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I. DERIVATION OF THE HETEROGENEOUS PROPAGATOR

We consider a collection of heterogeneous connections as described in Section III of the main text, given by a set
of M paired defects, S = {{u1,v1}, -+ ,{unrr,var}}. When not on a defective site, that is when n # uy, vy for any k,
the dynamics are given by

O(n,t+1 ZA ®(m,t), n#u,v, V{u,v} €5, (S1)

with A,, ,,, representing the transition probability from site m to site n. When, instead, on any of the paired defective
sites the dynamics are given by

(u,t+1) ZA O(m,t) + A ®(u,t) — Auy @(v, 1), ($2)

and

d(v,t+1) ZA m,t) — Ay ®(u,t) + Ay, ®(v, 1), (S3)
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where the bounds on A, ,, and A, , are given by Egs. (2) and (3) in the main text. Combining Egs. (S1) to (S3) into
a single equation and summing over all pairs in S gives the Master equation with defects

M
'n, t—|—l ZA nvt)_’_zé(ukka),n [/\vk,uk@(uk,t) _/\uk,vkq)(vkat)] , (84)
k=1

where () n = 0u,n — Oyn. Taking the z transform of Eq. (S4) we find
M

B(1,2) = B(1,0) = 3 Ay ®(1,2) + 2 Sary )i [P D 2) = Mo B0, 2)] (85)
m k=1

Solving first the homogeneous difference equation i.e. Eq. (S1) to get (in the absence of defects)
2) =Y m(n,2)®(m,0) (S6)
m

where @, (n, z) is the propagator of the homogeneous problem (e.g. see Eq. (23) of Ref. [1] or Eq. (33) of Ref. [2]),
followed by a convolution (in time and space) with the inhomogeneous term in Eq. (S5) yields the formal solution

M

Z) = Z QZ‘m(na Z)(I)(mv O) +z Z 6(,%_%)(", Z) |:)\Vk7uk$(uk’ Z) - )\ukyvk(f(vk’ Z):| . (87)
m k=1

When the initial condition is localised, i.e. ®(n,0) = 0y, n,, we have the formal propagator

(I)no (’I’L, Z) = ¥n, (nv Z) +z Z {5<uk —vi) (’I’L, Z) [Avk»uk &)no (ukv Z) = Aup e P (vkv Z)} . (SS)
k=1

In order to find 5,10 (n, z) in terms of the known propagator @n,(n, z) we first create simultaneous equations for each
pair of defects in terms of the differences Ay, ), Prngy (U, 2) — Auy ve P (Vi, 2) giving

/\Vk,uk- (I)'no (uk7 Z) - )‘uk,vk ;I;no (vk7 z) = Avkyuk (,)5710 (uk7 Z) - )\uk’vk ()an (vk7 Z)

X N N ~ ~ (S9)
+z Z |:)‘Vk,uk P e —ve) (ug, ) — A v Plup—ve) (Ve Z):| |:)\V£;'Uf£ Py (g, 2) — Augwe P (Ve Z):| )
(=1
whose solution via Cramer’s rule, is given by
~ ~ 1Y
)‘Vmukq)no(uk) Z) - /\umvkq)no (sz) - _Z|I_I|7 (SIO)
with H defined in Eq. (6) and where Y is the same as H, but with the £*" column replaced by
-
)\Vlaul @no (uh Z) - /\u1,v1 6"0 (vlv 2)7 ) )‘VM,uM @no ('U’M’ Z) - )‘UM,VM @no (VMa Z)} . (Sll)
Using Eq. (S10), Eq. (S8) becomes
o |Y‘ S12
o (11 2) = By (1, 2) Z% () (512)
The summation in Eq. (S12) can be carried out explicitly giving
~ N H—-G(n,n
Py, (n,2) = Gp (n,2) =1+ HH ~ G, no)] }} oll (S13)
H]|
where,
G(n, nO)i,j = @(ui—vi) (n,2) |:>\V7',7u'i, @no (wi, 2) — Ay @no Vi, Z)] (S14)

and calling H(n,ng) = H — G(n,ny) gives the solution presented in Eq. (5).



