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ABSTRACT

Needle-in-a-Haystack problems exist across a wide range of applications including rare disease
prediction, ecological resource management, fraud detection, and material property optimization. A
Needle-in-a-Haystack problem arises when there is an extreme imbalance of optimum conditions
relative to the size of the dataset. For example, only 0.82% out of 146k total materials in the
open-access Materials Project database have a negative Poisson’s ratio. However, current state-
of-the-art optimization algorithms are not designed with the capabilities to find solutions to these
challenging multidimensional Needle-in-a-Haystack problems, resulting in slow convergence to a
global optimum or pigeonholing into a local minimum. In this paper, we present a Zooming Memory-
Based Initialization algorithm, entitled ZoMBI, that builds on conventional Bayesian optimization
principles to quickly and efficiently optimize Needle-in-a-Haystack problems in both less time
and fewer experiments by addressing the common convergence and pigeonholing issues. ZoMBI
actively extracts knowledge from the previously best performing evaluated experiments to iteratively
zoom in the sampling search bounds towards the global optimum "needle" and then prunes the
memory of low-performing historical experiments to accelerate compute times by reducing the
algorithm time complexity from O(n?) to O(1), as the number of experiments sampled increases.
Additionally, ZoMBI implements two custom acquisition functions that use active learning to further
guide the sampling of new experiments towards the global optimum. We validate the algorithm’s
performance on two real-world 5-dimensional Needle-in-a-Haystack material property optimization
datasets: discovery of auxetic Poisson’s ratio materials and discovery of high thermoelectric figure of
merit materials. The ZoMBI algorithm demonstrates compute time speed-ups of 400x compared to
traditional Bayesian optimization as well as efficiently discovering materials in under 100 experiments
that are up to 3x more highly optimized than those discovered by current state-of-the-art algorithms.

Keywords rare materials discovery - efficient algorithms - adaptive acquisition functions - trust regions - active
learning - extremely imbalance data - auxetic materials - thermoelectric materials

1 Introduction

Current optimization algorithms achieve good results on low-dimensional problems that are smooth and have wide basins
of attraction. Examples of smooth manifolds with wide basins of attraction within material science include process-
and recipe-optimization problems such as tuning perovskite manufacturing variables to achieve higher efficiency [1],
optimizing microfluidics flow parameters to achieve ideal droplet formation [2]], optimizing silver nanoparticle recipes
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for optical properties [3]], and tuning perovskite compositions with physics-based constraints to maximize stability
[4]. Optimization techniques like Bayesian optimization (BO) are well-suited to model these simple manifolds using a
Gaussian Process (GP) surrogate [3, (6] [7, 8l 9]. However, the performance of this BO with a GP breaks down as the
manifold complexity increases. Material property optimization problems that have high technological significance,
such as discovering materials with rare properties or materials with a specific combination of properties, have search
space manifolds that more closely resemble a Needle-in-a-Haystack [[10], shown in Figure[I(b), rather than a smooth
or convex space. This Needle-in-a-Haystack (NiaH) problem arises when only few optimum conditions exist within
the entire dataset, resulting in an extreme imbalance. Interpolating the parameter space of an imbalanced dataset with
an estimation function, such as a GP, results in smoothing over the optimum or over-predicting the properties of the
materials found near the optimum [T} [12} [13]. Examples of NiaH materials optimization problems include discovering
auxetic materials (i.e., materials that have a highly negative Poisson’s ratio, v/) for energy absorptive medical devices or
protective armor [14} 15} [16] and discovering materials that have a combination of high electrical conductivity and low
thermal conductivity (i.e., a highly positive thermoelectric figure of merit, Z1") used from improving sensor technology
to enable ubiquitous solid-state cooling [17, (T8} [19]. Both of these rare material optimization problems are examples
where an extreme data balance exists in the dataset because only a fraction of the total number of materials exhibit
these rare properties [14} 20, 21] 22}, 23]]. This NiaH optimization challenge of extremely imbalanced datasets is largely
applicable to many fields, not just materials science, including the fields of ecological resource management [24]], fraud

detection [25 [26]], and rare diseases [27, 26].

T * Needle

X

X1

(a) Process Optimization Manifold (b) Materials Optimization Manifold

Figure 1: Archetype Manifolds in Materials Science Optimization. (a) Smooth and wide basin of attraction landscape
that is common to process optimization problems. This 2D projected manifold is adapted from the 6D perovskite
process optimization problem by Liu ez al. [1]]. (b) Rough and narrow basin of attraction landscape that is typical of
material property optimization problems. This 2D projected manifold is obtained from the 5D negative Poisson’s ratio
optimization problem presented in this paper [20} 21].

Several challenges exist for the current landscape of computational tools that inhibit effective optimization of these
complex NiaH problems. Firstly, the "needle" makes up only a small percentage of the total manifold search space,
resulting in a weak correlation between the measured input parameters and the target property of interest, inhibiting
discovery of the region containing the needle [TT]]. This challenge requires the development of an algorithm that
can more quickly determine the plausible region of the manifold where the needle exists. The second challenge for
algorithms, such as BO, to optimize NiaH manifolds is in the nature of the acquisition function to pigeonhole sampling
into local minima because of the narrowness of the needle’s basin of attraction [30, 31]]. Standard BO acquisition
functions, including expected improvement (EI) and lower confidence bound (LCB) [[7,[12], are static sampling
techniques that only adjust sampling based on the output of the surrogate model, which enacts smoothing of the needle
[11,5[6]. To overcome this challenge, active learning-based tuning of the acquisition function hyperparameters can be
implemented to improve the sampling quality and avoid pigeonholing. Lastly, there exists a computing challenge for
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NiaH problems where, typically, several thousands of samples must be observed to find an optimum when using an
algorithm that is poorly-suited to tackle NiaH manifolds [[10]. The compute time of BO using a GP surrogate scales
with the complexity O(n?), where n is the number of experiments sampled, hence, the compute time of traditional BO
blows up as more data is required to find the optimum [33},134} 35, (5,16} 136} 1377]]. To solve this computing challenge, an
algorithm must be designed that both efficiently optimizes the space in as few experiments as possible and reduces the
effect of compounding compute times over the length of the optimization procedure.

