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We give proofs of the theoretical results and some additional numerical results that support our conclu-

sions in the following supplementary information.
1 Proofs of the theoretical results

We give some notation. Let Z;; = Xij, Zi = (Zij: j=p+ 1, ,p+q) ", Zip, = Xip,, o= (17,87) 7,
0 = (1T7/3T)Ta Y= (bTwBT)Ta 75 = (bTa/BT)T7 7 = (i)T’BT)T, "AY = (BT7BT)T3 Yo = (bT’ﬁJ)T’

Zi = (Zyl(j € B)+ Wy l(j € B)) : j=p+Lp+2,-,p+q", aj(Xy;) = (a;(Xi))I(G € Ai) +

E(aj7l|Xi7Ai;Zi,Bi)I(j S Al) = 1,2,”- ,L)T, d](X”) = (ajJ(Xij)I(j S Az) + d]‘)l](j c Az) =

1,2, L), &(Xi) = (@(Xa) T, -, @p(Xip) )T, a(Xs) = (@ar(Xa) -, ap(Xip) )T,

9(Xi) = (1(Xir), - 9p(Xip) T, 9(Xs) = (g;(Xi)I(J € Ai) + VigI(j € Ai) 1 j = 1,2, ,p)T, Li=(9(Xs)",27)7,

Ii=G(X)", 207, Fi=(a(X)7,21)7, fi=(a(X;)",2)". Noting that the dimension of 1 is allowed

to vary with p and it is more proper to write 1,. However, we generally ignore the dimensions of 1 vectors

for notational convenience, and denote it by 1. If necessary, we will write their dimensions explicitly.



1.1 Proof of Lemma 1

Firstly, we prove that u(6y) = u(Bp) = 0, where u(8) = E {INZ (L;-'—OO - lTB) }7 u(B) = E{z (Z] By — 2/ B) }.

We have

(Y|XZA Zgj ’Lj + Z‘/’Lj+ Zszﬂj+ ZWzgﬁj—l 00

JEA; JEA; JEB; JjEB;
Also we have E(Y—i|Xi,Ai»Zi,Bi) = E(L;F|X1,A” ZLBi)eo.

Hence E (LT 0T X, ) 00 =E(Z] — 2] |X;4.,Z:p) Bo =0 and then E {z (LTeo - lTeo)}
0, E{z (ZBo — 2/ Bo)} = 0 due to the reason that l; and 2; are the functions of (X" QA ;':Bl,Ah B;).
Next, we prove that «(8) = 0 has a unique solution. We assume there is another solution B3 € B such
that u(é) = 0. By the simple calculation, we have
u(B) — u(Bo) = E{2(2] Bo— 2 B)} - B {2.(2] B — 2] Au)}
=—E{zz}(B-B) =0.
For F {21,2?} is invertible, we can obtain B = Bp and then 3y is the unique solution of u(3) = 0.

Noting that U(8) — u(8) = IS Z Y, — F 43} — E {z:(Z By — 2/ B)}, then we rewrite

U(B) —u(B) = Uy — Uy + Us + Uy + Us,

where
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{z:(L] 60— 1] 0)} — E{%,(L 6, — 1] 0)},
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Next, we will show that

(i) supgeg U1l = 0p(1)



(i) supges [|Uz]| = 0p(1)
(ii) supge [|Us|| = 0p(1)
(iv) supges [|Uall = 0p(1)
(v) supges [Us || = op(1)

(i) For (j € B;) .

Wi — Wi = EZ’ 1 I(Cy D {C; UJ}){ZH - ZJ}KH( 1C; — Uzgci) _ Wit
N N Y 1(Ci D{Ci U HNKu (Ui ¢, — Ui c,) Wi’

By the arguments in [3] and [4], define d; = |C;| < p + ¢, we have that

Inn
s Wij1ll = Op(y/ —— + h?
j7Ui,L;I;)sCi H ”1” p( nhd + ),

. Inn
sup [[Wij2 = P(Cyr 2 {C; U jH fe,(Uie)ll = Op(y/ T h?),

3,Ui,c;,Ci
Csup Wi = Wil = op(1). (1)
3,Ui,c;,Ci
and
1 o=/~ R
=3 (zi-2)v anYn sup [ Wig = Wigll = op(1). (2)
i=1 J,Ui,c;,Ci

Hence, we have supgep [|Ur]| = 0p(1).

(ii) Analogous to the proof of (i), we can get that SUD; U, ¢, .C; |Vij = Vijll = 0p(1). Also, we get the following

decomposition
I~ (7 =\ ie o lx - s
Uz = ;Z(Zi_zi)fiVﬁ EZ (B4 = £74)
i=1 i=1
= U + Uss.
where

[U21] < = ZQHfTVﬁH S ||Wij = Wil = 0p(1),

U i,Cy



and there exists a constant 0 < C' < oo such that

1< s .
[Uaa]] < gZLpHZiH sup [[Wi; — Wi
=1

3,Uic;,Ci

I~ -5 .
+ =3 LpClZi|| sup ||V — Vil = 0p(1).
n- 3Ui,c;,Ci

Thus, supgeg [|Uz]| < supgeg |U21]l + supgeg [|[Uzz|| = 0,(1).

