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1 Proof of Proposition 2

The simplest way to solve (2.24) is to pass to the Laplace Transform (LT) domain:

F̃s :=

∫ ∞
0

e−tsFtdt. (1.1)

Taking LT of (2.24) one obtains

sΛ̃(`)
s − id = −Z̃s ◦ Λ̃(`)

s + Φ̃s ◦ Λ̃(`)
s , (1.2)

and using

sΛ̃(0)
s − id = −Z̃s ◦ Λ̃(0)

s , (1.3)

one finds

sΛ̃(`)
s = (s+ Z̃s)

−1 ◦ Φ̃s ◦ Λ̃(`−1)
s = Λ̃(0)

s ◦ Φ̃s ◦ Λ̃(`−1)
s , (1.4)

and hence going back to the time domain one finally obtains Λ
(`)
t = Λ

(0)
t ∗Φt ∗Λ

(`−1)
t which implies (3.23).

2 Proof of Proposition 3

One has

(A~ [B ~ C])t,t0 =

∫ t

t0

dτ At,τ ◦ [B ~ C]τ,t0 =

∫ t

t0

dτ At,τ ◦
∫ τ

t0

duBτ,u ◦ Cu,t0 , (2.1)

and hence using ∫ t

t0

dτ

∫ τ

t0

du . . . =

∫ t

t0

du

∫ t

u

dτ . . . , (2.2)

one obtains

(A~ [B~C])t,t0 =

∫ t

t0

du

{∫ t

u

dτ At,τ ◦Bτ,u
}
◦Cu,t0 =

∫ t

t0

du[A~B]t,u◦Cu,t0 = ([A~B]~C)t,t0 , (2.3)

which ends the proof. �
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3 Proof of Proposition 4

One finds

Λ
(`)
t,t0 = Λ

(0)
t,t0 ◦ C

(`)
t,t0 , (3.1)

where Ct,t0 satisfies

∂tC
(`)
t,t0 = (Λ

(0)
t,t0)−1 ◦ Φt ◦ Λ

(`−1)
t,t0 , C

(`)
t0,t0 = 0, (3.2)

and hence

C
(`)
t,t0 =

∫ t

t0

(Λ
(0)
τ,t0)−1 ◦ Φτ ◦ Λ

(`−1)
τ,t0 , (3.3)

which eventually gives rise to

Λ
(`)
t,t0 =

∫ t

t0

Λ
(0)
t,τ ◦ Φτ ◦ Λ

(`−1)
τ,t0 dτ = Λ

(0)
t,t0 ~ (Φt ◦ Λ

(`−1)
t,t0 ), (3.4)

where we have used the semigroup property

Λ
(0)
t,t0 ◦ (Λ

(0)
τ,t0)−1 = Λ

(0)
t,t0 ◦ Λ

(0)
t0,τ = Λ

(0)
t,τ . (3.5)

Simple iteration leads to

Λ
(`+1)
t = Λ

(0)
t ~ (Φ ◦ Λ

(`)
t ) = Λ

(0)
t ~ (Φt ◦ Λ

(0)
t )~ . . .~ (Φt ◦ Λ

(0)
t,t0)︸ ︷︷ ︸

` terms

. (3.6)

which proves (3.10). �

4 Derivation of (5.3)

Defining Pt,t0 = Φt,t0 ~ Λ
(0)
t,t0 one has

Λt,t0 = Λ
(0)
t,t0 +

(
Pt,t0 + Pt,t0 ~ Pt,t0 + Pt,t0 ~ Pt,t0 ~ Pt,t0 + . . .

)
~ Λ

(0)
t,t0 , (4.1)

and hence

∂tΛt,t0 = ∂tΛ
(0)
t,t0 + ∂t

(
Pt,t0 + Pt,t0 ~ Pt,t0 + Pt,t0 ~ Pt,t0 ~ Pt,t0 + . . .

)
~ Λ

(0)
t,t0 , (4.2)

due to Pt,t = 0. Now,

∂t

(
Pt,t0 + Pt,t0 ~ Pt,t0 + Pt,t0 ~ Pt,t0 ~ Pt,t0 + . . .

)
~ Λ

(0)
t,t0

=
(
∂tPt,t0 + [∂tPt,t0 ]~ Pt,t0 + [∂tPt,t0 ]~ Pt,t0 ~ Pt,t0 + . . .

)
~ Λ

(0)
t,t0

= [∂tPt,t0 ]~ Λ
(0)
t,t0 + [∂tPt,t0 ]~

(
Pt,t0 + Pt,t0 ~ Pt,t0 + Pt,t0 ~ Pt,t0 ~ Pt,t0 + . . .

)
~ Λ

(0)
t,t0

= [∂tPt,t0 ]~ Λ
(0)
t,t0 , (4.3)

which proves (5.3).
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