A. Sticky and Slippery Heterogeneities

(ls) (rs)

We start with set of defective sites S” = {w1,--- ,wr} and use the notation w; *’ and w; °’ representing, respec-
tively, the left and right neighbours of w; in the s**-dimension, given w = (w1, --- ,wq), W) = (wy, - we+1,--- ,wy)
and w(ts) = (wi,---ws—1,--  wg), with d the lattice dimension. A schematic representation of the jump probabilities

on a defective site, w is given in Fig. Al | from which it is clear that to ensure positive probabilities one must have

A

A — A A

wls) w Ay rs)

|\,

d
A T i1 Moo T i)

- A

w(rs) w

FIG. Al. A schematic representation showing the modified transition probabilities of a sticky (or slippery) heterogeneity. We
highlight only the dynamics in the s*® dimension, but the same is present for the other dimensions.

Ap(re) o S Agpre) ap AN Nyyi) 4y < A forall s =1, ,d, and 0 < Ay, o + Y 0_; Atro) o + Auglte) g fOr all
w € S’. These conditions are a recast of the one given by Eqs. (2) and (3) in the main text.

The full dynamics is described by the Master equation

wls) w

L d
d(n,t+1) = Zémmq)(m, t) + Z D (wy, t) {Z; /\wl(:s) w, 6<wk—w,(f5)>,n + )\wlgzs> w, 5<wk—w,(‘f'*)>,n} . (S15)

k=1

Using a localised initial condition ®(n,0) = 0, n, and proceeding as before by solving the homogeneous dynamics
and convolution (in time and space) with the non-homogeneous part of Eq. (S15) gives the formal solution

M
Oy (1,2) = Gy (N, 2) + 2 ) By (W, 2) @y, (M, 2), (S16)
k=1
where
B d
Qu(n,z) = Z Awp(rs) ,w¢<w_u,(rs)> (n,z) + >‘w(15),w§5<w_w(15)> (n,z). (817)
s=1

This formal solution is as special case of Eq. (S8) where M = 2Ld where each of the sites in S’ bears two paired defects
for each of d dimensions. However, by noticing that the incoming connections of the sticky sites are left unmodified,
e, Ay ap(ts) = Ay () = 0 one can to simplify Eq. (S8) to Eq. (S16) thereby reducing the number unknowns by a
factor of 2d.

To find the full solution we let n = wj, and solve the simultaneous equations

M
D, (Wi, 2) = @ (N, 2) + 2 Z ., (we, 2)Q,,, (Wi, 2), (S18)
(=1
with k=1,--- | M to get
z 1]Y]
P, (W, 2) = “ZIH| (S19)
where, in this case, the matrix H is simplified to
~ 1
Hi,j = ij (wi, 2) — ;‘Si,j (520)

and Y is the same as H but with the k*" column replaced by [(Zno (w1,2), -, Py, (W, z)]T Substituting Eq. (519)
into Eq. (S16) and summing over k gives the full solution in Eq. (5) where

H(n7 nO)iJ = ﬂi,j - éwj (TL, Z)‘Eno (wi? Z) (821)



II.

A. DMean first-passage time with arbitrary typ

From the renewal equation, the generating function of the first-

by

EI;"‘LU (na Z) _ (@lno (TL, z

DERIVATIONS OF FIRST-PASSAGE STATISTICS IN THE PRESENCE OF HETEROGENEITIES

e and number of heterogeneities

passage probability from ngy to n (n # ng) is given

Fpo(n,z) =

dp(n,z)  (Pn(n,z

where we have called H(n,n)

(S22)

= H — G(n,ny) with H and H(n,ng) defined, respectively, in Egs. (6) and (7) of

the main text. Note that the matrix G(n, m) can be written in the form ab", where @ and b are column vectors with

elements a; = Ay, u, P (Ui, 2) = Ay, O (vis 2) and by = 4,
steps. Dividing both the numerator and denominator of Eq. (522

i>(n’

z). We will exploit this property in the coming
) by @n(n,z) gives

_ (Fao(n2) = 1/Z0(n,2) ) IHI +1/3,(n,2) | H ~ G(n, no)|
Fp,(n,z) = . (S23)
(1 1/n(n.2) ) IEI+ 1/ (n,2) L - Gl )|
Using the property
a|A—B|=|A-aB|-(1-a)|A] (524)
when « is a scalar and B = ab" with a and b column vectors of appropriate size, we rewrite
. (Frap () = 1) |HI + |H = 1/,,(n, 2)G(n,no)| -
mol2) = H —1/2,(n.2)Gln.n)| (529
Dividing through by Hﬁil Gy (UE, 2)Py,, (Vi 2), where M is the total number of paired defects one finds
F. (n.2) (F (n,z) — 1) |J| + | (m, no)‘ (526)
n n? zZ) =
’ | (n,n)|

