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Supplementary file shows the proofs of lemmas inluded in Appendix B-D of main article.
For convenience, the Lemmas are also mentioned here. In following, for simplicity, we write
P(Y > wy(x) | X =) as

P(Y >w,(x) | XT0 =270, X = x).
Lemma 1. Suppose that (C1)-(C6). Then, as K — oo,

e lao(z) = so(x) = bsn(x)| = o(K™7),
z€[a,

where bs n(x) is that given in Section 3.1.

Proof of Lemma 1. From the property of B-spline, there exists the spline model s* such that
SUPgea] |@0(7) — 8¥(z)| — 0 as K — oo (see, Barrow and Smith 1978). By the definition of so,
and continuously and convexity of L(-), we have

[ L(a0) = L(so)| < |L(a0) — L(s™)| = 0
as K — oo. This implies that sup,cy |ao(z) — so(x)| — 0. Therefore, for some 7 € (0, 1),

[L(s0) — L(ao)|

< |E [(a0(Xo) — s0(Xo)){exp[n(ao(Xo) — s0(Xo))] explan(Xo)]log(Y/wn (X)) = 1H (Y > wn(X))] |-
From above, if we would like to minimize |L(sg) — L(ap)|, |so(z) — cpo(x)| should be small as
much as possible. Meanwhile, under given X = x and Y > wy,(x), exp[a(xo)]log(Y/w,(x)) is
asymptotically distributed as standard exponential distribution. Therefore, in order to minimize
|L(s0)—L(ayp)l|, so needs to be determined such as exp[n(so(-) —ao(-))] close to one. Consequently,
we see that g is the best Lo, B-spline approximation to a. This implies that sg is equal or very
close to s*. Accordingly, from Zhou et al. (1998), we obtain

[Iso — a0 = bslloc = o(K 7). (1)
This completes the proof. ]
Lemma 2. Suppose that (C1)-(C7). As n — oo,
. 1
Un(by) = —
(bo) NG

where € is random variable with K-variate standard normal and supgey |rn(z)] < O(K™9) +

O(Tfmi").

{B[P(Y > wn(X)|X)B(X0)B(X0)"|}/?e+E [P(Y > wn(X)|X)rn(X) B(X0)]+AAm, xbo,



Proof of Lemma 2. We note that
Un(bo) = Un(bo) — E[Un(bo)] + E[Uy(bo)].

Here,

E[Un(by)] = E Hexp[B(Xo)TbO] log <w (X)) - 1} Iy > wn(X))B(XO)} + M o
= E[PY > wn(X)|X)ra(X)B(Xo)] + Mu.xbo,

where 29 = 70 and
ro(x) = E | exp[B(z0) T bo] log LA 11 X =2,Y >wy(x)| .
wy () ’

The above E[U,(bg)] is the second term of right hand side of U in Lemma 2. From the definition
of he Pareto-type tailed model with Hall class, we have

| ()| X =y > e
/0 P<0 10g< n}z$)>>z

5 _B=) o N-B@) 0 (1 4
D S () D1 o) 2)

Lemma 1 shows that |B(xg)Tbg — ag(zg)| = O(K~9). Therefore, we find that

X=zY > wn(ac)) dz

=1-

sup |rn(z)| < O(K %) 4 O(7min).
Trex

‘We next show from Lyapnov’s central limit theorem and Cramér-Wold device that Un(bo) —
E[Uy(bo)] is asymptically distributed as normal. It is sufficient to consider the leading term of
Un(bo) — E[Un(bg)] since it has mean zero. For this, we use the fact that

70(;(01') o <wnzlxz)>

is asymptotically distributed as standard exponential distribution under given Y; > wy,(x;). For
any vector u € RX, we consider

E; =

n

(Un(bo) — E[Un(bo)])"w =Y (Z — E[Z]),

i=1

where
7 = L B(Xo) w(Ei ~ DI(Y; > wn(X:)(1 +o(1).

