Supplementary Material.

The next Sections sketch descriptions, in terms of the vector-HV model, of the phenomena involved in the performed loophole-free observations of the violation of Bell’s inequalities. They are not intended to replace the QM ones. The purpose is just to show that the violation of Bell’s inequalities can be fully explained within Local Realism (#1, of course). Note that they are valid even for ideally perfect setups.
I. Vector-Bell states. Normalization and orthogonality.

In QM, the ket ((( is an element in a (complex) vector space {\displaystyle V}, and the bra ((( denotes a linear functional, or an element in the dual space. In the vector-HV model instead, states are represented by simple vectors in real space. In order to describe the phenomena in the next Section, it is convenient to define Vector-Bell states (indicated with bold typed letters in what follows) that are analogous to the Bell states of QM. They are obtained from applying the relationships in eq.14 in the main text in a straightforward way:
(AB-(t) ( VA(t)(VB(t) = [f(t).exA + g(t).eyA]([g(t).exB – f(t).eyB]

(I.1a)

(AB+(t) = [f(t).exA + g(t).eyA]([g(t).exB + f(t).eyB]



(I.1b)

(AB+(t) = [f(t).exA + g(t).eyA]([f(t).exB + g(t).eyB]



(I.1c)

(AB-(t) = [f(t).exA + g(t).eyA]([f(t).exB - g(t).eyB]



(I.1d)

Vector-Bell states can be normalized. The analogous of ((((( in QM is the projection of the vector into itself, f.ex. for (AB-: 

((AB-(t)( = ((AB-(t).(AB-(t)( = (e(-.(AB-(t)((AB-(t)/(AB-(t)( = V2(t)  
    

(I.2)
This result is the same for all vector-Bell states. The value of V2(t) changes in time, but its average over the complete run is: 

(((t)( ( (1/Tr).
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(I.3)

where ((t) indicates any of the four vector-Bell states and T=Tr/N is the average time in which one particle is detected. Scaling u/T=1, all vector-Bell states are normalized. Note that u/T can be interpreted as a “single particle average power”, so that this scaling is physically reasonable. 

Vector-Bell states are orthogonal among them. F.ex., the analogous of ((AB-((AB+( here is the projection (see eqs.I.1):

(AB-(t).(AB+(t) = {(AB-(t)×(AB+(t) /V2}. e(- = 0


(I.4)

which holds for all time values. The same is valid for (AB+(t).(AB-(t). For (AB+(t).(AB+(t) instead:

(AB+(t).(AB+(t) = e(+.2.[f 2(t)+g2(t)]. f(t).g(t)/V2(t) = e(+.2.V2(t).cos[((t)].sin[((t)]

(I.5)

which, at a given time, is different from zero in general. Yet, the trigonometric functions average to zero (recall V(t) and ((t) are assumed to be independent), that is:

((AB+(t).(AB+(t)( = e(+.2.
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(I.6)
The same happens for (AB-(t).(AB-(t), (AB+(t).(AB-(t) and (AB+(t).(AB-(t).
In summary: in the general case, vector-Bell states are normalized and orthogonal after time averaging over the complete run of duration Tr. 
II. Hong-Ou-Mandel and entanglement swapping.

These phenomena are involved in the loophole-free observation of the violation of Bell’s inequalities using matter and photons [1,2]. When two indistinguishable single photons enter a beam-splitter through each of its two input gates, they both leave on the same output gate (“bunching”) unless they are in the Bell state ((-(. This phenomenon is used to experimentally project an undefined two photon state into ((-(, and is crucial to achieve entanglement swapping. This effect (Hong-Ou-Mandel) can be sketched by the vector-HV model as follows:
It is assumed that the relationships between the vector-HV leaving a beam-splitter at the output gates C,D and the ones at the input gates A,B is the same than in Optics:
VC(t)  = [VA(t) + VB(t)]/(2;
VD(t)  = [VA(t) - VB(t)]/(2


(II.1)

Let define:
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(II.2)

where (i is an arbitrary time value, and T is the time resolution of single photon detection (in the ideal case, it is the inverse of the waves’ bandwidth). An analogous expression applies for mBi. The single incident photon condition:  mAi = mBi = u is assumed.
 Time dependence is dropped in what follows. For (AB+ (see eq.I.1c) VxA = VxB = f, VyA = VyB = g. Using eq.II.1, VxC = (f+f)/(2, VyC = (g+g)/(2, VxD = (f-f)/(2, VyD = (g-g)/(2, then:

