Supplementary Material

We start this Supplementary Section with some notions and basic definitions of
Category Theory. After that, we provide all the proofs from Section 3.

Category Theory

In this section we recall some basic notions and definitions of Category The-
ory. A category is a collection of objects A, B,C,--- and morphisms 7, y, t- -
between two objects which satisfies the following axioms:

i) For each arrow 7, there are given objects dom(n) and cod(n) called the
domain and codomain of n. In this case, we write 17 : A — B to indicate
that A = dom(n) and B = cod(n).

ii) Given morphisms n: A — B and v : B — C there is an arrow
yon:A—C
called the composite of n and «. Observe that cod(n) = dom(y).

iii) For each object A, we have an identity arrow Idy : A — A.

iv) The composition is associative:

po(yon) = (uoy)on
foraln: A— B,v:B—C,u:C — D.

v) For all n: A — B we have
noldsa=n=1Idgon.

A functor between the categories C and D is a map F': C — D that assigns,
to each object C € C an object F(C) € D, and to each arrow f: C — C' in C
an arrow F(f): F(C) — F(C") in D, such that the following conditions hold:

i) F(Idc) = Idpc) for every C € C.

i) F(go f) = F(g)o F(f) for all morphisms C' Ly Dand D% EinC.

Broadly, a subcategory of a category C is a category by itself which is con-
tained in C. In other words, a subcategory D of a category C is defined by a
subcollection of objects and a subcollection of morphisms of C subject to the
requirements making D a category by itself. For instance, the category of fi-
nite sets and functions FSets is a subcategory of Sets; the category of prime
graphs and prime graph morphisms PGraph is a subcategory of UndGraph,
the category of undirected graphs and graph morphisms.



Prime Graph category
Proposition Any prime labeled graph G, has no self loops.

Proof. We proceed the proof by contradiction. Suppose that G, is a graph
having a self loop (vg,vg). Let ¢ a prime labeling on G,,. Then, if p(vy) = j for
some j € I, we would have that vy has a neighbor with label j (vg is its own
neighbor), contradicting () of Definition 3.1. Similarly, if ¢(vg) = j' we would
contradict (i4) of Definition 3.1. Thus, G,, can not have self loops.

Proposition 3.3 Let G4 be a directed graph in DGraph. Then, G; induces
a prime graph G,, € PGraph.

Proof. Let G4 = (Vg, E4) be a finite directed graph in DGraph. Without loss
of generality, let us suppose that V; is represented by the set {v1,va, -+ ,v,}.
Thus, we define the undirected graph G, as follows: the vertex set V,, is given
by

V(Gu) - {UlaUQ;"' ,’Un,’l}i,vé,"' ,U,:I}

For notation’s simplicity, we will denote v = v} for each i’ € {1,--- ,n’}. Now,
to define the edge set F,,, we will consider the following two cases:

(i) for each i € {1,...,n}, the tuple (v;,v]) defines an edge in Gy;

(ii) for i # j in {1,--- ,n}, we have that (v;,v}) defines an edge in G, if, and
only if, there exists a directed edge (v;,v;) € Eq.

In other words,

(vi,vf) if i # j and (v;,v)) € E(Ga)
(vi,v}) foreach i€ {1,--- ,n}.

E(Gu) = {

We now claim that G, admits an I-labeling. Indeed, let I = {1,2,--- ,n}
and I’ = {1/,2',--- ,n’} be the non-prime and prime sets, respectively. We thus
define the labeling function ¢ : V(G,) — TUI’ as follows: for each v € V(G,,)