It is easy to show that V[Z;] = n"2ul E[P(Y > w,(X))B(Xo)B(Xg)T]u(1 + o(1)). Condition
(C5) and Lemma 6.3 of Zhou et al. (1998) implies that there exist constants ¢, co > 0 such that

c1mn < ulE[P(Y > w,(X))B(Xo)B(Xo) |u < comp.



Therefore, o, = /Y iy V[Zi] = O(n*1/27$/2). Similarly, we have E[|Z;—E[Z]|*] = n~*E[P(Y >
wn (X)) (B(X)Tu)4] < e3r,n~*. Therefore, we have

Yisi BllZi — E[Zi]|]

4
n

= O((n7)™") = 0(1)

o
as n — oo. Thus, Lyapnov’s condition holds and hence,
Vn(Up(bo) — E[Un(bo)])Tu < N0, uT E[P(Y > w,(X))B(Xo)B(Xo)T|u).

Here, for random variable A,, and B,,, 4,, < B,, means that the distributions of A,, and B,, are
asymptotically equivalent as n — oco. Using Cramér-Wold device, we obtain

VRE[P(Y > w,(X))B(X0)B(X0)|~Y2{U,(bo) — E[Un(bo)]} < Nk (0, Ic),
where I is the K-square identity matrix. This completes the proof. ]

Lemma 3. For any vector v € RE,

. _ K
HU(bO) lv”max S C||v||max7_7

n

for some constant C > 0. Furthermore, ||(Un(bo)~" = U(bo)™)||maz = 0(||0||mae K7 1)

Proof of Lemma 3. Let

Yi

Gn(b) = %ZB(XOZ-)B(XM)T exp[B(Xo;)Tb]log ( ) I(Y; > wp(X5))
=1

and G(b) = E[G,(b)]. Then, U(b) = G(b) + A\A,, . We have
G(b)

=F [B(XO)B(XO)T exp[B(XO)Tb] log <’LU:(/X)> I(Y > wn(X))}

=F [P(Y > w,(X)|X)B(Xo)B(Xo)'E [exp[B(Xo)Tb] log ( ) ‘ Y > wn(X),X” :

Y
wp (X))

Similar to (2), we have

E [exp[B(Xo)Tbo] log ( ) ‘ Y > wn(X),X] =1+o(1).

Y

wy (X))

Thus, for any vector u € R¥, we obtain
u’'G(bo)u = v E[P(Y > w,(X)|X)B(X0)B(Xo)"] u(1 + o(1)).

Together with (C5) and Lemma 6.2 of Zhou et al. (1998), pmin(G(by)) > c17,, K~! and
Pmaz(G(bo)) < cotn K1 with ¢1,ca > 0. Here, we have

U(bo) = G(bo)Y2(I + AG(bo) Y2 Ak G(bo) ") G(bg)/?

From Proposition 4.2 of Xiao (2019), we have

Pmaz(I + AG(bo) ™2 A G(bo) /%) <1+ X g2m

Tn



for some constant ¢ > 0, and

Prmin(I + MG (bo) "2 A 1 G(bo)~Y?) > 1.

Therefore, we obtain ppi, (U (b)) > c17, K ! and

.. Tn(1 4 e, LK™
pmam(U(b)) < c2 ( K )
Under the condition (C6), we have

pmax(q(b))

Pmin(U (b))
for some positive constants ¢y, c2, ¢3 and ¢4. This and Theorem 2.2 of Demko (1977) yield that
the (i, j)-element of U(b)~! has

< c3(1+edr, LK) < ¢y

(T (1) ™)ij] < pmae (U (b) 1) Ll

for some r € (0,1) and L > 0. For any square matrix A, pmaz(A™1) = pmin(A)~1. This implies
that

(@(0))ig] < L2l (3)