 (VC)2 = (VxC)2 + ( VyC)2 = ((2f)2 + ((2g)2 = 2.V2(t) 
 


(II.3a)

(VD)2 = (VxD)2 + ( VyD)2 = [(f – f )/(2]2 + [(g - g) /(2]2 = 0



(II.3b)

using eq.II.2 to integrate in time within each short interval, then:

mCi  = 2.u ; mDi  = 0





(II.4)

this means that two photons are detected at one output gate and zero at the other, which is the expected bunching effect. For (AB- instead (see eq.I.1a): 
       

(VC)2 = (VxC)2 +( VyC)2 = [(f + g)/(2]2 + [(g - f )/(2]2 = f 2 + g2


(II.5a)

(VD)2 = (VxD)2 +( VyD)2 = [(f - g)/(2]2 + [(g + f )/(2]2 = f 2 + g2


(II.5b)

so that, after integrating in time within each (short) interval [(i ,(i+T]:

mCi  = mDi  = u






(II.6)

therefore, single photons are detected at both output gates in the same (short) time interval, as expected. The results of the vector-HV model smoothly fit QM predictions until this point. The results for the two remaining vector-Bell states are more involved. For (AB- (see eq.I.1d):

(VC)2 = [(f + f)/(2]2 + [(g - g )/(2]2 = 2f 2 = 2.V2.cos2(()


(II.7a)

(VD)2 = [(f - f)/(2]2 + [(g + g )/(2]2 = 2g2 = 2.V2.sin2(()


(II.7b)

so that, after integrating in time within each (short) interval:

mCi  = 2
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(II.8a)

 mDi  = 2
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(II.8b)

The same final result is obtained for (AB+. Leaving aside the case mDi ( u (which has zero measure), one photon is detected at only one of the output gates. In this way, the vector-Bell states (AB- and (AB+ produce “one” detection at one gate and “zero” at the other in each time interval of duration T.  If the time integrals are extended to the long time Tr, then N= Tr/T photons are detected at each gate, but no photons are detected simultaneously at both gates, in agreement with QM. Note that, for all vector-Bell states in any condition:

mCi  + mDi = 2.u




(II.9)

so that the number of photons is conserved in the whole process.

In summary: the only incoming vector-Bell state that produces simultaneous detections at the output gates is (AB-, in agreement with QM predictions and experimental needs. 

However, the situation for (AB- and (AB+ is not fully satisfactory for, strictly speaking, the bunching effect means “two” and “zero” single photons detected in each gate during each time T. This can be solved by adding an extra instruction to the way the beam splitter operates, stating (f.ex.) that the vector-HV with the smaller value of the time integral follows the path of the one with the larger value. In this way, “two” particles are detected at one gate and “zero” at the other for (AB- and (AB+ too. If this extra instruction is added, the QM predictions for the relationships between the polarizations at the two output gates [3], for all vector-Bell states, are reproduced too.
Regarding the phenomenon of entanglement swapping, the vector-HV model description is straightforward and fully equivalent to the QM one. Entanglement swapping in QM arises from an identity between combinations of vector states:

((12-((((34-( = ½.{((14+((((23+( - ((14-((((23-( - ((14+((((23+( + ((14-((((23-(}
(II.10)

The identity among the waves represented by vector-Bell states is instead (time dependence is dropped):

(12-((34- = ½.{(14+((23+ - (14-((23- + (14+((23+ + (14-((23-}


(II.11)

The only difference is one term (the (+-s) with the opposite sign. It means a phase difference in a term that cancels out when the projection on (- is performed. It has no observable consequences in a single entanglement swapping process. Nevertheless, it has been recently shown that QM predictions in some entanglement swapping network scenarios can be reproduced by using complex numbers only [4]. In this paper, the vector-Bell states are defined real for simplicity, but they can be defined complex as well. The different signs of the (+-s terms in eqs. II.11 and II.10 might be related with the difference between defining f(t) and g(t) real, or complex. This issue deserves further study.

