Appendix

Proof of Theorem 1.3
Let  (x, y) and let r be number of intervals of occurrence of x within  and s be the number of intervals of occurrence of y within . 
Then 		r = duration()/duration(x)…………………………(i) 
 s = duration()/duration(y)…………………………(ii)

duration() = r*s*gcd(duration(x), duration(y) ) = lcm(duration(x), duration(y)) where gcd is the greatest common divisor and lcm is the lost common multiple.

In that case, r*s = duration()/gcd(duration(x), duration(y)).

The maximum value of r*s is when gcd(duration(x), duration(y)) =1.

In that case, r*s = duration(). ……………………………….(iii)

It follows by substituting the expressions for r and s into the equation (iii) leads to:

duration(x)* duration(y) = duration()…………(iv)

Thus from equations (i), (ii), (iv), it is the case that when gcd(duration(x), duration(y)) =1 :

r = duration(y) …………………………..(v) 
s = duration(x)…………………………..(vi)

In the algorithm 1, for an exhaustive consideration of the repeat loop, each of the eventualities in x or y will be considered.

Thus, the loop will be repeated for a maximum of r*len(x) + s*len(y) times.

That expression when gcd(duration(x), duration(y)) =1, from equations (v) and (vi) becomes:
	duration(y) *len(x)  + duration(x) * len(y)

The maximum number of the eventualities possible in any eventuality sequence is when the duration of each eventuality is 1:

	The maximum value of len(x) = duration(x)
	The maximum value of len(y) = duration(y).
		
Thus the maximum number of times the loop will be repeated will be:
	duration(y)* duration(x) + duration(x) *duration(y).

Noting that the running time of every other statement outside the repeat loop is (1), 

Therefore the worst case running time of the algorithm is (duration(x)*duration(y)).    

Proof of Theorem 2.7
Let it be the case that len(w)  len(z) and that (w, z) is a gcd-partition of the double recurrence (x, y). Let  be the jth occurrence of wk within the double recurrence of w and z. If j =1, then  occurs over the same interval as . In general, the occurrence of  holds over the same interval as an occurrence of zf(j, k) where :

f(1, k) = k and   f(j+1, k) = f(j, k) + k mod len(z) 

The function f is a Linear Congruential Generator (LCG) with a maximum period len(z) for the following reasons, according to the properties of LCG[5]:

i. The length of z, is a prime number. Note also that the length of z is a prime number, according to Theorem 2.4. Thus, the only number that divides both len(z) and k is 1.
ii. The only prime number that divides the length of z is itself. But it also divides the coefficient of f(j, k) minus 1 which is 0.
iii. The length of z is not divisible by 4. Thus, there is no need for a -1 to divide 4.  

The implication of each incidence of wk within the cycle of the double recurrence of (w, z) shares exactly the same interval of occurrence with a different eventuality from the z sequence len(z) times. Note also that the number of incidences of w (and ipso facto, wk) within any such cycle is len(z). This also holds for each k with the range 0  k  len(w)-1. Thus, within a cycle, each of the incidences of wk shares the same interval of occurrence with a unique eventuality from the sequence z and every eventuality in the sequence z shares some incidence of wk, for all k within 0 and len(w).The proof is concluded. 


Proof of Theorem 2.8
*Let the pair of eventuality sequence (w, z) is a gcd-partition for the double recurrence eventuality sequence pair (x, y) and there exists an interval  such that   (x, y).

Let there exist r and s such that 0  r  len(w) - 1 and 0  s  len(z) -1  such that
		NN-Disjoint(xp, wr) and NN-Disjoint(yq, zs) 
There exist k, k1, j, m such that k, k1    Occurs(xp, j) (where k and j are within the same interval of occurrence of x) that Occurs(yq, m) (where k and m are within the same interval of occurrence of y) and  j, m  . 

Because the statement marked * holds, then by Theorem 2.7, it will the case sometime within the interval , that  k = k1. 

Let it be the case then that:
 		Disjoint(common(k, j),  common(k1, m)) 

In that case according to Axiom 1.0(a) there exists an interval n such that 
			n = common(common(k, j), common(k, m))

From this last conclusion and by Axiom 1.0 (c) there exists interval i such that 
			i = common(j, m).

Thus by Axiom 1.0 (a) it is the case that Disjoint(j, m). Taking this with Occurs(xp, j) and Occurs(yq, m) and j, m  , then we can conclude from Definition 1.1 that Coincidence (xp, yq, ). The proof is concluded.  

