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I. STRUCTURED RANDOM SAMPLING

We take the 2D problem space to explain how to perform the random sampling in the first
stage; the extension to d-dimensional problems is straightforward. In the case of the optimal
sampling, s rows and columns should be selected according to the leveraging scores [1]-[4]. In

other words, the probabilities of sampling one of M rows and N columns are given by:

Pr{r; = m} = |[U(m, )[[/||Ul[F, forr; € R;

Pr{c; = n} = |[V(,n)l[z/[IVI[F, forr €C,

where F = UAV? is the singular value decomposition (SVD) of the original problem space;
U(m,:) denotes the m-th row of a left singular matrix U and V(:,n) denotes the n-th column of
a right singular matrix V. Although this leveraging score-based sampling strategy could acquire
the best reconstruction performance, however, with only the sampled versions of F (i.e. C and
R), we are not able to compute the leveraging scores.
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For this reason, we adopt a refined sampling strategy. To be specific, we firstly sample s
columns according to the uniform distribution. On this basis, we approximately compute the
sampling score of M rows, which is defined as the row variance of a sampled sub-matrix C.

Then, we can sample s rows according to the probabilities

Pr{c; =n} =1/N, Pr{r; =m} :pj/ ijj,

whereby

=Y G- rGe)

In practice, the computation of this sampling scores can be iteratively implemented. For example,
we may firstly sample few columns and then compute the scores of each rows. In the next round,
we compute the sampling scores of each columns, relying on the already sampled rows; and
thus update the scores of remaining rows. As demonstrated by empirical results, this method

obtains the high reconstruction accuracy.

A. Online Estimation of the Rank

Despite the general low rank structures (for example, see SI Fig. E1 for benchmark functions),
the a prior knowledge on the rank of discrete problem space F may be unavailable. Fortunately,
during the structured random sampling stage, we can estimate the rank value r = rank(F) in
an online mode. As noted, the singular values of a reconstructed representation matrix F would
accurately approximate the singular values of the original space F, when the sampling length
s is sufficiently large. Inspired by this, we propose one sample-efficient method for the online
estimation of rank, which is critical to the low-rank representation learning stage (see SI Fig.
E2).

At the beginning, we set a small sampling length sy, and obtain the representation space
F € RM*N, Subsequently, in each iteration we increase the sampling length to s;,; = s;+1; and
accordingly, we obtain the new singular values, i.e., afm < ai. For the strictly rank-restricted
problems, we obtain the estimation of unknown rank, i.e., 7 = s;, once the condition agw < Jgi
was satisfied. For the approximate rank-restriction problems, we estimate the rank via the residual
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error, which is defined as } ', o7 < (N — s;)o7 . Once the condition > 7, o7 /[> 7 07 +

(N —si)o3 ] >0.95 was satisfied, we obtain 7 = s;; see an illustration in SI Fig. E3.



II. THEORETICAL PROBABILITY OF FINDING THE GLOBAL OPTIMUM

In this section, we provide the theoretical analysis on the lower bound probability of EVOLER
in finding the globally optimum. To sum up, our following analysis consists of 4 steps. Here,
we take the 2D problems for example; see the extension to d-dimensional case in SI section III.

Firstly, we show that the residual error, between the original discrete problem space F € RM*¥

and its low rank representation F € RM*N

, would follow a non-Gaussian distribution which is
well described by the long-tail a-stable distribution.

Secondly, we study the probability of one critical case, whereby the next local solution x'° €
X is mistaken as the initial solution X** = arg min f(x) in a representation space F; X € RM*N
is the discrete grid of continuous variable x € R?; f(x) : R? — R denotes a fitness function.

Thirdly, we give the probability of an initial solution Xx°™ falls into the basin of the global
optimum x* = arg )I(Ieluig% f(x).

Finally, we show that, after the limited 7' generations, EVOLER converges to the global
optimum with probability Pr{x” — x*}. In particular, the probability of finding the global
optimum would approach 1, i.e., Pr{x” — x*} — 1, when the problem has the general low-rank

structure, as is often the case of real-world applications.

In this following, we give the detail analysis on each step.

A. Statistical Distribution of Residual Error

For the general rank-restricted problems, we can firstly reconstruct one low rank representation
space F ¢ RMxN ; M and N are the grid sizes. On this basis, we show that the residual error,
1e., enmy = {F — F}, will theoretically follow one non-Gaussian probability density; see the
following Theorem 1.

Theorem 1. Denote the rank-restricted original problem space as F € RM*N_ We sample s
rows and columns to abstract two submatrics C = F(C,:) € RM*$ and R = F(:,R) € R**¥,
C and R are two sampling index sets; we thus reconstruct a representation space F = CWR &
RM*N whereby W = [F(C,R)|!. The residual error matrix is denoted as Z = F — F € RM*N,
Then, the element e,,,, of E statistically follows the long-tail o-stable distribution.

Proof: Before going a further step, we firstly give an important result on the multivariate

t-distribution [5], [6], which is closely related with our following analysis.



Lemma 1. Denote one covariance matrix S € R"™*", which follows the Wishart distribution.
Provided one n x 1 random vector r ~ A (0,QI,) independent of S, then the multi-variate
variable t £ (S 2/)_1r follows the t-distribution.

Based on the Lamma 1, we will show that the elements in each vector y; 2 WR(;,j) €
Rs*! (j =1,2,---, N) would be the multivariate ¢-distributed variables.

As noted, after randomly sampling s rows and columns from F, the intersection matrix F, =
F(C,R) € R*** consists of s independent s x 1 vectors. For simplicity, we assume the elements
of F, follow the Gaussian distribution (as seen latterly, our following analysis holds also for the

non-Gaussian cases). So, we can define one covariance matrix as:
A T SX S
S=F,F, € R,

which is a semi-positive symmetric definite (SPSD) matrix, or in the literature refereed as the
Wishart matrix. X” denotes the transpose matrix of X.

Similarly, we assume each row of the sampled sub-matrix R, i.e., r £ F(j,:) € R**1, to be
Gaussian distributed. Furthermore, since the involved s samples are randomly selected and we
have s < min{M, N}, we reasonably assume r is independent and identically distributed (i.i.d).
That is to say, its covariance matrix is given by rrl = QI; I, is the s x s dimensional identity
matrix. In addition, it is easily noted that the weight matrix W = FS_1 € R**¢ [1]-[3], [7], after
the pseudo-inverse operation, would be independent of r € R,

As a consequence, we conclude that the multi-variate variable
’ 71
v, 2 WR(,j) = (8"%) rer,

would follow the t-distribution, by applying the above Lemma 1. As noted, there are two
necessary conditions for this result, i.e., (1) the independence between W and r, and (ii) the
i.i.d Gaussian distributed r. In some practical situations (e.g. benchmark functions), the random
samples of r may not be Gaussian distributed. Fortunately, our empirical results show that the

above t-distribution still holds; see SI Fig. E10 for the results on 14 benchmark functions.