Tn
for some constant L > 0. Since 1 +7 + 72+ -+ 7% < (1 —r)~!, for any v € RE,
2 K

||v]|maz

1—r Tn

\|U(b)_1v| lmaz < C

for some constant C' > 0.
We next evaluate

1(Un(0) " = U®) )0llmar = [|U(B) " (Un(b) = U(1))Un(b)~ 0| |ma-
First, we show
HUn(bO) - U(bO)Hmax = [|Gn(bo) — G(b0)|lmaz = o(Tn/K). (4)
The (j, k)-element of G,,(bg) — G(bo) is

n

Ghnij = Z; %{ZiBj(XOi)Bk(XOi) ~ B12:B;(Xoi) Be(Xoo)l} = Z;Hl

for |j — k| < d and Gy, ;; = 0 otherwise, where

Z; = B(XQZ)B(X()@)T exp[B(XOZ-)TbO] log ( > I(Y; > wn(XZ))

Y;
We note again that under Y; > w,(X;), E; = Yo(wo;) " log(Y/w,(X;)) is approximately dis-
tributed as standard exponential distribution. Therefore, if max; F; < M for some M > 0, we
see that max; |H;| < cn™!M for some constant ¢ > 0. Thus, for some J > 0, we have

P(ZH} >5> < P(ZHZ- >4 m?xE,-y<M>+P(m?x|Ei|>M)
=1 =1
< P( ZHZ > maXEi|<M> +ne M,
i—1 !




It is easy to show that V[H;] < n=27, K 1. Therefore, Bernstein’s inequality (see, van de Geer
(2000)) examines that

p<'_

n
>_H
=1

Kr162
>4 < exp [—01 NATn — ]—i—ne_M
1+cdKt M

for some constants c1,c > 0. Putting § = 7,K~'e,, and M = 1/¢,, with g, — 0, g, log(n) — 0
and nt, K 'e, — oo, we obtain

d

This means that (4) holds. )
Similar to the proof of (3), (j, k)-element of U, (b)~! satisfies

n

>on

=1

NTnEn

> TnK_18n> < exp [—c } + ne=en’

— 0.

[(Un(6)7)j6] < — L™

n

for some ¢ € (0,1) and L > 0. Thus, the property of inverse of band matrix examines

HU(b)‘%HIPaX = ||v|[mazO(K/7s). Next, using (4) and the fact that Un(bo) — Ul(bg) is band
matrix, [{Un(bo) — U(bo) YU (b) " 0|lmaz = ||v||mazo(1). Finally, the inverse of band matrix
property of U, (b)~! achieves

HUN(b)(Un(bO) - U(bO))U(b)”Hmaw = |[v[lmaz0(K/Tn),
which completes the proof. O

Lemma 4. Suppose that (C1)-(C7). For any 6, > 0 satisfying 6, — 0 and

1 [ K [AK
max{ —, ,K_q,T,’?mi"} —0
On nTy Tn

P(||b — bol| > 6,) = 0.

as n — oo,

Proof of Lemma 4. Let

2a(6) = & |{explBOx 0l10g (T ) = BOWTB LIV > 1, (X))
and

L(b) = Un(b,60|))

i=1



We note that L and Lo are strictly convex functions. Therefore, by = argming Lo(b) and

b = argming L(b). From Lemma 2 of Hjort and Pollard (2011), for 6, > 0,
P(||b—bgl|| > 6,) < P ( sup  |L(b) — Lo(b)| > 271 inf  |Lo(b) — Lo(bo)\> .
1b-bol|<én [1b—bo||=0n

We now consider the vector b € R¥ satisfying ||b— bo|| = §,,. When ||b—bg|| = 6,,, we can write
b = by + d,u, u € RE where ||u|| = 1. By the straightforward calculation, for some 6 € (0, 1),

Lo(b) — Lo(bo)

— 6, F [B(XO)TU {exp[B(XO)TbO} log <U;(/X)> — 1} I(Y > wn(X))]

