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This supplementary material contains a detailed algorithm for renewable
WCQR estimation, the relevant lemmas and technical proofs for the theoretical
results.

A Detailed Algorithm for WCQR Estimation

Algorithm A.1 contains details about obtaining the renewable WCQR estima-
tors for m (z) and o () from asymmetric models.

B Lemmas and proofs

The proof of Lemma 2 is as follows.

Proof of Lemma 2 Noting that € is independent with X and E [¢] = 0, we have
Ewy = E[W(X)Y] = E[W(X) (m(X) + 0(X)e)] = E[W(X)m(X)], (B.1)

Eyy2 =E [W(X)YQ] =E [W(X) (mQ(X) + 02()())] . (B.2)
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Algorithm A.1 Renewable WCQR Estimation for {(m (z;),0 (z;))}’_, from
Asymmetric Models

Input Set of grid points G, = {z;}{_,, kernel function K (-), node sets Gy,

for x; € G, PLI degree l R

1. Set initial values Ny = EWyo = Ewy2 0= fx 0 (xi) = Sy|z,0 (yi5) = 0 for
Yij € Gg, and x; € G,

2: fort=1,2,--- do

3: Obtain the t-th data batch Dy = {Xy;, Yi;}7L,

4: Select the t-th bandwidth h;

5 Nt Ni_1+mn

6: EWYt = N;_ 1/NtEWYt 1+ 1/Ny Z 1 W(X4)Ysj

7 EWY2 =Ny 1/NtEWY,t71 +1/N; ijl W (Xy;)Y

8: for z; € G, do

fX,t (i) = N 1/Ntht 1 () + 1/Ny Z] 1 K, (th i),

10: For Yij S Gz” SY\L (yzj) = Ntfl/NtSY\mi,tfl (yzj) +
1/Ny Z I (Y < i) Kn, (Xej — 25)

11: end for

12: if the estimators for {(m (z:),0 (z:))}, ¢, are needed then

13: Define Zi fx 1 (1) = >, cq. fxt (@) L (- 235 1, Gy)

14: Define Ilemyt ()= Zyijeri SY|wi7t (y”) /fX,t (@)L (-, Yijs 1, Gm)
for z; € G,

15: for J € {L,,U,} do

16: re(@is J) = [pyI (LiFy e, ()AL Fye, ¢ (y) for z; € G

17: Define Zj7y (-5 J) = 3., cq. Te(@is J)L (- 245 1,Gy)

18: end for N

19: EWL ¢ = J;. W (@) L7y (3 Lo) Lifx e (x) dz

20: Bwu, = [ W (@) Ty (x; )Ilet () dx

21: Wy = (Ewy,t - EWU,t)/(EWLt - EWU t)

22: Te(2i; Jm,@,) = Were(zi; La) + (1 — W) 7 (255 Uy) for z; € G

23: T (245 Jo1) = —Te(xs; La) +Ti(zi; Uy) for z; € G,

24: Define Il?t( Jm wt) = Zz ca. ?t(xza Jm wf) ( Ty lvG*)

25: EWm2 t = fI Iﬂ’t (x Jm wt)Ile t ( )

26: EWer = f[ Ith (l‘ ng)Ilet( )da:

27: 0, = \/(EWYQ,t - EWmZ,t)/EWr2,t

28: Output {7¢(zi; Jm,a,)},,eq. as the estimators of {m (2)},.cq.

29: Output {@a(m; Jo,l)} . 3 the estimators of {0 (7))}, cq.

r; €G i
30: end if

31: end for
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By (19), we have
Bwy =EW(X)r (X; J)
—Bwy | )+ Bw, [ I () dn
(0,1] [0,1]
with Eyw, = E[W (X) o (X)]. Based on (B.3), we conclude that if Cy,1 holds, then

(B.3)

o JOF (1) dr = (Bwe) " (Bwr — Ewy), (B.4)

implying

E[W (X) o (X)] /[O SO ) )

=E[W(X)(r(X; J)-Y)].
Assume that Js () is a weight function satisfying C,1. Then by (19), we have

r(z; Jo) = o(z) J(r)F= ! (7)dr, (B.6)
[0,1]

leading to

2
E [W(X)r2 (X; Jg)] = Eyoo ( / Jo(T)F Y (7) dT) (B.7)

[0.1]
with Eyygz = E [W(X)UQ (X)]. The equality (B.2) implies
Eyo: =E [W (X) (Y2 —m? (X))] . (B.8)

Combining (B.8) and (B.7), we obtain

</[0 7 (M) F (7) dT>2 - o ) : (B.9)

E[W(X)r? (X; Jo)]

By Lemma 1, we can obtain the following result.