where the elements of the matrices J, J(n,ny) and J(n,n) are giv

en in terms of first-passage and return probabilities

Lij =i [ ~ R(v;, )} Flay vy (Wi, 2) = Ay, {1 — ﬁ(ui,z)] Fla, vy (v, 2)

=627 [1= Rvi2)| 1= Rlwi,2) (S27)
I(nm0); 5 = Iy = Fuy o) (0:2) {vsas [1= Bw2)| B (0,2) = Mg, [1= Rlwi,2)| By i) b, (828)
J(n,n), . =J,;;— F<u_7._vj>(n, ) {)‘vi,ui _1 — R(v;, z)] E, (Ui, 2) — A,y [1 — R(u,, z)} E,(vi, z)} . (S29)

The mean first-passage time is then given by
D, Fny(n,2)| _ = (D, N) DID;(DZ ‘D)N . (830)

where D% - f is the k' derivative of f with respect to 2, N = (
When z — 1, |J|,|J(n,ng)| and |J(n,n)| all reduce to zero and

F,,

(n,2) — 1) IJ| + |J(n,m0)| and D = |J(n,n)|.

it becomes necessary to use de L’Hé6pital’s rule. In

order to proceed, it helps to consider the k' derivative of a determinant of a matrix with size M x M given by

D? 'A1,1 ’Dzz '41,2 DEM 'Al,M
k! D’zﬂ'ém D’;Z.Azz... D’Z“M.AQM
k _ ) 9 5
D:-14f = Z kil k! : : : (S31)
kit ka =k o o R
Dit Ay DAy - DM Ay



From Eq. (S31) and the expressions in Egs. (S27) to (S29) it becomes clear that each of the columns in the matrices
must be differentiated at-least twice to give a non zero determinant when z — 1. The determinant must therefore be
differentiated 2M-times leading to de L’Hopital’s rule being used 4M-times in Eq. (S30). Expanding the denominator
using Leibniz general rule gives

4 M
o2 =3 () 2wy o m) = (1) @2 m, (532)
k=0

where the only non-zero term is when k = 2M, expanding the first term in the numerator in Eq. (S30) yields

A4M
o (S33)
= (o) @2 @2 D+ (i) 02 1 222,

where the only surviving terms of the above summation are when k = 2M — 1, and k = 2M. Similarly for the second
term in the numerator in Eq. (S30) the surviving terms are obtained when k = 2M and k = 2M + 1, giving

4M

v [0, )N = Y (YY) @2 0 )
=0 (S34)
— (3h1) @ @2 D)+ (4 ) (02w (02 D).
Putting it all together gives
- D2MAL DM D) — (DM . D2M+1 )
Dz Fno (n, Z) 1 = ( = N) ( 22]\4 i ,ng\; DIZI) ( 2 ) (835)
= (2M +1) [Dz™ - D] .
Considering the term D2 - N we find that
D N| = D (B (n,2) = 1) 1Z] |+ D2 1L, mo)l ., ($36)
= D" - |d(n,no)||, 1, (S37)

since [ﬁno (n,z) — 1| must be differentiated at least once and |J| must be differentiated at least 2M times to give a
iy Lnn),
occurs when one differentiates the difference of first-passage probability, Fiy,; _vj>(n, z), and the return probability
terms, [1 —E(ui,z)} and {1 —]?Z(vi,z)} at least once. As Fy (uj,z = 1) = Fp,(vi,z2 = 1) = Fp(us,z = 1) =

non-zero contribution. From Eqgs. (S28) and (S29) we observe that a non-zero contribution from J(n, ng)

F,(vi,z=1) =1, we have

IDEM ’ N|z~>1 = D,QZM : l(n7n0)|z~>l = DEM ' l(nan”z*}l = 'DEM ’ ]D)|z~>1 ’ (838)
and we can simplify Eq. (S35) to
_ DM+ N — DM+ . )
D ']Fn , _ z z
2 Fng(n,2)] D D |, (S39)