+§uTE [B(XO)B(XO)T exp|06, B(Xo) u] exp[B(Xo) T by| log (w E(KX)> Iy > wn(X))] u

2

We note that B(x)Tu # 0 for any w with ||u|| = 1. Furthermore, for any positive function
v(z) > 0, the minimum eigen-value of E[v(X)B(Xo)B(Xo)"] has lower bound cK ! for some
constant ¢ > O(see, Lemma 6.1 of Zhou et al. 1998). Together with (2) and |B(Xo)Tby —
ap(Xo)| = O(K 1), we have

62T,

OnT, 1
Lo(b) — L > o OnTn (2 > ¢+ InTn
L0(8) ~ Lafow)] = 522 (4.6, ) = 207

for some constant ¢* € (0,1). This ¢* is used later. Accordingly, we obtain

PUlb—boll > 5) < P( aup (L)~ Lob) 227 in |L0(b)—Lo(bo)|>
||1b—bo||<6n [1b—bo||=6r

*57217—71
< P sup  |L(b) — Lo(b)| > ¢ = |
1b—bol|<6n

For simplicity, we put ¢, = 027, K 1. Then, our porpose is to show

P( swp  |L(B) — Lo(b)| > <) 0. (5)
1b—bo||<5n

Again, we consider b = by + d,u, u € RX where ||u|| < 1. We then obtain

P ( sup  |L(b) = Lo(b)| = C*Cn>
1b=bo|<s,

< P (|L(bo) — Lo(bo)| > 27'¢"C,)

+P ( sup  |L(b) — L(bo) — Lo(b) + Lo(bo)| = 2_10*Cn)
|lb—bo||<5y,

=J1+ Jo.

We evaluate J;. Define

(Y, X|b) = {exp[B(Xg)Tb] log <



Since SuUp,cpq,p] \a(()m) (z) — (d™/dz™)B(z)"bo| = O(K~(4=™)) (see, Barrow and Smith 1978), we
obtain

L(bg) — Lo(by) = Ze Y;, Xi|bo) — E[£(Y;, Xi]bo)] + / {o™ (2)y2dx(1 + o(1)).

Under the condition of Lemma 4, we have

Therefore, it is sufficient to show

P ( 2—1c*§n> — 0.

We let E; = v(Xo;) "t log(Y;/w,(X;)) under given Y; > w,(X;). As we noted in the proof of
Lemma 3, E; is asymptotically distributed as standard exponential. We can then easily find that
V[e(Y;, X;lbo)] < ety for some constant ¢ > 0. Furthermore, if max; |F;| < M for a constant
M > 0, we have max; |((Y;, Xi|bo) — E[¢(Y, X|bo)]| < coM with additional constant ¢y > 0.
Therefore, using Bernstein’s inequality with M = 7,(;!, we obtain that for some constant
n
n~h Y U(Y;, Xilbo) — EU(Y, X |bo)]| >

Cc* >0,
e
=1

P (
n~ 1Y (Y, Xilbo) — E[0(Y;, Xilbo)]| > 27 ¢* ¢y

<
i=1

2
< cexp [—C*ncn] + cnexp [—Tncgl]

Tn

n~ 'Y (Y, Xilbo) — EJ(Yi, Xilbo)]| >
=1

n
,max | E| < M) +Y P(E; > M)
(]
=1

nTR62

< cexp [—C* 7

} + cnexp [—Ké,f]
— 0.

Next, we focus on Jy. Define

((X,Y|u) = B(Xo)Tu {exp[eanB(Xo)Tu] exp[B(Xo)Tbo] log < ) — 1} I(Y > wy(X)).

Y
wy (X))
Then, for some 6 € (0, 1), we obtain

L(b) — L(bo)

— (5n% Z B(Xo)Tu {exp[@énB(XOi)Tu] exp[B(Xo;) T bo] log <wnz/sz>> — 1} I(Y; > wy(X5))

A {0,ul Ay, ko + 2u Ay, gu

= liﬁ(x Y-yu)+5 / A" g 4 ()T {by + 6pu} de—/b ﬁB[d}(x)Tb Qd:c
- nn — 1 iy Lg . dzm 0 n . dzm 0 .

