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Supplementary file shows the proofs of lemmas inluded in Appendix B–D of main article.
For convenience, the Lemmas are also mentioned here. In following, for simplicity, we write
P (Y > wn(x) | X = x) as

P (Y > wn(x) | XTθ = xTθ,X = x).

Lemma 1. Suppose that (C1)–(C6). Then, as K → ∞,

sup
x∈[a,b]

|α0(x)− s0(x)− bs,n(x)| = o(K−q),

where bs,n(x) is that given in Section 3.1.

Proof of Lemma 1. From the property of B-spline, there exists the spline model s∗ such that
supx∈[a,b] |α0(x)− s∗(x)| → 0 as K → ∞ (see, Barrow and Smith 1978). By the definition of s0,
and continuously and convexity of L(·), we have

|L(α0)− L(s0)| ≤ |L(α0)− L(s∗)| → 0

as K → ∞. This implies that supx∈X |α0(x)− s0(x)| → 0. Therefore, for some η ∈ (0, 1),

|L(s0)− L(α0)|
≤ |E [(α0(X0)− s0(X0)){exp[η(α0(X0)− s0(X0))] exp[α0(X0)] log(Y/wn(X))− 1}I(Y > wn(X))] |.

From above, if we would like to minimize |L(s0) − L(α0)|, |s0(x) − α0(x)| should be small as
much as possible. Meanwhile, under given X = x and Y > wn(x), exp[α(x0)] log(Y/wn(x)) is
asymptotically distributed as standard exponential distribution. Therefore, in order to minimize
|L(s0)−L(α0)|, s0 needs to be determined such as exp[η(s0(·)−α0(·))] close to one. Consequently,
we see that α0 is the best L∞ B-spline approximation to α. This implies that s0 is equal or very
close to s∗. Accordingly, from Zhou et al. (1998), we obtain

||s0 − α0 − bs||∞ = o(K−q). (1)

This completes the proof.

Lemma 2. Suppose that (C1)–(C7). As n → ∞,

U̇n(b0) =
1√
n
{E[P (Y > wn(X)|X)B(X0)B(X0)

T ]}1/2ε+E [P (Y > wn(X)|X)rn(X)B(X0)]+λ∆m,Kb0,

where ε is random variable with K-variate standard normal and supx∈X |rn(x)| ≤ O(K−q) +

O(τβmin
n ).
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Proof of Lemma 2. We note that

U̇n(b0) = U̇n(b0)− E[U̇n(b0)] + E[U̇n(b0)].

Here,

E[U̇n(b0)] = E

[{
exp[B(X0)

Tb0] log

(
Y

wn(X)

)
− 1

}
I(Y > wn(X))B(X0)

]
+ λ∆m,Kb0

= E [P (Y > wn(X)|X)rn(X)B(X0)] + λ∆m,Kb0,

where x0 = xTθ and

rn(x) = E

[
exp[B(x0)

Tb0] log

(
Y

wn(x)

)
− 1

∣∣∣∣X = x, Y > wn(x)

]
.

The above E[U̇n(b0)] is the second term of right hand side of U̇ in Lemma 2. From the definition
of he Pareto-type tailed model with Hall class, we have

E

[
1

γ0(x0)
log

(
Y

wn(x)

)∣∣∣∣X = x, Y > wn(x)

]
=

∫ ∞

0
P

(
1

γ0(x0)
log

(
Y

wn(x)

)
> z

∣∣∣∣X = x, Y > wn(x)

)
dz

= 1− ℓ1(x)

ℓ0(x)

β(x)

β(x) + 1
wn(x)

−β(x)/γ0(x0)(1 + o(1)). (2)

Lemma 1 shows that |B(x0)
Tb0 − α0(x0)| = O(K−q). Therefore, we find that

sup
x∈X

|rn(x)| ≤ O(K−q) +O(τβmin
n ).

We next show from Lyapnov’s central limit theorem and Cramér-Wold device that U̇n(b0)−
E[U̇n(b0)] is asymptically distributed as normal. It is sufficient to consider the leading term of
U̇n(b0)− E[U̇n(b0)] since it has mean zero. For this, we use the fact that

Ei =
1

γ0(X0i)
log

(
Yi

wn(Xi)

)
is asymptotically distributed as standard exponential distribution under given Yi > wn(xi). For
any vector u ∈ RK , we consider

(U̇n(b0)− E[U̇n(b0)])
Tu =

n∑
i=1

(Zi − E[Zi]),

where

Zi =
1

n
B(X0i)

Tu(Ei − 1)I(Yi > wn(Xi))(1 + o(1)).

It is easy to show that V [Zi] = n−2uTE[P (Y > wn(X))B(X0)B(X0)
T ]u(1 + o(1)). Condition

(C5) and Lemma 6.3 of Zhou et al. (1998) implies that there exist constants c1, c2 > 0 such that

c1τn ≤ uTE[P (Y > wn(X))B(X0)B(X0)
T ]u ≤ c2τn.
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Therefore, σn ≡
√∑n

i=1 V [Zi] = O(n−1/2τ
1/2
n ). Similarly, we haveE[|Zi−E[Zi]|4] = n−4E[P (Y >

wn(X))(B(X)Tu)4] ≤ c3τnn
−4. Therefore, we have∑n
i=1E[|Zi − E[Zi]|4]√

σ4
n

= O((nτn)
−1) = o(1)

as n → ∞. Thus, Lyapnov’s condition holds and hence,

√
n(U̇n(b0)− E[U̇n(b0)])

Tu
a.s.∼ N(0,uTE[P (Y > wn(X))B(X0)B(X0)

T ]u).