In recent literature, algorithms have been developed to address some of these challenges individually, but not all of
them together. The first class of solutions bound the search space using a trust region approach to sample regions with
higher probability of containing the optimum. Uber Al develop TuRBO [38] that compiles a set of independent model
runs, using separate GP surrogate models to compute a new, smaller search region, narrowed in on the target optimum.
Regis develops TRIKE [39] that utilizes maximization of the EI acquisition function to bound a trust region containing
the global optimum. Diouane et al. develop TREGO [40]], which interleaves sampling between global and local search
regions, where the local search regions are defined by the single best historical experiment sampled. Although these
methods offer solutions to one of the three challenges presented, each method has its downfalls when optimizing NiaH
problems. For example, TuRBO requires the computation of several GP model runs, which increases compute time
and also does not guarantee that the needle will be resolved due to interpolation effects; TRIKE is inflexible to the
use of other acquisition functions as it locks the user in to only using EI, which may pigeonhole into local minima;
TREGO uses only the best sampled experiment to define its search regions, which will yield inconsistent or sub-optimal
results when the needle consists of a fractional region of the manifold and single point is unlikely to land in its basin of
attraction. The second class of solutions to the challenges presented in this paper are designed to decrease the computing
time required to run an optimization procedure. A common method for reducing the compute time of BO with a GP
surrogate is to introduce a sparse GP [3, 41, 36]]. A sparse GP uses a small subset of pseudo data, often denoted as
m, to reduce the GP time complexity from O(n?) to O(nm?) [42]. However, the process of selecting a useful subset
requires minimizing the Kullback-Leibler divergence between the sparse GP and true posterior GP, which is often a
computationally intensive procedure of using variational inference [43]]. In addition to sparse GPs, new algorithms have
been developed in literature to improve the compute time of optimization in various ways. Van Stein ef al. develop
MiP-EGO [44]], which parallelizes the function evaluations of efficient global optimization (EGO) to discover optima
faster and in fewer experiments using derivative-free computation [45]]. Joy et al. [46] use directional derivatives to
accelerate hyperparameter tuning by 100x and achieve higher accuracy than the FABOLAS baseline by Klein et al. [47]].
Zhang et al. develop FLASH [48] to achieve optimization speed-ups of 50% by using a linear parametric model to guide
algorithm search within high-dimensional spaces. Snoek et al. [13] design a neural network-based parametric model
that reduces the overall time complexity of BO to O(n) compared to the complexity of O(n?) of standard BO with
a GP surrogate model. These existing methods from literature within the class of solutions for accelerating compute
time are generally introducing external models necessary to perform optimization, such as neural networks, variational
inference, or parameteric models. While these external models do speed-up compute time, they often lack the predictive
capabilities to capture the weak correlation between measured input parameters and the target property of interest in
NiaH problems. We illustrate this mechanic later in the paper when comparing the optimization results on two materials
science NiaH problems of a fast algorithm MiP-EGO with that of TuRBO, an algorithm better suited for discovering
optima within narrow basins of attraction.

Although these methods from existing literature address some of the challenges in optimizing NiaH problems, none
of them have been designed specifically to quickly and efficiently discover a needle-like optimum within a haystack
of sub-optimal points, resulting in all of them falling short of full solution. Therefore, in this paper, we design an
algorithm that addresses all three of the challenges faced when optimizing NiaH problems by (1) zooming in the
manifold search bounds iteratively and independently for each dimension based on m number of best memory points to
quickly converge to the plausible region containing the global optimum needle, (2) anti-pigeonholing into local minima
by using actively learned acquisition function hyperparameters to tune the exploitation-to-exploration ratio, (3) relieving
compute utilization by pruning the low-performing memory points not being used to zoom in the search bounds. The
proposed algorithm, entitled [Zo]Joming [M]emory-[B]ased [I]nitialization (ZoMBI), combines these three contributions
into a method that efficiently optimizes NiaH problems quickly. In essence, this process of scanning broadly and then
focusing in on points of interest based on memory was inspired by the way we humans solve similar problems, but
stands in contrast to the way standard BO methods with static acquisition functions solve problems. We demonstrate
the performance of this algorithm on two NiaH materials science datasets: (1) discovery of materials with negative
Poisson’s ratio and (2) discovery of materials with both high electrical conductivity and low thermal conductivity. The
performance of the proposed ZoMBI algorithm is compared against standard BO with static acquisition functions and
two state-of-the-art (SoTA) algorithms, one from each of the two classes of partial NiaH solutions: (1) TuRBO (bounded
search space) and (2) MiP-EGO (faster compute).
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2 Methodology

In this paper, we develop two major contributions: (1) the ZoMBI algorithm and (2) active learning acquisition functions.
Through the combination of these two contributions, the optimum region of a NiaH manifold can be quickly discovered
in fewer experiments without pigeonholing into local minima. Thus, the three challenges of optimizing NiaH problems
are addressed: (1) the challenge of finding a hypervolume within the manifold that contains the needle-like optimum
[28 29, [11]], (2) the challenge of avoiding pigeonholing into local minima [9, (1} 130} [31]], (3) the challenge of the
polynomially increasing compute times of BO using a GP surrogate 34} 35, |5, |6, 36, 137]. We demonstrate the
implementation of ZoMBI on a 5D analytical Ackley function, a 5D dataset of materials with Poisson’s ratios, and a 5D
dataset of thermoelectric materials, all of which exhibit a NiaH problem. The experiment data points are denoted as X
and for the materials datasets, each X -dimension corresponds to a continuous-valued material property, such as density
or formation energy, indicated in Table[I} For each of the three problems, the objective is to find the target value, y, with
either the lowest or highest value depending on if the problem is minimization or maximization. This optimum y-value
resembles a needle for each problem because it located within a narrow and steep basin of attraction. Precisely, the
needle optimum for each problem has a value of y = 0 for the Ackley function (minimization), y = —1.7 for Poisson’s
ratio dataset (minimization), and y = 1.9 for the thermoelectric merit dataset (maximization).

