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Appendix
Proof of Property 1.

For the j-th single nucleotide polymorphism (SNP) (1 < j < m), let f; be the
frequency of the reference allele (with label A) at that SNP. Consider a pair of

individuals ¢ and i whose kinship coefficient is denoted by ¢..., we derive the

i’
covariance of X;; and X/, from two different aspects. Recall that we denote p;;s ;

to be the correlation between X;; and X i thus we have
Cov(Xij, Xy ;) = pii/JO'Jz-. (A1)
On the other hand, X;; can be treated as the sum of two independent Bernoulli

random variables. That is, X;; = B;j(1) + Bij(2). For k= 1,2,

B _J 0 if the k th allele for ¢ at SNP j is a
W) 7Y 1 if the k th allele for ¢ at SNP jis A

With this expression of X;; , we have

CO’U(Xij,X,L-/j)
= Cov(Bj;1) + Bij2), By ja) + Birj2)

COU(Bij(k), Bi'j(k'))
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{E[Bij(k)Bi’j(k’)] - E[Bij(k)]E[Bi’j(k’)]}~ (A-Q)
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As we denote f; to be the probability that a random allele chosen from the j-
th SNP is A. Notice that Bijiwy) By jury = 1 only when the two alleles selected
from i and i at this marker are both with label A, under this circumstance, these
two reference alleles are either identical by descent (IBD) or not. For simplicity, let
A;;j(k) represent the k-th alleles from individual ¢ at SNP j, if we assume IBD genes

have the same allelic types and non-IBD genes have independent allelic types, we
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obtain

E[Bij(k)Bi'j(k')]
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= [P(Aij(k) and Ay (k') are IBD);
'=1

k
(1 — P(Ay(k) and Ay (k') are IBD))f3].
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Consider the definitions of f; and ¢,;/, we obtain

[E ]

E[Bij)]E[By ;i) = fj2'

2 2
G ==Y Y P(Ay(k) and Ay ;(K') are IBD).
k=1g'=1

1
4
Substituting them into (A.2), we get

COU(Xij, Xi/j) = 4¢”/ fj(l - fj) (A-?))

As X;; is the sum of two 4.i.d. Bernoulli random variables whose probability of
success is fj, we can derive that o7 = 2f;(1 — f;). Together with (A.1) and (A.3),

we have
Pii’ 5 = 20, - (A.4)

Equation (A.4) also reveals that the value of correlation p;; ; doesn’t depend on
which SNP is selected, thus we get

Pii’ 1 = Pii’ 2 = = Pii’ m = Pii’

ﬁ1:ﬁ2::ﬁm:ﬁ

Proof of Property 2.
To demonstrate this property, we need a few preparations:

i. Consider the result Cov(Xyj, X;;) = p; 07, we have

EXi; X,
= CO’U(Xij, Xi’j) + EXijEXi’j
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Directly applying this result yields

(WEX} = o3 + 45

2)EQ_X}) =n(0F + ).
=1

(3)E(Z Z Xij Xy ;) = Z Z(Pn"f’? + M?)
i=14'<q i=14'<
n(n—1)

= =5 (o} +155).

ii. Based on (1)-(3) stated above, we have

1 n n

R SETRE) 3) SRR
=1 i=14 <4

n(o? + p3) +n(n —1)(pos + )

2

n

n—1)p+1
_nmDarl L e (A.6)

With these preparations, we now work on the demonstration of Property 2.

Directly expand the expression on the left side of (A.2), we have

(Xij — X)(Xy; — Xj)
G

&

1 _ _ _
= 5|EXi Xy, — EXi;X; — EXy, X; + B(X3)].

2
g;
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Substituting (A.5) and (A.6) into this expansion, we have

a;
1 n
:02[,0“ oF +pu5 — = ( EX;jXqj + EX})
J a=1
aF#i
IS 2 n—1p+1 5 5
— ﬁ( Z EXi/an] + EXZ/]) n UJ + N’J]
a=1
a#i/
= 72[pm UJ2' + M? - 7( piao—jz + Uj2' + nM?)
Uj n a=1
a#i
1, < (n—1)p+1
S (Y pot ot )+ S g
a=1
a;ﬁil
1 , 1 & , 1, 1
:U*?[Pn"’j_g azz:l Pia0j = 205 = o e Pai’ T
aFi a;éi/
1 —1)p+1
—— +(7’L )p+ 02]
n n J
1 & J— (n—1)_ 1
o —_ — ia — — ./ 7—7. A7
el D e S N e e (A7)

Thus we derive the conclusion in Property 2.