Here, for random variable An and Bn, An
a.s∼ Bn means that the distributions of An and Bn are

asymptotically equivalent as n → ∞. Using Cramér-Wold device, we obtain

√
nE[P (Y > wn(X))B(X0)B(X0)

T ]−1/2{U̇n(b0)− E[U̇n(b0)]}
a.s.∼ NK(0, IK),

where IK is the K-square identity matrix. This completes the proof.

Lemma 3. For any vector v ∈ RK ,

||Ü(b0)
−1v||max ≤ C||v||max

K

τn

for some constant C > 0. Furthermore, ||(Ün(b0)
−1 − Ü(b0)

−1)v||max = o(||v||maxKτ−1
n )

Proof of Lemma 3. Let

Gn(b) =
1

n

n∑
i=1

B(X0i)B(X0i)
T exp[B(X0i)

Tb] log

(
Yi

wn(Xi)

)
I (Yi > wn(Xi))

and G(b) = E[Gn(b)]. Then, Ü(b) = G(b) + λ∆m,K . We have

G(b)

= E

[
B(X0)B(X0)

T exp[B(X0)
Tb] log

(
Y

wn(X)

)
I (Y > wn(X))

]
= E

[
P (Y > wn(X)|X)B(X0)B(X0)

TE

[
exp[B(X0)

Tb] log

(
Y

wn(X)

)∣∣∣∣Y > wn(X),X

]]
.

Similar to (2), we have

E

[
exp[B(X0)

Tb0] log

(
Y

wn(X)

)∣∣∣∣Y > wn(X),X

]
= 1 + o(1).

Thus, for any vector u ∈ RK , we obtain

uTG(b0)u = uTE
[
P (Y > wn(X)|X)B(X0)B(X0)

T
]
u(1 + o(1)).

Together with (C5) and Lemma 6.2 of Zhou et al. (1998), ρmin(G(b0)) ≥ c1τnK
−1 and

ρmax(G(b0)) ≤ c2τnK
−1 with c1, c2 > 0. Here, we have

Ü(b0) = G(b0)
1/2(I + λG(b0)

−1/2∆m,KG(b0)
−1/2)G(b0)

1/2

From Proposition 4.2 of Xiao (2019), we have

ρmax(I + λG(b0)
−1/2∆m,KG(b0)

−1/2) ≤ 1 + c
λ

τn
K2m
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for some constant c > 0, and

ρmin(I + λG(b0)
−1/2∆m,KG(b0)

−1/2) ≥ 1.

Therefore, we obtain ρmin(Ü(b)) > c1τnK
−1 and

ρmax(Ü(b)) < c2
τn(1 + cλτ−1

n K2m)

K
.

Under the condition (C6), we have

ρmax(Ü(b))

ρmin(Ü(b))
≤ c3(1 + cλτ−1

n K2m) ≤ c4

for some positive constants c1, c2, c3 and c4. This and Theorem 2.2 of Demko (1977) yield that
the (i, j)-element of Ü(b)−1 has

|(Ü(b)−1)ij | ≤ ρmax(Ü(b)−1)Lr|i−j|

for some r ∈ (0, 1) and L > 0. For any square matrix A, ρmax(A
−1) = ρmin(A)−1. This implies

that

|(Ü(b)−1)ij | ≤ L
K

τn
r|i−j| (3)

for some constant L > 0. Since 1 + r + r2 + · · ·+ rK ≤ (1− r)−1, for any v ∈ RK ,

||Ü(b)−1v||max ≤ C
2

1− r
||v||max

K

τn

for some constant C > 0.
We next evaluate

||(Ün(b)
−1 − Ü(b)−1)v||max = ||Ü(b)−1(Ün(b)− Ü(b))Ün(b)

−1v||max.

First, we show

||Ün(b0)− Ü(b0)||max = ||Gn(b0)−G(b0)||max = o(τn/K). (4)

The (j, k)-element of Gn(b0)−G(b0) is

Gn,ij =
n∑

i=1

1

n
{ZiBj(X0i)Bk(X0i)− E[ZiBj(X0i)Bk(X0i)]} ≡

n∑
i=1

Hi

for |j − k| ≤ d and Gn,ij = 0 otherwise, where

Zi = B(X0i)B(X0i)
T exp[B(X0i)

Tb0] log

(
Yi

wn(Xi)

)
I(Yi > wn(Xi)).