2.1 Zooming Memory-Based Initialization (ZoMBI) Algorithm

The ZoMBI algorithm has two key features: (1) iterative inward bounding of proceeding search spaces using the m
number of best-performing memory points within the prior search space and (2) iterative pruning of low-performing
historical search space memory. The newly computed search space bounds are unique for each dimension, such that
optimum basin of attraction of complex, non-convex NiaH manifolds can be discovered. This algorithm leverages these
two key features to guide the acquisition of new data towards more optimal regions while only fitting the surrogate
within the suggested optimum region to resolve more detail of the space of interest, as shown in Figure[2] This process
subsequently reduces the compute time significantly compared to the compute of a GP in a standard BO procedure, as
shown in Figure ]

We define m as the number of retained memory points during an activation of ZoMBI. The m memory points are saved
to memory while all other data are erased from memory. These are the historical data points that achieve the m lowest
(for minimization) target values, y, and they are used to zoom in the search bounds. Using these memory points, the
multi-dimensional upper and lower bounds of the zoomed search space are computed for each dimension, d. Let
X := {X1, Xo,..., X,,} be a set of data points, where X; € R%. Let f : RY — R be the objective function. We first
assume that the points in X are in general position so that f(X) contains unique elements. Then, for each m < n
define X(™) = {X=@)s+++» Xr(m)} Where 7 is a permutation on {1,...,n} so that { f(X(;)} is in ascending order.
If f(X) contains repeated elements, we may first remove the points with repeated f values and apply the definition
above. Then, for each d, the bounds are defined as:

B, = min {[X
a= min {[X]a}

BY = max {[X]a},
Xexm)

(D

where ij and B} computed lower and lower bounds for each dimension, d, respectively. The bounds [Bﬁl, B}] constrain
the proceeding acquisition of new data as well as the computation of a GP, such that sampling cannot occur outsides of
the bounded region. This constraining process operates independently for each dimension, such that each dimension
has a unique lower and upper bound. To initialize the algorithm with data from the constrained space, ¢ data points
are sampled from the bounded region using Latin Hypercube Sampling (LHS). LHS splits a d-dimensional space
into ¢ * d equally spaced strata, where ¢ is the number of points to sample uniformly over d dimensions with low
variability, unlike random sampling that has high sampling variability [49]. A GP surrogate model is retrained on
these 7 LHS points sampled from the constrained space and then for every proceeding experiment sampled from the
space, denoted as a forward experiment, the surrogate model is retrained. Thus, the GP is only being trained on
information within the constrained region and as the constrained region iteratively zooms inward and decreases in
hypervolume, so does the region computed by the GP. This process allows for more information to be resolve within
regions plausibly containing the global optimum basin of attraction. Up to ¢ forward experiments are sampled in serial,
where {X;} U {X,} C {X,,}. These forward experiments are sampled by maximizing an acquisition value, a € [0, 1],
computed by a user-selected acquisition function from one of the four functions EI, EI Abrupt, LCB, and LCB Adaptive,
introduced in Section[2.2] Once i + ¢ number of experiments are sampled, the bounds are re-constrained using the
m best performing experiments, ¢ new experiments are sampled from the zoomed-in space using LHS, and then the
memory is pruned. The process of collecting ¢ forward experiments is repeated. A complete constraining-resetting
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iteration is denoted as an activation, «.. This iterative zooming and pruning process over several « significantly speeds
up compute time, discussed further in Section [3.3] Implementation of ZoMBI is shown in Algorithm I}

Algorithm 1: Zooming Memory-Based Initialization (ZoMBI)

Input : X: Set of data points { X1, X2, ..., X, }, where X; € RY,
y: Set of target values {y1, Y2, - .., Yn}, Where y; € R,
«: Number of ZoMBI activations,
¢: Number of forward experiments per activation,
~: Set of acquisition function hyperparameters {3, &, €, 1},
AF': An acquisition function selected by the user

Output : The next experimental condition X, ; € R? and measured target value y,, 1 € R
1 for « activations do
2 | Compute bounds {BY, B4} + {min, max} ycxm {[X]a}
3 | Initialize with i LHS data points {X;} := {X1, Xa,..., X;}, where X; € R¢, [B}, BY]
and target values {y;} := {y1,y2,...,¥:}, wherey; € R

4 Overwrite memory X + {X;} andy + {y;}

5 for ¢ forward experiments do

6 Letn=1i+ ¢

7 Retrain surrogate model f(X) using target values y

8 Extract set of surrogate means {4} and variances {o}

9 Compute set of acquisition values {a} <+ AF({u},{c};7)

10 Find the best new experimental condition X, 1 <— arg max [{a}]
11 Measure target value of new experimental condition y,, +1  f(Xn41)
12 Append outputs to sets X . append(X,,+1) and y . append(y,,+1)
13 end
14 end