2




Under §,, — 0, we obtain

This yields that

Under (C7), we have A\J,, /¢, — 0. Thus, the remaining proof is to show

d

sup |L(b) — L(bo) — Lo(b) + Lo(bo)|

1 Z{gl(Xi,Yi\u) — B0 (X,Y|u)]}

Let U = {u € RE : ||u]| < 1} be the vector space and Uy, .

the diameter R, = C(,/(49,n")

1 Z{gl(Xi,Yg\u) — B[t (X, Y[u)]}

m 2 b m 2
mB[d]<m>T{bo+5nu}} - [ {jxmBM(m)Tbo} iz

g [/ab{m

> 2—1c*gn5;1) — 0.

+O(N,).

O(AS,).

.., Un be a covering of U with
for some constant C' > 0 and v > 0. That is, & C UZN Ui

Then, Lemma 2.5 of van de Geer (2000) yields that it is sufficient to set N < C(n¥6,,/¢,)%. Let
up € Uy, k=1,..., N and let M; be positive constant. Then, for some constant ¢; > 0, we have

P < sup %Z{&(XHYJU) — B[ (X, Y |u)]}
i=1

llwf[<1

M) =

k

I
—

WE

k=1
+ sup
[lw||ety | T
where

P ( LS A (X Vi) — B (X Y]
=1

1 n
= (X5, Yilu, ug)| > 27 ¢G5,

+

P ( %Z{&(Xi,yiluk) - E[gl(X7Y|uk)]}'
i=1

sup
12|l €Ldy

n

1 n
- ZEQ(X’U }/’L|u)uk)

=1

max F; < Ml) + ¢1 Nnexp[—M;i]
K3

> 2_10*@1(551)

(X, Yilw, ug) = 01(X 5, Vilu) — E[01(X, Y [u)] — {6(X3, Yilug) — B[t (X, Y]ug)]}, w € U

We evaluate

0( X5, Y w, uy)

By the Taylor expansion, there exists € (0,1) such that

06 (X5, Y ) — 06(X5, Yilug)

= B(Xoi)T(u — uk) {exp[&énB(XOi)Tuk] eXp[B(XOZ‘)Tbo] log <

+05n(u — Uk)TB(XOZ)B(XOl)T’U,k

x expl06, B(Xoi) " ur] exp[nf5, B(Xo;)" (w — w)] exp[B(Xoi)" bo] log (w

wn&_)) _ 1} 1(Y; > wa (X))



We see that under §,, — 0,

mmW&iﬂXmVUNmWﬂ%BL&mTW—w%ﬂmebﬁﬂﬁmk%<wj;0)

is approximately distributed as F;. Therefore, under max; F; < My, for some constant C' > 0,
we obtain

5nTanM1 < Cgﬁ Ml(sn'rn'

6n7—n
— <
[l —wi]| < C= 5, Kn¥

< 2CM; I

1 n
~ D 6a(Xi, Yilu, ug)
i=1

Putting M; = colog(Nnlog(n)) for some constant co > 0, we obtain Mi6,7,/(Kn”) — 0. This
yields that under max; E; < My,
~1 6n
<27l
“

n

1 n
E ZEQ(X’M }/’L|’u’)uk)
=1

sup
IKf=2P

Furthermore, we have
Nnexp[—M;] — 0.