At this stage one can compute the derivatives explicitly, for the case D2 - J in Eq. (S31). With all k; = 2,
differentiating each column twice and taking the limit z — 1, gives (after cancelling the 2* term),

DM, = ()M eM) T, (S40)
where

J, = )\vi,uiRvi]:(ujfvj)aui - )\ui,viRui]:'(ujfvj)Hvi + 5i,jRuiRv“ (841)



and likewise for the other two matrices we find

DM J(n,n)|,_,, = DM J(n,no)l,,, = (- (2M)!|T — (542)
where
lf; = (/\vi,uiRvi - Aui,viRui) f(uj —vj)—n: (843)
Let us now consider the term D+ - N. We apply Leibniz rule and obtain
2M +1
2M +1 ~
oo 3 (M) [ (R )| [ o g s
£=0
the only surviving term in the summation is when ¢ = 1 resulting in
DM N = (=DM (2M + 1)\ Fpysn |T| + D2 - [T (n,m0)| . (545)
Substituting the previous results into Eq. (S35) and simplifying yields
~ —DHM (2M +1)! DM+ T — DM | T
Dz . Fno (n7 Z) _ ( ) ( + ) ‘7:’"'04)"1 |l| + z |7(’I’L, n20)| z |7(n,n)| (846)
z=1 (_I)M(2M+1)!|l_l()| N

Consider the term DM+ . |J(n,ng)| and D2+ . |J(n,n)|, using the multinomial expansion of the derivative of a
determinant i.e. Eq. (S31), one can see that the only surviving terms appear when M — 1 columns are differentiated
twice, while one column is differentiated three times, hence,

M
2 1 1 2M + 1 (no,é) (n 0)
DZIVI+ {‘l(n7n0)|—|l(n,n)|}: g 2M : , (847)
where
(no,é) 2 5
7" =205 -0{Z,, - 22} + 0. { D2 Tmmo), |} (548)
Zm o 20 , -
J., = 2(650—1) {lm l”} + 0,0 {DZ I(n,n), 221} : (549)

The multilinear property of the determinant allows us to rewrite Eq. (S47) as

D ()~ 2]} = g |7 (550)

where
7. =20 -0{g,, - g8} + 8,00 {Imo),, - Inm) Y| (851)

Since
J(n,ng),, — I(n.n), ;= Fruy ) (n.2) {)\vi,ui [1 — R(v, z)] Fng—ny (i, 2) 552

Ny, [1 ~ R(u,, z)} Fing—my (i, z)} 7

each of the first-passage and return probabilities in Eq. (S52) must be differentiated at-least once to give a non-zero
contribution, hence,

D; . {l(lnﬂno)iJ - l(n n)l ]}‘ i = 6]:(u_,>7vjﬂ)~>n {Avi,uiRvi]:<n07n>~>ui - Aui,viRui]:(nofn)%vi}v (853)



where the factor 6 comes from repeated application of the product rule. To carry out the summation in Eq. (S50) we
employ the following property of determinants. Given two matrices, A and B of size M x M, where B = ab' and
where a and b are two column vectors, the following relation

M
> |a®|=14l-1A-B] (354)
(=1

holds when A¥) is the same as A, but with the /" column replaced by the ¢** column of B. Comparing Eqs. (S50)
and (S53) with Eq. (S54), we observe that A -+ J — J ¥,

a — [)\vl,ulel-F(no—n)eul - /\ul,leulf(no—n>—>u1a

. (555)
' 7)\V]\/I7UIVIRVAI’F<nO—n>—>U1\4 - )‘UM,VMRUM'F<TL0—TL)—>HM] ’
and
T
b - 6 [‘7:<’U/1—V1>—>’n7 e 7‘7:<UJ\4—VA{>—>TL:| 9 (856)
and carrying out the summation we obtain
M
1M+ 1) o] 1M+ 1)
s L =g 2 (@ - T - 2 (T - ) 6T, (557)
(=1
with
li?; = (/\vi,uiRvi]'?nofn)%ui - Aui,viRui}?nofn)ﬁvi) ]:(u_,»fvj)ﬂn- (858)

