
i=1 exp

(
Em+1{ln θi}+

∑D
j=1wnj lnβm

ij

) , (18)

where Em and βm refers to the estimation of previous step (mth step); Ψ is the digamma
function.

To perform the M-step, we maximize the lower bound L in equation 2 for the entire
population.

L(z, θ, β, α) =
M∑
s=1

(
ln Γ(

K∑
i=1

αi)−
K∑
i

ln Γ(αi) +
K∑
i=1

(αi − 1)E{ln θsi}+

Ns∑
n=1

K∑
i=1

(E{zsni}E{ln θsi})+

Ns∑
n=1

K∑
i=1

E{zsni}
D∑
j=1

wsnj lnβij

)
−

M∑
s=1

(
ln Γ(

K∑
i=1

(
αi +

Ns∑
n=1

E{zni}
)
)−

K∑
i=1

ln Γ(αi +

Ns∑
n=1

E{zni})+

K∑
i=1

(αi +

Ns∑
n=1

E{zni} − 1)E{ln θsi}+

Ns∑
n=1

K∑
i=1

E{zni} lnE{zni}
)

(19)

For β, we take terms in L and add Lagrange multipliers:

L[β] =
K∑
i=1

D∑
j=1

lnβij

M∑
s=1

Ns∑
n=1

E{zsni}wsnj +
K∑
i=1

λi(

D∑
j=1

βij − 1).

Set the derivative of L[β] with respect β to zero, we could get the (n+1)th update for beta:

βn+1
ij =

∑M
s=1

∑Ns
n=1E

n+1{zsni}wsnj∑D
j=1

∑M
s=1

∑Ns
n=1E

n+1{zsni}wsnj

The terms in lower bound that contains α are:

L[αi] =
M∑
s=1

(
ln Γ(

K∑
i=1

αi)− ln Γ(αi) +
K∑
i=1

(αi − 1)En+1{ln θsi}
)
.
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Take the derivatives with respect to α:

∂L[α]
∂αi

= M ·
(
Ψ(

K∑
i=1

αi)−Ψ(αi)
)
+

M∑
s=1

En+1{ln θsi}.

And the Hessian:

∇2
αL[α] = M · diag(−Ψ1(αi)

)
+M ·Ψ1(

K∑
i=1

αi),

where Ψ1 is the Trigamma function. We use the Newton-Raphson method the find the
maximal of α as described in [4]. In practice, we used α = 1 to put an uninformative prior
robust optimization.

4.2 Patient with a few diseases versus documents with many words

In section 3.1, we briefly explained why we chose to use collapsed variational inference over
a simpler mean-filed variational inference method. We will focus on the difference between
equation 17 and equation 5. For the mean-field variational distribution:

ln q∗(z) =

Ns∑
n=1

K∑
i=1

zni

(
E{ln θi}+

D∑
j=1

wnj lnβij

)
+ const,

which factorised over each of the N diagnosis. Therefore, the inferred distribution for each
zn is conditional i.i.d.

q(zn′ |z¬n′ ,w, α, β, θ) = q(zn′ |w, α, β, θ),

Here ¬n′ refer to indices of all diagnoses excluding n′. However, for collapsed VB, condi-
tional distribution depends on other diagnoses of the same patient:

q(zn′ |z¬n′ ,w, α, β) ∝
K∏
i

(αi +
∑

n∈¬n′

zni)
zn′i

K∏
i=1

D∏
j=1

β
zn′iwn′j
ij

The impact of the the dependency on the accuracy of posterior approximation depends
on the data structure. Most of topic modelling modes were designed for text modelling,
where each document have a large word number Ns. In this case, (αi +

∑
n∈¬n′ zni) will

be approximately the same across n′:

lim
Ns→∞

p(zn′ |z¬n′ ,w, α, β) ∝
K∏
i

[
(αi +Nsθi)

D∏
j=1

β
wn′j
ij

]zn′i
,
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where θi is the topic value for the sth document. We see z¬n′ no longer exist and q∗(z) in
equation 17 could approximate p(z|w, α, β) accurately. However, each patient on average
have 6.1 distinct diagnoses in UK Biobank HES, making Ns small for the mean-field ap-
proximation. Note, we do not need to assume independence of zn, it is a consequence of
assume independence between q(θ) and q(z), which is called induced factorisation in some
cases. (section 10.2.5 in [2]) In this cases collapsed VB models the dependency between zn
and z¬n′ and have better accuracy at approximating posterior distribution.
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