-/ 3 a2/ 4 / / / /
i if v =] with v} € {v],v5, - v}

i ifv=w; withv; € V1,Va, Uy
w(v)={ { }

Clearly, ¢ is a bijective function. Moreover, by how G, is defined, condition
(#i7) of Definition 3.1 is satisfied. Thus, it suffices to show that G,, and ¢ satisty
conditions (z) and (i¢). Now, if v € V,, is such that ¢(v) = i for ¢ € I, then
v = v;. Hence, as the incident edges to vertex v; € G, are either of the form
(vi,v}) (this is, when (v;,v;) € Eqg) or (v;,v;), it follows that the neighbors of
v; are either v or v, for some j # i. Thus, in any case one has that p(v’) = j'
for any possible neighbor v of v. Likewise, if ¢(v) = i’ for some i’ € I', then
v = v,. Again, by how the undirected graph G, is defined, one has that the
incident edges to vertex v, in G, are either of the form (v;,v}) (namely, when
(vj,v;) € Eq) or (v;,v]). Thus, the neighbors of v can be either v; (for some
j # 1) or v;, which in turn implies that ¢(v;) = j for any possible neighbor v;
of v. Therefore, ¢ defines a prime labeling function on G,,. O



Proposition 3.4 Let G4, and G4, be two directed graphs in DGraph,

and let V(Gy,) N V(Ga,) be a directed graph morphism. Then, f induces a
prime graph morphism f between the prime graphs G, and G,,.

Proof. Let G4,,Gq4, € DGraph, and let us take f : V(Gq,) — V(Gg,) a
directed graph morphism. Without loss of generality, assume that the vertex sets
are V(Gq,) = {v1,v2, - ,vn} and V(Gg,) = {w1,ws, -+ ,wy}, respectively.
Then, by Proposition 3.3, the vertex set of the corresponding prime graphs G,
and G,, are given by

V(Gul) - {v13v27”' av’navi,uév'” 7’U;7,}
and
V(Guz) = {wlaw27"' awm7wllawév"' aw;z}’

respectively. With this in mind, we define f : V(G.,,) — V(G.,) by

7o {f(vi) = fw) for v; € {v1,v5, -+ v}

f) = f(v;) for vl € {v],vh, - v},

where f(v;)" denotes the prime labeled vertex in V (G, ) such that, if f(v;) = w,
then f(v;)" = wj,. We claim that f is a prime graph morphism. Indeed, we first
show that f preserves adjacencies. To do so, recall that an edge (v;, v%) € (Gu,),
with ¢ # j, corresponds to a directed edge (v;,v;) in E(Gg,). Thus, as f
preserves adjacencies -in the directed case-, we have that (f(v;), f(v;)) € E(Ga,)
which in turn implies that (f(v;), f(v;)’) € E(Gy,). Considering this, one has
that
Fwn ) = (Fwi), F0) = (F(00), £(03)') € E(Gay).

Moreover, for edges of the form (v;,v]) € E(G,, ), one gets

f(vh U;) = (,]?(1)1), .]F(U;D = (f(vz)’ f(Ui)/) € E(Gu2>7

thus showing that f is an undirected graph morphism. Now, by how f is defined,
it is clear that f is compatible with the labeling, as preserves the prime and
non-prime labelings satisfies (f(vz))/ = f(v;) = f(v}). Therefore, f is a prime
graph morphism. O

Theorem 3.5 The map £ : DGraph — PGraph that assigns to each
object G4 € DGraph the object G, € PGraph, and to each morphism
f € DGraph the morphism f € PGraph defines a functor from DGraph
to PGraph.

Proof. By Proposition 3.3 and Proposition 3.4 it suffices to show that the map
L : DGraph — PGraph preserves identity morphisms and composition of
morphisms. The former follows from the fact that Id(v;) = Id(v;) for non-
prime labeled vertices, whereas for prime labeled vertices one has that Id(v}) =
Id(v;)" = Id(v]) = v}. For the latter, we will prove that given the directed



graph morphisms f: V(Gg,) — V(Gg4,) and g: V(Ga,) — V(G4,), one has
that g o f = go f. To this end, we must show that g o f and go f have the same
correspondence rule, as both already have the same domain and codomain sets.