On this basis, the residual error can be reformatted as:

emn = C(m, )WR(:,n) = Z C(m, 7y, (1),

23z, j=12 s
j=1

For clarity, here we define a new variable as z; = C(m, j)y,(j). As the linear combination of
multivariate ¢-distributed variables y,, (j), the new variable z; also follows the ¢-distribution [8].

It is noteworthy that the variance of ¢-distribution variables, i.e., z;, would become infinite;
so that the celebrated Central Limit Theorem (CLT) becomes also inapplicable. Still, we may
resort to the Generalized Central Limit Theorem (GCLT) to derive the probability density function
(PDF) of the residual errors {e;, , }.

s

Before applying the GCLT, we need to show the residual errors e,,, = Y. ;-1 % meet the

following two necessary properties. (1) Stable property: As discussed, the linear combination

of multivariate ¢-distributed variables y, still follows the ¢-distribution [9], i.e., 22:1 zj =
> 5—1 C(m, j)y,(j) is also t-distributed. (2) Limit property: We easily note that, for y — oo, the

PDF of the ¢-distributed variables y,,(7) should satisfy:
y* X Pr{Y >y} = ¢, Jy|* x Pr{Y < —y} = ¢,
ct+c >0.

Based on the above two properties, we are allowed to apply the GCLT [10]; and therefore, we
conclude the residual error z £ e,,, follows the a-stable distribution, i.e., p(z) = Sa(8,7,9),

whose characteristic function (i.e., the Fourier transform of its PDF) is given by [11]:
Efexp(juZ)} = [ expljuz)p(z)d:

= exp{ —7*|ul® [1 — ftan (%) sign(u)(|yul'~® — 1) | + jou p ,

for  # 1; and

Efexp(juZ)} = exp {—'ylu\ [1 - Pign(u) logmu\)] +j5u} |



for « = 1. In the above, a € (0, 2] is the characteristic exponent; 5 € [—1,1] is the skewness
parameter; v is the scale parameter and ¢ is the location parameter [11]. Note that, in most
cases the PDF of a-stable variables, i.e., p(z) = [ cos(uz)E{exp(juz)}du (the inverse Fourier
transform of the above characteristic function), has no closed-form expression. Only in some
special cases, can the closed-form of this PDF be derived. For example, (i) when o = 2 and
B = 0, the a-stable density becomes the Gaussian distribution; (ii) when o = 1 and § = 0, the
a-stable density becomes the Cauchy distribution.

Despite the non-analytic complex expression, in practice the a-stable PDF can be easily
computed, which is shown to well fit the empirical data of residual errors; see SI Fig. E11 for
the strictly low-rank problem (e.g. Schwefel function, d = 2) and the approximately low-rank
problem (e.g. Rotated Ackley function, d = 2). For more details on the parameters estimation

of the «a-stable PDF, see ref. [12], [13].

B. Probability of mistaking the global optimum as the next local optimum

After finding an initial solution X* in the low-rank representation space F, the particles are
placed around the identified attention subspace A = {|x — x| < 4|}. If there was no residual
error (e.g., €, = 0), the initial solution X = arg I§1€1§1 f(x) should equal to the optimal
solution X" = arg r}g}ril f(x) in the original space F. Given the non-zero residual errors, we need
to characterize the probability of mistaking the next local solution x°? € X as an initial solution
x” € X, which is critical to the following analysis. That is because, once we have obtained
an deviated estimation X*™ = x'°@_ then the attention subspace A would likely reject the global
optimum x* = arg )1{161[% f(x), finally leading to the non-global solutions.

Theorem 2. The problem space F € RN*N s rank-restricted (i.e., M = N). We sample
s ~ O(rlog(%)) rows / columns to abstract two submarines C = F(C,:) € RM** and R =

F(:,;R) € R*N; we thus reconstruct a representation space F = CWR € RM*N

, whereby
W = [F(C,R)|'. The initial solution in an representation space F is 7" = arg Iglel)l(l f (x), while

the next local solution of F is x'““ € X. Then, the probability Pr{ix™" = x"““} is given by:

2 A
Pr{x™ = x*} < 1 — = arctan / (1)

" LI F—F |2

where Af £ | f(xslobal) — f(x'ca)| is the distance between the global optimum and the next local



optimum; + || F — F |% is the averaged residual error of each element in F; || - ||3 denotes

the Frobenius norm.

Proof: As noted, the statistical analysis on «-stable distribution would become intractable,
as it involves the complex non-analytic PDF and many unknown parameters. In order to attain
the simple analytical result, we firstly adopt one bi-parameter Cauchy-Gaussian mixture (CGM)

distribution to approximate the a-stable density [14], [15], i.e.,

p(z) =~ (1 = A) X pa(2) + A x pc(z)

1 22 o
=(1- )\)20\/7_T exp <—E> + )\m, (2)

where A\ € (0, 1] is a weighting coefficient; & > 0 denotes an equivalent variance of the Gaussian

distribution and the Cauchy distribution. As demonstrated, this CGM distribution is capable of
approximating the a-stable density with arbitrary accuracy [16], [17]; see SI Fig. E12 for the
approximation result, taking a rotated Ackley function for example. On this basis, we are able to
derive the probability of mistaking the next local solution as the initial solution, in which case
the optimal solution in F may be initially rejected from an attention subspace.

Due to the non-zero residual error between a representation space F and the original space
F, the initial solution X" in F may be different from the optimal solution x°* in F. In the
following, we consider the probability of mistaking the next local optimum as the initial solution,
ie., X = x'°@ TIn this situation, the estimated next local optimum f (xl‘)ca‘) would be smaller
than the optimum f(x°), or the estimated optimum f(x°"') would be larger than the next local
optimum f(x'). Provided the statistical PDF of the residual errors, i.e., p(z), the probability

Pr{x™ = xd} is given by:

Pr{ﬁopt _ Xlocal} _ Pr{f(xlocal) < f(Xopt)} + Pr{f(xopt) > f(xlocal)}

=2xPr{z>Af} =2x / p(z)dz.
Af

So, the probability of rejecting the local optimum when estimating the initial solution is:
Pr{fiopt 7£ Xlocal} — 1 o Pl’{f(()pt — Xlocal}

:1—2></Oop(z)dz.