We note again that under Yi > wn(Xi), Ei = γ0(x0i)
−1 log(Y/wn(Xi)) is approximately dis-

tributed as standard exponential distribution. Therefore, if maxiEi < M for some M > 0, we
see that maxi |Hi| ≤ cn−1M for some constant c > 0. Thus, for some δ > 0, we have

P

(∣∣∣∣∣
n∑

i=1

Hi

∣∣∣∣∣ > δ

)
≤ P

(∣∣∣∣∣
n∑

i=1

Hi

∣∣∣∣∣ > δ

∣∣∣∣∣max
i

|Ei| < M

)
+ P (max

i
|Ei| > M)

≤ P

(∣∣∣∣∣
n∑

i=1

Hi

∣∣∣∣∣ > δ

∣∣∣∣∣max
i

|Ei| < M

)
+ ne−M .
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It is easy to show that V [Hi] ≤ n−2τnK
−1. Therefore, Bernstein’s inequality (see, van de Geer

(2000)) examines that

P

(∣∣∣∣∣
n∑

i=1

Hi

∣∣∣∣∣ > δ

)
≤ exp

[
−c1

nKτ−1
n δ2

1 + c2δKτ−1
n M

]
+ ne−M

for some constants c1, c2 > 0. Putting δ = τnK
−1εn and M = 1/εn with εn → 0, εn log(n) → 0

and nτnK
−1εn → ∞, we obtain

P

(∣∣∣∣∣
n∑

i=1

Hi

∣∣∣∣∣ > τnK
−1εn

)
≤ exp

[
−c

nτnεn
K

]
+ ne−ε−1

n

→ 0.

This means that (4) holds.
Similar to the proof of (3), (j, k)-element of Ün(b)

−1 satisfies

|(Ün(b)
−1)jk| ≤

K

τn
Lq|j−k|

for some q ∈ (0, 1) and L > 0. Thus, the property of inverse of band matrix examines
||Ü(b)−1v||max = ||v||maxO(K/τn). Next, using (4) and the fact that Ün(b0) − Ü(b0) is band
matrix, ||{Ün(b0) − Ü(b0)}Ü(b)−1v||max = ||v||maxo(1). Finally, the inverse of band matrix
property of Ün(b)

−1 achieves

||Ün(b)(Ün(b0)− Ü(b0))Ü(b)v||max = ||v||maxo(K/τn),

which completes the proof.

Lemma 4. Suppose that (C1)–(C7). For any δn > 0 satisfying δn → 0 and

1

δn
max

{√
K

nτn
,

√
λK

τn
,K−q, τβmin

n

}
→ 0

as n → ∞,
P (||b̂− b0|| > δn) → 0.

Proof of Lemma 4. Let

L0(b) = E

[{
exp[B(X0)

Tb] log

(
Y

wn(X)

)
−B(X0)

Tb

}
I(Y > wn(X))

]
and

L(b) = Un(b,θ0|λ)

=
1

n

n∑
i=1

{
exp[B(X0i)

Tb] log

(
Yi

wn(Xi)

)
−B(X0i)

Tb

}
I(Yi > wn(Xi))

+
λ

2

∫ b

a

{
dm

dxm
B(x)Tb

}2

dx.
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We note that L and L0 are strictly convex functions. Therefore, b0 = argminb L0(b) and

b̂ = argminb L(b). From Lemma 2 of Hjort and Pollard (2011), for δn > 0,

P (||b̂− b0|| > δn) ≤ P

(
sup

||b−b0||≤δn

|L(b)− L0(b)| ≥ 2−1 inf
||b−b0||=δn

|L0(b)− L0(b0)|

)
.

We now consider the vector b ∈ RK satisfying ||b−b0|| = δn. When ||b−b0|| = δn, we can write
b = b0 + δnu,u ∈ RK , where ||u|| = 1. By the straightforward calculation, for some θ ∈ (0, 1),

L0(b)− L0(b0)

= δnE

[
B(X0)

Tu

{
exp[B(X0)

Tb0] log

(
Y

wn(X)

)
− 1

}
I(Y > wn(X))

]
+
δ2n
2
uTE

[
B(X0)B(X0)

T exp[θδnB(X0)
Tu] exp[B(X0)

Tb0] log

(
Y

wn(X)

)
I(Y > wn(X))

]
u

We note that B(x)Tu ̸= 0 for any u with ||u|| = 1. Furthermore, for any positive function
v(x) > 0, the minimum eigen-value of E[v(X0)B(X0)B(X0)

T ] has lower bound cK−1 for some
constant c > 0(see, Lemma 6.1 of Zhou et al. 1998). Together with (2) and |B(X0)

Tb0 −
α0(X0)| = O(K−q), we have

|L0(b)− L0(b0)| ≥ c∗
δnτn
K

(
1

Kq
+ δn

)
≥ 2c∗

δ2nτn
K

for some constant c∗ ∈ (0, 1). This c∗ is used later. Accordingly, we obtain

P (||b̂− b0|| > δn) ≤ P

(
sup

||b−b0||≤δn

|L(b)− L0(b)| ≥ 2−1 inf
||b−b0||=δn

|L0(b)− L0(b0)|

)

≤ P

(
sup

||b−b0||≤δn

|L(b)− L0(b)| ≥ c∗
δ2nτn
K

)
.