Following the notation so far, we will denote the vertex set of the directed
graph G4, by V(Gg4,) = {v1,v9, -+ ,v,}, the vertex set of the directed graph
Ga, by V(Gg,) = {w1,wa, -+ ,wy}, and the vertex set of the directed graph
Ga, by V(Gay) = {21,232, ,z1}. Then, by Proposition 3.3, the vertex sets of
their corresponding prime graphs are given by

V(Gu1) = {Ul,’ljg,”' ,’Un,’Ui,UIQ,"- 7’0;}7
V(Gug) = {’LU17U}2,"' 7wmaw/17wl2a"' ,U};n},
and V(Gyy) = {21, 22, -+ , 21,21, 25, -+ , 2}

respectively. Now, on the one hand, the image under functor £ of the directed
graph morphism defined by the composition (go f) is the prime graph morphism
(go f):V(Gy,) — V(Gy,), whose correspondence rule is given by

(go f)= {(gOf)(UZ) = (go f)(v;) for v; € {v1,ve, -+ , v, }

(90 () = (g0 f)(w)" for v} € {vf, vy, vy},

Here, ((g o f)(vl))/ denotes the prime labeled vertex on V(Gy,) such that, if
(g0 f)(v1) = 2 then ((go f)(v1)’ = 2.

On the other hand, the image of f under functor £ is the prime graph
morphism f : V(Gy,) — V(Gy,) given by

F= Ji(vz‘) = f(v;) forv; € {vi,v2,-- ,vn}
fh) = flv)" for v, € {vi,vh, -+ v},

while the image of g under functor £ is the prime graph morphism g : V(G,,) —
V(Gu;) given by

_ glw;) = f(w;)  for w; € {wr,wa, -+, W}
T\ G = flws) for w) € {w),wh, -+ wl,}.

Note that, as prime graph morphisms preserve the prime vertex and non-prime
vertex labelings, then one has that f(v;) € {wi, - ,wn,} whereas f(v]) €

{wy, -+ ,wl,}. This way, when considering the composite morphism go f :
V(Gu,) — V(Gy,) one has that, for each v; € {vy,v2,- - ,v,},

(g0 f)(vi) =g(f(ve) = g(f(v:)) = g(f(vs)) = (g0 f)(vs) = (go f)(vi),

whereas for each v} € {v],v4, - v},

(o N)w) =g(fW)) = g(f(v:)) = (9(f(v:))) = ((go f)(v:) =




Hence, (go f) and (g o f) have the same correspondence rule, and therefore,
(9o f)=(go f). Consequently,

Llgo f)=(gof)=gof=L(g)oL(f),
this is, £ preserves compositions of morphisms. O

Proposition 3.6 Let G, be a prime labeled graph. Then, G, induces a
simple directed graph Gg.

Proof. Let G, be a prime graph and let p; : V(G,) — T U I’ be its labeling
function, with I = {1,--- ,n}. Following the notation, we can denote the vertex
set of G, as

V(Gu) = {U17U27"' Jvn7vi7vl27"' >’Uf;7,}'

Also, recall that by the definition of prime graphs, the vertices v; and v} in G,
are always adjacent. With this in mind, we define the vertex set of the directed
graph Gy, induced by G,, as

V(Gd) - {U17U27 e 7vn}-

Now, to define the edge set F(Gq), we must consider all incident edges to the
set of prime label vertices v; in V/(G,). For instance, if v} is adjacent to v; in
G, (with j # i), then we will get a directed edge in G4 from vertex v; towards
vertex v;. In case that v] is the only adjacent vertex to v; in G, then the
corresponding vertex v; in GGy will not have incoming directed edges. Thus,
considering the above, we define E(G4) by the set

E(Gy) = {(vi,vj) | whenever i # j and (v;,v}) € E(Gu)}
O

Proposition 3.7 Let G,,,, G, € PGraph and let g : V(G,,) — V(Gy,)
be a prime graph morphism. Then, f induces a directed graph morphism g
between the corresponding directed graphs G4, and Gg,.