Af



This is also illustrated by SI Fig. E13. Le., the estimation error may occur when: (1) the
estimated next local optimum is smaller than the original global optimum, or (2) the estimated
global optimum is larger than the original next local optimum. After substituting the PDF of a

Gaussian-Cauchy mixture, the following result is directly obtained

N 1-A Af 1 1 Af
opt _ _local — —_—
Pr{x” = x }—2{ 5 erfc(za)—i-)\[Q 7Tarctana}},

a 2 A
(_,\3 A [1 — —arctan —f] ,
s o

where erfe(z) £ [ \/%7 exp(—t?)dt denotes the error complementary function (ECF). Note that,
the above relation (a) holds for the rank-restricted problems. l.e., provided a large sampling
length s, we may have a small variance o, and thus erfc (ﬁ—f) — 0, for a relatively large Af.
Another consideration is that, as an approximation of the long-tail a-stable distribution, the
coefficient of the rapidly decaying Gaussian component would be very small, i.e., (1 —\) — 0
(see SI Fig. E12, for example A = 0.999).

Furthermore, we note that the parameter ¢ in Eq. (2) represents a variance of the Gaussian
and the Cauchy distribution; so it is supposed o should be smaller than the whole variance of

residual errors, 1.e.,
9 R .72
2<e{lr-j-er-)}
1 ~
= —|IF — B3

Here, we also assume M = N for clarity. Combined the above relation, then the probability

Pr{x°" = x!} would become

Af
| F—F

. . 2
Pr{x™ = x"} < \ |1 — = arctan
7r

L
N

Given the weight coefficient 0 < A\ < 1, the above probability is finally simplified to:

2 A
PI‘{)AKOPt — Xlocal} < 1= Z arctan f

- —
vVITF-FE



C. Probability of the initial solution falling into the basin of global solution

Before proceeding, we define the attraction basin of the global solution x* = arg min f(x),

xER2
which is denoted as Bg°ba!;
BEo & Ix € R?: |x — x*| < 0, f(x) is unimodal}. 3)

Here, § € R is the radius of the global basin B!, [t is easily seen that there exist a small
basin radius 6, so that the fitness function f(x) is unimodal in Belobal: see also the illustration in
SI Fig. E13.

Once the estimated initial solution in a representation space F falls into the attraction basin
of the global optimum, i.e., X € B¢ then the global optimum can be reliably identified, by
applying classical evolutionary computation methods, as seen lately. That is to say, by initializing
the particles around the basin of global solution, the local optimum can be reliably rejected while
the global optimum will become achievable. In the following, we will give the probability of
the initial solution falls into the basin of the global solution, see the following Theorem 3.

Theorem 3. The rank-restricted original space is denoted as F € RYN*N. We sample s ~
O(rlog(%)) rows and columns to abstract two submarines C = F(C,:) € R™** and R =
F(:,R) € RN, we thus reconstruct a representation space F = CWR € RM*N, whereby
W = [F(C,R)]". The global basin is defined as B¥"" = {x € R? : |x —x*| < 0} (0 is the
basin radius). The initial solution in the representation space is X' = arg r§1€1§1 f (x). Then, the
probability of the global basin containing this initial solution is:

. 2 Af
opt global o 2
Pr{x €eB } > (1—¢) 7Tzaurctan (AE(S)) :

where Af is the distance between the global optimum and the next local optimum; AE(s) =

%\/ (1+mn) Zjvzs 1 032- is the upper bound residual error which is related to the sampling length
s. € € (0,1] is a small constant also related to s.

The proof of Theorem 3 is straightforward. We firstly have the following relation, i.e.,
Pr {fiopt c Bglobal} —1—Pr {ﬁopt ¢ Bglobal} :
=1- ij%b’global Pr{xj} x Pr {ﬁopt = Xj} )

where 0 < Pr{x;} < 1 denotes the occurrence probability of x; ¢ B> and for simplicity, we
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denote p; = Pr{x;} and have ) ,p; = 1. Pr {x =x;} denotes the probability of mistaking
the solution x; as the initial solution ™, and we denote ¢; = Pr{x” = x;}. Denote the fitness
distance between the global optimum x* and one feasible solution x; as Af; = | f(x;) — f(x°™)].

As illustrated by SI Fig. E13, any feasible solution x; outside B#°" should satisfy

Afj Z Af — |f(Xlocal) _ f(XOpt)|, fOI‘ Xj ¢ Bglobal.

sopt

From Eq. (1), we note Pr {X = x;} is decreased with an increase of Af;. So, we have

qj S PI‘{)AKOPt — Xlocal}'

Given the fact >  Pr{x,;} = 1, we would obtain the following result:
X, éBglobal

Pr {f‘opt c Bglobal} -1 Z P > 5

X, ¢ Bglobal

2 A
>1-— Z bj X Pr{f(()pt :X"’C“l} >1— |1— —arctan /

—| X P
X, nglnbal T % || F — F H%‘ X, ¢Bg]nhu]
Af
= —arctan

" LVIF—F32

Note that, the above theoretical result can be generalized to the case of d > 2; see SI section

“4)

III. In the case of d = 2, we can simplify the above result based on the following fact:

1 - ® 1 N A
_ _ < = 2 2
~VIIF=Fz < N\/<1+n>§jsﬂa AE(s)

Since the above inequality (b) holds with probability 1 — €, we finally obtain the probability

of the initial solution falling into the basin of global solution, i.e.,

Pr {ﬁom € Bgl(’bal} > (1 —€) x %arctan (%) : ®)

D. Probability of finding the globally optimal solution

Based on the above analysis, we finally obtain the probability of finding the globally optimal
solution, see the following Theorem 4.

Theorem 4. The rank-restricted original problem space is denoted as F € RVN*VN (i.e. M =
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N). We randomly sample s ~ O(rlog(%)) rows and columns to abstract two submarines C =
F(C,:) € RM* and R = F(:;,R) € R**N; we thus reconstruct a representation space F =
CWR € RM*N: W = [F(C,R)|". The particles are initialized around the attention subspace
A= {x € R%: |x — 37| < J|}. After the limited T generations, the obtained final solution is
denoted as x*. Then, the probability of this final solution ¥* converging to the globally optimal
solution x* is lower bounded, i.e.,

Pr {XT — X*} > (1-— e)% arctan (A%J(cs)) . (6)

The proof of the above Theorem 4 is straightforward. We firstly have the following relation,

1.e.,

Pr {XT — X*} =Pr {f("pt € BglObal} x Pr {XT — x*; AN BEekl £ @} +

Pr {f("pt ¢ Bgl"bal} x Pr {XT — x* AN BEebl — @} )

Here, N gives the intersection set and & denotes the empty set. The case of A4 N Beloval £ &
indicates the intersection set between the identified attention space A and the global basin /&b
is not empty; in other words, the global optimum is directly achievable from the initialized
solutions. Similarly, the other case AN B! = & indicates the intersection set between A and
Belral is empty; i.e., the global optimum is unachievable from the initialized solutions.