2.2 Active Learning Acquisition Functions

Traditional BO acquisition functions, such as EI and LCB, use the computed means and variances from a surrogate
model to compute an acquisition value; maximizing this acquisition value guides sampling of the manifold [7, 32} [12].
However, these traditional acquisition functions are static, such that they do not actively use any information about the
performance of previously sampled experiments to guide sampling. Hence, we implement an active learning approach
into the acquisition functions to develop two novel functions, EI Abrupt and LCB Adaptive, that dynamically adapt
their sampling based on the quantity and quality of previously sampled experiments. In contrast to a static acquisition
function, these dynamic acquisition functions are initialized with an initial set of hyperparameter values to guide their
search but then tune these values as sampling progresses. The developed EI Abrupt and LCB Adaptive functions are
used within the ZoMBI framework to further accelerate optimization and avoid pigeonholing, see line 9 of Algorithm T}

EI Abrupt uses actively learned information about the quality of previously measured experiment target values, y, to
change sampling policies. For example, if the value of y plateaus for three or more experiments in a row, EI Abrupt will
abruptly switch from a greedy sampling policy to a more explorative sampling policy. Specifically, this information
feedback received by the function determines if the current round of sampling should exploit the surrogate mean values,
1(X), or explore the surrogate variances, o (X ). EI Abrupt computes an acquisition value, a € [0, 1], for a given X,
wherein the X with the highest a is selected by the acquisition function as the next suggested experiment to measure.
EI Abrupt is implement for a minimization problems as:

flEIAbmpt(Xayé 5a€»77) = {(’u(X) -y - f) Q(Z) + U(X)w(z)7 if |v{yn—3<..n}| <n

w(X) — po(X), otherwise )
g MX) —yr ¢
o(X) 7

where y* is the lowest measured target value thus far (i.e., the running minimum), ®(-) is the cumulative density
function of the normal distribution, () is the probability density function of the normal distribution, and |V{y,,—3...» }|
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is the absolute value of the gradient of the set of target values of the last three sampled experiments; a gradient of 0
indicates a plateau. Moreover, 5 = 0.1, £ = 0.1, and 77 = 0 are hand-tuned initialization hyperparameters used for the
rest of the paper for EI Abrupt. These hyperparameters were selected based on a priori domain knowledge of EI Abrupt
performance on a variety of different problems. The most important hyperparameter for efficient sampling is 3, whose
ideal value is non-obvious, but it is found that 3 = 0.1 allows EI Abrupt to switch into an explorative sampling policy
while still having a strong weight on the surrogate means, implying that exploration does not veer far.

LCB Adaptive uses actively learned information about the quantity of previously sampled experiments, n, to tune its
hyperparameter. For example, as the n increases, LCB Adaptive decays its S hyperparameter value to become less
explorative and more exploitative. Specifically, this information feedback received by the function determines the
contribution of both x(X) and o(X) to the acquisition value, a. Similar to EI Abrupt, LCB Adaptive computes an
acquisition value, a € [0, 1], for a given X, wherein the X with the highest a is selected by the acquisition function as
the next suggested experiment to measure. LCB Adaptive is implemented for a minimization problem as:

aLcB Adaptive(X7 n;ﬁae) = /“‘L(X) - GnBO'(X), (3)
where 7 is the number of experiments sampled, and 5 = 3 and € = 0.9 are hand-tuned initialization hyperparameters
selected based on a priori domain knowledge of the function’s performance on a variety of different problems. Having
a large 3 and an € close to 1 supports a gradual decay from very explorative to very exploitative, rather than a rapid
decay. In the following section (Section[3.2), the dynamic EI Abrupt and LCB Adaptive are shown to both discover
optima in fewer experiments and avoid pigeonholing into local minima better than their static counterparts by actively
balancing the ratio of exploitation to exploration using learned information about the quality and quantity of previously
sampled experiments.

3 Demonstration of ZoMBI Mechanics using an Ackley Function

3.1 Zooming Bounds

, +
+ +
+
e > .*
& -
. )) i
Initial +1 =\ + +
First Activation Second Activation

Figure 2: Zooming Search Bounds. For every activation of ZoMBI, the search bounds are zoomed inward based on the
prior best-performing memory points. A 4D Ackley function manifold is projected in 2D. The bounding regions of
each 2D slice are illustrate by the red and orange boxes. The ¢ number forward experiments sampled are illustrated as
black markers. The global optimum is indicated by the red region of the heatmap.

Zooming in the search bounds on the manifold addresses challenge number one of optimizing NiaH problems, which is
the challenge of finding the general hypervolume region that contains the needle-like optimum. Figure 2] illustrates how
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the ZoMBI algorithm iteratively zooms in the search bounds based on the number of activations, . An Ackley function
is used as a simulated example due to its non-convexity and needle-like global optimum [50}|51]]. For each activation,
m prior points that achieved the lowest target values, y, are retained in memory and used to zoom the search bounds in.
This zooming occurs independently across each dimension and is based on the minimum and maximum values of the m
memory points along each dimension, as shown in Equation[I] The red and orange rectangles illustrate the evolution
of the bounds over space and time. Initially, sampling occurs across the entire manifold for ¢ forward experiments
per activation, shown by the black markers. However, by using the best performing memory points to zoom in the
search bounds, pigeonholing into local minima can also be avoided as the search bounds are pulled away from these
trap minima and move closer towards the global minimum basin of attraction. The iterative zooming of ZoMBI does not
guarantee convergence on the global optimum, but if a sufficient initialization set is obtained, convergence often gets
close to the global optimum as shown across several examples in Figures 3] [7} and9}