Lemma B.1 Let 1 <1 < q—1 and I} Fy |, (-) be given in (10). With Fi(/ll—gl) ()

ezisting and continuous on I (Gy) := [min Gy, max G|, it holds that
I+1 I+1
IZFy o = Fyjalloo1(c) < IFVE oo iy 18 (Go)l '
For positive integers [ and r, denote

ki, = / u' K" (u) du. (B.10)
R

The following lemma is useful to deduce the asymptotic properties of ﬁy‘z (y).
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Lemma B.2 Assuming that g : R — R and fx (-) has derivatives up to order r + 1,
it holds that

1
Elg(X)Kp(X —a)] =) i (9fx)" () + 0 (k‘r+1,1Mr+1hr+1) , (B11)

2ot x o] = 13

with My11 = H ng (r+1)

I, ,00

Proof By Taylor’s expansion, we have

Elg (X) Kp (X — )] = / (w) fx (u) K (u — ) du

\

ng ) (z +vh) K (v)dv

(B.13)
Hosx) W @) bt [ 'K () do
Z Ji
0 [ o R (o) d )
+ ( +1 /]RU (v) dv
leading to (B.11). Similarly, we have
Efo (0 KE (X —2)] = [ g(u) fx (0) K} (u— )
R
-1 / (9£x) (& + vh) K* () dv
(B.14)
_iyi ) (
= ;0 o (9fx) / K? (v)dv
+0 (M,urlhr/ o TLK? (v) dv)
R
leading to (B.12).
O
Denote
~ q
={yitl 1, Fyus () = {Fyzs yz)}z 1 FY\z ¢ (y) = {FY|z,t (yi)}izl .

The following lemma give the asymptotic properties of l?’ymt (y).

Lemma B.3 Under Assumptions 1 - 8, it holds that

—1/2
~ nshg
{Nt z Nths} {FY:c,t (y)fFY|93 (y)fBF,x (y)z Ny } (B15)
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where
BF,a: (y) = {BF,w (yz)}le s EF,w (y) = [CF,CE (yivyj)]i,jzl’... \q
with Bp.; (yi) and Cr 5 (i, yj) given by (35) and (36), respectively.

Proof For y € R, denote

Mt (y) = Sy|ue ¥) — Fype (v) Fx.t (@)
Then, we have
Mm t ( )

Fxi (@)
Under Assumptions 1 and 2, it follows from Lemma B.2 with r = 3 that

[Syp; ¢ } Nt Z ZE I(Ysj <y) |Xs5] Kn, (Xsj — )]

s=1j=1

FY|m,t _FY\ac( )

ko1 .(2 ! nsh2 i n
= fx (:v)+7’f§()(w) oo (Z Shf§>.
— t
Then we have

' nsh? ‘n
B (Mes ()] — fx () Bree () 3 ™05 = 0 (Z mg)
s=1

with
k2 1

Bra (y) = 2 Py (9) + 200 Fy 1o (v) fx (@) /fx (2) }
Under Assumptions 1, 2 and 3, It is easy to obtain that

~ 1< s
Var [fX,t (x)] = Ft; %t\/ar [Khs (Xs fx (Nt ; Nohe >

Combining (B.20) and (B.23), we have

Fxi (@) = fx (@) + ku Z

t
Ns
+O<2Nthf§> +Op< N ZNth )
s=1 §

5

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

1.
(B.23)

(B.24)
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For x and y € R, denote

Dp . (y) =1 <y)_FY\m (y)-

(B.25)
For u, y1 and y2 in R, we have
E [Dpz (Y1) Dpg (y2) 1 X = u]
=E[IY <y)I(Y <y2)|X =u] -E[ (Y <y1)[X =u] Fy|; (y2)
= Fy)p (W) E[ (Y <y2) [ X =u]+ Fy |, (v1) Fy |2 (y2) (B.26)
= Fy o (Y1 Ay2) = Fy o (Y1) Fy |2 (¥2) = Fy | (V1) Fy o (y2)
+ Fy|z (1) Fy o (y2) -
Noting that the samples are i.i.d., we have
Cov (Mat (y1), Mt (y2)) = Ny 2> nsCs (1, u2) (B.27)
s=1
where
Cs (y1,92) =

