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I. NUMERICAL CALCULATION

Without loss of important features, here we first provide a picture, in which the driving microwave is treated as a
classical one. The hamiltonian for a cascade type atom is written in the following form:

H = Ha +Hd =
∑
m=1

~ωm0|m〉〈m|+
∑
m=0

µm+1,mE(e−iωdt + eiωdt)|m+ 1〉〈m|+ h.c.

m = {0, 1, · · · } is the level index and ωm′,m is the level spacing between |m〉 and |m′〉. E and ωd are the amplitude
and angular frequency of the driving electric field. Here we consider the selection rule of the transmon that the matrix
elements for electric dipole moment µm′,m are zero if m and m′ are both even or odd. For a transmon, the energies
are ωm0 = mω10 − 1

2m(m− 1)α, described by anharmonicity α.
The behavior of the driven multi-level transmon can be understood using the rotational wave approximation and

the definition of Rabi frequencies Ωm+1,m =
√
m+ 1Ωd = µm+1,mE/~.

Heff = ~∆m|m〉〈m|+
√
m

2
~Ωd|m− 1〉〈m|+ h.c.

Diagonal elements for m > 1 are defined as ∆m = m∆1− 1
2m(m−1)α, in which detuning parameter is ∆1 = ω10−ωd.

Such a system may have many resonances conditions that ∆1 = (2m0 +m− 1)α/2 between the levels |m0〉 and
|m0 + m〉. Therefore, we might be able to observe the level splitting when ∆/α is half integers. Because of the
selection rule of the transmon, the transition between |m0〉 and |m0 +m〉 can only be probed by m-photon processes.
However, when the system is kept at the ground states |m0 = 0〉, except ∆1 = 0, these rich resonances can only
probed using multi-photon process when the probe is intense. In a two-tone measurement, in addition to the ordinary
resonance transmission for ω = ω10, other resonances can be assisted by the m-photon process allowed by the driving
such that ω + (m− 1)ωd = ωm0, or ω − ωd = ∆m. Such an effect will be observable when control is intense.

Here we proposed a way to probe these resonances by using a resonator to couple the driven transmon. The
transmission spectrum would show the resonances we expected for the driven transmon using a weak probe. To
understand the mechanism, let’s consider the Jaynes-Cummings model describing the interaction between the readout
resonator and the cascade type atom:

H = ~ωra†a+Hatom + g
∑
m=0

(a|m+ 1〉〈m|+ h.c.)

Here a and a† are anihilation and creation operators of the resonator photons, while g is the coupling strength. It
should clearly to find that the driven atom and resonator will have resonances at ωr−ωd = ∆m, in which m = 1, 2 · · · .
By defining new detuning parameters ∆r = ωr − ωd, one can rewrite the resonances conditions to be

∆1 =
m− 1

2
α+

1

m
∆r. (1)

When m = 1, it recover the ordinary atom-resonator resonance condition, δ = ω10 − ωr = 0.
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FIG. 1: (a) The structure of a transmon artificial atom coupled to a transmission type resonator, which coupled to two
transmission lines(TL) for probing the resonances. (b) The calculated transmission amplitude of the TL at various atom
detuning δ = ω10 − ωr from −0.3ωr to 0.3ωr. It clearly displays the avoided crossing at δ = 0. The coupling strength of the
atom and resonator is assumed to be g = 0.05ωr, Losses for atom and resonators are assumed to be γ = Γ = 0.01ωr.

In our system, the probing photons directly interact with the resonator, which also emit photons to the output
terminal as schematically shown in SFig. 1(a) . With the approach by Kockum et al.[? ], the transmission coefficient
of the probe photon can be deduced by the susceptibility, which is given by

χ (ω) = i

∫ ∞
0

dteiωt 〈[Σ− (t) ,Σp (0)]〉,

where Σ− =
∑
N

√
N |N − 1〉 〈N | and Σp = Σ−+Σ†− for resonator states |N〉. Quantum regression theorem states that

the ensemble average of the time-correlation of two operators can be calculated by 〈Σp (0) Σ− (t)〉 = Tr (ρp (t) Σ− (0)),
where ρp (t) is the time evolution of the system density matrix with an initial condition of ρp (0) = ρsΣp (0).[2] ρs is
the density matrix for the steady state, which will be assumed to be ground state when the probe light is weak. The
density matrix should follow the time-evolution equation of

dρ

dt
= − i

~
[H, ρ] +

∑
γ

(
AρA† − 1

2
A†Aρ− 1

2
ρA†A

)
.