(iii) By simple calculation, we have the following results

_ ]' I ANT1 A ,T'
Us = EHzl (g(Xl) 1-a(X;) b)
_ IS~ coxT1 - oy Tinlx
- E n§ 2(5(X)T1 - a(X) b)‘Xl,A“ZZ?BL

By the Assumption (A7) and spline theory mentioned in the main paper, we have

IN

1 n _ R ~ .
- Z I1Z:lll3(X:) 1 — a(X;) "Bl
=1

=Y AT - (X))

= 0, = 0,1,

Thus, supges [|Us]| = 0p(1).

(iv) We consider the function class F = {f(8) = Z(L; 0y —1]8) : B8 € B}. By Theorem 19.1 of [7],

we conclude that F is a Glivenko-Cantelli class. And it follows from Glivenko-Cantelli theorem that
supges U]l = op(1).
(v) Similar to the proof of (iv), we can also obtain supgeg |Us|| = 0p(1).

Thus, we complete the proof of supgep |U(B) —u(B)|| = 0p(1). Similar to [4], using the fact that By is the
unique solution to u(3) and the continuous mapping theorem, we can conclude that ﬁ — (Bo in probability

as n — oQ.

1.2 Proof of Lemma 2

UB)~UB) = =S ZYi-ET4) -~ -3 24y~ BT}
1=1 =1



= 355 (B Bo) +o,(118 -~ Bol),

i=1

where the last equality follows from (1) and (2) in the proof of Lemma 1. By the fact U(8) = 0, we have

V(B —Bo) = ( Zz ) VU (Bo) + 0p(1).

0B = +> 7=
%zz(gmﬂeo_rreo) Zz (F@O—nyo)—sz( "0~ £70)
3z (Ew v L6 - ijeo) + - ;{z — %) (sio Y L6 - f;eo)
oY s (T GO*fT’)b)+%Z{Zi*51}(1700*f;’70>
(

F'v - f; ’Yo) —fZ{Z ~ % ( 70—fT70)

I
S|

Z; <5i0 + L;reo — l:reo) + OP(n_l/Q).

The last equality follows from the Lemma 1 in [4], Assumption (9) and Assumption (10) in the main paper.

Hence, we can obtain v/n(8 — Bo) — N(0, A~ (A~1)T) in distribution as n — co, where
A=E(zz), B=Var{z (s0+ L 60-1]6)}.
1.3 Proof of Theorem 1

Noting that




where U(¥) = 1/n Y0 | Fy(Yi — F/'4), U(%) = 1/n Y1, Fi(Y; — F,'%) and 7 is between 4 and 4. Thus,

by the fact that U(%) = 0, we have

v |5 ) e
We rewrite
i3 ={oe T 0@} |
where
o) _ = ;éa(xnm -ETy), 0) = 7112_; ZYi— FT),

By the results in the proof of Lemma 1, we have

S\H

Z (Y; — F'%) = E{2:(Z] Bo — 2] Bo)} — E{2:2] }(B — Bo) = 0,(1).

Following the proof of Lemma 1 above and applying the proof skills of Lemma A.3 in [5], we can also obtain

% Z &(X;)(Y; — F;'4) = op(1).

—1
According to Lemma A.2 in [5], %ﬂ;’) = Op(1). Hence,
Y=Y
R ~1
. oU () .
I =9l < | U = op(1)
=3

Then the theorem is proved.

1.4 Proof of Lemma 3

Define CP(w) = ||Ys — fis|?> + 2tr{Ps(w)Xs}, where g = Var(es), €5 = (€1, ,en,) |, Ps(w) =
p+1 w;Pg(;j) and w? = arg miny, ey CP(w). Following the proof of Lemma 1 in [6] and the second result

of Theorem 2 of [8], under assumptions (A9) and (A10), we can obtain that

L, (w)

Ln(0°7) 2y 1 and sup

—_ -1 % o. (3)
infyep Ln(w) weH | Ry,

w)



We define Pg ;) = D(j)(Ps(j) — Iny) + Ing, PF(w) = Em_? w;P§ ;) and 4 (w) = PE(w)Ys. Note that

CV(w) = ||Ys — p(w)|? and tr{P% (w)Es} = 0. Hence C'V(w), which can be expressed as the form of
CP(w), that is

OV (w) = [|Ys — a (w)|* + 26:{P (w)Ss)}.

We also define

Ly (w) = ||us — g (w)|* and BY (w) = B{L (w)| X1, -, X, }.

