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Abstract
In order to understand “What force drives turbulence work?” Supplementary Information discussion elaborates that the energy injection ℇυ drives forming turbulence multifractality hierarchical structure.

What force drives turbulence work? The answer is the energy injection ℇυ drives forming turbulence multifractality hierarchical structure. The companion of this paper, “Is Turbulence Chaos Disorder? — On Turbulent Entropy” (relevant paper is being compiled and written), develops the turbulence non-equilibrium thermodynamics in mesoscopic structure to obtain entropy equilibrium equation of the turbulence
        (1)
Here ΔSn is entropy change rate in Fourier space. The entropy flow Πs, entropy product σ and dynamic entropy product σf are defined respectively as
                       (2) 
                    (3)
              (4)
The energy injection rate  can be obtained
                        (5)
As shown in Fig.1 the entropy flows Πs and dynamic entropy product σf caused by positive energy injection ℇυ in the turbulence spectrum gap are negative to drive together forming the turbulence hierarchical structure of multiple fractals with a nonlinear self-organized process. However the energy injections ℇυ is negative to cause positive entropy product σ that dissipates system energy in the energy dissipation domain. As noted in the previous section, the steep drop in deep valley of spectral gap is caused by explosion and fragmentation of higher-level turbulent eddies, and the steep rise of spectral gap shows that the energy injection of lower-level turbulent eddies due to the explosion fragmentation of higher-level turbulent eddies causes negative entropy flows. However dynamic entropy product σf may be just because of the large-scale baroclinic instability and the small-scale convective instability. These are issues worthy of further study. 
From the perspective of fractal dynamics，the positive energy injection ℇυ results in negative multifractal dimension, which is positive moment scaling exponent K(q)>0, to develop the turbulent systems forming multifractal structure. However the energy dissipation results in positive multifractal dimension, which is negative moment scaling exponent K(q)<0 result in the decay of turbulent systems. The fractal dynamics of turbulence studies the geometric objects from a dynamic point of view to explore the fractal generation mechanism.
The theory results of turbulence fractal dynamics deepen our understanding of the nature of turbulence and the turbulence cascade model and turbulence non-equilibrium thermodynamics in mesoscopic structure may be used to simulate turbulent cascade rule and its physical causes and to promote forward the research on turbulence. Also the turbulence fractal dynamics also developed the fractal geometry.
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 Turbulence spectrum of horizontal velocity, entropy change rate
 
and entropy fl
ow
 and 
energy injection rate 
of CASES99’
s data
 during 9:30 October 15th ~ 9:30 October 29th for 14 days. 
In the figure the fit lines of turbulence energy
 
spectrum 
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of
 turbulence
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in 
Fourier space
, and the dashed expresses zero value
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The abscissas are frequency 
f
(Hz) 
on the bottom 
and wave number 
k
(m
-1
)
 at the top
.
 
The 
black ordinate
 
is
 
energy
 spectrum
 for 
horizontal velocity
; the ret ordinate is 
entropy change rate
; the blue ordinate
 
is
 entropy fl
ow, its
 middle part [-10
-4
,
 
10
-4
] is linear coordinate, and the rest is logarithmic coordinate
; the amaranth ordinate is energy injection
 rate
.
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