Appendix: Regression Methods for Spatial Confounding 

Consider a linear regression model including a random spatial effect ϕ namely  One may obtain analytically that the expected value of β, =E(β), can be written =(XTX)-1XT(y-) where  is the expected spatial effect. Also denote P=X(XTX)-1XT, and Q=Ι-P. 
Then  X=Py-P, and the expected value of y is  
	=X+=Py-P+=Py+Q,
where Q  is a projection matrix onto the orthogonal space of the predictors. The restricted regression of Reich et al [26] is therefore reformulated as   removing the impact of    on    (namely implicit multicollinearity) via the matrix P. In practice, a reduced rank version of  is used in the reformulated regression, based on eigenvectors corresponding to nonzero eigenvalues of . 

The method of Hughes and Haran [29] has a similar rationale, but combines spatial information via an adjacency matrix    with covariate orthogonality via    The adjacency matrix W used in the London psychosis study has    for adjacent areas,    otherwise. Then the projection matrix providing orthogonality with regard to predictors    is   

An alternative to restricted model formulations is the SPatial Orthogonal Centroid K"orrection model [32]. This model is based on the geographic locations (centroids) of the study areas, and creates a new adjacency matrix   by misplacing the original centroids to eliminate confounding between spatial effects  and predictors . This by done by projecting the spatial coordinates of the areas onto the orthogonal space of the covariates, producing a new set of geographical coordinates.