Proof of Property 3.

For ease of calculation, we make a complement to the value range of index i

E{E”: 2”: (Xij—Xj)(j(i'j—Xj)]
i=1 ' —it1 75
_ ;E{gg (X —in(;(i’j - j)}

_ ;iZE{(Xij _Xj)o_(:(i/j _Xj)}, (A.8)

i=1 ' J
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Equation(A.8) together with the conclusion (A.7) in the proof of Property 2 yields

ol o &y = X)X, ~ X))
o2
i=1q =41 J
1< R R n—1p 1
=52 2l = D b D st
1=1 4" a=1 a:l[
a#i a#i
nn—1)_ 1 " 1 & -
=142 a=1 1=1 4" 2 a:l/
a#i a#i
nn—12_ nn-1)
2n P 2n
_(Zn—l)(n—l
= 5y Z pm*znZZ > o
=142 a= i=1§+4; a=1
75 a;éz
n(n—1)
2n

We observe that Piq 18 irrelevant to i/, therefore

SIS
SNINE
i

22 D Pa
=1z a=1
aF#i
n—1 n n
=2 X pi
i=1 a=1
a#i
_ _ 2
:nznln(n—l)ﬁ:(n 21) p.




Jiang et al. Page 6 of 7

Substituting them into the expansion, we get

=14 =41 0-72
:(Zn— )n—l)ﬁ_(n—l)2 (n—l)Zf_n(n—l)
2 2 2 2n
_(@2n—=1)(n—-1) 5. mn—1
S GRS
n—1 n—1 n—1,_
B R R T G

Thus we finish the proof of Property 3.

Proof of Property 4.

At the start, we focus on a part of the expression on the left side of (?7?):

2
o“
i =1 J
i £
n n n
1 1 (n—-1)_ 1
= Z [pzz/ Z Pia — — Z paz/+ 7}
: n 4 n 4 n
i =1 “Zi a=1
i A a#i
n n—l n 1 n n
S SR ST S I
i =1 i =1 i=1 a=1
7,/752 PN 7;/752 aFi
n—1)>2 n—1
LR
n n
1 < 1 & & - (n—12_ n-1
== D =0 D P = DL pa) t p-
n n n n
o =1 =1 =
oy a#i a#i
2 & _ (n—12%2_ n-1
= - Z Pyt — —n(n—1)p+ n PT T,
i =1
i £
2 < n—1_ n-1
= Z Pist = — P T (A.9)
i =1
i £
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Substituting (A.7), together with (A.9), into the whole expansion, we get

E (XU_ j)(Xz/j_X])_i_l i (Xij_Xj)(ij_Xj)
o2 2 o2
J k=1 J
ki
1 - (Xl] - X])(Xz'j - 7_])
T3 Z 2 +1
=1 J
1£4
1 < 1 < (n—1)_ 1
pu’*ﬁ Z pm*ﬁ Z Pai’ " p i
a=1 a=1l
aFi a#i
1,2 & n—1_ n—1
ta(G 2w )
k=1
k£
1,2 & n—1_ n-1
(= , — _ 1
+2(n 12—: Pui n n )+
144
1 n—1
= Pii' - +1
n n
= Py

Here we have proved the conclusion in Property 4.

Table Al: Comparison of UKin, KING and scGRM in biases and SDs (10,000 SNPs).

True Value Bias from True Value (x1073) Sta.ndard deviation (x1073)
(UKin) (KING) (scGRM) (UKin) (KING) (scGRM)
0.000 -0.368 —2.079 —0.899 3.050 4.247 2.261
0.125 -0.540 -1.699 —0.783 2.230 3.204 2.616
0.250 -0.599 -—1.245 —1.244 2.335 2.658 2.646
0.500 0.000 0.000 —1.218 0.000 0.000 3.251
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