Operator A is collapse operator. For the resonator, A = a, while for the atom, A =
√
m+ 1|m〉〈m + 1| and∑

mm|m〉〈m| for the diagonal decay effect and dephasing effect, respectively. [? ] The calculations can be undertaken
numerically with the Nmax×mmax dimensional Hilbert space, which is constructed by |i〉 = |N〉

⊗
|m〉. The possible

multi-photon processes will be limited by the mmax used in the calculation.
To check whether the calculation scheme can provide the transmission data for our need, we firstly calculate the

transmission amplitude for the standard c-QED problem with Nmax = mmax = 3 and g = 0.05ωr as shown in SFig.
1(b). The loss for the resonator and atom are assumed to be Γ = γ = 0.01ωr. In this strong coupling regime,
g > Γ, γ, one can clear see that vacuum Rabi splitting occurs when δ = 0 with the amount of 2g = 0.1ωr. As the
atom frequency detuned from ωr, we can see its resonance becomes weaker and follows the analytical result

Tresonance ∝

(
1− δ√

δ2 + 4g2

)
.

The results for atom under driving are presented in SFig. 2. In the plot, α = 10−2ωr, g = 5 × 10−3ωr, Γ =
γ = 5 × 10−4ωr are used. These values are close to those in our experiment. The detuning factor for resonator
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FIG. 2: (a)(b) The log-scale plot for transmission amplitude at different detuning δ/ωr at the driving amplitude Ωd = 1.5 ×
10−2ωr(a) and 2.5×10−2ωr. The driving frequency is ωd = 0.99ωr, or ∆r = 10−2ωr. g = 5×10−3ωr and γ = Γ = 1.5×10−4ωr.
The dashed lines show the resonance conditions that given by 1-photon, 2-photon and 3-photon process. Here Nmax = 5 and
mmax = 4 are used.
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FIG. 3: (a) The log-scale transmission amplitude at δ/ωr = 3.5 × 10−2 at the driving amplitude Ωd/ωr = 0 and 1.5 × 10−2.
The vertical arrow marks a good operation point for monitoring the amplitude change. (b) The transmission amplitude as
a function of detuning δ/ωr at a probing frequency slightly detuned from ωr by a factor of 2.5 × 10−2 at Ωd/ωr = 0(blue),
1.5× 10−2(green) and 3× 10−2(red). There are resonance peaks at δ/ωr = 0, 0.35 and 0.75 in each curve. (c) The peak height
of transmission as a function of driving amplitude Ωd at δ/ωr = 3.5×10−2(red hollow circle) and 7.5×10−2(blue hollow circle).
The transmission amplitude of a probing frequency slightly detuned from ωr by a factor of 2.5× 10−2 at δ/ωr = 3.5× 10−2(red
solid circle) and 7.5 × 10−2 (blue solid circle). The detuned measurement can be used for monitoring the peak heigh change.

∆r = −10−2ωr, and driving amplitude Ωd = 1.5× 10−2ωr and Ωd = 2.5× 10−2ωr are respectively assumed in SFig.
2 (a) and (b). In addition to the resonance due to the ω10 transition, one can also see the m = 2 and 3 cases. These
multi-photon processes come across with ωr at the conditions given by SEq. (1), and would cause much greater change
in the transmission amplitude.

It is interesting to investigate how the resonator frequency change by the dressed atom, in particular when the
conditions given by SEq.(1) are met. As such we conducted the calculations using Nmax = 5 and mmax = 4 at
δ/ωr = 3.5 × 10−2 , corresponding to the condition given by SEq. (2) with m = 2. As shown in SFig. 3(a), there is
a greatest change in transmission amplitude at Ωd/ωr = 1.5× 10−2, featuring a large effective coupling strength geff .
When geff is not larger than Γ, the resonator and dressed atom are only weakly coupled and the clear splitting is not
observable. Though the transmission peak height gives a way to quantify geff , but it turns out not very practical to
measure the peak height when the resonance is shifting. When the shift is small, we can apply the approach similar
to the dispersive probe for a qubit readout by simply setting a detuned probing frequency, at which there is a large
amplitude change due to frequency shift. As an example, we set a probing frequency marked by the vertical arrow in
SFig. 3(a). SFig. 3(b) illustrates the transmission amplitude at the selected probe frequency as a function of δ/ωr at
Ωd/ωr = 0, 1.5× 10−2 and 3× 10−2. One can clear see that each curve present the resonance conditions for m = 1,
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FIG. 4: The CPB/transmon energies ωm0/m with m from 1 to 4 at ng = 0(a), 0.25(b) and 0.5(c). The horizontal line is the
probe frequency 5.514 GHz.

2 and 3, respectively. By choosing these resonance conditions, and plot the transmission amplitude at the selected
probe frequency as a function of driving amplitude, one could get the red and blue solid symbols in SFig. 3(c). The
data agree well to the transmission peak height of the resonator plotted by red and blue hollow symbols, confirming
an effective way of study geff in this system.

II. CALCULATIONS ON ENERGIES OF COOPER-PAIR BOXES AND TRANSMONS

The energies of Cooper-pair boxes and transmons is considered by using the Hamiltonian presented in the charge
number basis |n〉.