3.2 Anti-pigeonholing

no ZoMBI using ZoMBI no ZoMBI using ZoMBI no ZoMBI using ZoMBI no ZoMBI using ZoMBI
x L3 x . x x x x A

x x x " x \ x ‘ : A
” e -
0] oA 0] = == A
x % x ’ x x ‘x e
P ¢ - - 'V
(a) LCB (b) LCB Adaptive (c) EI (d) EI Abrupt

Figure 3: Acquisition Function Sampling Density. The colored heatmaps indicate the regions of a 2D slice from a 5D
Ackley function where sampling density is high for each respective acquisition function: (a) LCB, (b) LCB Adaptive,
(c) EL and (d) EI Abrupt. The contour lines indicate the manifold topology with local minima as the circular and
pointed regions of the contours. The red "x" indicates the global minimum. For each acquisition function, the left panel
shows the sampling density after n = {20,40, 80} evaluated experiments without the use of ZoMBI while the right
panel shows the sampling density after n = {20, 40, 80} evaluated experiments with the use of ZoMBI.

Pigeonholing into the local minima of a function occurs when an optimization algorithm has insufficient learned
knowledge of the manifold topology to continue exploring potentially profitable regions or when the algorithm’s
hyperparameters are improperly tuned, leading to overly exploitative tendencies [1,9]]. The ZoMBI algorithm’s anti-
pigeonholing capabilities are two-fold: (1) the zooming search bounds help the acquisition function to quickly stop
sampling local minima once a better performing data point is found and (2) actively learned acquisition function
hyperparameters use knowledge about the domain to help exit a local minimum. Figure [3| demonstrates the anti-
pigeonholing capabilities of ZoMBI on optimizing a 5D Ackly function with both static and dynamic acquisition
functions, compared to that of traditional BO. The needle-like global minimum is indicated by the red "x" and the local
minima are indicated by the circular and pointed regions of the contour lines. The sampling density of each acquisition
function is illustrated by the heatmap, where the darker colors indicate higher sampling density regions. The goal is to
get high sampling density near the red "x". It is shown that without ZoMBI being activated, the LCB, LCB Adaptive,
and EI acquisition functions all end up pigeonholing into local minima. However, EI Abrupt initially pigeonholes
into a local minima but then switches from an exploitative to an explorative mode to jump out of the local minimum
and converge closer to the global. Conversely, when running the optimization procedure with ZoMBI active, all of the
acquisition functions except the most exploitative, EI, converge onto the global minimum fast. LCB Adaptive and EI
are shown to initially start sampling towards a local minima, but as ZoMBI is iteratively activated, the search bounds
zoom in closer to the global minimum. Thus, with the combination of active learning dynamic acquisition functions
and zooming search bounds, pigeonholing into sub-optimal local minima can be more readily avoided while optimizing
NiaH problems, although avoidance is not guaranteed, as shown by the sampling density of EI.
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3.3 Memory Pruning
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Figure 4: Wall-clock Compute Time. The compute time per experiment is illustrate for traditional BO with a GP
surrogate (orange) and for ZoMBI with a GP surrogate (blue) with the y-axis in log-scale. Five independent trials of
each method were run to optimize a 5D Ackley function with a narrow basin of attraction using an NVIDIA Tesla Volta
V100 GPU [52]. The averages of the trials are shown as solid orange and blue lines while the shaded regions indicate
the maximum and minimum compute times bounds. The red dashed line indicates the trend of the ZoMBI compute
times. The measured compute time includes the time to compute the GP surrogate model and the time to acquire an
experiment from the surrogate.

As more experiments are amassed and committed to memory to run traditional BO by computing a GP and an acquisition
value, the compute time increases polynomially, following the O(n?) time complexity of GP matrix multiplication
[33L151 16153136, [37]]. This complexity is unfavorable as it leads to compounding compute times as more experiments
are run. Therefore, we implement a memory pruning feature into the ZoMBI algorithm that iteratively selects which
prior data points to keep and which ones to prune from the memory during each activation, c. Via memory pruning,
the number of experiments used to train the GP surrogate varies between [i,¢ + ¢| for every «, rather than being
proportional to n. This is computationally favorable because {X;} U {X,} C {X,,}. Thus, for a single , the time
complexity is O((i + ¢)®). However, since ¢ resets back to zero after each «, a non-increasing sawtooth pattern in
compute time is exhibited, hence, as o, n — o0, the complexity approaches O(1). Figure@illustrates that the sawtooth
compute time pattern maps to the resetting interval of ¢, which trends towards a constant, non-increasing value over
many « and n. After collecting 1000 experiments, the compute time of traditional BO trend towards > 400 seconds,
whereas after 1000 experiments, the compute time ZoMBI trends towards a constant 1 second. Therefore, the memory
pruning feature of ZoMBI accelerates the optimization compute time by over 400x at n = 1000 and achieves further
relative acceleration as n increases. The combination of the three foundational features of ZoMBI, (1) zooming bounds,
(2) anti-pigeonholing, and (3) memory pruning, drives fast optimization of NiaH problems without sacrificing the ability
to converge on the global optimum.