Proof of Theorem 2.9
Let the pair of eventuality sequence (w, z) be a gcd-partition for an eventuality sequence pair (x, y) and 
Let there exist r, s such that 0  r  len(w) -1  0  s  len(z)-1 such that
		N-Subinterval(wr, xp) or N-Subinterval(zs, yq)
Reason by Cases:
Case1:  Let N-Subinterval(xp, wr).
By Axiom 2.3, there must exist some eventuality zs, for NN-Disjoint(yq, zs).
Let us consider any interval   such that   (x, y). 
From the first assumption in the proof and Theorem 2.7, there exists an interval k such that j   and Occurs(wr, k) and Occurs(zs, k).
Because N-Subinterval(xp, wr) and Definition 2.2b there exists an interval j, such that j and Occurs(xp, j) and Subinterval(k, j).
Similarly, because NN-Disjoint(yq, zs) and Definition 2.2a, there exists an interval m such that: m   and Occurs(yq, m) and Non-Disjoint(k, m). 
(Note that j is within the same interval of occurrence of x that k is part of. Similarly, note that m is within the same interval of occurrence of y that k is part of. Thus, j and m are within the interval ).

Thus: Subinterval(k, j) and Non-Disjoint(k, m) hold. Therefore, that Non-Disjoint(j, m).
Thus: Occurs(xp, j) and Occurs(yq, m) and Non-Disjoint(j, m) and j, m, k  . These facts constitute, according to Definition 1.1, the necessary and sufficient condition for defining Coincidence(xp, yq, ). Therefore coincidence of xp and yq within  is proved.

Case 2: N-Subinterval(zs, yq). For this case a proof can be constructed that is isomorphic to that of Case 1, such that xp and yq are exchanged and wr and zs are exchanged. 

Proof of Theorem 2.10
Let the pair of eventuality sequence (w, z) be a gcd-partition for an eventuality sequence pair (x, y) and 

Let there exist r and s such that 0  r  len(w) -2  0  s  len(z)-2 such that
		N-Overlaps(wr, xp) and N-Overlaps(zs, yq).

Let us consider any interval   such that   (x, y).

From the first assumption in the proof and Theorem 2.7, there exists an interval k such that k   and Occurs(wr, k) and Occurs(zs, k). 

Because N-Overlaps(wr, xp) and N-Overlaps(zs, yq), then by the Definition 2.2c of N-Overlap:

there exists two time intervals j and m such that Occurs(xp, j) and Occurs(yq, m) and Overlaps(k, j) and Overlaps(k, m). Note that j is within the same interval of occurrence of x that k is part of. Similarly, note that m is within the same interval of occurrence of y that k is part of. Thus, j and m are within the interval .

Thus, the boundaries of the common intervals of the pairs k and m as well as k and j denoted common(k, j) and common(k, m) can be define thus:

		start( common(k, j)) = start(j)    and 	end(common(k, j)) = end(k)
		start(common(k, m)) = start(m)  and	end(common(k, m)) = end(k)

Thus the boundaries of the common interval of common(k, j) and common(k, m) is defined as:
	end(common(common(k, j), common(k, m))) = end(k)
	start(common(common(k, j), common(k, m))) = maximum-of(start(j), start(m))

The fact that: common(common(k, j), common(k, m)) exists means Disjoint(j, m).

Thus a common interval exists between j and m which are the intervals of occurrences of xp and yq that occur within the interval , which is a cycle of the double recurrence (x, y), and its boundaries have been defined. 

The facts: Occurs(xp, j) and Occurs(yq, m) and Disjoint(j, m) and j, m   constitute according to Definition 1.1  the necessary and sufficient for defining Coincidence(xp, yq, ). Therefore coincidence between xp and yq is proved.


Proof of Theorem 2.11
Let the pair of eventuality sequence (w, z) be a gcd-partition for an eventuality sequence pair (x, y).
**Let there be r and s such that 0  r  len(w) -1  0  s  len(z) -1 and 
		N-Subinterval(xp, wr) and N-Subinterval(yq,  zs) 

Let  exist such that   (x, y). 

If  Part
Let j, k, j1, k1 and  exist such that k, j1, k1  , and Occurs(wr, j) and any interval k of occurrence of xp which is not disjoint with j (within an interval of occurrence of x) and for any interval j1 such that Occurs(zs, j1) and any interval k1 of occurrence of yq which is not disjoint with j1 (within an interval of occurrence of y) and 

start(k) – start(j)  start(k1) – start(j1) < end(k) – start(j) or
 			start(k1) – start(j1)  start(k) – start(j) < end(k1) – start(j1).

By Theorem 2.7, there exists a subinterval of  which is both an interval of occurrence of wr and zs. Thus, let j = j1, then it follows from the inequalities above that:

start(k)   start(k1)  < end(k)  or
 			start(k1)   start(k)  < end(k1) 
It follows that:
start(k)   start(k1)  < end(k) or
 			start(k1)  start(k)  < end(k1).