Eq.II.11 is valid for all time values, not only in the average over time Tr. This is verified by writing the rhs of eq.II.11 using the following expressions, obtained directly from eqs.I.1: 
(14+((23+ = (f.ex1+g.ey1)((g.ex4+f.ey4)((g.ex2-f.ey2)((-f.ex3+g.ey3)


(II.12a)

(14-((23- = (f.ex1+g.ey1)((g.ex4-f.ey4)((g.ex2-f.ey2)((-f.ex3-g.ey3)


(II.12b)

(14+((23+ = (f.ex1+g.ey1)((f.ex4+g.ey4)((g.ex2-f.ey2)((g.ex3-f.ey3)


(II.12c)

(14-((23- = (f.ex1+g.ey1)((f.ex4-g.ey4)((g.ex2-f.ey2)((g.ex3+f.ey3)


(II.12d)

Note that these expressions are univocally defined. Consider f.ex. eq.II.12a. If V1(t) is arbitrarily chosen to be (f.ex1+g.ey1), then V2(t) = (g.ex2-f.ey2) because vectors 1 and 2 are emitted in the same physical process (say, frequency down conversion in a type-II crystal) which produces a (- vector-state. As the form in eq.II.12a is a (14+ state, then V4(t) = (g.ex4+f.ey4), and V3(t) = (-f.ex3+g.ey3) to get a (23+ state. This expression for V3(t) is also the one necessary to fit the (34- state produced in the actual physical process of emission in the crystal. The same applies to the other three equations. Finally, the lhs in eq.II.11 is:
(12-((34- = (f.ex1+g.ey1)((g.ex2-f.ey2)((f.ex3+g.ey3)((-g.ex4+f.ey4)


(II.13)
which fits the physical process of emission of pairs 1-2 and 3-4, as it must be.
For the sake of completeness, let review the process of entanglement swapping. Let suppose that two entangled pairs of systems are independently created: 1 and 2, and 3 and 4, with vector-HV related as the vector-Bell states (12- and (34-. The four systems are then described by eq.II.11. Now let suppose that systems 1 and 4 are combined in a beam-splitter. If detections occur at both output gates in the time interval [(i,(i+T], then, as it was discussed above, their incoming vector-HV were in the relationship corresponding to (14-. In consequence, during [(i,(i+T] the vector-HV of the whole is given by the projection (filtering) of eq.II.11 on (14-. From the conditions of orthogonality derived in Section I, the only nonzero term is (14-((23-. Therefore, systems 2 and 3 show entanglement of the (23- type when observed during [(i,(i+T] (propagation times must be taken into account to correct the value of (i). In summary: two systems that were independently created (and were thus uncorrelated) become entangled after vector filtering (projection).
III. Eberhardt states.

The loophole-free experiments performed using only photons [5,6] do not use maximally entangled states, but partially entangled ones, or Eberhardt states. It is certainly surprising that, to test QM vs Local Realism #2, a partially entangled state is better suited than a maximally entangled one. Eberhardt states have the form ((r(<1, typically (r( ≈ 0.3):

((E( = (1+r2)-½{(xA,yB( + r.(yA,xB(}




 (III.1)
which Concurrence is 2(r(/(1+r2). The probability of coincidences is:

PAB++((,() = (1+r2)-1.[cos(().sin(() + r.sin(().cos(()]2    


(III.2)

and the probabilities of single detections are:

PA+(() = (1+r2)-1.[cos2(() + r2.sin2(()]




(III.3)

PB+(() = (1+r2)-1.[r2.cos2(() + sin2(()]




(III.4)
Choosing the angle settings so that cos(()( 0 and sin(()( 0, the single probabilities are ( r2. From eq.III.2 also PAB++((,(), PAB++((,(’) and PAB++((’,() ( r2. The settings (’,(’ are still free to make PAB++((’,(’) ( 0. Note that the detections at each station appear strongly polarized (for Bell’s states instead, they are unpolarized) and that the analyzers are set almost crossed. In this way, ((E( allows violating the corresponding Bell’s inequality (Clauser-Horne) with detectors’ efficiencies as low as 2/3 [7], what made a loophole-free test achievable by using photons. Other Eberhardt state that has been used in the experiments is:
((E( = (1+r2)-½.{(xA,xB( + r.(yA,yB(}




 (III.5)
The probability of coincidences for this state is:

PAB++((,() = (1+r2)-1.[cos(().cos(() + r.sin(().sin(()]2    


(III.6)

