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Abstract  

This study focuses our attention towards the peristaltic flow of Zinc, Titanium and Copper 

modified hybrid nanoparticles, water is occupied as a carrier fluid in a cylindrical diverging 

tube. The projected model presents the study of MHD, wall properties, slip impact and 

convective boundary conditions on the flow pattern. The governing partial differential 

equations and the boundary conditions for computation are evolved by using appropriate 

transformations. The exact solution for the consequential system of nonlinear differential 

equations is possible to accomplish using the Cauchy Euler’s method. The graphical depiction 

of velocity and temperature profile using emerging parameters are simulated and examined. 

The addition of magnetic field in the subjected study shows its distinction in the water flow. 

Another domain is the addition of heat emission/absorption term in the energy equation to 

maintain the homogeneous temperature for the water flow. Streamlines pattern is also discussed 

for modified nano, hybrid nano and nanofluid. We expect the use of these metal nanoparticles 

in the peristaltic study would be helpful and provide efficient output for drug delivery purposes. 

Key Words: Diverging tube, MHD velocity slip, Convective boundary conditions, Modified 

hybrid nano fluid.  
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Terms and Expressions 𝑟˘, 𝑧˘
  Radial and axial direction in wave frame 

     𝑙˘ Radius of inner tube 𝑈˘,𝑊˘ Velocity components in radial and axial direction 𝑑˘
 Wave speed 

 

Wave length 𝐾 non-uniform parameter 

 

Amplitude ratio 

Re   Reynolds’s number 
L  velocity slip parameter 𝒸𝓅 Specific heat 𝒦 ˘𝑏𝑓 Thermal conductivity of base fluid 𝒦 ˘𝓃𝑓  Thermal conductivity of nanofluid 𝒦 ˘ℎ𝓃𝑓 Thermal conductivity of hybrid nanofluid 𝒦 ˘𝑚ℎ𝓃𝑓  Thermal conductivity of Modified hybrid nanofluid 𝜌˘𝑛𝑓 Density of nanofluid (𝜌𝑐𝑝)˘𝑛𝑓 Heat capacity of nanofluid (𝜌𝑐𝑝)˘ℎ𝑛𝑓 Heat capacity of hybrid nanofluid (𝜌𝑐𝑝)˘𝑚ℎ𝑛𝑓 Heat capacity of Modified hybrid nanofluid 𝜇˘𝑛𝑓 Dynamic Viscosity of nanofluid 𝜇˘ℎ𝑛𝑓 Dynamic viscosity of Hybrid nanofluid 𝜇˘𝑚ℎ𝑛𝑓 Dynamic viscosity of Modified hybrid nanofluid 𝛽˘𝓃𝑓 Thermal expansion of nanofluid 𝛽˘ℎ𝓃𝑓 Thermal expansion of Hybrid nanofluid 𝛽˘𝑚ℎ𝓃𝑓 Thermal expansion of Modified Hybrid nanofluid 𝜎˘𝑛𝑓 Electrical conductivity of the nanofluid  𝜎˘ℎ𝑛𝑓 Electrical conductivity of Hybrid nanofluid 𝜎˘𝑚ℎ𝑛𝑓 Electrical conductivity of Modified hybrid nanofluid 𝛼˘𝓃𝑓 Thermal diffusivity of nanofluid 𝛼˘ℎ𝓃𝑓 Thermal diffusivity of hybrid nanofluid 𝛼˘𝑚ℎ𝓃𝑓 Thermal diffusivity of Modified hybrid nanofluid 𝑚˘

 Mass per unit area 𝜎˘
 Elastic tension in the membrane 𝒞 ˘ Coefficient of viscous damping force 𝜙 Nano particle volume fraction 

λ

ε



𝑚 Different shape models 

E1 Rigidity parameter 

E2 Stiffness parameter 

E3 Viscous damping force parameter 𝑀 Hartmann number 𝐺𝑟˘
 Grashof number 

 

1. Introduction 

 

 The peristaltic mechanism has recently gained particular fame among researchers due 

to its high demand in the medical and engineering fields. The mechanism involved in peristalsis 

is almost the same to that of gastrointestinal promotional travels, generally in the colon, and 

involves the corresponding retrenchment and slackening of the intestinal muscular layer [1]. 