For simplicity, we put ζn = δ2nτnK
−1. Then, our porpose is to show

P

(
sup

||b−b0||≤δn

|L(b)− L0(b)| ≥ c∗ζn

)
→ 0. (5)

Again, we consider b = b0 + δnu,u ∈ RK , where ||u|| ≤ 1. We then obtain

P

(
sup

||b−b0||≤δn

|L(b)− L0(b)| ≥ c∗ζn

)
≤ P

(
|L(b0)− L0(b0)| ≥ 2−1c∗ζn

)
+P

(
sup

||b−b0||≤δn

|L(b)− L(b0)− L0(b) + L0(b0)| ≥ 2−1c∗ζn

)
≡ J1 + J2.

We evaluate J1. Define

ℓ(Y,X|b) =
{
exp[B(X0)

Tb] log

(
Y

wn(X)

)
−B(X0)

Tb

}
I(Y > wn(X)).
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Since supx∈[a,b] |α
(m)
0 (x)− (dm/dxm)B(x)Tb0| = O(K−(q−m)) (see, Barrow and Smith 1978), we

obtain

L(b0)− L0(b0) =
1

n

n∑
i=1

ℓ(Yi, Xi|b0)− E[ℓ(Yi, Xi|b0)] +
λ

2

∫ b

a
{α(m)

0 (x)}2dx(1 + o(1)).

Under the condition of Lemma 4, we have

λ

ζn
→ 0.

Therefore, it is sufficient to show

P

(∣∣∣∣∣n−1
n∑

i=1

ℓ(Yi, Xi|b0)− E[ℓ(Yi, Xi|b0)]

∣∣∣∣∣ > 2−1c∗ζn

)
→ 0.

We let Ei = γ(X0i)
−1 log(Yi/wn(Xi)) under given Yi > wn(Xi). As we noted in the proof of

Lemma 3, Ei is asymptotically distributed as standard exponential. We can then easily find that
V [ℓ(Yi,Xi|b0)] ≤ cτn for some constant c > 0. Furthermore, if maxi |Ei| < M for a constant
M > 0, we have maxi |ℓ(Yi, Xi|b0) − E[ℓ(Y,X|b0)]| < c0M with additional constant c0 > 0.
Therefore, using Bernstein’s inequality with M = τnζ

−1
n , we obtain that for some constant

C∗ > 0,

P

(∣∣∣∣∣n−1
n∑

i=1

ℓ(Yi, Xi|b0)− E[ℓ(Y,X|b0)]

∣∣∣∣∣ > 2−1c∗ζn

)

≤ P

(∣∣∣∣∣n−1
n∑

i=1

ℓ(Yi, Xi|b0)− E[ℓ(Yi, Xi|b0)]

∣∣∣∣∣ > 2−1c∗ζn

∣∣∣∣∣ ,max
i

|Ei| < M

)
+

n∑
i=1

P (Ei > M)

≤ c exp

[
−C∗nζ

2
n

τn

]
+ cn exp

[
−τnζ

−1
n

]
≤ c exp

[
−C∗nτnδ

2
n

K

]
+ cn exp

[
−Kδ−2

n

]
→ 0.

Next, we focus on J2. Define

ℓ1(X, Y |u) = B(X0)
Tu

{
exp[θδnB(X0)

Tu] exp[B(X0)
Tb0] log

(
Y

wn(X)

)
− 1

}
I(Y > wn(X)).

Then, for some θ ∈ (0, 1), we obtain

L(b)− L(b0)

= δn
1

n

n∑
i=1

B(X0i)
Tu

{
exp[θδnB(X0i)

Tu] exp[B(X0i)
Tb0] log

(
Yi

wn(Xi)

)
− 1

}
I(Yi > wn(Xi))

+λ
{
δnu

T∆m,Kb0 + δ2nu
T∆m,Ku

}
= δn

1

n

n∑
i=1

ℓ1(Xi, Yi|u) +
λ

2

[∫ b

a

{
dm

dxm
B[d](x)T {b0 + δnu}

}2

dx−
∫ b

a

{
dm

dxm
B[d](x)Tb0

}2

dx

]
.
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Under δn → 0, we obtain

λ

[∫ b

a

{
dm

dxm
B[d](x)T {b0 + δnu}

}2

dx−
∫ b

a

{
dm

dxm
B[d](x)Tb0

}2

dx

]
= O(λδn).

This yields that

sup
||u||<1

|L(b)− L(b0)− L0(b) + L0(b0)|

≤ δn sup
||u||<1

∣∣∣∣∣ 1n
n∑

i=1

{ℓ1(Xi, Yi|u)− E[ℓ1(X, Y |u)]}

∣∣∣∣∣+O(λδn).

Under (C7), we have λδn/ζn → 0. Thus, the remaining proof is to show

P

(
sup

||u||<1

∣∣∣∣∣ 1n
n∑

i=1

{ℓ1(Xi, Yi|u)− E[ℓ1(X, Y |u)]}

∣∣∣∣∣ ≥ 2−1c∗ζnδ
−1
n

)
→ 0.

Let U = {u ∈ RK : ||u|| < 1} be the vector space and U1, . . . ,UN be a covering of U with
the diameter Rn = Cζn/(4δnn

ν) for some constant C > 0 and ν > 0. That is, U ⊆ ∪N
i=1Ui.