Further considering the fact Pr {x°" ¢ B&®} > 0 and Pr{x” — x*; AN B = g} > 0,

we may obtain:
Pr {XT — X*} > Pr {f{om € Bgl"bal} x Pr {XT — x*; AN Bl £ @} :

According to the previous theoretical results on the algorithm convergence, after initialized
around B¢ and the global optimum becomes achievable, PSO algorithm would converge to the
optimum of this local subspace with probability 1 [18], i.e., Pr {x” — x*; AN B £ g} — 1.
By applying this result, the lower bound probability of EVOLER in finding the global solution
is derived.

Note that, in the current framework of evolutionary computation, there is still a lack of
theoretical analysis on the precision of the returned global solution. Even so, as validated in 20

representative benchmark functions of various geometric properties, the attained global solution



12

could be highly accurate. For example, we may practically have |f(x”) — f(x*)| < ¢ with
e < 10719 see Fig. 3 in the main text, SI Table I and SI Fig. E5'. The theoretical analysis on
the precision of our global solution is left for the future study.

For the case of d = 2, furthermore, there are two remarks for the lower bound probability of
EVOLER in finding the global solution.

Remark 1: When the distance A f is very small, we may have a small ratio <~~. By applying

AE(s)
Taylor series expansion when %{s) < 1/2 for example, i.e., arctan(z) = = + o(z?), then the
above probability becomes:
2Af
e lx ) (g x 2 ;
r{x X (1—¢) TAE(S) (7)

That is to say, the lower bound probability of finding the global optimum is proportional to the
ratio between the distance A f and an upper bound residual error AFE(s).

Remark 2: If we configure a relatively large sampling length s, the residual error can be very
small, especially for widespread low-rank problems. When we have s ~ O(rlog(%)), the ration
between the local distance Af and the upper bound residual error AE(s) could be very large.

Then, we have:

Pr {XT — X*} > (1—e),

= Pr{xT—>x*}—>1, for Af > Cy x AE(s). )

That means we would have Pr {x” — x*} — 1, when configuring a relatively large s which

leads to an ignorable €. For example, we obtain arctan (ﬁé)) — 5 when Cj > 30.

ITII. EXTENSION OF THEORETICAL RESULTS TO d > 2

For the high dimension case of d > 2, the above theoretical analysis can be directly gener-
alized. For one thing, from the reconstruction process in Eq. (6) in Method E of the main text,
we observe that the similar form (i.e. ClUI) appears in the reconstructed tensor; so the residual
error would also follow a non-Gaussian a-stable distribution; see also the empirical data in SI

Fig. E14 (e.g. d = 5). For another, the probability of the initial solution X*" € X € RN *Nax-xNa

'Note that, for the benchmark Schwefel function, the globally optimum fitness is about 2.54 x 107°, due to a truncated
constant. For example, in the numerical experiments the constant is truncated to 418.9829.
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falls into the global basin B2 2 {x € R?: |x — x*| < 6, f(x) is unimodal}, as well as the

probability of finding the global solution, is similarly given by:

Pr {XT — X*} > g arctan Af . 9)

" VI F-F |2

Note that, the residual error || F -F |? is also upper bounded, which yet may have more complex

expressions [19]. As validated, the global optimum solution will be attained by our method (see
Fig. E7 in SI, d = 5), taking the inverse design of nano-photonics devices for example. For the
diverse designing targets, our method attains the best performance when compared to classical

evolutionary computation methods (see Figs. E§ and E9 in SI).

IV. HIERARCHY STRUCTURED EXPLORATION

EVOLER firstly applies the structured exploration / sampling to identify one small attention
subspace, by finding an initial solution in the reconstructed space. In this process, one practical
consideration is that the required sampling length s or the grid size /N may be large, especially
when the decay rate of singular values is relatively slow (e.g. in the rotated benchmark functions)
or the variable ranges are very large (e.g. in the Griewank function). In order to make our method
more sample-efficient, we further suggest one hierarchy structured sampling mechanism, which,
in combination with the hierarchy reconstruction strategy in SI Figs. E4~E6, can maximize the
efficiency of exploration and minimize the number of samples.

The main concept is that we iteratively apply the structured exploration for multiple times;
see an illustration in SI Fig. E15. Firstly, we apply the standard EVOLER to identify an

attention subspace A and an initial solution x°*

. Rather than directly initializing the particles,
we immediately perform a successive structured exploration around this small subspace A,
which further shrinks an attention subspace of exploitation and enhances the resolution of initial
solution. To be specific, we further explore a shrink problem space, i.e., F' = {f (X}nn), m =
1,2,--- ,My; n=1,2,--- , N1} € RM>*Ni where X! € RM*M jg a discrete grid of bounded

variable x € [x™

— 6,x® + §]%. Subsequently, the randomly sampling is used to reconstruct
this shrink space F', and another smaller attention subspace A' is identified. After multiple
times (e.g. Ty) of the hierarchy structured explorations, we finally obtain a very small attention

subspace A%°~! and the corresponding initial solution X°™, which steers the exploitation towards
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this shrink subspace. In practice, 7, = 2 times would be sufficient in most cases. For example,

in the more challenging rotated benchmarks we may use this mechanism to effectively reduce