From Eq. (S57), we can factor out (-2) from the determinants using the property |0 A| = o™ |A| with A an M x M
determinant to yield

- GG (g - )| - (g - %) + 37} (5%9)

3

The factor 1/3 can be taken into the determinants using the property given in Eq. (524). For the first determinant
on the right hand side (RHS) of Eq. (S59) we can equate A — J, from Eq. (S43) we can equate

T
a — P‘Vl,ulel - )\ul»vl Ruu T 7)‘VM,UMRVM - )‘ul,leuM] . (860)
and
T

b— [‘F(ul—vl)ﬁnv’ o 7]:(uM—vM>—>n] ; (861)
to derive the relation

1 2

ST - T =2 - 1T®| - 121 (62)

Similarly, for the second determinant on the RHS of Eq. (S59), we can equate A — J, and using Eq. (S58) we identify

a — [)‘V1,U1RV1 (]. — 3-F<n0—n)—>u1) — )\uhleul (1 - 3-F(no—n>—>v1) ’

, (563)
: 7AVJ\4,IL1\4RV1W (1 - 3}'(710771)—)11,1%) - )\u1,V1Ru1\{ (1 - S‘F(nofn)—)ka)jl ’

and

T
b— [‘F<u1*1’1>4)n7. o 7‘/—-V<UM7VM>~>'IL:| 5 (864)

to obtain the relation

ST - TP 43TV = | TP+ T - 21T (565)



Using the relations Eqgs. (S62) and (S65) to simplify Eq. (S59) yields

1M +1)! o& | 4
5(27;) S ZY = (MM A ) {|T BT | T - 1T+ TV} (S66)
=1
Lastly, employing the property
|A—ab'[~[A—cb"|=]|A~(a—c)b"|~|A] (567)

with A = J, 3a with Eq. (S60), 3b with Eq. (S61) and 3¢ with Eq. (S63), we can simplify Eq. (S66) to

M
LN IS 1E Y| = oM {lg - g0 - 121y (368)

(=1

Putting it all together gives the final mean first-passage time with M paired defects
(]:no%n - 1) ‘l| + ’l B i(l)|

Sno—nz = |l _ 1(2)| (869)
If we divide through all the terms by H(u,v)es RuR,, we obtain
—Fno%n |ﬂ - 1/fno~>nﬂ(1)’
where
)\Vi,uvl )\ui,vi
ﬂlv] = Rui f<uj_vj>_>ui - Rvi f(uj—vj>—>v,i +57,]7 (S?l)
H = (D g duiri F S72
Tt — Ru,; (no—m)—u; — R” (no—m)—v; (uj—v;)—n> ( )
D D VS
(2) _ Vi, Uq wi,V;
N} = (R’u - Rv) Flu;—v;)—n- (S73)

These expressions, namely Eqgs. (S71) to (S73), have been repeated, respectively, in Eqgs. (A3) to (A5) of the main
text. If the homogeneous propagator is diffusive with no bias and if the heterogeneity parameters are symmetric, i.e.
Mo = Auy, H? =0 and Eq. (S70) can be simplified further to

-

Sno%n = ]:noﬂn -1+ |ﬂ|

(S74)

B. Mean first-passage in the presence of sticky or slippery sites

To build the first-passage probability with sticky and slippery heterogeneities (see Section I A and Fig. Al) we use
the propagator given in Eq. (5), where the matrices H and H (n,ng) are given, respectively, by Egs. (520) and (S21).
As the procedure is similar to the one used to derive the general MFPT given by Eq. (S70) (and also Eq. (8) in the
main text), we outline only the key steps.

Starting from

Fro(m:2) = 3 )~ Gnlmz) — 1)

w (I)'rln (In’ﬂ Z) ((15710 (’I’L, Z) — 1) | (875)
where we have called H(n,ny) = H — G(n,np), with H and H(n,ng) given, respectively, by Eqgs. (520)
and (521). Since matrix G(n,m) = ab", where a and b are column vectors with elements a; = ,,,(w;, 2) and
b; = Q,,(n,2) with Q,,(n,z) given by Eq. (S17). Dividing both the numerator and denominator of Eq. (S75) by

Pry (10, 2) [T, B, (wi, 2) we find

N (Fny(n2) =1) 1] +1(n, no)]

Fp,(n,2) = Tl . (S76)




where we rewrite the elements of the matrices in terms of first-passage and first return probabilities giving the
definitions

I 5= Qu,(wi,2) = 2705 [1 = R(wi,2), (S77)
J(n,n), =, — F,(w;, 2)Qy, (n, 2), (S78)
J(n, no)i,j =dJ; ;- ﬁ’ng (wi, Z)@wj (n,2), (S79)

with

,wéls>>(n,2). (S80)

d
Qu(:2) = 3o, Py a2+ A0 0,
Note that Eqgs. (S27) to (S29) are now different from Eqs. (S77) to (S79).