The probabilities of single detections have the form of eq.III.3, the same for both A and B, due to the symmetry of ((E(.
The vector-HV analogous to Eberhardt states are found by noting that, for QM states:
((E( = k1.((+( + k2.((-( and  ((E( = k1.((+( + k2.((-(



(III.7)
where: 
k1 = (1+r)/(2+2r2)1/2;
 k2 = (1-r)/(2+2r2)1/2




(III.8)
useful expressions are (k1+k2)2= 2/(1+r2), (k1-k2)2= 2r2/(1+r2).
From eq.III.7 and taking into account eqs.I.1, the form of the vector-HV to reproduce the predictions of ((E( (the case of ((E( is shown later) in station A is proposed as:
VA(t) = k1.[f(t).ex + g(t).ey] + k2.[f(t).ex - g(t).ey]


(III.9)
For, the first (second) term has the symmetry of the vector-Bell state (+ ((-) analogous to ((+( (((-(). The number N( of detections after the analyzer in station A is given, as always, by the projected vector (time dependence of f,g is dropped):
e(.VA(t) = e(.k1.[f.cos(()+g.sin(()] + e(.k2.[f.cos(()-g.sin(()] = 

(III.10)
= e(.[f.cos(().(k1+k2) + g.sin(().(k1-k2)] 
therefore:

N( = (1/u).
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(III.11)
Because, from eq.7 in the main text and from eq.I.5 here, the integrals in f 2 and g2 over the long time Tr are ½ N and the one in f.g is zero. Then:
N( = ½.N.{cos2(().(k1+k2)2 + sin(().(k1-k2)2} = [N/(1+r2)].{cos2(() + r2.sin(()}

(III.12)
which is equivalent to eq.III.3. Thus, the proposed form for VA is correct. The same approach applies to N( in the space of station B, or B-space.
The number of coincidences is given by the projection of the corresponding component (of e(.VA, translated into B-space), named Vcorr, into e(. The expression of Vcorr is found by transforming the angles to the B-space as indicated in eq.14 in the main text. That is: for the symmetry of vector state (+ ((-), (B = (A ((B = -(A). Then eq.III.10 is written in the B-space as:
Vcorr =  e(.k1.[f.cos(()+g.sin(()] + e-(.k2.[f.cos(()+g.sin(()]


(III.13)
Recall that the term multiplied by k1 (k2) corresponds to (+ ((-), be aware of the (-() sub index in the unit vector in the second term. Then:

(e(.Vcorr(2 = {cos((-().k1 + cos((+().k2}2.[f.cos(()+g.sin(()]2 

 (III.14)

After time integration over Tr and some algebra:

N++ = [N/(1+r2)].{cos(().cos(() + r.sin(().sin(()}2



(III.15)
which is the correct result, see eq.III.6.
Now let go back to the predictions for ((E(. They are obtained in the same way. For station A, now using (+ and (-:
VA(t) = k1.[g.ex + f.ey] + k2.[g.ex - f.ey]



(III.16)

To calculate the vector-HV in the B-space, take into account that for (+ ((-), (B = (A-(/2 ((B = (/2-(A). In consequence, the angle of the component coming from (+ is shifted a constant angle ( with respect to the component coming from (-. This means a factor (-1) in the second term of eq.III.16 when translated into the B-space, hence:
VB(t) = k1.[g.ex + f.ey] + k2.[-g.ex + f.ey]



(III.17)

This leads, after projection on e( and time integration over Tr, to eq.III.4, which is the correct result.
The number of coincidences is found as in the ((E( case, now taking into account the angle transformations (B = (A-(/2 ((B = (/2-(A) for the (+ ((-) term, and the (-1) factor just explained. From eq.III.16, and as in eq.III.13, then:
Vcorr =  e((/2-().k1.[g.cos((/2-()+f.sin((/2-()] + (-1).e(-(/2+().k2.[g.cos(-(/2+()-f.sin(-(/2+()]  (III.18)
so that:

(e(.Vcorr(2 = [g.sin(()+f.cos(()]2.{k1.[sin(().cos(()+cos(().sin(()] - 

- k2.[sin(().cos(()-cos(().sin(()]}2



(III.19)
After time integration over Tr it leads to eq.III.2, which is the correct result.
Therefore, the vector-HV model explains the violation of Ebehardt’s inequalities in a straightforward way, even for an ideally perfect experimental setup.
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