HCPB = 4EC(n− ng)2|n〉〈n|+ EJ
2

∑
n

|n+ 1〉〈n|+ |n− 1〉〈n|,

in which EC and EJ are charging energy and Josephson energy, respectively. ng is gate charge number. In our
sample, EJ is tunable by the biased magnetic flux number f , EJ = EJ(0)| cosπf |. In a small frequency range, we
have determined how the atom energy changes as a function of f when ω10 = 5.5 GHz. As such the transition energy
ω20 as well as the anharmonicity α = ω10−ω21 = 1 GHz is determined. Although for the transmon α ∼ EC , but it is
not accurate in our case that EJ/EC ∼ 10. To find the accurate EC value, we set ω10 = 5.5 GHz, α = ω10 − ω21 = 1
GHz, and ng = 0.25 to find the reasonable EC = 0.65 GHz and EJ/EC = 11.5, which are not sensitive to ng.

With the estimated flux number fr = 0.484 when ω10 = 5.5 GHz, we can estimate the zero-flux Josephson energy
EJ(0)/EC ∼ 235 and EJ(0) ∼ 150 GHz. The higher excited level energies with our low EJ/EC system show greater
ng dependence. In explaining the high Pp 1-tone experiment, we calculated ωm0/m with m from 1 to 4. As illustrated
in SFIG. 4, only when ng ∼ 0.25 one can have resonances roughly equal spaced in flux number change as shown in
the measurement data.

III. DERIVATION OF TRANSMISSION COEFFICIENT AT A DETUNED FREQUENCY

To derive the transmission coefficient for an atom coupled to a resonator, we apply the similar approach as in
Sec. I by considering 2-level approximation for atom states as well as resonator states. The free hamiltonian of the
composite system can expressed as

H = ωa

(
1 0
0 1

)
⊗
(

0 0
0 1

)
+ ωr

(
0 0
0 1

)
⊗
(

1 0
0 1

)
.

The first and second 2× 2 matrices note the operators for 2-level resonator and 2-level atom, respectively. ωa = ω10

is the level spacing. With the Jaynes-Cummings type interaction, the effective hamiltonian read as

H =

0 0 0 0
0 ωa g 0
0 g ωr 0
0 0 0 ωa + ωr

 .
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When calculate the susceptibility, we need to calculate the correlation functions 〈Σ−(t)Σp(0)〉 and 〈Σp(0)Σ−(t)〉 of
the destruction operators for the resonator.

Σ− =

(
0 1
0 0

)
⊗
(

1 0
0 1

)
, Σp =

(
0 1
1 0

)
⊗
(

1 0
0 1

)
.

These correlation functions are

〈Σ−(t)Σp(0)〉 = ρp′;20(t) + ρp′;31(t),

and

〈Σp(0)Σ−(t)〉 = ρp;20(t) + ρp;31(t).

ρp and ρp′ are solutions to the master equation for ρ with the initial conditions of ρsΣp and Σpρs, respectively.
Without loss of generality, ρs can be used as the ground state density matrix, and yield

ρp(0) = 0, ρp′(0) =

0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

 .

The non-vanishing differential equations for ρp′(0) are:

d

dt

(
ρp′;10

ρp′;20

)
= −i

(
ωa − iγ g

g ωr − iΓ

)(
ρp′;10

ρp′;20

)
,

with the initial condition (
ρp′;10

ρp′;20

)
=

(
0
1

)
.

Here γ and Γ are decay rates for atom and resonator, respectively. We could assume γ = Γ for simplicity. By defining
the parameter δ = ωa − ωr, the solutions read

ρp′;10 = cos
θ

2
sin

θ

2
e−γt

(
e−iΩ−t − e−iΩ+t

)
(2)

ρp′;20 = cos2 θ

2
e−γte−iΩ−t + sin2 θ

2
e−γte−iΩ+t, (3)

in which cot θ = δ/2g and

Ω± = ωr +
δ

2
±
√
δ2

4
+ g2

The susceptibility is

χ(ω) = −
cos2 θ

2

ω − Ω− + iγ
−

sin2 θ
2

ω − Ω+ + iγ
.

By introducing a slightly detuned probe at ω = ωr + ∆p with ∆p � ωr, one can easily determine the transmission
peak by maximizing the imaginary part of χ(ω)

Imχ(ω) =
1

γ

cos2 θ
2

(ω − Ω−)2 + γ2
+

1

γ

sin2 θ
2

(ω − Ω+)2 + γ2

by varying δ. We note that the real part is around zero at resonance. The maximum transmission amplitude would
occur at

δ = ∆p −
g2 + γ2

∆p
.

If γ � ∆p ∼ g, the associated peak height is majorly contributed from the imaginary part of χ(ω):

h ∝ 1

γ

g2 + γ2

∆2
p + g2 + γ2

,

as stated in maintext Eq. (4).