Cov (D (y1) Kpn, (X — ), Dy (y2) Kp, (X — )

= E[Dra (1) Dro () K7, (X =@)| = T E [Dre () Kn, (X — )]
i=1,2

' (B.28)
with

E [DF,ac (1) Dp (y2) K, (X — x)]
=E [E [DFm (yl)DF,m (y2) |X] K]%Ls (X — CL‘)]

(B.29)
ko2 {Fyia (01 Au) = Fyio 1) By (42) } Fx () + O (hs)

E[Dra (v:) Kn, (X —2)] = E [E[Fyx (5:) = Fypp (4) IX] K, (X )]

o). (B.30)

where the last equalities in (B.29) and (B.30) are obtained by using Lemma B.2 and

(B.26) under the conditions of Assumptions 1 and 2. Inserting (B.29) and (B.30) into
(B.28) and further inserting the deduced equation into (B.27), we obtain

Cov (Mgt (y1), Mzt (y2))

t
Nt {FY|:1: (y1 Ay2) = Fy e (V1) Fy o (y2 }fx g N

(B.31)
(Nt Z Nth5>

By Assumption 3, we have

-1/2
4
{NtZNthé} ; —hs — 0.

(B.32)



Springer Nature 2021 BTEX template

SM for Renewable CQR Meth. & Alg. 7

Combining (B.21), (B.31) and (B.32), and by Lyapunov’s central limit theorem, we
have

—1/2
n5h2
{Nt Z Nth } {{Mw,t (yi)ti—y — fx (@) {Bra (vi) };_, E N, } (B.33)

d
-ﬁN@Jx@ERMw)
By (B.24) and Slutsky’s lemma, (B.33) leads to
nshg
Nt

t et s t
L S {Bra (v}
s} (Bl An ey

S N(0,Zps (1))

(B.34)
Let = € I+ and from Assumption 1 we know that fx (z) > 0. Then we have
t 2
[x (z) "sh
= =140 B.35
fxt(2) "\ N Z Nths (5:39)
Combining (B.18), (B.32), (B.34) and (B.35), we obtain (B.15). O

Based on Lemma B.3, we can immediately obtain the asymptotic distribu-
tion of 7j Fy|, 4 (y) stated in the following two corollaries.

Corollary B.4 Under Assumptions 1 - 3, it holds that
t

~1/2
~ nshg
{Nt Z Nth } {IIFYa:,t W)~ TFye (W) = TBra () > Nt} (B.36)

s=1

SN (0,77 Cra ),

where
IlBFl Z BF(E yz y7 Yi; lva)7 (B37)
Yi €Gy
TiCre ()= Y. Ly 1,Ga)L(y,y); 1,Ge) Cra (viry;) - (B.38)
Yi,Y; €Gx

Corollary B.5 Under Assumptions 1 - 8, for any measurable set I C R, it holds

that
~ 2 Ns h4 t
LﬁﬂWW—LRM du = (1) Oy 2: 2 ]WEZMh (B.39)
s=1 s=1

where p is the Lebesgue measure on R.

Combining Lemma B.1 and Corollary B.4, we obtain Theorem 3.
For any CDF F : R — R and any measurable function Jy : [0,1] — R,
define the functional I" by

r (J(); F) = /R (J() o F) IddF (B40)
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Lemma B.6 Let F and H be CDF's from R to R. Assume that F' is continuous and
strictly increasing on an open set containing [r,7] C (0,1), and J : [0,1] — R is
piecewise continuously differentiable with a support in [r,7T]. Then for any 6 > 0, it
holds that

I(J; H) =T (J; F>‘/F_1([ D(JoF)(H—F)duw(/ﬁ (H = F)du |,
- - (B.41)

where I3 = (F71 () =6, F~1(7) + 6).

Proof By the formula of integration by parts, we have (see Section 8.1.1 Lemma B
in Serfling 1980)

T(J; H)—T (J: F):-/(cpoH—@oF)du (B.42)
R

with ® (y) := Oy J(u)du for y € R. Further noting that (Jo F)(y) = 0 for y #

F~Y([z,7]), we have

LU H) =T F) [ (JoF)(H—Fydu=— [ Wy p(H-F)dg,
F=1([z,7]) Iur
(B.43)

where Igp = F~1 ([r,7H U H! ([z,7]) and

®(H(y) —®(F(y) _ .
Wi (y) = H(y) — F (1) J(F(y), if H(y)# F(y), (B.44)

0, if H(y)=F(y).