Then, Lemma 2.5 of van de Geer (2000) yields that it is sufficient to set N ≤ C(nνδn/ζn)
K . Let

uk ∈ Uk, k = 1, . . . , N and let M1 be positive constant. Then, for some constant c1 > 0, we have

P

(
sup

||u||<1

∣∣∣∣∣ 1n
n∑

i=1

{ℓ1(Xi, Yi|u)− E[ℓ1(X, Y |u)]}

∣∣∣∣∣ ≥ 2−1c∗ζnδ
−1
n

)

≤
N∑
k=1

P

(∣∣∣∣∣ 1n
n∑

i=1

{ℓ1(Xi, Yi|uk)− E[ℓ1(X, Y |uk)]}

∣∣∣∣∣+ sup
||u||∈Uk

∣∣∣∣∣ 1n
n∑

i=1

ℓ2(Xi, Yi|u,uk)

∣∣∣∣∣ ≥ 2−1c∗ζnδ
−1
n

)

≤
N∑
k=1

P

(∣∣∣∣∣ 1n
n∑

i=1

{ℓ1(Xi, Yi|uk)− E[ℓ1(X, Y |uk)]}

∣∣∣∣∣
+ sup

||u||∈Uk

∣∣∣∣∣ 1n
n∑

i=1

ℓ2(Xi, Yi|u,uk)

∣∣∣∣∣ ≥ 2−1c∗ζnδ
−1
n

∣∣∣∣∣max
i

Ei ≤ M1

)
+ c1Nn exp[−M1]

where

ℓ2(Xi, Yi|u,uk) = ℓ1(Xi, Yi|u)− E[ℓ1(X, Y |u)]− {ℓ1(Xi, Yi|uk)− E[ℓ1(X, Y |uk)]}, u ∈ Uk.

We evaluate

sup
||u||∈Uk

∣∣∣∣∣ 1n
n∑

i=1

ℓ2(Xi, Yi|u,uk)

∣∣∣∣∣ .
By the Taylor expansion, there exists η ∈ (0, 1) such that

ℓ1(Xi, Yi|u)− ℓ1(Xi, Yi|uk)

= B(X0i)
T (u− uk)

{
exp[θδnB(X0i)

Tuk] exp[B(X0i)
Tb0] log

(
Yi

wn(Xi)

)
− 1

}
I(Yi > wn(Xi))

+θδn(u− uk)
TB(X0i)B(X0i)

Tuk

× exp[θδnB(X0i)
Tuk] exp[ηθδnB(X0i)

T (u− uk)] exp[B(X0i)
Tb0] log

(
Yi

wn(Xi)

)
I(Yi > wn(Xi)).
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We see that under δn → 0,

exp[θδnB(X0i)
Tu] exp[ηθδnB(X0i)

T (u− uk)] exp[B(X0i)
Tb0] log

(
Yi

wn(Xi)

)
is approximately distributed as Ei. Therefore, under maxiEi ≤ M1, for some constant C > 0,
we obtain∣∣∣∣∣ 1n

n∑
i=1

ℓ2(Xi, Yi|u,uk)

∣∣∣∣∣ ≤ 2CM1
δnτn
K

||u− uk|| ≤ C
δnτnRn

K
M1 ≤ C

ζn
δn

M1δnτn
Knν

.

Putting M1 = c2 log(Nn log(n)) for some constant c2 > 0, we obtain M1δnτn/(Knν) → 0. This
yields that under maxiEi ≤ M1,

sup
||u||∈Uk

∣∣∣∣∣ 1n
n∑

i=1

ℓ2(Xi, Yi|u,uk)

∣∣∣∣∣ < 2−1c
ζn
δn

.

Furthermore, we have
Nn exp[−M1] → 0.

Lastly, we evaluate

N∑
k=1

P

(∣∣∣∣∣ 1n
n∑

i=1

{ℓ1(Xi, Yi|uk)− E[ℓ1(X, Y |uk)]}

∣∣∣∣∣ ≥ 2−1c∗ζnδ
−1
n

∣∣∣∣∣max
i

Ei ≤ M1

)
→ 0.

Under maxiEi ≤ M1, it is easy to find that maxi |ℓ1(Xi, Yi|uk)| ≤ c0δnM1 for some constant
c > 0. Furthermore, we obtain V [ℓ1(Xi, Yi|uk)] ≤ c0δ

2
nτnK

−1. This and Bernstein’s inequality
yield that

P

(∣∣∣∣∣ 1n
n∑

i=1

{ℓ1(Xi, Yi|uk)− E[ℓ1(X, Y |uk)]}

∣∣∣∣∣ ≤ c
ζn
δn

∣∣∣∣∣max
i

|Ei| < M1

)

≤ C exp

[
−C

ζ2n/δ
2
n

δ2nτn/(nK) +M1δnζn/(nδn)

]
≤ C exp

[
−C

n

log(n)

]
for some constant C > 0. Accordingly, we obtain

N∑
k=1

P

(∣∣∣∣∣ 1n
n∑

i=1

{ℓ1(Xi, Yi|uk)− E[ℓ1(X, Y |uk)]}

∣∣∣∣∣ ≤ c
ζn
δn

∣∣∣∣∣max
i

|Ei| < M1

)
→ 0.