Both start(k)   start(k1)  < end(k) and  start(k1)  start(k)  < end(k1) imply that k and k1 are non-disjoint i.e. Disjoint(k, k1) by Definition 2.5. if we add to this fact, the facts that: 

			Occurs(xp, k) and Occurs(yq, k1) and k, k1  .

The necessary and sufficient condition for inferring Coincidence(xp, yq, ), according to Definition 1.1 has been proved. Thus, coincidence between xp and yq exists within the interval .

Only If Part
Let a coincidence occur between xp and yq within the interval . 
By Theorem 2.7, there is a subinterval of  which is an interval of occurrence for both wr and zs.

For the situation in which Occurs(xp, k) and Occurs(wr, j) such that k and j are part of the same occurrence of x,  and Occurs(yq, k1) and Occurs(zs, j1) such that k1 and j1 are part of the same occurrence of y, and j, k, j1, k1  .

From the statement marked ** and the Definition 2.2(c) of N-Subinterval, it is the case that Subinterval(k, j) and Subinterval(k1, j1).

Let j = j1, then 

1. The common interval of k and j will have the same boundaries as k, and the common interval of k1 and j1 will have the interval the same boundaries as k1.
 
2. By Theorem 2.5, k and k1 are disjoint if and only if:
start(k)  start(k1) < end(k) or
start(k1)  end(k) < end(k1)

3. Because j = j1, the  disjunction of inequalities above can be re-written as:
start(k) – start(j)  start(k1) – start(j1) < end(k) – start(j) or
start(k1) – start(j1)   start(k) – start(j) < end(k1) – start(j1).
 
The proof is concluded. 


Proof of Theorem 2.12
Let the pair of eventuality sequence (w, z) is a gcd-partition for an eventuality sequence pair (x, y).

Let an interval  exist such that   (x, y).

*Let there exists particular r and s such that 0  r  len(w)-1  0  s  len(z)-2 such that
	N-Subinterval(xp, wr) and N-Overlaps(zs, yq) and N-Subinterval(zs+1, yq)

**The facts that N-Overlaps(zs, yq) and N-Subinterval(zs+1, yq) imply N-Overlaps(yq, zs+1).


If Part
Let j, k, j1, k1 and  exist such that k, j1, k1  , and Occurs(wr, j) and any interval k of occurrence of xp which is not disjoint with j (within an interval of occurrence of x) and for any interval j1 such that Occurs(zs, j1) and any interval k1 of occurrence of yq which is not disjoint with j1 (within an interval of occurrence of y). 

Furthermore, let the interval of occurrence of zs+1 that meets j1 be denoted by succ(j1) where succ is some kind of succession function for intervals of occurrence for eventualities from gcd partitions. Thus, end(j1) = start(succ(j1)).

Note that from the statements marked * and ** and the Definitions 2.2(b and c) as well as the facts that Occurs(wr, j) and Occurs(xp, k) that Subinterval(k, j). Similarly, the facts that Occurs(zs, j1) and Occurs(wr, k1) and Occurs(zs+1, succ(j1)), it is the case that Overlaps(j1, k1) and Overlaps(k1, succ(j1)).

Thus let it be the case that:
start(k) – start(j)  start(k1) – start(j1) < end(k) – start(j) or
 		start(k1) – start(j1)  start(k) – start(j) < end(j1) – start(j1)  OR	
			0  start(k) – start(j) < end(k1) – end(j1).

By Theorem 2.7, for every pair wr and zs there exists a subinterval of  which is an interval of occurrence for both wr and zs and another subinterval of  which is an interval of occurrence for both wr and zs+1. 

Let us consider what happens within those two intervals. The first interval is the interval over which the occurrence of wr and zs are both the same interval i.e. j = j1.

In that case, the disjunction of inequalities can be re-written:

start(k)   start(k1)  < end(k) or
 		start(k1)   start(k)  < end(j1) OR	
			0  start(k) – start(j) < end(k1) – end(j1)	  

The first two disjuncts taken together means that the interval k and the interval with boundaries start(k1) and end (j1) are not disjoint. The latter interval is the common subinterval of j1 and k1, which have the relationship Overlaps(j1, k1). Therefore, we can conclude that:

			Disjoint(k, common(j1, k1)).

Bearing in mind that end(j1) = start(succ(j1)), the last inequality in the disjunction can be re-written as:
		start(succ(j1)) – start(succ(j1))   start(k) – start(j) < end(k1) – start(succ(j1))

In the second case, if j = succ(j1) then  
			start(succ(j1))    start(k) < end(k1).

This means that interval k is non disjoint with an interval with boundaries at start(succ(j1)) and end(k1). The interval with these boundaries start(succ(j1)) and end(k1) is the common interval of k1 and succ(j1), which have the relationship Overlaps(k1, succ( j1)). Therefore, we can conclude that:
			Disjoint(k, common(k1, succ(j1)).
 