Since J (+) is piecewise continuously differentiable with a compact support, then

we have
My = sup |J' (7)| < +o0, (B.45)
T7€[0,1]\Inc
where Ine = {T{,«u ,T,’n};nz'l the set consists of all the discontinuity points

of J'(-). Since F is strictly increasing, we have that the set Ipo :=
{y ER: Py, (v) ¢ {T{}:ll Fy 2 (v) € (7, 1)} is open. Assuming that

/ (H—F)?dp— 0, (B.46)
Inr
then H — F on Iyp almost everywhere (a.e.) with respect to (w.r.t.) u, which
further implies that
y (Wa.r (y) (H (y) — F (y))]
im sup 5
H(y)—=F(y) (H(y) — F(y))
holding a.e. for y € Iro N Iz F w.r.t. p. Therefore we can deduce

< My (B.47)

Wit (= Pau=0 ([ (- pla),

(B.48)
where the last equality is obtained by combining (B.47) and the Lebesgue’s
dominated convergence theorem.

Win,r (H ~ F)dy = [

Iyr IpoNIar HF
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Under the assumed conditions on F', there exists ¢ > 0 such that

EC = (F - - F (Fre+e) C (FH (D) =6, F " (7)+06) = I

(B.49)
By Markov’s inequality, we have
p({petbmw-roizd)<c? [ w-ra (B.50)
15
Thus given [}, (H — F)2 dp < €3, we have
F
n({vemd:lHG) -FE) =) <e (B.51)
implying Iz C E€ and thus Igp C I};;, which further leads to
/ (H-F)*dup=0 / (H—F)?du| . (B.52)
Inr I3
Combining (B.43), (B.48) and (B.52), we obtain (B.41). O
The proof of Theorem 4 is as follows.
Proof of Theorem 4 By the definition in (B.40), we can write
Felws J) =T (s Tifyiay) s vl ) =T (5 Fypg). (B.53)
Then we have the decomposition
7e(x; J) —r(x; J) = AT + Rmo (B.54)
with R
Al =T (J; Ile|m) -T (J; IZFW) , (B.55)
Rma =T (J; ZZFW) -r (J; Fm) . (B.56)
Under Assumption 4, it follows from Lemma B.6 that
AT = -4+ 0 (F3,,) (B.57)
where
A= [ I (B (B ) - Ty W)y, (B5Y)
1(Gs)
~ 2
E7 . = / ‘IZFY\J;,t (y) = TiFy |, (y)‘ dy. (B.59)
1(G2)
Denoting

wi :/ J (FY\z (y)) L(y,yi; I,Ge)dy for y; € Ga,
1(Ge)
we rewrite (B.58) into

A=) wi (ﬁY\z i) = Fya (yi)) : (B.60)
Yi€Ga
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By Lemma B.3, we can obtain

{NtZNths}l/z{_At—" > wiBra () Zt: }

Yi€Gy s=1

4N (07 Z wiw;Cp (yiayj)> .

Yi,Y; €Gx

By Corollary B.5, we have

h4
E%l =0p (Z & Z Nths>

Further using Assumption 3, we obtain

—1/2
2
{NtZNth } Ef,=0p(1).

Combining (B.57), (B.61) and (B.63), we obtain

¢ —1/2 t B2
Nshg
E ATl — B E

s=1
N (O’ ZIl,m,x) .
with
Brima= — Y wiBra (i)
Y €Gy
- _/ (FYlf ) Z Br (yi) L (y, v 1, Ge) dy
1(Ge) =Ten
=T / J (FY|ZL’ (y)) IlBF,x (y) dy
I(Gy)
- */ I (Fyia ) Bra () dy + 0 (18 (Go)'T)
I(G)
and

1 ma = Z wiw;Cra (i, y;5)
Yi,Y; €EGz

= / / J (FY|m (21)) J (Fy\m (22)) I} Cp g (21, 22) dz1d2s.
I(Gz) J1(Gaz)

By Lemma B.6, we have
RIl,m,m = Fj + Eo,

where

b= /I(Gm) T (Frie ) (TFy1c )~ Fyi ) dy

£ =0 ( /
[y1,91]

and

TFy 1, ()~ Fyri, )] dy)

(B.61)

(B.62)

(B.63)

(B.64)

(B.65)

(B.66)

(B.67)

(B.68)

(B.69)
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Further using Lemma 1 and Assumption 4, we obtain
By = - / I (Fyie ) Rzpe ) d B2 = 0 (IAGP?). (B70)
I(Ge)
Then we have
Rime == [ I (Fyie @) Brra ) dy+0 (18 G ). (B7)
I(Ge)

Combining (B.54), (B.64) and (B.71), we obtain (38).