Consequently, P (||b̂− b0|| > δn) → 0 holds.

Lemma 5. Suppose that (C1)–(C9). Let δn be the positive sequence satisfying δn → 0, (nτn)
1/2δn →

∞, δn log(n) → 0 and ηn/δ
2
n → 0. Then, as n → ∞,

P (||ϕ̂− ϕ0|| > δn) → 0.

9



Proof of Lemma 5. Let

Ln(ϕ) =
1

n

n∑
i=1

{
exp[α0(X

T
i θ(ϕ)|θ(ϕ))] log(Yi/wn(Xi))− α0(X

T
i θ(ϕ)|θ(ϕ))

}
I(Yi > wn(Xi))

and let

L̂n(ϕ) =
1

n

n∑
i=1

{
exp[α̂(XT

i θ(ϕ)|θ(ϕ))] log(Yi/wn(Xi))− α̂(XT
i θ(ϕ)|θ(ϕ))

}
I(Yi > wn(Xi)).

Then, ϕ̂ = argmin L̂n(ϕ|α̂(·|θ(ϕ))). From the theorems in Section 3.1, we see that for any
ϕ ∈ Sc, |α̂(xTθ(ϕ)|θ(ϕ)) − α0(x

Tθ(ϕ)|θ(ϕ))| = O(ηn). Therefore, from the definition of Ln,
we have |L̂n(ϕ)− Ln(ϕ)| ≤ CLηnτn for some constant CL > 0. Next, we define

L(ϕ) = E
[{

exp[α0(X
Tθ(ϕ)|θ(ϕ))] log(Y/wn(X))− α0(X

Tθ(ϕ)|θ(ϕ))
}
I(Y > wn(X))

]
.

The true single index parameter vector ϕ0 is the minimizer of L0(ϕ) = −E[log f(Y |α0(·|θ(ϕ)),θ(ϕ))].
By the definition of L and θ0 = θ(ϕ0), we have

| − E[log fwn(Y |α0(·|θ0),θ0)]− L(ϕ0)| ≤ Cℓτ
βmin+1
n

for some constant Cℓ > 0. We note that α0(·) = α0(·|θ0). Thanks to Hijort and Pollard (2011),
for any sufficiently small δn > 0 and some condtant C > 0,

P (||ϕ̂− ϕ0|| > δn)

≤ P

(
sup

||ϕ−ϕ0||<δn

|L̂n(ϕ)− L0(ϕ)| > 2−1 inf
||ϕ−ϕ0||=δn

|L0(ϕ)− L0(ϕ0)|

)

≤ P

(
sup

||ϕ−ϕ0||<δn

|Ln(ϕ)− L(ϕ)|+ C{τnηn + τβmin
n } > 2−1 inf

||ϕ−ϕ0||=δn

|L(ϕ)− L(ϕ0)|

)
Here, we write

A1(x|ϕ) =
dα0(x

Tθ(ϕ)|θ(ϕ))
dϕ

and

A2(x|ϕ) =
d2α0(x

Tθ(ϕ)|θ(ϕ))
dϕdϕT

.

If ||ϕ − ϕ0|| = δn, there exists u ∈ Rp−1 such that ||u|| = 1 and ϕ = ϕ0 + δnu. By the Taylor
expansion, there exists ϕ∗ satisfying ||ϕ0 − ϕ∗|| < ||ϕ0 − ϕ|| = δn such that θ∗ = θ(ϕ∗) and

L(ϕ)− L(ϕ0)

= δnu
TE
[
A1(X|ϕ0)

{
exp[α0(X

Tθ0)] log(Y/wn(X))− 1
}
I(Y > wn(X))

]
+δ2nu

TE
[
A2(X|ϕ∗)

{
exp[α0(X

Tθ∗|θ∗)] log(Y/wn(X))− 1
}
I(Y > wn(X))

]
u

+δ2nu
TE
[
A1(X,ϕ0)A1(X,ϕ∗)T exp[α0(X

Tθ∗|θ∗)] log(Y/wn(X))I(Y > wn(X))
]
u{1 + oP (1)}.

Since

|E
[
exp[α0(X

Tθ0)] log(Y/wn(X))− 1|Y > wn(x),X
Tθ0 = xTθ0,X = x

]
|

=
|ℓ1(x)|
ℓ0(x)

β(x)

β(x) + 1
wn(x)

−β(x)/γ0(xTθ0)(1 + o(1))

= O(τβ(x)
n )

≥ Cτβmax
n .
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for some constant C > 0, where βmax = supx∈X β(x). Here, we are allowed to use βmax = ∞.
Thus, under (C9), we have

inf
||ϕ−ϕ0||=δn

|L(ϕ)− L(ϕ0|)| ≥ Cδτn

{
τβmax
n + δτβmax

n + δ
}
≥ Cδ2τn.

