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Initializing 3(x) and i(x) based on P(x,r) by linear least squares
In this section, P(x,7), g(x) and /(x) are not discretized over variable x, and they are abbreviated as P, g and & for simplicity
sake. We expand the right hand side of FPE:
O,P = 0x(gP) + dyc(hP)
= Poyg + g0yP + POyyh + 20:h0yP + hoy, P
= (0xg + Oxxh)P + (g +20:1) P + hou P (1

where P, dyP, dy P and d,P can be derived from P. Hence, for a fixed spatial point x and different time points {to,fy, ..., }, we
have a matrix equation:

Po dPo IuPo d:Po
Py 0Py 0P| |08t Ouh P
) ) ) g+2dh | = . 2
h
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where only the three terms dyg + dyh1, g + 20k and h are unknown and could be easily solved by linear least squares (LLS).
We then repeat the process to solve the corresponding / at all the spatial points x to derive A(x) and subsequently to calculate
the derivative d,h. Finally, we can solve g from the second term g 4 20d,h. The first term is not used in this method.

As describe in the main body, we smooth Py, to derive the initialized input PP, Then we can calculate the corresponding g
and & base on P°, and use them as the initialized parameters go and 1. In fact, the result of the LLS method is accurate enough
only when P,;sy has minimal noise. Otherwise, the noise will be amplified by the derivative calculations and cause significant
errors in the calculated g and h. Nevertheless, as the initialized parameters, the calculated go and K0 are still more accurate than
the values from the conventional initialization methods.
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Fully-connected layers to calculate derivatives with uniform grid

This method is generally a 1-dimensional version filter of the 2-dimensional filter in PDE-Net!. Let f be a derivable function
over x, f(x) : R — R. The variable x is discretized as a vector X := [xo, X1, ...,Xn] With uniform gap Ax. Consequently f(x)
becomes a vector F = [f(xp), f(x1),-.., f(xm)]. To calculated the derivative of f at position x;, we could use the Taylor series:

(k—i)Axdf(x;) (k—0)"Ax" d" f (x;)
= i —_— ﬁ Ax"
fla) = flxi) + = T o T oA 3)
We substitute Eq. 3 into the dot product between F and a coefficient vector C := [cp,c1, ..., Cm):

k
C-F=Y cf(x)

: (k—iAxdf(x) = (k—i)"Ax" d"f(x) \
=) lf(x) + 0 T et T+ oY)
d . dr
= Aof(x,-) +A|Ax J;(Xl) + o A A" f(xn) + ﬁ(Ax”) 4)
x dx
where:
k k— )"
Anzzck( n‘ ) (5)
For a integer s < n, if we could find a vector C forcing A ; becomes:
Aj{O %f]:;és and j<n, ©
1 if j=s.
then Eq. 4 becomes:
d* f(x;
C-F:Axvicj;(;l) + O0(AX") (7
therefore:
& f(x;) _CF s
x - Ae + O (A" ®)

In such a way, we could approximate the s-order derivatives of f(x;) with a high order (n — s) infinitesimal error. The vector C
can be solved by substituting Eq. 5 into Eq. 6. In fact, we could always find a solution of C which only has n+ 1 non-zero
entries. Because the Taylor series require (k — i)Ax to be small enough, we choose the n+ 1 entries which are closest to the i-th
entry to be non-zero entries. Finally, all the coefficient vector C could be concatenated together, to generate a m X m matrix D
to approximate the derivative of F:

COA‘ f(XO)
¢F DF 1 |Ci| |f(x1) 9
dvs  A¢ A : : ©)]
Cms f(xm)

where Cj; is the coefficient vector to calculate the sth-order derivative at position x;. For example, if m = 8 then the matrix D to
calculate the 2nd-order derivative is:

[—25/12 4 =3 4/3  —1/4 0 0 0
~1/4  =5/6 3/2 —1/2 1/12 0 0 0
/12 =2/3 0 2/3  —1/12 0 0 0