The proof of Corollary 5 is as follows.

Proof of Corollary 5 The expansion of Bz, ,, » can be obtained by using Lemma 1
and Assumption 1. The estimation of Rz, ,, ; is obtained by using the expression of
Rz, F o (y) in Theorem 3 and Assumption 1.

Now we deduce the expansion of X7, p,. By Lemma 1 and Assumption 1, we
obtain

Cura (21,22) = T (Fyie (21)) I (Pyps (22)) Cra (21,22) + 0 (1A (Ga) )
with CF 4 (21, 22) given in (36). Then we express X7, p, o as
1 me = S+ 0 (1A (Go) ) (B.72)
with

Yom,z :/ / J (Fy\w (21)) J (Fy\w (22)) Cre (21, 22) dz1dzs.
I(Gy) JI(Gz)

Recalling the expression of Cp g (21,22) in (36) and using the substitutions 7; =
Fy |, (%) for i = 1,2, we obtain

k02 / / J(T1 ( )(Tl/\Tngng) dridry
[z, 7] 7] F!

R Ve (P () B (5 ()

__ ko, 202(37 J (1) J (m2) (1 N2 — T172) -
e /[TT /T ™ fe ( 7'1)) fe ( c (T2)>d v (B73)

k
=022 %) (@) / Sy (11, m2)dr1dTa,
Ix(@) Jieq e
where the integrating range [r, 7] is obtained by using Assumption 4. Inserting (B.73)
into (B.72), we complete the proof. O

The proof of Lemma 7 is as follows.
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Proof of Lemma 7 By straightforward calculations, we have

t

sh3
Et (x; Hy) = <ZnNt> (Bm,z) —|——ZNth

s=1

= N2 <Zns > (Bm,) +Z

t—1 2
= Nt_2 { Z nshg + nth%> Bm z (Z ) m,x} s
s=1

2
N _
= ( ]i]tl) Nt721 (E nsh ) Bmx +E *Emr

t—1 2
_ 1 nsh
+ Nt 2”% {h? (Bm,w)2 + %Em,w + Qh? S_Zl ;}7; (BWLI)Q
(B.74)
leading to
Ne1\? ne \ 2
& (z; Hy) = | == Ei—1(z; He—1) + Ei (x,he; Hy1), (B.75)
Ny Ny
where
t—1 n h2
By (x,he; He—1) = hi (Bm.a)? + o Tma + 2h} Zl o (Bmz)?.  (B.76)
sS=

The proof of Theorem 8 is as follows.

Proof of Theorem 8 Denote by L? the space consists of all the square integrable
functions which are defined on [0,1] and have a support in [r,7]|. Then we have
I (r,7) C L2 We can express the functional V : L2 — R as

V(J)=A(J,J) (B.77)
with 4 : L? x L2 — R a bilinear form defined by
/\ —
A1, ) :/ 1 (r1) Ja (72) TLANT2 —T1T2
[r,7]2

fo (FH ) o (B2 ()
In the following, assume that J(-) minimizes V (-) over J. (7,7T). Recalling the
constrains in (20), the equality
dV (J + ég)
dé

drdre. (B.78)

=0 (B.79)
6=0

holds for any g (-) € L2 satisfying

/ _g(r)dr =0, / _g(m)F (r)dr =o0. (B.80)
[r.7) [r,7]
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By straightforward calculations, we have
dV (J + ég)
dé

TINTY — T1T2

. =A(J,g) = /&,?]2 J(Tl)g(Tz)fE (Fgl (Tl)) i (F{l (TQ))

- /[Lﬂ i (F;l (T2)) {/[T,T] J( 1)f€ (Fgl (Tl))d 1}d 2

=0.

