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[bookmark: _Hlk119615293]1. Evanescent wave and accelerating gradient of metallic laser accelerator 
Because of the respond of free electrons in metal, the incident light could be efficiently reflected by a flat metallic surface. For the sake of simplicity, we consider the case that the reflectivity equal to 1. The interaction of incident light with reflected light forms standing wave, which could be expressed as
, 
where  is the amplitude of incident light,  is the wavevector length of incident light in vacuum,  is the angular frequency of light. The amplitude of electric field  is independent of time. If a free electron with velocity  goes through the field along the -direction, the experienced electric field at t =  is . Thus, the energy change of the electron after it goes through the field is  
,
i.e. the electron energy cannot be affected by these standing waves. However, nearby the grating surface, the incident light can be tailored by the periodic nanostructure of MLA, resulting in a periodical electric field along the electron propagating direction. The expression of the evanescent wave should contain a term , which satisfies  with  being the grating spatial period1,2. The Fourier series expansion of  could be expressed as
,
[bookmark: _Hlk111110143]where  is a positive integer,  is the nth Fourier coefficient. The value of  depends on the material and structural features. 
Assuming the grating is infinite along the y-direction and the light polarization is along the z-direction, we can obtain the excited transverse magnetic (TM) wave with three components, electric field ,  and magnetic field .  can be expressed as
,         (1)
[bookmark: _Hlk111112276][bookmark: _Hlk111118886]where and  is the component of wavevector along the  and -direction, respectively. The synchronization between the electron propagation and the periodic electric field requires that , in which  and is light speed in vacuum. Hence,  can also be written as .  using the wave equation , we can obtain that  . then we can define  as the decay length of evanescent field along the x-direction, so equation (1) can be rewritten as
.                 (2)
By solving Maxwell equations  and ,  we can obtain the other two components and . 
At ,  the electron can be accelerated or decelerated which depends on the initial phase  of the evanescent wave. The electron experienced electric field can be expressed as 
.
According the theoretical analysis of DLA, the acceleration gradient can be defined as the effective electric field over one period, yielding1,2
[bookmark: _Hlk111130771][bookmark: _Hlk107338122][bookmark: _Hlk111128541],
where . The integral result is zero in the second term, indicated that all the high-order terms do not contribute to the energy changes. We have
[bookmark: _Hlk111131447].                        (3)
Here the coefficient  is related to the grating material and nanostructural features. 

[bookmark: _Hlk112514608]2. Electron-photon interaction in the view of particle
      Considering a free electron with initial energy  and momentum  absorbing a photon with frequency  and wavevector ,  we can write the energy-momentum conservation as
, .
[bookmark: _Hlk119618631][bookmark: _Hlk99357605]where  and  is the energy and momentum of the electron after absorbing a photon, respectively,  is reduced Planck constant. The vector  can be decomposed into a parallel component  and a perpendicular component  ( is the angle between  and ). By using the relativistic energy-momentum relation ,  one obtains
,
which can be simplified as 
.
Therefore,
,                       (4)
[bookmark: _Hlk111065573]where  is the group velocity of electron. Since  and  (for electron with sub-relativistic speed), the second and the third terms are much smaller than the first one. As an approximation, equation (4) can be written as 
.                            (5)
In present case, the ≤ in vacuum, hence equation (5) cannot be satisfied and an electron cannot directly absorb a photon in vacuum. However, the momentum of a photon can be enlarged in a dielectric material or nearby a metal surface. When a photon’s momentum is larger than , the absorption of photon becomes possible. Equation (5) can be rewritten as 
,                          (6)
[bookmark: _Hlk119620387][bookmark: _Hlk99362950][bookmark: _Hlk99363903][bookmark: _Hlk111145050]indicating that when the electron energy increases by , the momentum component along the propagating direction will increase by  accordingly. In other words, only photons with momentum component of  can be absorbed by electrons. 
[bookmark: _Hlk111111287]In our experiments, the incident light was tailored by the periodic structure. The wavevector of the first order evanescent wave is  in the z-direction (equation (2)). In the view of particle, the z-component momentum of the photon is . Consequently, electrons can efficiently absorb photons in MLA. In fact, this is an intrinsic result of the phase-matching condition . 
After absorbing a photon, the amplitude of electron momentum can be expressed as 
,
Because , it can be rewritten as
.                  (7)
This equation indicates that the increment of momentum amplitude is equal to the increment of momentum component along the propagating direction when the electron initial momentum is far larger than photon momentum.
[bookmark: _Hlk99373347][bookmark: _Hlk97975952]For the normal incident light, an electron absorbs a number of  photons, energy increase with , longitude momentum increases with , transverse momentum increases with . Transverse deflection angle of electron can be expressed as 
[bookmark: _Hlk111148922].
[bookmark: _Hlk99374759][bookmark: _Hlk99374787]For the convenience of calculation, this equation could be transformed into . In our experiments, the electron with kinetic energy 200 keV absorbs 500 photons ( = 2.4 eV),  2.4 mrad.