the required samples.
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Supplementary Figure 1. Ubiquitous low-rank structures in representative benchmark functions. (a) Ackley function
(M = N = 75); (b) Rosenbrock function (M = N = 200); (¢) Griewank function (M = N = 500); (d) Levy function
(M = N = 200); (e) Non-continuous Rastrigin function (M = N = 102); (f) Rastrigin function (M = N = 102); (g) Rotated
Ackley function (M = N = 640); (h) Rotated Griewank function (M = N = 500); (i) Rotated Non-continuous Rastrigin
function (M = N = 1200); (j) Rotated Rastrigin function (M = N = 100); (k) Rotated Weierstrass function (M = N = 200);
(1) Schwefel function (M = N = 1000); (m) Sphere function (M = N = 20); (n) Shifted Levy function (M = N = 10). (o)
Shifted function (M = N = 80). (p) Shifted Rastrigin function (M = N = 10). (q) Shifted Sphere function (M = N = 10).
(r) Shifted Weierstrass function (M = N = 10). (s) Hybrid Composite function 1 (M = N = 10). (t) Hybrid Composite
function 2 (M = N = 200). The geometric property of each benchmark function is given in sub-figures. The mathematical
expressions as well as the variables range of these representative benchmarks are summarized in Table 1.
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Supplementary Figure 2. Algorithm flow of EVOLER. Our method consists of two successive stages. The first stage of low-
rank representation learning involves: (i) Rank estimation (see SI section I) and random sampling, (ii) reconstruction of low-rank
representation space, and (iii) identification of one attention subspace. Then. in the next stage of evolutionary computation, K
particles will exploit the small subspace after the proper initialization.
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Supplementary Figure 3. Online Rank Estimation of Unknown Problem Space. For clarity, we again take the 2D problem
for example. (a)-(d) Estimated and real singular values of non-continuous Rastrigin function, in the case of s = 3,4,5,6;
M = N = 103. As the sampling length s was increased from 3 to 6, we found the singular values would show the sharp
decrease when s = 3, ie., 02 > 03_,_1, thus the estimated rank is # = 2 in this strict low-rank case. (e)-(h) Estimated
and real singular values of Ackley function, in the case of s = 3,5,7,9; M = N = 30. As the sampling length s was
increased from 3 to 9, we found the singular values may show a sharp decrease when s = 7, and hence the estimated rank
is 7 = 6 in this approximate low-rank case. For example, the accumulated energy of the first 7 singular values accounts for

>ie o2/ Z;-V:1 ol > > =1 &?/[E;Zl 62 + (N —1r)67,1] > 0.95 of the total energy.
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Supplementary Figure 4. Generalized hierarchy reconstruction of a low-rank representation for high dimension problems.
Taking the d = 30 problem for example, a hierarchy concept can be applied to reconstruct a low-rank representation space.
Firstly, we divide the original d =30 dimensional problem into L = 5 blocks; thus each block becomes one N /L = NS
dimensional subspace. By applying the low-rank ap})roximation, we are able to reconstruct the original 30 dimensional space,
via L = 5 smaller tensors with the dimension of N%/Zs“=1 = N®s*_ Following this line, then each 6 dimensional subspace can
be divided into two 3 dimensional subspaces; and each subspace becomes the N3s? dimensional one. Similarly, we are able to
reconstruct the N°s* dimensional problem, via 2 small tensors of N®s* x s = N°s dimensions. This hierarchy reconstruction
procedure will be repeated, until a set of 1-dimensional spaces are obtained. In this manner, the number of samples, as well as
the complexity, will be reduced to (’){ds(d/ L-UN }; while a direct reconstruction of d = 30 dimensional representation space
requires O{ds*"* N} samples. Note that, the maximum number of blocks can be determined via the constraint d/L > L — 1,
so that I < [v/d|. In practice, the number of blocks can be configured to 2 < L < |/d].
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Supplementary Figure 5. Finding the global optimum almost surely in more challenging 30 benchmark functions.
Averaged convergence curves are obtained, based on 500 independent trials with random initializations. The problem dimension
is d = 30, and the number of blocks is L = 5. The number of particles is K = 80. The maximum generation is 7" = 900.
In the experiments, the grid size N is configured firstly, and then the sampling length s is automatically configured, after the
online rank estimation (see SI I-A). In order to minimize the number of samples, a hierarchy structured exploration was also
applied; see more details in SI Section IV. (a) Hybrid composite function 1. (b) Hybrid composite function 3. (¢) Levy function.
(d) Rastrigin function. (e) Rastrigin function with noise. (f) Rotated Griewank function. (g) Rotated Rastrigin funcyion. (h)
Schwefel function. (i) Shifted composite function. (j) Shifted Levy function. (k) Shifted Rastrigin function. (I) Shifted Sphere
function. (m) Shifted Weierstrass function. (n) Sphere function. (0) Weierstrass function.
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Supplementary Figure 6.

Computational power dispatch problem of d = 13. (a) Averaged convergence results of various

evolutionary computation methods; 50 independent trials, K = 100 particles. (b) Achievable minimal costs of different methods,
as well as the probabilities of finding them. (¢) Required generations for convergence. (d) The original problem of 13 dimension
is transformed to another equivalent 6-dimensional problem. In each new variable b; (j = 1,2,3,4,5,6), it merges 2 (or 3)
dimension of the original problem. On this basis, the structured exploration is implemented on this new 6-dimensional problem
(b1, b2, b3, ba, bs, be ), with the time/sample complexity O{s®(5N? + N3}, which is dramatically smaller than a direct structured
exploration on 13 dimensional problem with the complexity of O{13s'*N}.
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Supplementary Figure 7. Finding the optimal nanophotonics structure with EVOLER. To demonstrate the global optimality
of our method, we consider one special case with the attainable optimal spectrum. L.e., this optimal transmittance spectrum
corresponds to the global solution, i.e., a* = [25 15 24 63 135] nm. In this case, the global solution a* results in a fitness of
0. As seen, our method reliably gains the global optimum of this nano-photonics structure inverse design.
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1000

Inverse design of nano-photonics structures using classical evolutionary computation. Designed
transmittance response of 18-layers nano-photonics structure; the target spectrum involves two bell-shaped transmittance bands.
Each classical evolutionary method was evaluated for 5 independent trials; see SI Table II for the parameter settings of various
evolutionary computation methods. Here, we plot the designed transmittance response of each method, which corresponds to the
median mean square error (MSE). (a) NPSO. (b) DNSPSO. (¢) MPCPSO. (d) DPSO. (e) CPSO-S. (f) MCPSO. (g) CPSO-H.
(h) CLPSO. (i) GCPSO. (j) Canonic PSO. (k) Local PSO. (I) EVOLER;. (m) EVOLER,.
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Supplementary Figure 9. Inverse design of nano-photonics structures using classical evolutionary computation. Designed
transmittance response of 18-layers nano-photonics structure; the target spectrum involves one sharp transmittance bands. Each
classical evolutionary method was evaluated for 5 independent trials; see SI Table II for the parameter settings of various
evolutionary computation methods. Here, we plot the designed transmittance response of each method, which corresponds to the
median mean square error (MSE). (a) NPSO. (b) DNSPSO. (¢) MPCPSO. (d) DPSO. (e) CPSO-S. (f) MCPSO. (g) CPSO-H.
(h) CLPSO. (i) GCPSO. (j) Canonic PSO. (k) Local PSO. (I) EVOLER;. (m) EVOLER,.



