Supplementary information

REDUCTION OF THE KUBO FORMULA

In this section we give the derivation of the electric-field induced nonlinear correction via a Kubo formula. The
details of the diagrammatic approach are listed in Refs. [30]. We specifically the insertion of finite lifetimes according
to the prescription of Ref. [32], and employ the notation therein. We expand to order 7°, which represents the
dissipation-less correction to the linear conductivity. In the diagrammatic picture, 4 diagrams contribute (may be
insert these later). For simplicity, we consider here the case of **¥. An analogous expression can be derived for og¥¥:%.
For compactness, we omit the Fermi occupation factor throughout. The total conductivity o®*¥ at order 7° reads,

WY contains contributions from two-photon vertices, while V*%¥ are three-legged diagrams. Parsing W?**¥,

WY = =2 [e3w™, v,] — [e730%, w™] = =2 [e 730y, w™] — [e 720", w"™Y]. (S2)
Recall that w™* = 2iA” A" — [e A", A%] +ieS®®. Furthermore, w”™ = iA" AY +iAY A" — 1 [ A%, AY] — ] [cAY, A”]+ieS™Y.
v®Y = je A%V (since only off-diagonal components are involved).

WEEY = 2 [e72AY, 2iA" AT — [c A", A”] + ie577] —
i [e2ATIATAY 4+ iAVAT — (1/2)[c A", AY) — (1/2)[e AV, A”] + i57Y] . (93)

Terms may now be rearranged given the transposition properties of objects inside the commutator. For example,
[e72A", A" AY] = [e72AY, A" A”]. This stems from the fact that e2, =2, but A?, = —AZ . Thus,

T =5 [eTPAY, ATAT] 4 [e TP AT, AVAT] + 20 [P AY, [e AT, AT]] — 2 [e7TAY, ST +

)

3 [672./41, [eA®, AY] + [E.Ay,AIH — [aflA“’,Sxy] . (S4)

Next we turn our to V¥, As the expressions contain denominators €,; which depend on an intermediate index, we

first isolate two cases of interest: | = n, [ = m. The remainder are pieces for which [ # n, m and therefore are amenable

to being written as proper commutators, as noted in the introduction. Since this section will involve explicit diagonal

parts of the velocity operators v:¥ we restore the Fermi occupation factors. Firstly,

TTYy fnm T T y fnm y T T
Vl=n,7—0 - 924 nmVmnVUnn + 9c4 UnnVmnVUnm (85)
nm nm

Interchanging the summation on the second term (n < m), gives,

fnm T T Yy Yy Ljo? Y T 1[A* Y T
26;1”,1 (Unmvmn(vnn - Umm)) = 5 ETA YU = 5 ETA "’4 : (86)
Next is the case of [ = m,
Vlzzwfr;gﬁo = _7%v2mvfnmvgnn - 7gzimvzmvfnmvfnn =7 [5_4vyAx7vx] =7 [5_2AyAx7“4x] =7 [5_2Ay7 Aach] .
nm nm
(S7)
The remaining terms, such that [ # n, m are,
3y,(1 flm fnm fzm
Vit = A= v, — 25 v, — v (S8)
nm<nl nm©nl nm&nl
wx5y,(2) zx;y,(1)

while V, Znom 1S the complex conjugate of Vienm - Let us treat each term separately. After substituting v*¥,
and adding the complex conjugate the first term yields —4—fnm_yz o2 o = —4i [A””, [eAI,a_QAyH. We break

Enmé€y,; NM-m
this term up into two pieces of equal prefactor, 2, and the first piece is replaced using a Jacobi identity. That is,
—2i [A”, [eA®, e 2AY]]| = 2i [e72AY, [A", eA™]] + 2i [eA”, [e72AY, A%]]. The other piece is written down differently.
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Using the fact that €,,; = €pn+en;, —24 [A‘”, [EAI,€_2,AyH = -2 [Ac”,a [A$,5_2,Ayﬂ +2i [A””, [A””75_1Ay]]. Adding
this up once more gives,

—4i [A”, [e A", e 2 Y]] = 2i [e2AY, (A%, e A7]] + 2 [A7, [A”, e 71 AY]] . (59)

The next term in Eq. (S8) is decomposed analogously.

_2552:12 vk vk v = 2i A?, [eA” e AY] | = =20 [A", [A", e AY]] — 2i [T A", [A7, AY]] (S10)

The last term in Eq. (S8) is given by,

‘saf"’;’ Vi UtV = —i [P AT, [2AT, AY]] (S11)
nm&nl

We are now ready to assemble all the pieces we have. We combine,

esy | ey _
5 [e72AY, ATAT] + [e2AT, AVA"] + 2i [e2AY, [e A%, A”]] — 2 [ AY, §77] +
% [672A%, [e A%, AY] + [cAY, A7]] — [ 1A%, 5%Y] + % K‘:Ay, Af”] —T[e2AY, AT AT + 2i [¢2AY, [A%, eA7]]
+2i [A7, [A", e AY]] — 2i [AT, [A", e T AV]] — 2i [e L AT, [AT, AY]] — i [e2A7, [e A7, AY]] . (S12)
We obtain,
pesy | ey _

i

—2[e72AY, ATAY] + % [e72A%, AVA"] — 2 [e71AY, 577] + 3 [e72A4%, — [e A", AY] + [cAY, A”]] +
— [T A", 87Y] — 2i [¢ 71 A", [AT, AY]] (S13)

