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Appendix

Proof of Property 1.

For the j-th single nucleotide polymorphism (SNP) (1 ≤ j ≤ m), let fj be the

frequency of the reference allele (with label A) at that SNP. Consider a pair of

individuals i and i
′
whose kinship coefficient is denoted by ϕii′ , we derive the

covariance of Xij and Xi′ j from two different aspects. Recall that we denote ρii′ ,j
to be the correlation between Xij and Xi′ j , thus we have

Cov(Xij , Xi′ j) = ρii′ ,jσ
2
j . (A.1)

On the other hand, Xij can be treated as the sum of two independent Bernoulli

random variables. That is, Xij = Bij(1) +Bij(2). For k = 1, 2,

Bij(k) =

{
0 if the k th allele for i at SNP j is a

1 if the k th allele for i at SNP j is A
.

With this expression of Xij , we have

Cov(Xij , Xi′ j)

= Cov(Bij(1) +Bij(2), Bi′ j(1) +Bi′ j(2))

=

2∑
k=1

2∑
k′=1

Cov(Bij(k), Bi′ j(k′ ))

=

2∑
k=1

2∑
k′=1

{E[Bij(k)Bi′ j(k′ )]− E[Bij(k)]E[Bi′ j(k′ )]}. (A.2)

As we denote fj to be the probability that a random allele chosen from the j-

th SNP is A. Notice that Bij(k)Bi′ j(k′ ) = 1 only when the two alleles selected

from i and i
′
at this marker are both with label A, under this circumstance, these

two reference alleles are either identical by descent (IBD) or not. For simplicity, let

Aij(k) represent the k-th alleles from individual i at SNP j, if we assume IBD genes

have the same allelic types and non-IBD genes have independent allelic types, we
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obtain

2∑
k=1

2∑
k′=1

E[Bij(k)Bi′ j(k′ )]

=

2∑
k=1

2∑
k′=1

[P (Aij(k) and Ai′ j(k
′
) are IBD)fj

+ (1− P (Aij(k) and Ai′ j(k
′
) are IBD))f2

j ].

Consider the definitions of fj and ϕii′ , we obtain

E[Bij(k)]E[Bi′ j(k′ )] = f2
j .

ϕii′ =
1

4

2∑
k=1

2∑
k′=1

P (Aij(k) and Ai′ j(k
′
) are IBD).

Substituting them into (A.2), we get

Cov(Xij , Xi′ j) = 4ϕii′ fj(1− fj). (A.3)

As Xij is the sum of two i.i.d. Bernoulli random variables whose probability of

success is fj , we can derive that σ2
j = 2fj(1 − fj). Together with (A.1) and (A.3),

we have

ρii′ ,j = 2ϕii′ . (A.4)

Equation (A.4) also reveals that the value of correlation ρii′ ,j doesn’t depend on

which SNP is selected, thus we get

ρii′ ,1 = ρii′ ,2 = · · · = ρii′ ,m = ρii′ .

ρ̄1 = ρ̄2 = · · · = ρ̄m = ρ̄.

Proof of Property 2.

To demonstrate this property, we need a few preparations:

i. Consider the result Cov(Xij , Xi′ j) = ρii′σ
2
j , we have

EXijXi′ j

= Cov(Xij , Xi′ j) + EXijEXi′ j

= ρii′σ
2
j + µ2

j . (A.5)
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Directly applying this result yields

(1)EX2
ij = σ2

j + µ2
j .

(2)E(

n∑
i=1

X2
ij) = n(σ2

j + µ2
j ).

(3)E(

n∑
i=1

∑
i′<i

XijXi′ j) =

n∑
i=1

∑
i′<i

(ρii′σ
2
j + µ2

j )

=
n(n− 1)

2
(ρ̄σ2

j + µ2
j ).

ii. Based on (1)-(3) stated above, we have

EX̄2
j = E(

1

n

n∑
i=1

Xij)
2

=
1

n2
E(

n∑
i=1

X2
ij + 2

n∑
i=1

∑
i′<i

XijXi′ j)

=
n(σ2

j + µ2
j ) + n(n− 1)(ρ̄σ2

j + µ2
j )

n2

=
(n− 1)ρ̄+ 1

n
σ2
j + µ2

j . (A.6)

With these preparations, we now work on the demonstration of Property 2.