26

a d .

Emperical data Emperical data
—— Theoretical resut ——— Theoretical result

102k

Probability Density

Probability Density

0
{WR} x10'2 {WR}

Emperical data
——— Theoretical result

Probability Density
Probability Density
Probability Density

02 -045 -01 005 0 005 01 015 02 025 03 02 015 01 -005 0 005 01 015 02 025 02 015 01 005 0 005 01 015 02 025 03 02 w01 0 01 02 03
{WR} {WR} {WR} {WR}

k |

10°F Emperical data
Empercatata Theoretical result

10°

F‘mham\g Density
Probabilty Density
Probability Density
Probability Density

45 4 05 0 05 1 15 2
{WR} {WR} {WR} 108
107 F
= gmq
5 5
4] 8
Z =
F 107} 3
8 8
2 2
g I
[ & 10
w0k

{WR}

Supplementary Figure 10. Theoretical probability density function (PDF) of the element in WR(:,j) (j = 1,2,---,N).
Each benchmark function was independently evaluated for 10 trails. (a) Ackley function; x = (—5.32,5.32)%, M = N = 107,
s = 25. (b) Rosenbrock function; x = (—10, 10)d, M = N = 201, s = 25. (¢) Griewank function; x = (—600, 600)d,
M = N = 1201, s = 25. (d) Levy function; x = (—50, 50)d, M = N = 201, s = 25. (e) Non-continuous Rastrigin function;
x = (=5.12,5.12)%, M = N = 103, s = 25. (f) Rastrigin function; x = (—5.12,5.12)%, M = N = 103, s = 25. (g) Schwefel
function; x = (—500,500)%, M = N = 101, s = 25. (h) Sphere function; x = (—100,100)¢, M = N = 51, s = 25. (i)
Weierstrass function; x = (—0.5, 0.5)d, M = N = 80, s = 25. (j) Rotated Ackley function; x = (—32, 32)d, M = N = 641,
s = 25. (I) Rotated Griewank function; x = (—600,600)¢, M = N = 1201, s = 25. (I) Rotated Non-continuous Rastrigin
function; x = (75.12,5.12){ M = N = 205, s = 25. (m) Rotated Rastrigin function; x = (75.12,5.12)‘1, M = N =103,
s = 25. (n) Rotated Weierstrass function; x = (—0.570.5)d, M = N = 201, s = 25.
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Supplementary Figure 11. Theoretical Probability Distribution of Residual Error e, , = {F — F}. (a) Strict low rank
case; Schwefel function, d = 2, x = (—500, 5()0)d; M = N = 201, s = 25; (b) Approximate rank-restricted case; Rotated
Ackley function, d = 2, x = (—32, 32)d; M = N = 321, s = 25. In both cases, the theoretical a-stable distribution accurately
models the empirical data of residual errors.



28

100 g _ O  Emperical data ]
] = = =-Stable

Cauchy-Gaussian Mixture

-
o
N

Probability density

—
<
N

Residual Error

Supplementary Figure 12. Approximating the c-stable density with the Cauchy-Gaussian Mixture. Rotated Ackley function;
d=2,x=(-32, 32)d, M = N = 321, s = 25. The a-stable density with the estimated parameters: « = 1.1037, 8 = 0.0907,
v = 0.2688, § = 0.0168 . The Cauchy-Gaussian mixture density with the estimated parameters: A = 0.999, o = 0.2936.
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Supplementary Figure 13. Illustration of the global optimum and the next local optimum. For clarity, we consider the 1

dimensional fitness function, with a grid resolution Az. When the grid size N is sufficiently large, this grid resolution Az would

be very small; so that the global optimum in the discrete space, X = arg mi){l f(x), would fall into the basin of the global
X

optimum B¢°*" in the continuous space, i.e., X* = arg min f(x); X € R™*¥ denotes a discrete grid of continuous variables.
xER2

The next local optimum x'** € X belongs to the basin of local optimum B, In this case, the probability of mistaking the

next local optimum to the global optimum can be derived, based on the theoretical PDF of residual errors (left subfigure). As
seen, when the initial solution falls into the global basin, even if it is not equal to the global optimum, the global optimum can
be still attainable. As such, the evolutionary computation method would converge to the optimum solution.
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Supplementary Figure 14. (a) Illustration of the structured exploration of the high dimensional problems, taking the 3D tensor
for example. Given the 3D tensor F € RN1*N2XNz three small sampled versions are firstly attained, which are denoted as
C1 € RN1X32X33 (green cuboid), Co € R*1*N2X%3 (red cuboid), Cs € R****2*N3 (blue cuboid). On this basis, a small
intersection tensor R € R°1%°2%%3 (s, s5, s3 < N) is obtained (black cuboid at the center). For clarity, each tensor with
random sampling positions is represented by one cuboid. (b) Theoretical probability distribution function of the residual error
of reconstructed 5D tensor; Ackley function, d = 5, N1 = N2 = N3 = N = 14, 51 = s2 = s3 = s = 4. ER: exclusion region,
which is used to exclude some singular data points.
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a Original problem space F e R**" b Reconstructed representation space F e R"*" C Shrink subspace F' e R"*Y d Reconstructed shrink subspace F' e RM*Y

Attention subspace A

Shrink attention subspace .A!

Supplementary Figure 15. Reducing samples via a hierarchy structured exploration. (a) The first-level structured exploration
on an original problem space F € R™0*No by randomly sampling s columns and rows (e.g., s = 3). (b) After the reconstruction
of a low-rank representation space F € RMoXNo_ the first-level attention subspace A as well as the initial solution X°* are
identified. (¢) The second-level structured exploration on the shrink problem space F' € RM1*N1 which is located around
an identified attention subspace A, by randomly sampling s columns and rows (e.g., s = 3). (d) Identifying the second-level
attention subspace A", based on the reconstructed shrink subspace P € RM1XN1_ This hierarchy structured explorations will
be applied for Q times; and finally, we identify a very small attention subspace A“ ™!, which then steers the next exploitation
toward a smaller subspace. In this way, the required samples of EVOLER can be effectively reduced.



Supplementary Table I: Benchmark Functions.