Lastly, we evaluate

N
>

k=1
Under max; E; < Mj, it is easy to find that max; |¢1(X;, Yi|ug)| < ¢pdp,M; for some constant

¢ > 0. Furthermore, we obtain V[¢1(X, Yi|uy)] < o627, K 1. This and Bernstein’s inequality
yield that

n

D {6(Xy, Yiluy) — E[6(X, Y uy)]}
i=1

1
- Z 2_10*615771
n

7

n

1 S {0(X, Yilu) — E[0(X, Y [uy)]}

P(
ni:l

Gr/om
< Cexp [—C@zﬁn/(nf() + Ml(ann/(n(sn):|

<oen|-o]

Cn
< o2
_C5n

max |E;| < M1>
K2

for some constant C' > 0. Accordingly, we obtain

n

N
1 n
»op ( - > {6(X 4, Yilug) — B[ (X, Y Jug)]}| < cg— max | F;| < M1> — 0.
k=1 i=1 n ?
Consequently, P(||b— bo|| > 6,) — 0 holds. O

Lemma 5. Suppose that (C1)-(C9). Let 6, be the positive sequence satisfying 6, — 0, (n,)"?6, —
o0, 0, log(n) — 0 and 1,/62 — 0. Then, as n — oo,

P(||¢ — ol > 0n) — 0.



Proof of Lemma 5. Let
Ln(¢) = ;i {explao(X7 0(9)6(¢))] log(Yi/wa (X)) — ao(X] 0(¢)|0(¢)) } 1(Yi > wi (X))
and let .

Ly(¢) = :LG; {exp[a(X7 0()(60(4))] log(Yi/wn (X)) — (X7 0(4)0(¢))} 1(Y; > wa(X)).

Then, ¢ = argmin L, (¢|a(-|0(¢))). From the theorems in Section 3.1, we see that for any
¢ € Se, |a(xT0()|0(d)) — ao(xT0()|0(d))| = O(n,). Therefore, from the definition of L,
we have |Ln(¢p) — Ln(@)| < Crnnt, for some constant C7, > 0. Next, we define

L(¢) = E [{explao(X " 0()|0())] log(Y/wn (X)) — ao(XT0(¢)|0(¢)) } I(Y > wn(X))] -

The true single index parameter vector ¢ is the minimizer of Ly(¢) = —E[log f (Y |ao(-|0(¢)), 8())].
By the definition of L and 8y = 0(¢,), we have

| = B0g fu, (Y]ao(|80), 80)] — L(¢y)| < Crylrmn ™!

for some constant Cy > 0. We note that ao(-) = ao(:|0p). Thanks to Hijort and Pollard (2011),
for any sufficiently small é,, > 0 and some condtant C > 0,

P(||¢ — ¢yl > dn)
<P ( sup  |Ln(@) — Lo(¢p)| > 271 inf  |Lo(¢p) — L0(¢0)|)
||¢_¢0H<6n H¢_¢0H:5n

<P ( sup  |Ln(¢) — L(@)| + C{rnmn + 72min} > 271 inf  |L(¢p) — L(¢O)|>
19—=oll<bn 1= ol1=0n

Here, we write

_ daog(z70(9)[6(¢))
Al (:B|¢) - 0 d¢
and
_ dPag(z76(4)|0(9))
AQ(m‘(ﬁ) - d¢d¢T :

If || — ¢gl| = On, there exists u € RP~! such that ||u|| = 1 and ¢ = ¢ + d,u. By the Taylor
expansion, there exists ¢* satisfying ||¢y — ¢*|| < ||y — @|| = J,, such that 8* = 6(¢") and

L(¢) — L(¢o)
= dpu’ B [A1(X |¢g) {explan(XT00)]log(Y/w, (X)) — 1} I(Y > w,(X))]
+62u” B [A5(X|¢*) {explao(XT0%|6%)] log(Y/wn (X)) — 1} I(Y > w,(X))] u
+02uT B [A1(X, ¢g)A1(X, ") explag(XT0%|6%)] log(Y/wn (X)) I(Y > wn(X))] u{l +op(1)}.
Since
|E [exp[ao(XTHO)] log(Y/wn (X)) — 1Y > wp(x), X0y = 270y, X = z] |
_a@)| _B@) o s@) et L,
bo(x) B(x) +1 (@) ’ (1+o(1))
= 0(r®)
> CrfPmas