By the assumption, we see that min{τnηn, τβmin+1
n }/τnδ2n → 0. Thus, our purpose is to show

P

(
sup

||ϕ−ϕ0||≤δn

|Ln(ϕ|α0(·|θ(ϕ)))− L(ϕ|α0)| > Cδ2nτn

)
→ 0.

We define ϕ = ϕ0 + δnu, where ||u|| ≤ 1. Then, we have

P

(
sup

||ϕ−ϕ0||≤δn

|Ln(ϕ)− L(ϕ)| > Cδ2nτn

)
≤ P

(
|Ln(ϕ0)− L(ϕ0)| > 2−1Cδ2nτn

)
+P

(
sup

||ϕ−ϕ0||≤δn

|Ln(ϕ)− Ln(ϕ0)− L(ϕ) + L(ϕ0)| > 2−1Cδ2nτn

)
≡ J1 + J2.

Let

h(Xi, Yi|u) =
{
exp[α0(X

T
i θ(ϕ0 + δnu)|θ(ϕ0 + δnu))] log(Yi/wn(Xi))

−α0(X
T
i θ(ϕ0 + δnu)|θ(ϕ0 + δnu))

}
I(Yi > wn(Xi)).

Then,

Ln(ϕ0)− L(ϕ0) =
1

n

n∑
i=1

{h(Xi, Yi|0)− E[h(X, Y |0)]}.

Here, under Yi > wn(Xi), Ei = exp[α0(X
T
i θ0)] log(Yi/wn(Xi)) is asymptotically distributed as

exponential distribution. Let M be the positive constant. Then, we have

J1 ≤ P

(
|Ln(ϕ0))− L0(ϕ0)| > 2−1Cδ2τn

∣∣max
i

Ei < M

)
+ n exp[−M ].

It is easy to show that V [h(Xi, Yi|0)] ≤ C1τn for some constant C1 > 0. Under maxiEi < M ,
we have maxi |h1(Xi, Yi|0)| ≤ C2M for some constant C2 > 0. We set M = 1/δn. Then, the
Bernstein’s inequality yields that

P

(
|Ln(ϕ0)− L0(ϕ0)| > Cδ2τn

∣∣max
i

Ei < M

)
≤ C3 exp

[
−C3

δ2nτn
τn
n + Mδ2nτn

n

]
≤ C3 exp [−C3nδn] .

for some constant C3 > 0. Since δ = δn satisfies log(n) < δ−1
n < n, we have J1 → 0 as n → ∞.
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We next evaluate J2. From Taylor expansion, we obtain that there exists ξ ∈ (0, 1) such that

h(Xi, Yi|u)− h(Xi, Yi|0)
= δnu

TA1(Xi|ϕ0 + ξδnu)

×{exp[α0(X
T
i θ(ϕ0 + ξδnu)|θ(ϕ0 + ξδnu))] log(Yi/wn(Xi))− 1}I(Yi > wn(Xi))

≡ h1(Xi, Yi|u).

Then, in J2, we can write

Ln(ϕ0 + δu)− Ln(ϕ0)− L(ϕ0 + δu) + L(ϕ0) =
1

n

n∑
i=1

h1(Xi, Yi|u)− E[h1(X, Y |u)].

Let U = {u ∈ Rp−1|||u|| ≤ 1} be the vector space and U1, . . . ,UN be a covering of U with
the diameter Rn = Cδ2n/n

ν for some constant C > 0 and ν > 0. Then, Lemma 2.5 of van de
Geer (2000) yields that N ≤ C(nν/δ2τn)

p−1. Let uk ∈ Uk, k = 1, . . . , N and let M1 be positive
constant. Define

h2(Xi, Yi|u,uk) = h1(Xi, Yi|u)− E[h1(X, Y |u)]− {h1(Xi, Yi|uk)− E[h1(X, Y |uk)]} .

Then, we have

P

(
sup

||u||≤1

∣∣∣∣∣ 1n
n∑

i=1

h1(Xi, Yi|u)− E[h1(X, Y |u)]

∣∣∣∣∣ ≥ 2−1Cδ2τn

)

≤
N∑
k=1

P

(∣∣∣∣∣ 1n
n∑

i=1

h1(Xi, Yi|uk)− E[h1(X, Y |uk)]

∣∣∣∣∣+ sup
u∈Uk

∣∣∣∣∣ 1n
n∑

i=1

h2(Xi, Yi|u,uk)

∣∣∣∣∣ ≥ 2−1Cδ2τn

)

≤
N∑
k=1

P

(∣∣∣∣∣ 1n
n∑

i=1

{h1(Xi, Yi|uk)− E[h1(X, Y |uk)]}

∣∣∣∣∣
+ sup

u∈Uk

∣∣∣∣∣ 1n
n∑

i=1

h2(Xi, Yi|u,uk)

∣∣∣∣∣ ≥ 2−1Cδ2τn

∣∣∣∣∣max
i

Ei ≤ M1

)
+Nn exp[−M1].