The derivative with respect to z yields Eq. (S30), however, to evaluate the limit z — 1, one must employ de
L’Hopital’s rule 2M times on Eq. (S30), where previously the rule was used 4M times. This is because the elements
of the matrices given by Eqgs. (S77) to (S79) need only be differentiated once to give non-zero contributions, i.e the
determinants, |H|,|H(n,n)| and |H(n,ng)| must be differentiated M times. Following through one finds, instead
Eq. (S81),

~ _ D¥¥.N-DN.D

D, F,, (n, = 581
< Emm A= T aropy b, .
After computing the derivatives explicitly one obtains Eq. (S70) but this time
1
H, ;= Riw.ij (wi) + di j, (S82)
1
ﬂ;’lj) = Riw]:(ngfn)—)wi ij (n)a (883)
1
@ _
Hij= g, Qo) (S84)
and with
d
ij (n) = Z )\wy's) Jwj f<’UJj*’UJ§TS)>*)TL + )\w;l” wj J:<'wj 7w§l5>>an' (585)
s=1 ’ ’
C. Mean first-return time
Through the renewal equation we also have the return probability relation
~ 1 on(n,z) —2) | H|+ |H(n,n
s —1o L (Ba(n2)=2)|HI+ [Hnm)| ss6)
Dp(n,z) (Pn(n,2) —1)[H|+[H(n,n)|
Dividing both the numerator and denominator of Eq. (S86) by @n(n, 2) Hf\il Do, (Wi, z) and simplifying gives
_ (B(n,2) = 1) 1T + | I(n,n)|
R(n,z) = (S87)

|L(n,n)] ’

where J, J(n,ng) and J(n,n) are given by, Eq. (S27) , Eq. (S28) and Eq. (S29) in the case of the general paired
defect. Whereas for the sticky-slippery defects one would use Eq. (S77), Eq. (S79) and Eq. (S78). In either case the
Eq. (S87) is structurally identical to Eq. (S26) and one employs the same procedure as the one employed to derive
the MFPT to obtain (also given in Eq. (9) in the main text)

R |H|

n = @ (S88)

where 2, H® are given, respectively, by Eq. (A3) and Eq. (A5) in the case of paired defects, while for sticky-slippery
defects one would use the definitions in Eq. (S82) and Eq. (S84).
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IIT. STEADY STATE PROBABILITY

Using the final value theorem, the steady state probability is given by

(1 a Z)(I)no (TL7 Z) z—1 - (1 N Z)('B"U(n’ Z)’z—>1
(1-2)|H| - (1-2)|H - G(n,no)| (S89)
|H| ’

z—1

taking the limit requires a similar procedure as the one given for the derivation of the MFPT see Section II, and after
some algebra one finds

(1-2)0 :LM

A TR A

(S90)

no

which (as expected) is the reciprocal of the MRT and where the elements of H, H'" and 2* are defined, respectively,
in Eq. (S71), Eq. (S72) and Eq. (S73) for the general case, and Eq. (S82), Eq. (S83) and Eq. (S84) when the
heterogeneities are only sticky and slippery.

IV. FIRST-PASSAGE STATISTICS IN ONE DIMENSIONAL DOMAINS

Here we display some explicit miscellaneous expressions for 1D systems that we have omitted from the main text.

A. DMean first-passage time in periodic domains

In a periodic domain when n < u < ng or n > u > ng the MFPT can be shown to be equal to

A(n —ng — sign(n — ng)) [Nsign(n —ng) + 1 — 2(n — u)]

= Foon , 591
Srgn o—n F p[Ng + (1 —N)} (891
while when both n and ng are to the right or left of the barrier ones finds
A(n—ng) [Nsign(u—n)+1—-2(n—u
Fnoosn = Fro—n + ( o) NV sign( ) ( ) (S92)

p[NE +A(1—N)] ’

where sign(m) = 1 for m > 0 and sign(m) = —1 for m < 0 is the discrete signum function.