Proof. Let Gy, ,G,, € PGraph, and let f : V(G,,) — V(G,,) be a prime
graph morphism. Let us assume that V(Gy,) = {v1, -+ ,vn, 0], -+ , v} and
that V(Gy,) = {w1, -+ ,wm, wl, -+ ,w,,}. By Proposition 3.6, we can write the
vertex sets V(Gyq,) and V(Gg,) by {v1,--- ,v,} and {w1,--- ,wp,}, respectively.
Thus, we define f: V(Gq,) — V(G4,) as follows: for each v; € V(Gy,), we set
f(vi) = f(v;). We claim that f preserves adjacencies. Indeed, given (v;,v;) €
E(Gq,) we get that (v;,v}) € E(Gy,). Thus, as f is a prime graph morphism,
one has that (f(v;), f(v})) € E(Gu,). Moreover, since f is compatible with the
prime and non-prime labelings, it follows that f(v}) = f(v;)’, from which we

have that (f(v;), f(v;)) € E(Gq,). Hence,

Floi,05) = (F(0i), F(03)) = (f(v), (v))) € E(Gay)-



Therefore, f is a directed graph morphism.
O

Theorem 3.8 Let G, , Gy, € PGraph and let g : V(G,,) — V(Gy,)
be a prime graph morphism. Then, f induces a directed graph morphism g
between the corresponding directed graphs G4, and Gg,.

Proof. By Proposition 3.6 and Proposition 3.7 it suffices to show that the map
M preserves identity morphisms and composition of morphisms. The former
follows from the fact that I d(v;) = v;, for every vertex v;. For the latter, we
will shot that given the prime graph morphisms f : V(G,,) — V(Gy,) and
g :V(Gy,) — V(G,,), one has that g/;? = §o f. Without loss of generality,
let us suppose that

V(Gul) = {ulvu%"' aumullvu,%"' vu;}v
V(Guy,) = {v1,v2, - ,Um, v}, 05, -+ v, } and
V(G’U,3) = {’LUl,U)Q,"' awlawj/hwév"' awl/}

Following the notation so far, we denote the vertex sets of the directed graphs
Ga,,Ga, and Gds by V(Gd1) = {ulau% T aun}a V(Guz) = {Ulana T 7vm}
and V(G,,) = {wy,ws, -+ ,w;}, respectively. Now, on the one hand, the image
under M of the prime graph morphism obtained by composing f followed by g,

is the directed graph morphism (go f) : V(Gq,) — V(Ga,), whose correspon-
dence rule given by

—_~—

(g0 f)(ui) = (g0 f)(wi),Yui € V(Ga,).

On the other hand, the directed graph morphism f:V(Gq) — V(Gagy) is
defined by f(u;) = f(u;), for all u; € V(Gyq,), and similarly, the directed graph
morphism g : V(Gg,) — V(Gg,) is defined by g(v;) = g(v;), for all v; €

V(G4,). Therefore, the composition (go f) : V(Gg,) — V(Gq,) is a directed
graph morphism such that, for each vertex u; € {uy,ug, - ,upn}

(G o F)(w) = g(f(w)) = §(f(w) = g(f(w)) = (g0 f)(us) = (g0 f)(w).
The above equation shows that (go f ) and (;;7) have the same correspondence
rule. Since both functions have also the same domain and codomain, it follows

that (g o f) = (g o f). Therefore,

—~—

Mlgo f)=(go f)=go [ =Ml(g)oM(f),

this is, M preserves compositions of morphisms.

Proposition 3.9 Let G4 be a directed graph in DGraph. Then

(Mo L)(Ga) = Ga.



Proof. Let G4 € DGraph. Without loss of generality, we can assume that
V(Gq4) = {v1,-- ,vn}. Then, the prime graph L(Gg4) := G, has as vertex set

_ I /
V(Gu) - {'1)1,'[)2, e ;'U’na,U171)27 T 7Un}7
and as edge set

(vi,v) if i # j and (vi,v;) € E(Ga)

E(G,) =
(G) {(vi,vg) for each v; € V(Gy).