4 [Experiments

4.1 Varying Basin of Attraction Width

The ZoMBI algorithm is designed specifically to tackle NiaH problems where the basin of attraction containing a global
minimum is narrow [30,31]. In our first experiment we explore the question, how does basin of attraction width affect
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Figure 5: Synthetically Varying Basin of Attraction Width. The colored lines indicate the median trend lines of 12
independent runs for the final experimental evaluation of each algorithm after 100 sampled experiments for a given
basin width. The spread of the data from the trend line is indicated by the shaded regions. The datasets with different
width basins are obtained by synthetically convolving the original 5D Poisson’s ratio dataset topology with Gaussian
noise of increasing magnitudes. The objective is to find the minimum function value, fn;, = —2. In wide basin datasets,
conventional SOTA BO methods, TuRBO and MiP-EGO, perform the best. However, for NiaH problems with narrow
basins, the ZoMBI implementations perform better.

the ability of ZoMBI to find the global minimum? We present a synthetic example of a 5D noisy and non-convex dataset
with a global minimum of f,;, = —2 whereby applying a Gaussian smoothing function to the dataset, the basin of
attraction width is synthetically widened. The original, unmodified 5D manifold is based on the Poisson’s ratio materials
optimization dataset explored later in this paper [20l 21]]. Figure[3]illustrates the trend lines of optimization performance
of ZoMBI with each of its possible acquisition functions, relative to two SoTA methods from literature, TuRBO [38]
and MiP-EGO [44]]. The trend lines show that for wider basin of attraction problems, TuRB0 and MiP-EGO significantly
outperform all implementations of ZoMBI with different acquisition functions. However, as the basin of attraction
narrows, the problem becomes a NiaH. The trend in performance of ZoMBI improves as the basin width decreases, the
algorithm becomes more capable of finding the global minimum. Conversely, TuRBO and MiP-EGO become less capable
of discovering the global minimum as the manifold transitions into a NiaH problem. As the Gaussian smoothing is
lessened, all global and local minima basins narrow, resulting in less of the manifold space containing optimal regions,
which accelerates the inward zooming of the search bounds using ZoMBI. Additionally, the more explorative acquisition
functions are shown to perform better than the exploitative functions, such as EI, because pigeonholing is more readily
avoided, as shown previously in Figure[3] This synthetic example demonstrates that the ZoMBI method has potential to
perform better than SoTA to optimize NiaH problems. In the following sections, two real-world materials science NiaH
datasets are optimized using ZoMBI and the performance is compared to SoTA.

4.2 Material Property Optimization: Negative Poisson’s Ratio

We demonstrate the ability of the ZoMBI algorithm to optimize Needle-in-a-Haystack problems on two real-world
datasets. The first dataset consists of 146k materials and the objective is to find the material with the minimum negative
Poisson’s ratio, v. The second dataset consists of 1k materials and the objective is to find the material with the maximum
thermoelectric merit, Z7T, i.e., a material with high electrical conductivity and low thermal conductivity. Both of these
datasets are 5-dimensional and are obtained from the open-access Materials Project database [20]]. Table[T]describes the
five continuous training variables and the target variable to be optimized. These v- and ZT-datasets provide examples
of the ZoMBI algorithm’s ability to optimize relevant real-world NiaH problems.

The v dataset exhibits a Needle-in-a-Haystack problem due to very few materials having negative v values [14} 20, 21}
15]. A positive v > 0, describes a material that expands when a compressive load is applied to the orthogonal direction
[54.,155]. Conversely, a negative v < 0 describes a material that contracts rather than expands when compressed in the
orthogonal direction, denoted as an auxetic material [14} 23] — a rare phenomenon that occurs in only 0.82% of materials
within the Materials Project database [20, 21]. Auxetic materials with highly negative Poisson’s ratios have energy
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Table 1: Description of variables from the two real-world Needle-in-a-Haystack materials science datasets [20].
Training Variable Units Description

Density g/cm? Density of the entire molecule.

Formation Energy eV/atom Normalized change of energy to form target phase.

Energy Above Hull eV/atom Normalized energy to decompose into stable phase.

Fermi Energy eV Highest energy level at absolute zero.

Band Gap eV Valence to conduction band electron excitation energy

Target Variable Units Description

Poisson’s Ratio, v Unitless Mechanical deformation perpendicular to the loading direction.

Thermoelectric Merit, Z7' Unitless  Electrical and thermal potential of a material to produce current.
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Figure 6: Histogram and Random Forest of Poisson’s Ratio Dataset. (a) The Poisson’s ratio histogram of all 146k
materials in the Materials Project Dataset [20), with y-axis in log-scale. The two needles are called out, indicating
the locations of minimum Poisson’s ratio values vy, = {—1.2, —1.7}. (b) The noisy, non-convex manifold topology
generated by an RF regression of 500 trees on the Poisson’s ratio dataset. A projected 2D slice of the 5D space is
illustrate with z-axis and colorbar indicating the Poisson’s ratio. The slice of space shown indicates the narrow basin of
attraction region containing the vp,;, = —1.2 needle.

absorptive properties, which are ideal materials for wearable medical devices and protective armor that must absorb the
energy of large impacts to keep bones from shifting or to inhibit the penetration of the protective layer [15} [16]. Thus,
for this NiaH problem, the objective is to discover the material with the lowest v value. Figure[f]illustrates the spread of
v values within the raw dataset as a histrogram as well as a manifold generated by a Random Forest (RF) regression on
the raw dataset using 500 trees. The search space generated by the RF is noisy and non-convex with narrow basins of
attraction containing each optimum, resulting in a challenging NiaH optimization problem. The ground truth "needle"
materials with the lowest v values are LisNbFg with v ~ —1.7 and Na,CO3 with v ~ —1.2.