10



for some constant C' > 0, where e = supgey B(x). Here, we are allowed to use Spap = 00.
Thus, under (C9), we have

inf  |L(¢p) — L(gg|)| > COr, { 7mae 4 §rPmes 151 > €527,
1~ gbol|=5 ’ { j

By the assumption, we see that min{z,n,, T,’fmi"ﬂ} /762 — 0. Thus, our purpose is to show

P < sup | Ln(@lao(-10())) — L(dlao)| > Cd?zﬂz) — 0.
H¢_¢0H§5n
We define ¢ = ¢ + 6,1, where ||u|| < 1. Then, we have

P ( sup  [Ln(@) — L(@)] > Céim)
1ol <o

< P (|Ln(¢pg) — L(pg)| > 27" Cd77)

+P ( sup  [Ln(¢) — Ln(g) — L(9) + L(¢p)| > 21053%)

-, ||<6n
=Ji+ Jo.
Let
WX, Yilu) = {explao(X] 0(dy + 0nu)|0(g + 6nw))] log(Vi/wn (X))
—ao(X7 0 + 0,u)|0(dg + dpu)) } I(Y; > wn (X))
Then,

Lu(o) ~ L{do) = - S {h(X:, ¥i[0) ~ E[h(X, Y|0)]}
=1

Here, under Y; > w,(X;), E; = explao(X 7 00)]log(Y;/w,(X;)) is asymptotically distributed as
exponential distribution. Let M be the positive constant. Then, we have

J <P <\Ln(¢0)) — Lo(¢)| > 27'C%ry| max E; < M> + nexp[—M].

It is easy to show that V[h(X;,Y;|0)] < Cy7, for some constant C; > 0. Under max; E; < M,
we have max; |h1(X;,Y;|0)| < CoM for some constant Cy > 0. We set M = 1/6,,. Then, the
Bernstein’s inequality yields that

P (yLn(d)O) — Lo(¢)| > C&°7,| max E; < M)

2
_ 0T
Tn M(s%Tn
n n

< Csexp [—Csnoy) .

< Csexp |—C3

for some constant C3 > 0. Since § = 6, satisfies log(n) < 6} < n, we have J; — 0 as n — oc.
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We next evaluate Jo. From Taylor expansion, we obtain that there exists £ € (0, 1) such that
hXi, Yilu) — h(X5,Y;|0)
= 5, ul A (X|po + E0,u)
x{explao(X7 0(dg + £6,u)|8(dg + E6uu))] log(Yi/wn (X)) — 1M (Yi > wa (X))
= h (X, Yi|u).

Then, in Jo, we can write

Ln(¢o + 6u) = Ln(¢g) — L(pg + du) + L) = % Y h(XiYilu) - Bln(X, Y |u)].
=1

Let U = {u € RP7!|||u|| < 1} be the vector space and Uj,...,Uyx be a covering of U with
the diameter R,, = C42/n” for some constant C > 0 and v > 0. Then, Lemma 2.5 of van de
Geer (2000) yields that N < C(n”/§%7,)P~L. Let uy € Uy, k =1,..., N and let M; be positive
constant. Define

ha (X, Yilu, up) = hi (X4, Yilu) — E[h(X, Y |w)] — {h1 (X3, Yilug) — Elh (X, Y |ug)]}

Then, we have

P( sup lZm(Xz-,Y;\m—E[fmx,wu)] 22_1052m>

llwl|<1 | i
1 — 1 —

< = (XY ug) — E[h (X, Y [ugp)]| + sup | =) he( Xy, Yilu, ug)| > 271C6%n,
D SACRIREEINE SEI RFTILS SRR )

=1

IN

N

>
k=1 =1
N 1 n

> (|13 ey Bl 5. V)|
k=1 i=1

1
n

Y ho(Xi, Yilu,uy)| > 27106,

=1

+ sup
Uy,

n

max F; < M1> + Nnexp[—M;].
K3

We set My = 1/6,. Since ¢, satisfies d,, log(n) — 0, Nnexp[—M;] converges to zero. Similar
to the evaluation of £5 in the proof of Lemma 4, under max; F; < My, we obtain that for some
constant ¢ > 0,

1 —1 452

- > ho(Xi, Yilu, ug) | < cMibumn Ry < 271 COoTy.