B. Mean return time in 1D

Using Eq. (9) from the main text one can show that the mean return time in 1D with a single barrier at v with
periodic boundary conditions is given by

IINZ—(NZ2=N)(Au+A\)
N(q/SL)\V)Jr()\u(nfvi))f)\v(nf]ufl)’ n<u,
R, = (S93)

[N2—(N?=N)(ut))]
P —w N —u=1) P ut L

[N

[\

N(a/

When the barrier is impenetrable in both directions, i.e. Ayy1,u, Au,ur1 —+ %, the mean return time with periodic
boundary condition remains R,, = N as we have transformed the periodic boundary condition to a reflecting one.
However, To recover the analogue with reflecting boundary condition requires careful consideration of each of the
terms in

q/2=Xug1u | A ut 1 —Autl,u
N [q/zﬂu,m U= Ry | PSS U

R = : (S94)

Auutl —Autl,u
N—u{iqm_/\ww } n>u+1
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When n < u, by expanding the first term in Eq. (S94) it is obvious to see that it gives no contribution to DA

1) Ngq 1 Ngq 1
N i 2 cwtlw) 9y — ) -=1 i — | =0,
>\u+1l,r11;1*>% (g - Au,u-i—l 2 )\u)ulf?*}% % - Au,u—&-l 2 )\u,ul-i—r?%% % - )\u,u-‘rl (895)
Au,ut1 =3

while the second term gives

v lim (Auuﬂ_)‘uHU) e T (1> —u  lim (W) —u
Autl,u—45 % - >\u,u+1 2 W -2 % - )\u,u+1 Auut1— 5 % - )\u,u—o—l ) (896)
>\u,u+1_>%

similar argument can be made for the case when n > u to give R = N — .

C. Mean exit time

In 1D, one find simple expressions for the mean exit times, using known expressions for the defect free exit time
&, = (N —mng)(no — 1)/q [1], and the overall survival probability of the 1D diffusive propagator with absorbing
boundaries, given by

lim G, (n,2) = + 20 —2)ne = 1) (s97)
z—1 0 q

N-1

where n-. = 1 [|n — ng| + (n + ng)] and n< = 1 [|n — ng| — (n + ng)]. When ng > u + 1, we find the simple relatively
relation

(2u — N)(N —ng) [u(Au — Av) — A

¢, =&, + , S98
0 0 q[N(%—)\V)—i—)\u—i—/\v—u(/\u—)\v)—%] (S98)
whereas ng < u yields
€, =&, + (2u—N)(l—no)[(u—N)()\u—/\v)—/\v]- (99)
q[N(E=N)+ A+ A —u(Ay —A) —

V. EFFICIENT EVALUATION OF THE PROPAGATOR IN FINITE DOMAINS: THE BLOCK MATRIX
CONSTRUCTION

When the number of paired defects is sufficiently small, e.g. M < 10 it is convenient to compute the elements of
the matrices in Egs. (5) and (8) (of the main text) directly using, respectively, the homogeneous propagators and
mean first-passage times. Whereas, for larger values of M it is more efficient to evaluate the heterogeneous propagator
using a block matrix construction containing eigenvectors and eigenvalues of the transition matrix. In what follows
we describe the procedure for a 1D system while the extension to higher dimension will be addressed in the following
subsection. We define the matrices containing the right eigenvectors as
R, =97 (u;, k) and R}, =g (v, k), (S100)

where g(") (u;, k) and g (v;, k) are, respectively the uth and v component of the k'!' right eigenvector given

by Eq. (S114), with the type of boundary condition described by ~. Similarly for the matrices containing the left
eigenvectors we define

L, = g("”e)(ui, k) and Lﬁm = g(v’z)(vi, k), (S101)

where g9 (u;, k) and gO9 (v, k) are, respectively, the ut" and vi® component of the k' right eigenvector given by
Eq. (S114), while for the matrices of eigenvalues we define a diagonal matrix K with elements K, , = s (k) where
sV (k) is the k*" eigenvalue of the homogeneous system given by e.g. Eq.(4) of Ref. [1] or Eq. (22) of Ref. [2]. For
the dependence on the the occupation site n and the initial site ny we define the row vector r,, and the column £,,
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containing, respectively, the n'" and no™ components of the right and left eigenvectors. Finally we define the diagonal
matrices