This term contains several total derivatives, which are Fermi surface terms, and give rise to the recently proposed
gravitational anomaly and intrinsic non-dissipative Hall effects [40, 56]. We remove them by observing that,

Oy 671 AT, AT =2 [e7TAT, S™] + [eT2AT, AVAT] + [e71 A i[AY, AY]] (S14)
Oy [e71AY, A"] = [e7T AT, 8] + [e71AY, §77] — [eTPAVAT, AT] + [e71 AT, (i/2)[A7, AY]] . (S15)

By combining these identities with the symmetrization condition one finds,

oY = 20, [s_lAw,Aﬂ — 0y [E_l.Ay,Ax] +

3 [6 ZAY, AT A ] —3 [e AT AV A ] + [5 tA® S y] — [e tav, s } + [6 LA (i/2)][A ,.Ay]]. (S16)
In the above, we employed the identity that Qrvl — Quel = 2 otherwise proven here [32]. We note that this form
is fully compatible with the consistent separation of nonlinear response conductivity into Hall components carried out
in Ref. [57]. We also note that the positional shift S*¥ described here is related (while more general) to the quantum
metric dipole, also recently shown to present an in-gap Hall conductivity [58].

GAUGE INVARIANCE OF THE DERIVED CORRECTION

The introduction of derivatives of the wavefunction in the expressions for Iy — Is Eqgs. (4)-(6) requires delicate
handling of gauge transformations. The Bloch manifold of cell-periodic states is characterized by an invariance to the
U(1)N transformation,

Ink) — e~ (F) |pk) . (S17)

For notational ease, we suppress below the label k, and refer to |n), as |[n) = |[nk). The Bloch periodic part of the
Hamiltonian commutes with this gauge transformation since [H(k), f(k)] = 0. The observables of optical response



are modified due to the gauge covariance of the states. The velocity operator v® — Uv®, where U,,, = e'/»m,
Onm = 0, — O, Clearly, only diagonal components, such as those comprising A%, = v, —vS, ., are automatically
gauge invariant. Products such as (v®)Tv® — v*UTUv® = v®vP are gauge invariant. In this respect, the equations of
optical response in the velocity gauge are manifestly gauge invariant, as they combine products of gauge covariant
operators derived from the Hamiltonian. The issue of local U(1) gauge invariance in the context of electromagnetism
and optical response has recently been addressed, with gauge invariance formally proven [59-62]. Our primary focus,
therefore, is to show that Egs. (4)-(6) which involve derivatives of the Bloch periodic part of the electronic wavefunctions
are also gauge invariant. The principle derivatives defining 2nd order optical response are [32]:

A% = (n]i0a| M) = 0abnOnm + €7 (0 [i0q| m) = e AY 4+ 0,0,00m (S18)

269

1 )
B — §<n [i0a05]| M) + (c.c.yn <> m) — enm 228 4 (A(’ 050nm + AL 060pm) , 1 # m. (S19)
We define objects which are gauge covariant as those which transform as A, — Anme?®»m. Consequently, combinations
of the form A, Ay, are manifestly gauge invariant since they transform like the velocity operator, as shown above, or
enm A, e¥mn A = Ay A Generally, for any two covariant objects A, B, the commutator of the two satisfies,

[A, Blom — € [A, Blum, (S20)

rendering its diagonal part gauge invariant. This follows from the definition introduced in the main text, [A, B]nm =
Zl;ﬁn’m A Bim — (A < B). We now prove that the quantity S n # m is gauge covariant, which appears in I, of
Eq. (5). We note that 57 consists of two portions: A%’ and the Hadamard product, £A%, 65+ (« <+ ). Tackling
the latter first,

nm-nm

an 58 ;em”m A2 D500 (S21)

i0m

To uncover the transformation properties of A22, for n # m, we first observe that under |m) — €= |m), 9,05 |m) —
€% (1000 |0sm) + 1050, |0am) + |0a0sm)). We explicitly remove the term e 9,050, |m) since we assume that
n # m and this contribution must vanish when projected back onto the Bloch states. Multiplying on the left with i (n|,
we find that,

10nm
Xofh = S X+ 5 € A gl + (o B). (s22)
It follows that the sum of the objects,
Af{f@ + 2A3m55m (a < b) = e (5 Af{f@ + 2A3m55m) (a < b), (523)

With the 6 dependent part explicitly cancelling as it appears with opposite indices 0., vs 0,,,. Lastly, the triple
commutator introduced in Eq. (6) transforms using the rules outlined above for commutators. The product reads,

[A”i[AY, AY]),, = iAL, [AY AY] L — i [AY AY] LAY — elnm AT eOmn AT AY],.,. — (c.c.) = [A%,i[A%, A -
(S24)

Here, we used the fact that commutator as defined does not sum over any diagonal contributions and off-diagonal
parts of the Berry connection transform according to Eq. (S18).