3. Interaction of electron with multimode field
[bookmark: _Hlk98408282]Conventional PINEM theory3,4 has calculated the interaction of the free electrons with the near field in UTEM and obtained the wavefunction with quantized energy eigenvalues. Recently, quantum optics theory has also been introduced to solve the interaction of electron with cavity photon5,6. In this section, we focus on the interaction of electron with the multimode field. We firstly start by solving the time-dependent Schrödinger equation. 
In our experiments, the transverse momentum obtained by the incident electron beam is far below its initial longitudinal momentum, we can safely ignore this part in the following discussion. 
[bookmark: _Hlk119685156]3.1. Electron-photon interaction strength 
The interaction Hamiltonian for a single electron with an electromagnetic field can be written as
,
[bookmark: _Hlk98276120][bookmark: _Hlk98410512]where  is the electron mass,  is electron charge,  is the vector potential, and  is the scalar potential. In the absence of extra charges, . The pondermotive term () related with Kapitza-Dirac effect is small under the experimental conditions of the study and can be neglected. The Hamiltonian can be rearranged as , where the ground state Hamiltonian
,
and the interaction term 
,
using the Coulomb gauge .
[bookmark: _Hlk98518367][bookmark: _Hlk98341959][bookmark: _Hlk98419186]Since only considering of z-direction interaction, thus i. In the case of planer wave, the initial electron wave function can be written as . Using the Schrödinger equation , one obtains
.
The solution of this equation is 
[bookmark: _Hlk98419536]
[bookmark: _Hlk98419583][bookmark: _Hlk116581489]where  is the initial envelope function and
[bookmark: _Hlk98419840][bookmark: _Hlk112500341].           (8)
The argument is related with the electron propagation. In the multimode field, vector potential is the sum of all the mode ,
= Im ().   (9)
Putting expression (9) into equation (8), we have
.
Let , then . By converting the temporal integral into spacial integral, the above equation can be rewritten as
.  (10)
Define the electron-photon interaction strength
.           (11)
If we replace  with , the extended PINEM theory can be obtained7.
[bookmark: _Hlk112507350]For MLA, if only the fundamental near field is excited, that is , then the expression of  can be obtained by putting the equation (2) which describes the electric field distribution into equation (11). Because the equation (9) contains the time factor ,  it should not appear anymore. Hence, the electric field can be expressed as , which is time-independent. If the electric field only exists within the range of  ( is the number of spatial periods of MLA), the interaction strength can be written as
.
Therefore, comparing with equation (3), the relationship between the PINEM theory parameter  and DLA parameter  is
.                         (12)
3.2. Electron wavefunction in multimode fields
        Using the equation , equation (10) can be expressed as
,
where
.
Using the Jacobi-Anger expansion, , we have
.
If only the fundamental and SH field exist, 
,                   (13)
where,

Let , then 
,            (14)
where,
,      (15)
[bookmark: _Hlk98492150]and .                 (16)
[bookmark: _Hlk111208496]Then the electron wavefunction can be expressed in the form that only single mode field exist
[bookmark: _Hlk98424034].
[bookmark: _Hlk98424215][bookmark: _Hlk98424228]This wavefunction indicates that when an electron’s energy increases by  after absorbing a photon, its momentum will increase by  accordingly. The probability of an electron gaining  is
,     (17)
where
.          (18)
Here, the probability not only depends on the amplitude of the near field, but also on the relative phase of the fundamental near field and the second harmonic near field. 
[bookmark: _Hlk112682857]Assuming the initial energy distribution of the electrons (zero-loss peak) is , the final electron energy distribution can be expressed as 
. 
However, in the PINEM experiments, the duration of the pump laser pulse is usually shorter than that of the electron pulse. Therefore, the electrons in each pulse should experience different interaction strengths. The above expression doesn’t consider the different interaction strengths happened at different time delays. Thus, another distribution function  should be introduced to represent the probability of an electron interacts with the near field , which satisfies
.
Therefore, the electron energy distribution can be expressed as
.
To measure the average energy-gain in the accelerator, we define a parameter 
.
As shown in Fig. 4, the bowtie structure can drive a large part of electrons into energy-gain quantum states, resulting in a nonzero  and the high-efficiency electron acceleration.
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