Figure[7)illustrates the performance of ZoMBI in discovering the lowest v-value material, compared to the SOTA TuRBO
and MiP-EGO algorithms. The ZoMBI algorithm is run with each of the four acquisition functions: LCB, LCB Adaptive,
EIL and EI Abrupt. In under 100 evaluated experiments, LCB and LCB Adaptive discover one of the needles within the
dataset (LioNbFg) and, similarly, EI Abrupt discovers the other needle (NasCOj3). The distribution of v values for the
final experiment across all ensemble runs is illustrated for each method to highlight the sampling density and general
rate of success. LCB Adaptive and EI Abrupt are the first two implementations of ZoMBI to discover a v < ( material
because of their ability to actively tune their sampling hyperparameters. After 30 experiments, the ZoMBI search bounds
have zoomed inward enough for the explorative LCB acquisition function to discover a region of the manifold containing
highly negative v material, eventually leading to the global minimum needle. These three implementations of ZoMBI:
LCB, LCB Adaptive, and EI Abrupt, have a steep drop in the discovered v value, allowing these methods to discover an
optimum fast, in fewer experiments than both SoTA methods. Overall, LCB and LCB Adaptive implementations of
ZoMBI discover the most optimum minimum v ~ —1.7, while the SoTA algorithms TuRBO and MiP-EGO only discover
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Figure 7: Discovery of Rare Negative Poisson’s Ratio Materials. The optimization objective is to find the material
with the minimum Poisson’s ratio, vy, in 100 experiments from the dataset presented in Figure @ The green, blue,
red, and orange lines indicate the median best running evaluated sample of ZoMBI using the LCB, LCB Adaptive, EI,
and EI Abrupt acquisition functions, respectively. The pink and black lines indicate the median best running evaluated
sample of the SOTA methods, MiP-EGO and TuRBO, respectively. The median for each method is taken over the best
12 independent model runs. The shaded regions indicate the variance between model runs. The crosshatched region
indicates the space discovered by standard BO methods, without the use of ZoMBI. The dashed black line indicates the
v = 0 inflection point. The distribution of the final sampled v value for each method at the 100th experiment is shown
as a kernel density estimation with a 0.5 smoothing factor. The materials formulae and unit cells that have the closest
evaluated v value discovered by each ZoMBI method at the end of the 100 experiments are illustrated.

v =~ —0.55 and v =~ —0.20, respectively. These results demonstrate that with proper selection an acquisition function,
ZoMBI achieves better performance and a higher success rate than SoTA on optimizing this real-world materials science
NiaH problem.

4.3 Material Property Optimization: Thermoelectric Merit

The ZT dataset exhibits a Needle-in-a-Haystack problem, similar to the v dataset because very few materials have high
Z'T values [T0]. However, rather than ZT being a directly measurable mechanical material property like Poisson’s
ratio, ZT must be computed using a combination of several thermal and electrical material properties [57]:

2
a1 =27, @)
K

where S is the Seebeck coefficient, o is electrical conductivity, T is the average temperature, and « is thermal
conductivity. The ZT is computed for each material in the Materials Project database using BoltzTraP [56]. Of the
initial 146k materials, 1k of them have the required thermal and electrical properties to compute a Z1" value. ZT is
a common figure of merit used to describe the thermal-to-electrical or electrical-to-thermal conversion efficiency of
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Figure 8: Histogram and Random Forest of Thermoelectric Merit Dataset. (a) The Thermoelectric Merit, Z7T,
histogram of all 1k materials in the dataset computed by BoltzTraP [56}20] with y-axis in log-scale. The two needles are
called out, indicating the locations of maximum Z7 values ZT,x = {1.4,1.9}. (b) The noisy, non-convex manifold
topology generated by an RF regression of 500 trees on the ZT" dataset. A projected 2D slice of the 5D space is illustrate
with z-axis and colorbar indicating the ZT" value. The slice of space shown indicates the narrow basin of attraction
region containing the Z7},,x = 1.4 needle.

thermoelectric materials [60, [61]]. A higher ZT indicates that the material is better able to convert a thermal
gradient into an electrical current [57)]. Materials with large ZT values have a range of applications from usage as
solid-state cooling devices to being used as sensors that when heated up, will produce an electrical signal [19].
For this NiaH problem, the objective is to discover the material with the highest ZT value. Figure [§]illustrates the
spread of ZT values within the raw dataset as a hisitogram, as well as a manifold generated by an RF regression on the
raw dataset using 500 trees. Similar to the ~ manifold, the Z7" manifold is noisy and non-convex with narrow basins of
attraction [20} [56]]. The ground truth "needle" materials with the highest ZT values are NayAl3GeslO1o with ZT =~ 1.4
and SryAlgSOq5 with ZT ~ 1.9.

Figure [0]illustrates the performance of ZoMBI in discovering the highest ZT-value material, compared to the SOTA
TuRBO and MiP-EGO algorithms. Initially, we see TuRBO outperform all other algorithms, but then it is unable to
accelerate its sampling towards the needle basins of attraction. Similarly, MiP-EGO gets trapped in a local minimum and
is unable to escape. Conversely, after 50 evaluated experiments, ZoMBI LCB Adaptive and EI Abrupt supersede TuRBO
and quickly discover high ZT materials, illustrating the advantage of active learning acquisition functions. Although
the active learning acquisition functions prove to be more successful than the SoTA algorithms, none of the tested
algorithms are able to discover the maximum global needle, SryAlgSO;2, only the second best needle, NayAl3Ge3l0q5.
This result is likely due to the data imbalance being too extreme that far out on the tail of the ZT dataset, in turn,
generating an RF manifold complexity too high, even for ZoMBI. Hence, indicating that there are limitations in the
manifold complexity that ZoMBI can optimize, and further illustrating that convergence on the global optimum needle is
not guaranteed using this method. However, for the Z7T dataset, the LCB Adaptive implementation of ZoMBI discovers
the second best needle, NayAl3Gesl012 with ZT' =~ 1.4, while the SoTA algorithms TuRBO and MiP-EGO only discover
ZT =~ 0.65 and ZT =~ 0.45, respectively. Thus, LCB Adaptive demonstrates the highest performing optimization
results across both of the real-world NiaH datasets, discovering the most optimal materials the fastest for both the v and
ZT datasets.