Variable Optimum Successful
Function Name Function Expression Function Property
Range Solution threhold
(x) } 3 cos (ca?) €))
f(x) = —aexp | —b —exp | — 5 cos (cx; + a4+ exp(1 z) =0 Continuous, Differentiable, Non-
Ackley d i=1 v [—32, 32]d {O}d f(z) o
¢=10" Separable, Non-Scalable, Unimodal
a=20,b=0.2
d—1 2 =0 Continuous, Differentiable, Non-
Rosenbrock fx) = 3 [100(zi+1 —22)" 4 (@i - 1)2] [=10, 10]¢ {0y f@
i=1 ¢ = 1010 Separable, Scalable, Unimodal
d—1 .2 d X xz) =0 Continuous, Differentiable, Non-
Griewank Fx) = X gois — 1 cos (ﬂ) +1 [—600, 600]% {0} f@
i=1 i=1 Vi ¢ = 10—10 Separable, Scalable, Multimodal
2 a=1 2 2 2 2
x) = sin“ (mw;) + w; — 1 1+ 10sin” (mw; +1)| 4+ (wg — 1 1+ sin® (27w xz) =20
Levs () (rwi) + 5 (ws = 1? | (mwi + 1) + (wag = 1)? | (2mwg)) 50,50 oy | T@=0
wi:1+zi4—l ¢=10
Non-continuous d E x| <1/2 f(z)=0 Multimodal, Non-Separable,
fx) =3 (y? — 10 cos(2my;) + 10),yi = J |21 [~5.12,5.12]% {0} ( 10
Rastrigin i=1 round(2z;)/2 |zj| >1/2 ¢=10" Asymmetric
d xz) =0
Rastrigin f(x) =10d+ 3 [z? — 10 cos (27‘rzi):| [~5.12,5.12]% {0} f@ 10 Multimodal, Non-Separable
i=1 ¢=10"
d z) =0 Multimodal, Non-Separable,
Schwefel f(x) = 418.9829d — 3 x; sin (\/|zi|) [~500, 500]% {0} f@ P
i=1 ¢ = 10—10 Asymmetric, Deceptive
d xz) =0
Sphere f(x)= > r? [—100, 100)¢ {0}¢ () Unimodal, Separable
i=1 ¢=10"10
oo = 3 (T8 (2mbk (2; +0.5)) a3 ok (2nb"0.5)
x) = a™ cos (27 x; . — a™ cos (27 . =0 Continuous, Undifferentiable,
Weierstrass i=1 \ k=0 ‘ k=0 [~0.5,0.5]¢ o3 ) —10 .
@ =050b=3 kmas = 20 ¢=10 Separable, Scalable, Multimodal
1 d 2 1 d 2
f(x) = —aexp | —by/= x —exp | —= cos (cx? + a +exp(l),a = 20,b =0.2 z) =0
Rotated Ackley () d i§1 d 121 ( 1) R ’ [—32, 32]d {O}d f(=) 10 Multimodal, Non-Separable, Asymmetric
¢=10"
a=20,b=02,x=x-M
—1 2 q -
x) = 1 — cos | —t)+1 xz) =0
Rotated Griewank F69 = 2 b0 ,-1;11 (ﬂ ) [—600, 600]% {0} (=) Multimodal, Non-Separable
_ ¢=10"1°
x=x-M
Rotated Non- f(x) = f: (y-2 — 10 cos(27y;) + 10) Y = i lwjl <1/2 f(z) =0 Multimodal, Non-Separable.
=1 Nt ‘ o round(2z;)/2 |z;| > 1/2 [-5.12,5.12]¢ {o}¢ 10 ) '
continuous Rastrigin ¢=10" Asymmetric
x=x M
d 2
x) = 10d + % — 10cos (27x; =0
Rotated Rastrigin 69 i; [ K ( 1>] [—5.12,5.12]¢ {0} f(=) Multimodal, Non-Separable
- ¢=10"10
x=x-M
£ = 35 (b cos (2m6* (s +0.) ) — a5 ok cos (2mt0.5)
xX) = a” cos (27 T; . - a”™ cos (27 . =0 Multimodal, Non-
Rotated Weierstrass i=1 k=0 * k=0 [—0.5, OA5]d {O}d (@) 10 _— .
@ =0.5,b=3, kmas = 20, x = x - M ¢=10 Separable, Asymmetric
2 a1 2 2 2 2
x) = sin”“ (7wx) + w; — 1 1+ 10sin“ (rw; +1)| + (wyg — 1 1+ sin“ (27w, =0
Shifted Levy 7@ (re) + 2, (wi =) [ (mwi + )] + (wa = ) | (2] [—20, 20]¢ {o}d e @) Shifted
@;—1 ¢=10"10
w; =14+ ——,x=x—-o0 [—2,2]
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f(x) = 10d + f: {xz — 10 cos (27mci)]

i f(z) =0 .
Shifted Rastrigin =L [-5,5]¢ {0} € 1010 Shifted
x=x—o 1 | ¢7
d
f(x) = 22 f(z) =0 Unimodal, Separable,
Shifted Sphere ) El * [—100, 100]% {o}? € 1o '
¢=10 Shifted
x=x-o [-5,5]
d kmz kme
f(x)= > rfx a® cos (27rblc (z; + OAS)) —d liflx aF cos (27rbk0.5) 4 d f(z)=0 Multimodal, Non-
Shifted weierstrass i=1 \ k=0 k=0 [—0.5,0.5] {o}“ € “10 . -
¢=10 Separable, Asymmetric, Shifted
a=0.5b=3,kmae =20,x=%x—o0 [~0.1,0.1]
T
P = 3 wifi (</A0)
i=
d 2
fi—2(x) =10d+ > {zl — 10 cos (27rzi)]
i=1
d (kmax L & kmax 5
fa_a(x) = X > a®cos (27rb (z; + OAS)) —d > acos (27rb 0.5)
i=1 k=0 k=0
a=05,b=3 kmas = 20
i d—1 .2 d
fs-6() = 'S 755 — 11 cos ( ‘
Hybrid Composition i=1 4 i=1 i1 (=5 5]d od f(z)=0 Multimodal, Non-
Function 1 fr—g(x) = ‘Zl (106) =1 7”% ’ ¢ = 10—10 Separable, Scalable, Asymmetric
i=
d 2
fo—10(x) = > =}
i=1
o;=1,i=1,..,d,A = [1,1,10,10,5/60, 5/60, 5/32,5/32,,5/100, 5/100]
d
w; = exp(— Y @}/(2do)),
w;, w; == max(w;)
w; =
‘ w; (1 — max (wi)w) w; # max(w;)
[
F(x) = '21 wi fi (x/A(1))
i=
d d (kmax & Fmax &
fi—o(x) = X @7, fa—a(x) = X2 > a”cos (27rb (x5 +0.5)) —d > acos (27rb 0.5)
i=1 i=1 k=0 k=0
a=0.5,b=3, kmas = 20
d 2
fs_6(x) == 10d + > [zz — 10 cos (27T£1)i)]
i=1
d—1 .2 d z)
_g(x) = T660 — cos| =& | +1 .
Hybrid Composition Fr-s(x) i§1 4000 il;Il (\ﬁ (=5, 5% 0d f(x) =0 Multimodal, Non-
; d=1 - — 10-10 ara al: , i
Function 2 fo—10(x) = sin? (rz) + 3 (w; — 1)2 [1 + 10sin? (rw; + 1)} + (wgq — 1)2 [1 + sin? (27de)] ¢=10 Separable, Scalable, Asymmetric
i=1