Directly expand the expression on the left side of (A.2), we have

E

[
(Xij − X̄j)(Xi′ j − X̄j)

σ2
j

]
=

1

σ2
j

[EXijXi′ j − EXijX̄j − EXi′ jX̄j + E(X̄2
j )].
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Substituting (A.5) and (A.6) into this expansion, we have

E

[
(Xij − X̄j)(Xi′ j − X̄j)

σ2
j

]
=

1

σ2
j

[ρii′σ
2
j + µ2

j −
1

n
(

n∑
a = 1
a ̸= i

EXijXaj + EX2
ij)

− 1

n
(

n∑
a = 1

a ̸= i
′

EXi′ jXaj + EX2
i′ j

) +
(n− 1)ρ̄+ 1

n
σ2
j + µ2

j ]

=
1

σ2
j

[ρii′σ
2
j + µ2

j −
1

n
(

n∑
a = 1
a ̸= i

ρiaσ
2
j + σ2

j + nµ2
j )

− 1

n
(

n∑
a = 1

a ̸= i
′

ρai′σ
2
j + σ2

j + nµ2
j ) +

(n− 1)ρ̄+ 1

n
σ2
j + µ2

j ]

=
1

σ2
j

[ρii′σ
2
j −

1

n

n∑
a = 1
a ̸= i

ρiaσ
2
j −

1

n
σ2
j −

1

n

n∑
a = 1

a ̸= i
′

ρai′σ
2
j

− 1

n
σ2
j +

(n− 1)ρ̄+ 1

n
σ2
j ]

= ρii′ −
1

n

n∑
a = 1
a ̸= i

ρia −
1

n

n∑
a = 1

a ̸= i
′

ρai′ +
(n− 1)

n
ρ̄− 1

n
. (A.7)

Thus we derive the conclusion in Property 2.

Proof of Property 3.

For ease of calculation, we make a complement to the value range of index i
′
:

E

[ n∑
i=1

n∑
i′=i+1

(Xij − X̄j)(Xi′ j − X̄j)

σ2
j

]

=
1

2
E

[ n∑
i=1

∑
i′ ̸=i

(Xij − X̄j)(Xi′ j − X̄j)

σ2
j

]

=
1

2

n∑
i=1

∑
i′ ̸=i

E

[
(Xij − X̄j)(Xi′ j − X̄j)

σ2
j

]
. (A.8)
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Equation(A.8) together with the conclusion (A.7) in the proof of Property 2 yields

E

[ n∑
i=1

n∑
i′=i+1

(Xij − X̄j)(Xi′ j − X̄j)

σ2
j

]

=
1

2

n∑
i=1

∑
i′ ̸=i

[ρii′ −
1

n

n∑
a = 1
a ̸= i

ρia −
1

n

n∑
a = 1

a ̸= i
′

ρai′ +
(n− 1)ρ̄

n
− 1

n
]

=
n(n− 1)

2
ρ̄− 1

2n

n∑
i=1

∑
i′ ̸=i

n∑
a = 1
a ̸= i

ρia −
1

2n

n∑
i=1

∑
i′ ̸=i

n∑
a = 1

a ̸= i
′

ρai′

+
n(n− 1)2

2n
ρ̄− n(n− 1)

2n

=
(2n− 1)(n− 1)

2
ρ̄− 1

2n

n∑
i=1

∑
i′ ̸=i

n∑
a = 1
a ̸= i

ρia −
1

2n

n∑
i=1

∑
i′ ̸=i

n∑
a = 1

a ̸= i
′

ρai′

− n(n− 1)

2n
.

We observe that
n∑

a = 1
a ̸= i

ρia is irrelevant to i
′
, therefore

1

2n

n∑
i=1

∑
i′ ̸=i

n∑
a = 1
a ̸= i

ρia

=
n− 1

2n

n∑
i=1

n∑
a = 1
a ̸= i

ρia

=
n− 1

2n
n(n− 1)ρ̄ =

(n− 1)2

2
ρ̄.

Besides, if we change the sequence of summation, we have

1

2n

n∑
i=1

∑
i′ ̸=i

n∑
a = 1

a ̸= i
′

ρai′

=
1

2n

n∑
i′=1

∑
i ̸=i′

n∑
a = 1

a ̸= i
′

ρai′

=
n− 1

2n
n(n− 1)ρ̄ =

(n− 1)2

2
ρ̄.