To prove Lemma 3, according to the proof of Lemma 1 in [1], it suffices to show that

Ry (w)

Fotw) 1| & o. (4)

sup
weH

Following the proof of [1] with assumptions (A10) and (A11), we can obtain

Ry (w) 1Ty = P& (w))pas|| + tr{PF (w) s}

= Ru(w) + [|(In, — Ps)ps|®0p(1) + tr{[PF (w)* — Ps(w)’]Ss}.

Thus
v PC'U P
@) | o) aapor EIPE () Ps(w)
Rn(’lﬂ) i>1 Rn(w)
in which
tr|PY (w)* — Pg(w)?| /R, (w)
) p+q p+q .
<tr {Ps(w)*} 0,(1)/Rn(w) +2> Y wjwyi(p+q + Jn + d)oy(1)/ Ry (w)
j=1j'=1
pt+q ptaq no  p hit
@) (4"
+ZZw]w]Z hu l_hu /R
j=1j'=1 =1 (@)
=F + FE> + E5.

Recall that ¢, = infyey Rn('w) Thus, we have

{PS }Op(l)
{Ps(w)?}infi>; of

E = 1
1= tI’ Op( )a

Ey <2(p+q+Jy+d) /¢ =0(1),



and

Es < ng sup; /\max PS /CT, < ( ngnal(p +q+ Jn + d > /CT,
1- Sup; )\max PS(]) 1-— Hgno (p +q+ Jn + d

_< Ko ) PHa+Jatdp+q+Ju+d
1~ fang (p+q+ Jn +d) 1o én
Hence, we complete the proof of (4). According to the proof of Theorem 2.1 in [9], under assumption (A10),

=o(1)

we can obtain

p+q
(p+ )(G)72 Y R (W)} =250, (= inf R (w)
j=1

Then we have

LCU LCU
.#.w)ﬂl and sup M—l 50 (5)
1nfwe% L%U (’LU) weH RCU (’LU)

By the arguments of equation (3), we have L, (w)/R, (w) % 1 and ¢,/ infuew Ln(w) £ 1, by equation
(4), we have R, () /R (w) & 1and (& /¢, & 1. Also, by equation (5), we can obtain RS (w<)/LE¥ (we”) >

1, L () / inf wep L (w) 2 1 and inf ey L (w) /¢S £ 1. Hence, the conclusion in Lemma 3 holds.

1.5 Proof of Theorem 2

To prove Theorem 2, follows from Lemma 3, we just need to prove that sup,,c { L (w)— Ly (w)}/ Ly (w)| &

0. Actually,
Ln(w) — L, (w)
qup | 15() = frs(@)* +2 {pus — fus(w)} T {fos(w) ~ ﬂs(w)}‘
weH Ln(w)
s (w) = fos (w)]” (s — fus(w )}T{m ) — fus(w)}
S TR L \ ©

N
w
jori
T

s (w) — fus (w)]* / (w) s (w) — fas(w)|*
T weH Ln(w) 2 5}61% (w) weH \/ n(w)

i o \/Sup s (w) — fas(w)]*

weH Ln(’l.U)

Ly, (w) — L, (w)

[fs(w) — fus(w)]|
sup +2,| sup Ln(w)

weH Ln(w) weH

IN

llfzs (w)—fes (w)|” P,

Hence, it is sufficient to show that sup,,cy T (w)



By (3), we have

sup S
weH L (w)
< sup ||frs(w) — fus(w)|* {10, (1)
2
pt+q ]
= sup || w;Gs() (3) — )| GOp(D)
weH j=1
pt+q 5.
< sgngj 1Gsi) oy =)~ 6t Op(1)
7j=1
< max [|Gsg) (36) = 46) |7 G 0n(1)
~ . T ~ . i
RREIETA (F0) —30)) Gy Gsuy (V) — 7)) G Op(1).
_ ~ . 2 .
< nax Amax ("0 1G§<j>GS<j)) 150) = e[| 106 M 0p (1),

where () = (G{;)Gs(j)) " 'Gi;Ys, 44) = (G(G) G (Y and Gj) = (Gy(j), -+, Gn(jy) ", which
has been defined in the main paper. It follows from above that the desired Theorem 2 holds if we can prove
that ||9¢) — ¥) H2 = 0,(n~"/?). Acually, the j-th approximating model mentioned above is

ptaq

Yi = g ey = 95(Xig) + ) XawBr iy, i=1,--
P

(7)

E

To estimate g;(X;;) in (7), we employ the basis approximation, and the model (7) can be approximated by
Yi= Gl teigy, i=12n

where G, ;) = (aj(Xij)T,XlT(_j))T, Xijy=Xig:j=1- =L+ pra) v = @O, 87,)7,
by =5, :1=1,- AL Bly=B;j=1-,j—1j+1,-- ,p+q) T and 7(;) denoting the pseudo-true
parameter vector.