0 /12 =2/3 0 2/3  —1/12 0 0

0 0 1/12 —2/3 0 2/3  —1/12 0

0 0 0 1/12 -2/3 0 2/3  —1/12

0 0 0 —1/12 1/2 -3/2 5/6 1/4
0 0 0 1/4  —4/3 3 —4  25/12]

to ensure a 3rd-order infinitesimal error for all x points. Matrix D is used as the weights of a fully-connected layer, which takes
F as input and output the corresponding derivative of F.
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Fully-connected layers to calculate derivatives with non-uniform grid

The section shows how to generate the weights of fully-connected layers which perform derivative calculation, when there is
no uniform gap Ax for discretized variable x. The whole procedure is very similar to the case with uniform grid as described
previously. The major difference is that the distance between x; and x; cannot be represented by (k —i)Ax and we have to use
xj — x; instead. First, we expand the function f over x by Taylor series:

—xi df(x; —xi)" d" f(xi n
) = ) 4 B ALy SR I | () (10)

Then we multiply F which is the discretized form of f(x) element-wisely to a coefficient vector C:

k
C-F=Y cif(x)

k e . e\ gn .
= ch[f(xi)+xk“x’ d{i(;c’) 4.+ =) n!x'> dé;(:l) + O ((xk —x;)")]
. n k
:Aoif(x,') +A1,'df;;l) +...+Ani%ixn) +Zﬁ((xk—x,~)") (11
where:
k v \n
M:Zq@?ﬂf (12)

Similarly, we always can find a vector C; forcing A ; become:

0 ifj#s and j<n

ai={0 Mi7 jsm, (13)
1 if j=s.

The subscript i of C; indicates that the vector is specific to variable point x;. We can repeat the process to find the corresponding

vector to all the other variable points, and concatenate them to form a matrix D. Hence the derivative of F can be approximated

by:

d°’F
dxs DF
Cos | | f(x0)
_ Cis| | f(x1) 14)
Cis f(xm)
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Effect of the time point range in prediction when training FPE-Net with noisy target dis-
tributions

For a given x and a given time point ¢, Fig. S1A shows the P at current time point and nearby time points. The black triangles
are P;.,, which have a nearly linear relationship:

Peloan(t + A1) = Pjogn(t) + iAt91 Pryye (1) + O (i Ar?) (15)
The red dots are P,,,;5, which contain random noise:
Proisy (1 + A1) = Poun(t) + iAt01Pejun (1) + O (M) + R(t + iAr) (16)

where R(t + iAt) is the random noise which usually is much larger than &'(i*Ar?).
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Figure S1. Plot of P and dtP from true or noisy data. The black triangles A are P, the red circles @ are Pisy, the gray
dash line = = is @¢Pcjeqn(?) and the orange dash lines - - are the calculated 9;Pisy (7).

If Pejeqn is unknown then we have to use 9;Ppoisy(t) to approximate 0;Pejeqn(t). The 9 Pnoisy(t) is derived by finding its
optimal value which is used to predict:

P(t +iAt) = Pypisy(t) + iAt01 Proisy (1) (17)

where P(f + iAt) have minimum square error with the target distribution Pisy ( + iAt):

n
L= Z | P(t + iAr) me,,‘Xy(tJriAt) IE3 (18)

i=—n

FigureS1B shows if we set n = 1, the optimal 9;P,;sy(t) (orange dash line) is significantly different from @; P jeqn(f) (gray
dash line) in FigureS1A. In contrast, d;Pyisy(t) becomes much similar to 04 Pjeq,(f) when we set a larger n. For example, we
setn =7 in Fig. S1C. Hence when we train FPE NN with P,,,;sy, adding more time points in prediction could help to suppress
the noise effect.
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The training results of the simulated data with higher initial noisy ratio (Ep)
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Figure S2. The final training result of the simulated data with initial noise ratio (Ep) 0.01 (red diamond ), 0.02 (blue
triangle A), and 0.03 (green circle ®@). The boundary points are excluded. All the training processes use the same
hyperparameter n = 8. The true g and h are indicated in black line =. The result that the calculated g and h fit their true
values very well, but a higher noise ratio could cause the training result less accurate.
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