Jiang et al. Page 6 of 7

Substituting them into the expansion, we get

E

[ n∑
i=1

n∑
i′=i+1

(Xij − X̄j)(Xi′ j − X̄j)

σ2
j

]

=
(2n− 1)(n− 1)

2
ρ̄− (n− 1)2

2
ρ̄− (n− 1)2

2
ρ̄− n(n− 1)

2n

= (
(2n− 1)(n− 1)

2
− (n− 1)2)ρ̄− n− 1

2

=
n− 1

2
ρ̄− n− 1

2
=

n− 1

2
(ρ̄− 1).

Thus we finish the proof of Property 3.

Proof of Property 4.

At the start, we focus on a part of the expression on the left side of (??):

E

[ n∑
i
′
= 1

i
′
̸= i

(Xij − X̄j)(Xi′ j − X̄j)

σ2
j

]

=

n∑
i
′
= 1

i
′
̸= i

[ρii′ −
1

n

n∑
a = 1
a ̸= i

ρia −
1

n

n∑
a = 1

a ̸= i
′

ρai′ +
(n− 1)

n
ρ̄− 1

n
]

=

n∑
i
′
= 1

i
′
̸= i

ρii′ −
n− 1

n

n∑
i
′
= 1

i
′
̸= i

ρii′ −
1

n

n∑
i
′
= 1

i
′
̸= i

n∑
a = 1

a ̸= i
′

ρai′

+
(n− 1)2

n
ρ̄− n− 1

n

=
1

n

n∑
i
′
= 1

i
′
̸= i

ρii′ −
1

n
(

n∑
i′=1

n∑
a = 1

a ̸= i
′

ρai′ −
n∑

a = 1
a ̸= i

ρai) +
(n− 1)2

n
ρ̄− n− 1

n

=
2

n

n∑
i
′
= 1

i
′
̸= i

ρii′ −
1

n
n(n− 1)ρ̄+

(n− 1)2

n
ρ̄− n− 1

n

=
2

n

n∑
i
′
= 1

i
′
̸= i

ρii′ −
n− 1

n
ρ̄− n− 1

n
. (A.9)
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Substituting (A.7), together with (A.9), into the whole expansion, we get

E

[
(Xij − X̄j)(Xi′ j − X̄j)

σ2
j

+
1

2

n∑
k = 1
k ̸= i

(Xij − X̄j)(Xkj − X̄j)

σ2
j

+
1

2

n∑
l = 1

l ̸= i
′

(Xlj − X̄j)(Xi′ j − X̄j)

σ2
j

+ 1

]

= ρii′ −
1

n

n∑
a = 1
a ̸= i

ρia −
1

n

n∑
a = 1

a ̸= i
′

ρai′ +
(n− 1)

n
ρ̄− 1

n

+
1

2
(
2

n

n∑
k = 1
k ̸= i

ρik − n− 1

n
ρ̄− n− 1

n
)

+
1

2
(
2

n

n∑
l = 1

l ̸= i
′

ρli′ −
n− 1

n
ρ̄− n− 1

n
) + 1

= ρii′ −
1

n
− n− 1

n
+ 1

= ρii′ .

Here we have proved the conclusion in Property 4.

Table A1: Comparison of UKin, KING and scGRM in biases and SDs (10,000 SNPs).

True Value
Bias from True Value (×10−3)
(UKin) (KING) (scGRM)

Standard deviation (×10−3)
(UKin) (KING) (scGRM)

0.000 -0.368 −2.079 −0.899 3.050 4.247 2.261

0.125 -0.540 −1.699 −0.783 2.230 3.204 2.616

0.250 -0.599 −1.245 −1.244 2.335 2.658 2.646

0.500 0.000 0.000 −1.218 0.000 0.000 3.251

Author details
1Department of Biostatistics, School of Public Health, Yale University, New Haven, United States of America.
2Department of Biomedical Data Science, Geisel School of Medicine, Dartmouth College, Hanover, United States of

America. 3Center for Statistical Science, Tsinghua University, Beijing, China. 4Department of Industrial

Engineering, Tsinghua University, Beijing, China.

References