5 Summary & Conclusions

In this paper, we proposed the [ZoJoming [M]emory-[B]ased [I]nitialization (ZoMBI) algorithm that builds on the
principles of Bayesian optimization to accelerate the optimization of Needle-in-a-Haystack problems by two-fold, firstly
by requiring fewer experiments to achieve a better optimum than state-of-the-art, and secondly by pruning the memory
of low-performing historical experiments to speed-up compute time. The ZoMBI algorithm exceeds state-of-the-art
performance on optimizing Needle-in-a-Haystack datasets by (1) using the values of the m best performing previously
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Figure 9: Discovery of Rare Positive Thermoelectric Merit Materials. The optimization objective is to find the
material with the maximum thermoelectric merit, Z 7T ., in 100 experiments from the dataset presented in Figure @
The green, blue, red, and orange lines indicate the median best running evaluated sample of ZoMBI using the LCB,
LCB Adaptive, EI, and EI Abrupt acquisition functions, respectively. The pink and black lines indicate the median best
running evaluated sample of the SOTA methods, MiP-EGO and TuRBO, respectively. The median for each method is
taken over the best 12 independent model runs. The shaded regions indicate the variance between model runs. The
crosshatched region indicates the space discovered by standard BO methods, without the use of ZoMBI. The distribution
of the final sampled ZT value for each method at the 100th experiment is shown as a kernel density estimation with a
0.5 smoothing factor. The materials formulae and unit cells that have the closest evaluated ZT" value discovered by
each ZoMBI method at the end of the 100 experiments are illustrated.

sampled memory points to iteratively zoom in the search bounds of the manifold uniquely on each dimension and (2)
implementing two custom acquisition functions, LCB Adaptive and EI Abrupt, that actively learn information about
the manifold during optimization to tune the sampling of new experimental conditions from a surrogate. The main
contributions of this algorithm solve three fundamental challenges of optimizing non-convex Needle-in-a-Haystack
problems: (1) the challenge of locating the hypervolume region of the manifold containing the narrow global optimum
basin of attraction [28, is alleviated by introducing iterative search bounds based on learned knowledge of the
manifold; (2) unwanted pigeonholing into local minima [5/16] is avoided by both the zooming mechanics of
ZoMBI as well as using the two acquisition functions developed in his paper, LCB Adaptive and EI Abrupt, that tune
their hyperparameters through active learning; (3) the challenge of polynomially increasing compute times of BO using
a GP surrogate [33, 34,35, 5, 6, 36, 37 is addressed by actively pruning the retained memory of the algorithm after
each activation, c, in turn, reducing the time complexity from O(n?) to O(1) as a, n — oo. By developing the ZoMBI
algorithm to solve these challenges, it becomes possible to quickly and efficiently find optimal solutions to complex
Needle-in-a-Haystack problems in fewer experiments.

Solving a Needle-in-a-Haystack problem that arises from extremely imbalanced data is a significant challenge that
has important implications in science and engineering, especially within the field of materials science (10} 28]. In
this paper, we use ZoMBI to discover the optimum materials in two real-world materials science Needle-in-a-Haystack
datasets where only a small fraction of the entire search space consists of the target optimum conditions. In the first
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dataset, we discover a material with a highly negative Poisson’s ratio, v, [20,|21] and in the second dataset, we discover
a material with a highly positive thermoelectric figure of merit, Z7 [56, [20]], both rare material properties. For the
first dataset, the ZoMBI algorithm with the LCB and LCB Adaptive custom acquisition function both discover the
material with the minimum v ~ —1.7, while the state-of-the-art algorithms TuRBO [38]] and MiP-EGO [44] only discover
v ~ —0.55 and v ~ —0.20, respectively. For the second dataset, the ZoMBI algorithm with the LCB Adaptive custom
acquisition function discovers the material with the maximum ZT" = 1.4, while the state-of-the-art algorithms TuRBO
[38]] and MiP-EGO [44] only discover ZT = 0.65 and ZT = 0.45, respectively. These results demonstrate that the
ZoMBI algorithm is more well-suited to tackle Needle-in-a-Haystack optimization problems than current state-of-the-art
methods, however, the selection of an acquisition function for ZoMBI is important because the EI acquisition function
often performed worse than state-of-the-art. Thus, this manual selection of an appropriate acquisition function is a
current limitation of the algorithm and demonstrates that convergence to a global optimum is not always guaranteed
while using ZoMBI, but given the correct set of conditions, ZoMBI exceeds state-of-the-art. Moreover, we demonstrated
that ZoMBI often does not outperform state-of-the-art for non-Needle-in-a-Haystack problems, such as those with wide
basins of attraction. Hence, the use of the ZoMBI algorithm and selection of an appropriate acquisition function should
be considered based on the nature of the optimization problem as it is not always guaranteed to find a more optimal
solution than other methods.

Alas, the significance of developing the ZoMBI algorithm is to quickly and efficiently tackle difficult Needle-in-a-
Haystack optimization problems in extremely imbalance datasets. In this paper, we showcased the ability of the
developed algorithm to discover rare materials with highly-optimized properties in a short period of time and in few
number of experiments. Discovering rare materials quickly and efficiently enables the widespread access to a new
range of materials applications from engineering high-performance medical devices to ubiquitous solid-state cooling
systems [[15} [16} {17, [18, 110, [19]. However, the application space for ZoMBI to accelerate the efficient discovery of
highly-optimized solutions extends past materials science and is generally applicable for many Needle-in-a-Haystack
problems, including those found in ecological resource management [24], fraud detection [25, 26]], and rare disease
prediction [27, 26]. Ultimately, we aim for this contribution to support the elimination of the time and resource barriers
previously inhibiting the throughput of optimizing complex and challenging Needle-in-a-Haystack problems across a
broad range of application spaces.
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