A, =Xy, and A;,z‘:)\w,uw (5102)

)
which contain all the heterogeneous parameter values. The size of these matricies depend on the number of hetero-
geneties, M, the size of the domain N or both: the matricies R and R’ are of size M x N; the matricies L and L’
are of size N x M the matricies A and A’ are of size M x M; and lastly K is of size N x N. From these definitions
it follows that

H=Y —z'I and G(n,ng) =os (5103)
where
Y = [7R A'R ] [L — L/] (5104)
o= |AR— AE] £y (S105)
s=mr, [ 2K]"" [L - L’] , (S106)

By defining the block matrices

—_ / !
X, =(L-L ) and X = <“Rr“R> (S107)
we find
_ Y o
X, I-:2K]"'X, = _ : S108
Xpll-ok " x= (5 5 0 ) (5108

A similar approach can be used for the matrices involved MFPT given by Eq. (S70).

A. The block matrix construction in higher dimensions

In higher dimension the transition dynamics of a lattice random walk are described by a tensor and extending the
block matrix construction hinges on ‘flattening’ the vector coordinates to a scalar. There are many methods one can
employ to achieve this and we outline a suitable one below. Given the site n = (ny,--- ,n4) in a d-dimensional lattice
of size N = Ny, --- Ny, we define

A=1 +Z HN i—1) and k_1+z HN ki—1), (S109)
i=1 =

=1 =

where 7 represents the ‘flattened’ site while k is the ‘Aattened’ eigen-index. Using these indices we define

d
Ei,/} = H gﬁ'vj)(uij’kj) and H 9y sza , (8110)

where the products ares over ' component of the sites, e.g. w; = (ui,, -+, u; .)- Similarly, the matricies containing
the left eigenvectors are defined as

d
Ly, =] o (wi, k) and L, Hg(’*’ (viys k), (S111)

leaving the matrix of eigenvalues defined as K ; = éZj 3(7)(k ). The i*® element of the vectors containing the

dependence on n, and ng is given, respectively, by r,, = H;l 1 gp] )(nij,kj) and £y, = H;l 1 géw )(noij,kj). The
remainder of the procedure is identical to the 1D case outlined previously.
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B. Eigenvectors and eigenvalues of transition matrix of the one dimensional Lattice random walk

Since the high dimensional eigenvectors and eigenvalues are composed of the 1D case, repeat here the quantities
of interest diffusive case as an example. The Master equation governing a random walk on a finite lattice with N
distinct sites (1 < n < N) is written as

p(n,t+t) = A, L p(m,t), (5112)

HMZ

where A is the transition matrix. The matricial form allows one to write easily the propagator as

N

©Ono(n,t) Z V) (no, k)s®) (k) (5113)
k=1

where g,(»'Y) (n,k) and géw(n,k) are the n'" component of, respectively, the k*" right and left eigenvectors of the

transition matrix and s() (k) is the k*® eigenvalue. The right eigenvectors are given by

2 cos [(n— ) 50x] 4=,
L exp [M y=p
9 (n, k) = vy N ’ (S114)
ﬁ/%sin [(L_ll) lmr} v = a,
sy cos [ (n - 3) S| v =m.

with ap = 2 for k = 1 and a; = 1 for all other values of k, while the left eigenvectors, g?)(n,k) are identical to
Eq. (S114) for all cases except the periodic boundary condition v = p, where instead it is given by gép ) (n,k) =
1/ P (n, k), finally the eigenvalues can be found in Eq. (4) of Ref. [1]. For periodic (v = p) and reflecting domains
(v = r) with N distinct sites we have k € [1, N] eigenvalues and eigenvectors, for absorbing boundary conditions

(v = a) with absorbing sites at n = 1 and n = N we have k € [1, N — 2] eigenvalues, lastly for mixed boundary
condition (y = m) with a reflecting end at n = 1 and an absorbing one at n = N we have k € [1, N — 1] eigenvalues.
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