z;—1

w; =14 ,x:x+1d
o, =1,i=1,...,d, A = [1, 1,10,10,5/60,5/60,5/32,5/32, ,5/100,5/100}

d
w; = exp(— > zi/(Zdo’?)),
k=1

w;, w; == max(w;)

wi= w; (1 — max (wi)lo) w; # max(w;)

€€



F(x) = ﬁl wifi (x/A())

d
fi_2(x) =10d+ X {x? — 10 cos (27raci)]
i=1

kma

d x kmax
fa—a(x) = X < > aF cos (27rbk (z; + 0.5))) —d > aFcos (27rbk045)
i=1 k=0 k=0

a=05,b=3, kmas = 20

d—1 .2 d .
Shifted Hybrid fs—6(x) = X g560 — Il cos (73) +1
i=1 =1 d d f(z)=0 Multimodal, Non-
Composition _ d 6\ d—=1 .2 [=5,5] {o}" € _9 . .
E on 1 fr_s(x) = _21 10 x5 [=0.5,0.5] ¢ =10 Separable, Scalable, Asymmetric,Shifted
unction 1= Bt

d
fo—10(x) = 3 o7
=1
o =1,i=1,...,d,A = [1,1,10,10,5/60, 5/60, 5/32, 5/32, , 5/100, 5/100]

d
w; = exp(— Y 2}/(2do})), x =x —o

{ wi, w; == max(w;)
w; =

w; (1 — max (w;)10) w; max(w;
i ( (w)'0) w; # max(w;)

Note that, for the Schwefel function, the global optimum f(x*) will be larger than 0, due to a truncated constant (i.e., 418.9829).
M € R?*¢ denotes an orthogonal random rotation matrix.

¢ denotes the acceptance threshold of the optimal solutions.

o denotes the shifted value of the optimal solution.

For the 30 dimensional benchmark functions, the successful threshold is set to 1072,
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Supplementary Table II: Configuration of various PSO methods.

Parameter
Mechanismse Method Main Concept . Note
Configuration
. . . N . . P c1 =1.49
Instead of employing one single particle to find the optimal d-D vector, the vector is split into d components,
CPSO-S [20] co = 1.49
. so that each particle needs only to optimize a 1-D vector.
multiple w=0.9— 0.4
population CPSO-H combines CPSO-S with the standard PSO. CPSO-H executes for one iteration, followed by one iteration c1 =1.49
CPSO-H [20] of the standard PSO. To implement the information exchange, some of the particles in one half of the algorithm co = 1.49
are replaced with the best solution discovered by the other half algorithm. w=0.9—04
c1 = 2.05
MPSO is based on a master-slave model. The population in MPSO consists of one master swarm and co = 2.05
MCPSO [21] several slave swarms. The slave swarms execute PSO independently while the master evolves based on c3 = 2.0
its own knowledge and slave swarms. w=0.9— 0.4
¢ =0,0.5,1
w = 0.729
In each iteration, the whole population is split into two subpopulations which is eltist population 149445
Cc = .
and general populationbased on the performance of particle. The elitist population uses the MDCLS for
MPCPSO [22] F =0.5
population evolution while the general population adopts DSMLS for population evolution. When the algorithm falls into 0s
t=0.
a local optimum in some iterations, a differential mutation operatoris introduced to change the particle.
maxT =5
m=7
For each dimension of the particle, it would learn from the other particles instead of its own pyes¢, c = 1.49445
Improved CLPSO [23]
. with a certain probability. Pc; = 0.05 — 0.5
learning
i w=0.9— 0.4
objects
In contrast to canonical PSO whereby the particles move forward the best positions, NPSO drives cp =2
NPSO [24]
the particles far from the worst positions. cg =2
State 1: ¢; = ca2 = 2
In DNSPSO, there are four topology states. Each particlesstate can be determined according the particle’s
Parameter X o . . . i State 2: ¢c; = 2.1, cg = 1.9
DNSPSO [25] neighbor distribution and a Markov transmitting matrix. Thus, each particles can adaptively change
settings State 3: ¢; = 2.2, ¢cg = 1.8
their parameters and learn the target according its own state.
State 4: ¢c; = 1.8, cg = 2.2
w = 0.72
Population The velocity update equation is replaced from the standard PSO.The new equation only involves
GCPSO [26] fe=5
topology its own Pp. 4 and a scaling factor.
se = 15
¢y =0
Refined cp =2
position DPSO [27] Each particle has a probability to generate one new position, in order to enhance the exploration capacity. co =2
update w = 0.4
c; = 0.001
w = 0.7968
Canonical PSO [28], [29] Standard PSO c1 = 1.4962
cg = 1.4962
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Rather than track the global best of the whole population, the particles only track the best position of

w = 0.7968

. c; = 1.4962
Local version Local PSO [28], [30]
its local neighborhood. co = 1.4962
PSO
n=22
EVOLER consists of two successive stages. First, it perform the structured random exploration by using the w = 0.3
. See Method F in the main text
Machine EVOLER sample-efficient sampling. Second, it reconstructs the representative space and identifies the attention subspace, whereby cp =2 — 1.5
. . o for the settings of s and N.
Learning the particles are properly initialized. cpg =15—=2
Assisted
w = 0.3
) EVOLER; also contains two successive stages, i.e. low-rank representation learning and evolutionary computation. See Method F in the main text
Machine EVOLER; cp=2—1.5
. In the second stage, the local version PSO method is adopted. for the settings of s and N.
Learning co =15 —2
Assisted
a=1
. EVOLER; still contains two successive stages, i.e. low-rank representation learning and evolutionary computation. See Method F in the main text
Machine EVOLER 4 B =0.5
. In the second stage, the downhill simplex method is adopted.. for the settings of s and NN.
Learning y=2
Assisted
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