dTldTQ

(B.81)
Note that L2 is a Hilbert space, and thus it follows from (B.80) and (B.81) that there
exist two constants C1 and Cy such that

L TL ATy — TIT B
m {/&T] J(Tl)]MdTl} = C1 + CoF; 1(72), (B.82)

ie.,

/[L?] J(ﬁ)%dﬁ = {Cl + CQF&-_l(TQ)} fe (F;1 (TQ)) ) (B.83)

Taking the operator % twice on both sides of (B.83), we deduce

2
‘f@“?)) = (i) {(@+ar @) s (7 @)}

o () (m ) + o (5 ) () )

d
+ 2CQEFE (12)

dro

+ CoF (1) (;;)2 fe (FE‘1 (12)) -

(B.84)
By the rules of finding derivative, we have

Lo = (F) (o). fr ()= (£) (@), @)

é}?%ﬂ:—(é)OxWﬂ) (B.86)

" 7\ 2
(;T)zfa (7o) = (fff—g(f)> (5 ) (.57

£

Using the equalities in (B.85), (B.86) and (B.87), we can write (B.84) into
I (= (D [ Ay
—m =01 <f§ ) (Fs ! (T)) Co (.f62> (Fe ! (T))
120, (}%) (F;l (T)) (B.88)

NN TAY
+@@1m(ﬂﬁﬁﬁ9)(almy
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which further leads to

J(7)

€

" 1\2 !
(01 + CoF N () <fff_2(f)) (=" ) - (ﬂ (

= —(CL+ o (1) (log £2)" (1 (1)) = Co (log £2) (P (7))

=~ Ci(og f) (F (7))

~ o {F (1) (og )" (M (7)) + (og ) (P (1) }
=C1¥y (T) + CoWy (T)
with ¥ and ¥q given in (49).
Recalling (20) and (21), the constants (Cq, C2) should satisfy
C1401 +C2402 =1, C1A11 +C2A12 =0, for z=m,
C1Apg1 + CoApe =0, C1A11 +C2A120=1, for z=o0.
By this we complete the proof.

The proof of Corollary 9 is as follows.
Proof of Corollary 9 By (49), we have
W, (7) = = {(61i + daila) log fo} (F " (7))
= — {(61: + 62i1a) (log f2)" + 263; (log f2)'} (F= (7))
By the model (1), we have

Fyl (1) = m (@) + o (@) F (7)),

() =Y (y;(in;)(m)) for 1 =1,2,3.

Using the relations in (B.92) and (B.93), we can obtain

wut (48) = (552 =0

= o) (108 Fp.) ),

—m(x)) _ fé’fs;g(fé)2 (y—m(w))

ot (@) FS‘L

gy A )(Ff;f (

(B.89)

(B.90)

(B.91)

(B.92)

(B.93)

(B.94)

(B.95)
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Then we can rewrite (B.91) into

W (FY\m (y)) = - {(51i + 69;14) (log fe)” + 289 (log fE)’} (m)

o(x)
_ {<5li + 521.%) o2 (z) (log F{/u)” + 2620 () (10g F3I/|I)/} (v)

= — 0 (@) { (G110 (2) — baim (1) + SaiTa) log Fy, ) ().

(B.96)
By (B.96), we have
2 1
vy (Fyp, (1) = =0 (@) (log Fy.) - (v), (B.97)
leading to
/ " -1 T,
a1V (1) = — /1 (logFch) (Fy|I (T)) dz = ¥ (1) (B.98)
with a1 = fI z) dz. Similarly, it follows from (B.96) that
1 "
¥ (P, (y)) —o @) {m(@ (oer)" - (e Ay,) )
m (2) , (B.99)
_ _ /!
= - T (e ) —o @ (s R, ) ),
leading to
1 m(z) _ r N\ (-1
T+ ) = (lalog ) (Pl (0)), (B.100)
which further implies
azWs (1) + az¥y (7 / Iq 10ng\$) ( y|1z (r )) dz
L. (B.101)
=y (7)
with as = fl* 1/o (z)dz and a3 = f[ z)/0? (z)dz. Combining (B.98) and
(B.101), we conclude that
Uy (1) =ay Wy (1), 2(r)=—a; az¥s (1) +a; Vs (1), (B.102)
ie, {¥1, Py} can be linearly expressed by {ﬁ!l, \ilg}. Then by combining Lemma 2
and Theorem 8, we complete the proof. O
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