Combining the outcomes of the two cases, it is the case that

			Disjoint(k, common(j1, k1)) orDisjoint(k, common(k1, succ(j1)).

This implies that  k and k1 are non-disjoint, i.e. Disjoint(k, k1)

If we combine this new fact with the facts that k, k1  , and that Occurs(xp, k) and Occurs(yq, k1), the necessary and sufficient conditions for defining Coincidence(xp, yq, ) according to Definition 1.1 have been fulfilled. The If-part of the proof has been concluded.
 
Only If Part
Assume that there is a coincidence of xp and yq within . 

Let j, k, j1, k1 and  exist such that k, j1, k1  , and Occurs(wr, j) and any interval k of occurrence of xp which is not disjoint with j (within an interval of occurrence of x) and for any interval j1 such that Occurs(zs, j1) and any interval k1 of occurrence of yq which is not disjoint with j1 (within an interval of occurrence of y). 

Let it be the case that Occurs(zs+1, succ(j1)) as defined in the If-part of the proof, so that end(j1) = start(succ(j1)).


By Theorem 2.8, the common intervals of the intervals of occurrence of both xp and yq must share a common subinterval with the intervals of occurrence of wr and zs (or zs+1).

That can only happen If k and k1 will share a common subinterval with j when either j = j1 or j = suc(j1), that common subinterval must be a subinterval of either j1 or succ(j1). 

Case 1: Let j = j1. 
By Theorem 2.7, there exists a subinterval of  which is both an interval of occurrence of wr and zs. Thus, let j = j1. Then it follows from the fact that N-Overlaps(zs, yq) and N-Subinterval(xp,wr) and Definition 2.2(b and c) of N-Overlaps and N-Subinterval, that Overlaps(j1, k1) and Subinterval(k, j). 

Thus, if j = j1 then Overlaps(j, k1) and Subinterval(k, j). The boundaries of the common interval of j and k1 are defined thus:
			start(common(j, k1)) = start(k1)
			end(common(j, k1) ) = end(j)

There is coincidence between k and k1 that is within j1 if:
			start(k1)   start(k) < end(j1) or
			start(k)  start(k1) < end(k).

Since j = j1, this disjunction of inequalities can be re-written as:
			start(k1) – start(j1)  start(k) – start(j) < end(j1) – start(j1) or
			start(k) – start(j)  start(k1) – start(j1) < end(k) – start(j)

The proof is concluded for this case.

Case 2: Let j = succ(j1)
Similarly, by the same Theorem 2.7, there exists a subinterval of  which is both an interval of  occurrence for both wr and zs+1. Thus, let j = succ(j1). Then it follows from the facts that N-Overlaps(yq, zs+1) and N-subinterval(xp, wr), that Overlaps(k1, succ(j1)) and Subinterval(k, j). 

Thus, if j = succ(j1), then Overlaps(k1, succ(j1)) and Subinterval(k, succ(j1)). The boundaries of the common interval of k1 and succ(j1)  are defined thus:

			start(common(k1, succ(j1)) = start(succ(j1))
			end(common(k1, succ(j1))  = end(k1).

There is coincidence between k and k1 within succ(j1) if :
			start(succ(j1))   start(k) < end(k1).

Note that start(succ(j1)) = end(j1). Thus, the inequalities above can be re-written as:
			
 			end(j1)  start(k) < end(k1)

Similarly, since in this case, since in this case, j = succ(j1), then,
			end(j1) – start(succ(j1))   start(k) – start(j) < end(k1) – start(succ(j1))) 

because end(j1) = start(succ(j1)) then this inequality can be re-written as:
			
0   start(k) – start(j) < end(k1) – end(j1)
	
Now let us determine the boundaries of the common intervals for the pairs of intervals arrived at in the last two steps. Combining the outcomes of Cases 1 and 2 leads to the disjunction of inequalities:  			
start(k) – start(j)  start(k1) – start(j1) <end(k) – start(j) or
 		start(k1) – start(j1)  start(k) – start(j) <end(j1) – start(j1)  OR	
			0  start(k) – start(j) < end(k1) – end(j1) .

The proof is concluded for the second case. 		 

Proof of Theorem 3.1
In terms of running time, lines 4 and 5 are the only lines that require linear time running time. Line 4 has a running time of O(len(x)) while line 5 has a running time of O(len(y)). 
The maximum number of eventualities (i.e. value of len(x)) that can possibly be in x is duration(x).
Similarly, the maximum number of eventualities (i.e. value of len(x)) that can possibly be in y is duration(y).
Every other statement in the algorithm will run in constant time. 
The running time of the algorithm is duration(x) + duration(y) + O(1). 
Thus the running time is O(max(duration(x), duration(y))).
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