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1. [bookmark: _Toc111741824]Mathematics for Bessel beam beating-based spontaneous Raman tomography (B3-SRT)
	The mathematical expression for the generated Raman signal from a thin object  at the depth  excited by the Bessel beam beating with overall collection (i.e., ) can be written as:
. (1)
where  is the Raman shifts,  is the transverse vector,  and  are the transverse wavevectors of the superimposed excitation Bessel beam pair, and  is the axial wavevector differences of the excitation Bessel beam pair. Eq. (1) can be further simplified into two terms as illustrated below:
                                      (2)
where  is the direct current (DC) term which is not related to  variation. In the second term, the Bessel functions can be considered as rings in the Fourier domain, which can be expressed as:
.                            (3)
	By using Eq. (3), Eq. (2) can be further written in Cartesian coordinates as:

 (4)
	Eq. (4) can be further simplified using the definition of delta function  as:

                                                       (5)
	In the case that the  of one Bessel beam is modulated to generate Bessel beam beatings (i.e., ), the term  always equals to zero. As such, the beating term with different  cannot be detected in spontaneous Raman spectroscopy with overall signal collection.
	On the other hand, if the Bessel beam beating excitation is associated with a Bessel-format collection, the acquired Raman signal of a thin object  at the depth  can be expressed:
. (6)      
	By substituting Eq. (3) into Eq. (6), it can be simplified as:
,                                                   (7)
where  is the DC term not affected by modulating .
	If we rewrite Eq. (7) into the cylindrical coordinates by adding the variables ,  and , it can be expressed as:
                                    (8)
where , , and . We can observe that if there is a set of ,  and  which allow  to exist, the beating term  is retained in the acquired Raman spectra .


[bookmark: _Toc111741825]Collection function of Bessel beam beating-based spontaneous Raman tomography (B3-SRT)
	Before calculating the collection distribution function, we firstly consider an optical system with Plane 0, Plane 1, Plane 2 and the sample space, as shown in Figure S1. The distance between Plane 0 and Plane 1, Plane 1 and Plane 2, as well as Plane 2 to sample space are ,  and , respectively.  and  are the linear modulation function conducted on Plane 1 and Plane 2, respectively. The transverse vectors in Plane 0, Plane 1, Plane 2 and sample space are defined as , ,  and , respectively. Now, considering a point source at the center of Plane 0 (i.e., ) with the emission electric field of  and emission wavelength of . The electric field after modulation on Plane 1 can be calculated using the Fresnel diffraction equation as: 
.                                                   (10)
Similarly, the electric field on Plane 2  and sample space  can further be calculated using the Fresnel diffraction equation as follows:
,                    (11)
.    (12)
	On the other side, we can consider a point source at the location  in the sample space with the emission electric field of . Then the electric field detected on the center of Plane 0 (i.e., ) can be written as 
.       (13)
	From Eqs. (12) and (13), we can easily observe that  and  are with the same form, proving that the collection distribution function for detecting sample signal using a point detector at the center of Plane 0 is equivalent to the illumination function in sample space using a point source at the center of Plane 0.  
	In the B3-SRT system, the Raman signal collected by the objective will be projected into??????? Before??  an axicon through a 4-f system formed by the objective and L2. 
Then, the Raman signal will be modulated by an axicon, refocused by L3 and collected by a multimode fiber (MMF) for coupling into the Raman spectrometer. An iris is added after L3 to control the collection numerical aperture, such that the tip of the collection MMF can be considered as an ideal point detector. As discussed earlier, in such an optical setup, the spatial distribution of the collection Raman signal by MMF before the axicon is equivalent to the illumination function of a point source after the axicon. The illumination function will then be projected onto the sample under the objective through the 4-f system. Hence, the light generated by the point source is collimated by L3 and passes through the axicon, and then is converted into a Bessel beam whose illumination function can be described by using the 0th-order Bessel function of the first kind. Therefore, the collection distribution function in the sample space of the B3-SRT system can be written as follows:
,                                                 (14)
where is the intensity distribution function along the z-axis,   is the 0th-order Bessel function of the first kind,  is the transverse wavevector, and  represents the transverse coordinate in the sample space.
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Figure S1. Schematic of an optical system with Plane 0, Plane 1, Plane 2 and sample space.

[bookmark: _Toc111741826]Hessian Denoising for the spatial frequency domain Raman spectral mapping
Upon the collection of spatial frequency domain Raman spectral map  with respect to Raman wavenumber  and spatial frequency , a customized Hessian denoising method is applied to eliminate the interference of random noise in the collected Raman spectral map. Previous study has shown that the Hessian method could suppress the random noise through a second-order derivative penalty term (i.e., Hessian penalty) while providing globally smooth transition in the processed image.1 The customized Hessian method for Raman spectral map denoising could be written as the optimization function with Hessian penalty:
.                                                   (6)
where  is the denoised spatial frequency domain Raman spectral map,  is the experimentally measured Raman spectral map. The first term in the optimization function Eq.(6) is the fidelity term, the second term in the function is the Hessian penalty term, and  is the regularization term which balances the two terms during the optimization. The Hessian penalty term regarding the continuity along the axis of  and  is defined as 
                                       (7)
where  refers to all the datapoints in the Raman spectral map ,  is the 1st entry-wise matrix norm, and  is introduced to promote the continuity along  axis in the optimization. By taking Eq. (7) into Eq. (6), the optimization function can be rewritten as 
.                           (8)
	This optimization function with Hessian penalty term is solved using the Split-Bregman Method.2 A new variable  is introduced to approximate the partial derivatives in the Hessian penalty term. Then, the equivalent constrained minimization problem of Eq. (8) can be written as
                  (9)
with the constrains being of 

where ,  and  are the approximations of the partial derivatives along different axes in the Hessian penalty term. The constrained minimization problem can be further reduced into unconstrained problem using the method of Lagrange multiplier:
                  (10)
where  is the Lagrange multiplier. Another new variable  is then introduced into the Eq. (10), such that this unconstrained minimization problem can be solved using the Split-Bregman method. The Eq. (10) is then reorganized as
        (11)
where ,  and  are the partial derivatives of  along different directions. 
	In the Split-Bregman method, the denoised Raman spectral map  is calculated iteratively together with the variables  and . At the n+1 iteration, the introduced variable  is defined as 
.                                  (12)
	Now,  in the iteration could also be solved using the Split-Bregman method together with Fourier transform as:
,             (13)
where , , , , , , , and  denotes the Fourier transform and inverse Fourier transform, while  and  are the Fourier transform variables. 
	Finally, the variables ,  and  can be solved by 
                          (14)

             (15)

               (16)

	To verify the utility of the denoising algorithm developed, Figure S2 shows an example of the comparison of the measured fat tissue Raman spectra with and without applying Hessian denoising algorithm. The random noise in the measured Raman spectra has been significantly suppressed while the Raman peaks are well-preserved in the spectrum, affirming the effectiveness of the Hessian denoising algorithm developed for tissue Raman spectra denoising. 
[image: ]
Figure S2. Comparison of fat tissue Raman spectra before and after applying Hessian denoising algorithm.
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