If we now consider the directed graph induced by G,, this is, M(G,) = G%,
then its vertex set V(G%) is given by {v1,--- ,v,} and its edge set is given by

E(G})) = {(vi,vj) | i # j and (vi,vg-) € E(Gu)}

In this way, as (v;,v}) € E(Gy) if and only if (v;,v;) € E(Ga), it follows that
(vi,vj) € E(GY) if and only if (v;,v;) € E(Gq). Moreover, since G4 and G} have
the same vertex set {vi,vs,- - ,v,}, we can conclude that G4 = GJ;. Therefore,

(Mo £)(Ga) = Ga.
O

Proposition 3.10 Let G4,,Gq4, € DGraph and let f : V(Gq,) — V(Gay,)
be a directed graph morphism. Then

(Mo L)(f) = .
Proof. Let G4, and Gg4, be directed graphs and let f : V(Gq,) — V(Ga,) be
a directed graph morphism. Let us suppose that V(G4,) = {v1,- - ,v,}. Then,

by Theorem 3.5, we obtain the prime graphs £(G4,) = Gy, and L(Gq,) = Gu,,
along with the prime graph morphism £(f) = f defined by

F fv)) = f(vy) for v; € {v1,v2,--+ ,v,}
f}) = f(v) for vj € {v],vh,-- v}, }.
Here7 V(Gul) = {7_}1"[)27... "[}n,’[]/17/[)/27'-. 71)’:1}'

Now, as

M(Gu,) = M(L(Ga,)) = (Mo L)(Ga,) = G,

i

for i = 1,2, it suffices to show that the functions M(f) and f have the same
correspondence rule, since both have the same domain set V(Gy, ) and the same

codomain set V(Gg,). But that follows from the fact that M(f) = f, and

f(vi) = f(v;) = f(v;) for each vertex v; € {vy, -+ ,v,}. Therefore, M(f) = f
and thus,
(Mo L)(f) = f.



Proposition 3.12 Let G, be a prime labeled graph. Then
(Lo M)(Gy) = Gy.

Proof. Let G, € PGraph. Let us assume that the vertex set V/(G,,) is defined
by the set {vy,va, -+, vp, v}, 05, -+ vl }. Then M(G,) := Gq is the directed
graph with vertex set V(Gy) = {v1,v2,- -+ ,v,} and edge set

E(Gq) = {(vi,v;) | i # j and (vi,v}) € E(Gu)}.

Now, if we denote by G, the prime graph induced by Gy, this is, L(G4) = G%,
then V(G}) = {vi,- -+ ,vp,v1, -+, v}, and E(G},) is given by

B(GY) = (vhv;) if i # j and (v4,v5) € E(Gq)

(vi,v})  for each v; € V(Gy).
Notice that (v;,v}) € E(G}) if and only if (v, v;) € E(Ga), which holds if and
only if (v;,v}) € E(Gy). Since both G, and G have as vertex set the set
{v1,v2, -+, 0,0}, vl }, it follows that G,, = G?;. Therefore,

(L0 M)(Gy) = Ga.
O

Proposition 3.13 Let f : V(G,,) — V(G.,) be a prime graph morphism.
Then
(LoM)(f) =T

Proof. Let f: V(Gy,) — V(G.,) be a prime graph morphism, and let us
suppose that V(G,,) = {v1, -+ ,vp,v], -+ , v, }. By Theorem 3.8, we have the
directed graphs M(Gy,) = Gq, and M(Gy,) = Ga,, along with the directed
graph morphism M(f) = f: V(Gq,) — V(Gq,) defined by f(v;) = f(v;), for
each i =1, --- ,n. Now, as

E(Gdi) = ‘C(M(Gul)) = (‘C o M)(Guz) = Gm

for i = 1,2, then it suffices to show that £(f) = f: V(Gu,) — V(Gy,) and
f:V(Gy,) — V(Gu,) have the same correspondence rule, as these have the

same domain and codomain. But this last follows by considering that £(f) = f
is such that

J?: {f(vi) = f(vi) = f(v;) for v; € {v1,va,-- , 0}

F(o)) = F(wi) = f(s) for v} € {vf,vh,-- v}
Hence, L( f ) and f have the same correspondence rule, which in turn implies
that £(f) = f. Therefore,

(LoM)(f) =