=1

sup
Uy,

Lastly, we will evaluate

d

It is easy to show that max; |hy (X, Yi|ug)| < C18, M7 and V[hi (X, Yi|ug)] < Co627, for some
constant Cp,Cy > 0. Therefore, Bernsteins inequality realizes that

1 n
- Z hi(X5, Yilug) — E[h1 (X, Y |ug)]
i=1

> 2*0@%) - 0.

1 n
P ( LS (X, Vilug) — Bl (X, Y wp)]| 2—106%)
i
54T2
< Csexp |— "
s g

< C3exp [—m‘néﬂ
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for some constant C3 > 0. Since d,(nr,)"/?

that P(||¢ — @l| > 0,) — 0 as n — oo.

— 00, we obtain Jy — 0 as n — oo. This implies

O
Lemma 6. Suppose that (C1)—(C9). Then, as n — oo,
B(xz760)T (b(8) — by) = B(x"00)" U, (bo) " U, (bo)(1 + op(1)).
Proof of Lemma 6. Let
Qu(w)
! Z {exp[BM (XT0) {bo + /] g (wn&i)) ~ BU(XTH)T {bo + u/nn}} 1(Y; > wn(X2)

A
+5{bo + w/1n}" A i {bo + w/1n}.
Then, the minimizer of @) is obtained as
@ = 1, {b(0) — by}

By the Taylor expansion, we have

Qn(u) = Qn(0) + iwn(é)Tu + %uTAn(é)u + ;uTAmK{bo +u/n,}

n n

n

Wa(6) = 1 3 BOKT0) {expl B (XT0) bl tos (s ) = 1 10 > (X))
i=1 AT

[lw[| < [[u| and

An(0) = ;En: BY(xTo)B(XxT0)" exp[B Y (XT0) {by+u*/n,}] log (w XX)> I(Y; > wy(X5))
=1 n 7

From Theorem 4, we obtain

W ,.(8) = W,.(89) + BL(6 — 6y),

where
B,
1 <= 0B XT6")Tu Y;
_ - i [d] T gx\T v _ 3 )
- Z = {exp[B (XT0*)Tby) log <wn(Xi)) 1} I(Y; > wp (X))

i=1

1 n
il dxTg*
+”;B (x76%)

7, OBY(XT0") by
00

exp[BIXT07) o () 107 > w0, (X.)

and ||6* — 8g|| < || — 6g||. From the proof of Theorem 1, we see that ||By|| = Op(rim=T)

and ||W,,(8) — W,(80)|| = Op(r™n|6 — 60]]) = op(1) uniformly for u € U C RX | where
U is any compact subset of R¥. Similarly, simple each element of A,,(8) — A,,(6y) has an order
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op(1) uniformly for w € U. Therefore, from the convexity lemma of Pollard (1991), we have
that Qp(u) — @, (0) is asymptotically equivalent to

1 1 A
—W,(00) u + —ZuTAn(Ho)u + —ul A g {bo +u/nn}

/rln n n

uniformly for w € Y € RE. We note that U, (bg, 89|\) = W, (0g) and U, (bo, 0o|\) = A, (09) +
AAp, k- This implies that

mB(x"00)" (b(6) —bo) = mB(@"00)" (An(80) + M 1) Wa(80)(1+ 0p(1))

= nuB(x"00)" U (bo, 00| \) " Un(bo, 89| A) (1 + 0p(1)).
Using Lemmas 2 and 3, we obtain

nnB(x100)T U, (bo, 00| \) "1U,(bg, Bg|\) = Op(1).
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