QUANTIZATION OF THE LINEAR KUBO FORMULA FOR THE IQHE

The linear response contribution at zero frequency reads [63],

Ty —

anm "’”Ug”". (S25)

nm

LLh

Here the sum n,m runs over all bands (occupied and empty) including the degenerate manifold of each occupied
Landau level. Based on the identities defined in the main text for the velocity matrix elements, we have,
ihw

vzmv}rjnn = 2]\; (V m + n m+1 = \/7571 m— 1) ( m + 15n,m+1 + \/ﬁdn,mfl) . (826)




4

The energy difference (measured in frequency units) is £,,, = we(n —m). The only surviving terms above are products
of equal delta functions. Thus,

x

’Unmvglrm 7;h{")c ((m + 1)5n,m+1 - m(sn,m—l)

= . 827
ez 2M wZ(n —m)? (827)
Assume now that there are v occupied bands, which are each N = %—fold degenerate. The linear conductivity

Eq. (S25) has a global Fermi occupation factor difference f,, = fr — fm. In the bulk of the quantum Hall fluid, a
fully flat Landau band is either completely occupied or completely empty. Therefore, f,,, is non-zero only in the cases

n=vm=v+1,fpm=1andn=v+1,m=v, f,, = —1. By further accounting for the degeneracy, we have,
ie? vr vY
Ty _ nm_-mn __
7 T L.L,h ;ﬂ;f nmTes
eBL,L, ie? ihw. (—(v+1) (v+1) e?
- = — 1). S28
. {Lchyh oM ( 2 2 v+ (528)

o®Y is therefore quantized by the number of filled Landau levels.

TWO BAND MODELS

The simplest approximation that can be made consists of a two band topological model with non-vanishing Berry
curvature. We show here that a fundamental condition for the emergence of our derived correction is the presence of
nonlinear terms. A minimal Hamiltonian for the which produces a non-zero correction reads,

H = (M +2 — cos(ky) — cos(ky))o. + (sin(kz) + aLy) 05 + (sin(ky) + BLy) oy (S29)
L, = sin(k;)sin(ky), L, = sin(kg) cos(ky), (S30)

which is a model for a single Dirac cone with nonlinear terms represented by L., L,. Here, o are Pauli matrices in
an orbital basis. When o = § = 0, the model retains inversion symmetry, which is defined by P = o.(k — —k).
This remains true when a = 0 alone, since L, is odd under (k — —k). The model is topological for all -2 < M < 0
with Chern number C'y = —1, and is trivial otherwise. The nonlinearities L,, L, do not merely break inversion and
mirror symmetries remaining mirror but add higher derivatives of the Hamiltonian, i.e., w®® = 9,0, Ho, and induce a
correction to the current operator, according to Eq. (1). In the absence of non-linearities, sum rules [64], notably that
the fact that 9,05, = i[r®, v®],m + 05,62, +ird, Ab  emerge, enforcing cancellations between terms and nulling
the correction. In Fig. S1(b), we show the magnitude of the correction as a function of of the mass parameter M
of the model. The response diverges as M — 0 due to the presence of €, n > 1 in all terms. Unlike the Berry
curvature, the flux of this expression, i.e. the integral ~ f dke~"k does not equal a constant but decays as k~2 in the
leading order. This makes the correction fundamentally different from the Berry curvature, as it is highly singular
in the limit £ — 0 for a vanishing mass. The corrections are sensitive to the topology of the system, as shown in
Fig. S1(b). In the non-topological case (M > 0), with vanishing total Berry phase, the corrections decay roughly as
M~—3/2 while for M < 0, the decrease is of the form M !, indicating a slower suppression. The momentum space
distribution is also different for the two cases. In Figs. S1(c-d) we plot the momentum space density of the terms
I, — Iz (Eqgs. (4)-(6)). In the trivial case (M > 0, Fig. S1(d)), the divergence around the I point of the model is clearly
apparent, while when M < 0 the density is diffused across a broader region in momentum space, with the peak way
from the I' point. As stated above, in the 2-band limit, I3 (Eq. (6)) cannot contribute, and the non-linearity is most
significantly encountered for the velocity shift I; (Eq. (4)).
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Figure S1. Nonlinear correction to the anomalous Hall conductivity of a gapped Dirac cone. (a) A two band model (Eq. (S30))
in the topological phase, when M = —0.5. (b) Magnitude of the correction do”¥ to the Hall conductivity, for E, = 1. The sign
of the correction depends on the sign of the product af. In the topological phase (M < 0), the correction decays like M—1,
while in the trivial phase (M > 0) it decreases with M ~2/2. (c-d) Momentum space distribution of I; — I (Egs. (4)-(6)) for the
topological phase (c) and the trivial phase (d)
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