We give some notation which may be useful in the following process. Denote g;(;) = (a ;) (Xij)—r7 :ii(fj)
ag)(Xij) = (a;1(Xij)1(j € Ci) + E(aju Xio)I(G ¢ Ci) 1 1=1,--- | L)T, &5y = (Xy;1(j € Ci) + Wi I(j ¢
Ci):j=1,-,j—=1,j+1,--- ,p+q)". Recall that Gi;) = (&;(Xij) ", X;{_;)) 7, &;(Xi5) = (a;0(Xi))I(j €

Cl)+d]7lj(] ¢ Cz) = 17 e aL)Tv Xi(—j) = (X’L]I(j S Cl)+W’L]I(.7 ¢ Cz) ] = ]-7 e 7j7]-aj+17 e 7p+q)T'



Next, we prove that u('y(*j)) =0, where u(v¢;)) = E {gi(j) (GiT(j)'y(*j) - g;Ej)’y(jO }

Note that
E(YiXic,) = Gi;)7)

This in cojunction with the following equation

we have E (GT(J) ;Ej)‘Xi,C,-) ¥ = 0 and then E{gi(j) (Gj(j)'y(*j) —gj(j)—y(*j))} = 0. Using similar
arguments in Lemma 1, we can conclude that 'y(*j) is the unique solution of u(7(;)) = 0. Let 4(;y be the
estimator as a solution of the estimation equation U(y(;)) = 2 31, Gy {Yi - éiT(j)’y(j)} =0.

Noting that

1~ - ~ _ _
Ulvg) —uvg) = D Gig) {Yi - GLWU)} — E{Gi» (Gl — 9itay o)}
i=1
n B B ~ ~ 1 n ~
= = Z ( iG) ~ ) Yi—— Z (Gi(j)GiT(j) - 9i<j>9iT(j)) Yo+ = D GiGEi)
'L:l =1
t o Zgzm { o)~ gzm’Y(a)} {gi(j) (Gz‘Tm’Y(*j) - !ZT(j)’Y(a‘)) } :

Analogous to the proof of Lemma 1, for a given j, we can obtain that ||U(v(;)) — u(v))| = op(1), which
yields that §j) = ;)

Also, using the similar arguments in Lemma 2, we have
U(3) = Ugy) = ng 1310y (36 =) + o130 = iyl

which implies /n (‘y(j) - 76‘)) = (% S gi(j)gj(j)) VU (7)) + 0p(1), in which

1 A T =T
U = —D Gig (%) + GV Gi(jﬂ?j))
=1
= — ZgZ ]) (E’L ) + G gl(])’y(])) + Op(n_1/2>.
=1

Then, we have /n(9(;) — ) — N(0,A"'3(A~1T) in distribution as n — oo, where A = E(gihg —'E H)
and 3 = Var {ﬁim (%) + G — gi(jn(*j)) }

10



It implies that H’Sf@ — '7(*7‘) = Op(n_l/Z). For we obtain ;) using the complete case data with sample size
no, we can easily show that ||,y — % || = O,(n~1/?). Therefore, we can obtainl||y.y — Y || = O, (n=1/?),
(4) () p () (4) P

and we complete the proof of Theorem 2.
2 Additional numerical results

In this case, we compare the computing time of PRIME, PRIME-MA, ILSE, SSL, ML, MI and CC. For
the sake of fairness, we record the time that the methods mentioned above cost in Scenario 1 with p = 0.6,
R? = 0.7 and heteroscedastic error in a laptop with 2.4 GHz Intel Core i5 and 8GB of RAM. We repeat
the simulation NV = 100 times. The results are shown in Table 1 with different sample sizes and missing
rates. PRIME, ILSE and SSL are more time-consuming than other methods. Among these three methods,
Selecting scale parameters with a grid-search over the prespecified bounded region force SSL to spend more
time in estimation than PRIME and ILSE. Our proposed new PRIME-MA strategy is computationally more
demanding due to the use of multiple candidates. ML and CC take less time but have low accuracy. For
applications where the method is used to quickly obtain an estimation result in a time-sensitive manner,
it is perhaps enough or even preferred to use, e.g., MI. However, for applications where accuracy is more
important, the extra computation cost of PRIME/PRIME-MA may be worthwhile, especially when the
correct model structure of the partially linear model is unknown.

Table 1: Time Cost
MR n MI PRIME ILSE SSL ML CC PRIME-MA

200 0.535 1.333 1.130 1.510 0.040 0.010 8.110
60%

400 0.681  3.861  3.214 4.724 0.013 0.012 22,121

200 0.595 1.392 1.759 1.811 0.035 0.034 8.310
400 0.758  4.036  4.037 4.750 0.041 0.036 24.019

85%
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