We set M1 = 1/δn. Since δn satisfies δn log(n) → 0, Nn exp[−M1] converges to zero. Similar
to the evaluation of ℓ2 in the proof of Lemma 4, under maxiEi ≤ M1, we obtain that for some
constant c > 0,

sup
u∈Uk

∣∣∣∣∣ 1n
n∑

i=1

h2(Xi, Yi|u,uk)

∣∣∣∣∣ < cM1δnτnRn < 2−1Cδ2nτn.

Lastly, we will evaluate

P

(∣∣∣∣∣ 1n
n∑

i=1

h1(Xi, Yi|uk)− E[h1(X, Y |uk)]

∣∣∣∣∣ ≥ 2−1Cδ2nτn

)
→ 0.

It is easy to show that maxi |h1(Xi, Yi|uk)| ≤ C1δnM1 and V [h1(Xi, Yi|uk)] ≤ C2δ
2
nτn for some

constant C1, C2 > 0. Therefore, Bernsteins inequality realizes that

P

(∣∣∣∣∣ 1n
n∑

i=1

h1(Xi, Yi|uk)− E[h1(X, Y |uk)]

∣∣∣∣∣ ≥ 2−1Cδ2τn

)

≤ C3 exp

[
− δ4τ2n

C1
δ2τn
n + C2

M1δ2τn
n

]
≤ C3 exp

[
−nτnδ

2
]
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for some constant C3 > 0. Since δn(nτn)
1/2 → ∞, we obtain J2 → 0 as n → ∞. This implies

that P (||ϕ̂− ϕ0|| > δn) → 0 as n → ∞.

Lemma 6. Suppose that (C1)–(C9). Then, as n → ∞,

B(xTθ0)
T (b̂(θ̂)− b0) = B(xTθ0)

T Ün(b0)
−1U̇n(b0)(1 + oP (1)).

Proof of Lemma 6. Let

Qn(u)

=
1

n

n∑
i=1

{
exp[B[d](XT

i θ̂)
T {b0 + u/ηn}] log

(
Yi

wn(Xi)

)
−B[d](XT

i θ̂)
T {b0 + u/ηn}

}
I(Yi > wn(Xi))

+
λ

2
{b0 + u/ηn}T∆m,K{b0 + u/ηn}.

Then, the minimizer of Q is obtained as

û = ηn{b̂(θ̂)− b0}.

By the Taylor expansion, we have

Qn(u) = Qn(0) +
1

ηn
W n(θ̂)

Tu+
1

η2n
uTAn(θ̂)u+

λ

ηn
uT∆m,K{b0 + u/ηn}

where

W n(θ̂) =
1

n

n∑
i=1

B[d](XT
i θ̂)

{
exp[B[d](XT

i θ̂)
Tb0] log

(
Yi

wn(Xi)

)
− 1

}
I(Yi > wn(Xi)),

||u∗|| < ||u|| and

An(θ̂) =
1

n

n∑
i=1

B[d](XT
i θ̂)B

[d](XT
i θ̂)

T exp[B[d](XT
i θ̂)

T {b0+u∗/ηn}] log
(

Yi
wn(Xi)

)
I(Yi > wn(Xi))

From Theorem 4, we obtain

W n(θ̂) = W n(θ0) +BT
n (θ̂ − θ0),

where

Bn

=
1

n

n∑
i=1

∂B[d](XT
i θ

∗)Tu

∂θ

{
exp[B[d](XT

i θ
∗)Tb0] log

(
Yi

wn(Xi)

)
− 1

}
I(Yi > wn(Xi))

+
1

n

n∑
i=1

B[d](XT
i θ

∗)Tu
∂B[d](XT

i θ
∗)Tb0

∂θ
exp[B[d](XT

i θ
∗)Tb0] log

(
Yi

wn(Xi)

)
I(Yi > wn(Xi))

and ||θ∗ − θ0|| < ||θ̂ − θ0||. From the proof of Theorem 1, we see that ||Bn|| = OP (τ
βmin+1
n )

and ||W n(θ̂) − W n(θ0)|| = OP (τ
βmin+1
n ||θ̂ − θ0||) = oP (1) uniformly for u ∈ U ⊂ RK , where

U is any compact subset of RK . Similarly, simple each element of An(θ̂)−An(θ0) has an order
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oP (1) uniformly for u ∈ U . Therefore, from the convexity lemma of Pollard (1991), we have
that Qn(u)−Qn(0) is asymptotically equivalent to

1

ηn
W n(θ0)

Tu+
1

η2n
uTAn(θ0)u+

λ

ηn
uT∆m,K{b0 + u/ηn}

uniformly for u ∈ U ⊂ RK . We note that U̇n(b0,θ0|λ) = W n(θ0) and Ün(b0,θ0|λ) = An(θ0) +
λ∆m,K . This implies that

ηnB(xTθ0)
T (b̂(θ̂)− b0) = ηnB(xTθ0)

T (An(θ0) + λ∆m,K)−1W n(θ0)(1 + oP (1))

= ηnB(xTθ0)
T Ün(b0,θ0|λ)−1U̇n(b0,θ0|λ)(1 + oP (1)).

Using Lemmas 2 and 3, we obtain

ηnB(xTθ0)
T Ün(b0,θ0|λ)−1U̇n(b0,θ0|λ) = OP (1).
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