This is a natural process and is commonly observed in the tract after stimulation. Different 

parts of human body namely Neurotransmitters and some secretions and the microbiota 

together perform the complete process. In bypass surgery, this is beneficial for the distribution 

of blood in the artificial heart and lung. It is also helpful in transporting fluid by preventing 

fluid contamination. Initially, Latham [2] explained experimentally the movement of fluids via 

peristalsis. Theoretical addition of Latham with lubrication techniques were made by Shapiro 

et al. [3]. A number of interesting associated studies are cited in [4-7]. Symmetrical channel 

has been used to study the peristaltic flow with various thoughts. Physiologists have recently 

observed that myometrial contraction (flow of intrauterine fluid) symbolized peristalsis, which 

appear in both symmetrical and asymmetrical channels. These channels can ideally be related 

to mathematical models of peristaltic flow and same procedure is observed as the fluid moves 

in a sagittal cross section of the uterus. Furthermore, researchers have shown great attention in 

studying peristalsis in various configurations with nanofluids. A detailed illustration in this 

concern is described in Refs. [8–12]. 



Over the past few decades, the manifestation of MHD theory has widely been observed in 

numerous engineering and scientific appliances. The above theory is related with the 

combination of the velocity of the fluid and the magnetic field. The same process is also 

observed in several problems relating to geophysics and astrophysics. Peristaltic flow with 

MHD (magneto hydrodynamic) is an interesting field of research because of its huge 

implementations in physiology and technology. The magnetic field shows the significant role 

in the design of generators and MHD accelerators, cancer therapy and in the reduction of blood. 

Another use of magnetic field is in MRI (magnetic resonance imaging), it is used to envision 

the physiological process in the human flow and brain diagnosis. Sadaf and Nadeem [13] 

considered the movement of the cilia with heat exchange and the effect of the magnetic field 

in a curved channel. Lately, in agronomic engineering, the oil industry and the medical field 

flow of MHD and heat exchange have gotten vital interest. In this context, Davidson, offered 

numerous applications that have also involved in the field of medicine and engineering, this 

has brought a tremendous challenge for scientists and engineers. Nowadays, the slip regime 

has become significant due to its various applications in physiology. The fluid that exhibits slip 

behavior in peristalsis has significant uses in polishing heart valves, internal cavities, and 

polymer technology. It is seen in real-world applications that surface moisture is the reason for 

the fluid that experiences slip behavior on the walls. Bhatti et al [14] studied the slip influence 

on the peristaltic blood flow taking into account the Jeffery model. Hatami [15] conducted key 

analysis on the peristaltic movement of the nanofluid and on the heat exchange rate assuming 

flow conditions in an asymmetrical corrugated channel. Hayat et al. [16] invoked slip effects 

on the peristalsis of the Jeffery material and also analyzed the impact of entropy generation. 

Some latest studies in this regime can be followed through [17–21]. 

The global energy crisis is due to the general increase in growth of the industry and population. 

Humanitarian disaster is the result of significant development in our society. The consumption 



of fossil fuels is rapidly increasing, while their availability is steadily declining. Currently, bio 

renewable energy produced from sustainable means like solar energy, is providing an alter for 

the diminishing fossils [22]. 

The bio renewable energy procedure has become an outstanding alternative for energy 

production. These Solar Systems are designed in such a manner that the system possesses max 

heat transfer capacity to increase the performance of the appliances. For this purpose, Fluids 

are helpful that may have the character of increased thermophysical properties. Among these 

liquids, nanofluids are the best liquids for achieving the liquid’s improved heat transfer 

properties. These liquids refer to fluids in which nanoparticles (NPs) with a particle size in the 

range of 1 to 100 nm are suspended in a base fluid (water, oil, or organic liquids) [23].  

Currently, a brief literature is already available wherein researchers have used nanofluids rather 

than conventional fluids due to its special properties in absorption refrigeration systems [24], 

solar cells, solar collectors, and cooling systems as a combination of various solar devices. The 

nanoparticles are also an option for antimicrobial additives, that opened new ways for cell and 

particle and can easily facilitate the attraction of the membrane. The main mechanism of 

nanoparticle toxicity is thought to be through oxidative stress, which damages lipids, 

carbohydrates, proteins and DNA. 

In general, the efficiency of thermal devices ultimately improves because NPs in nanofluids 

have high density with lower specific heat and these fluids exhibit better convection of heat 

transfer. The thermal conduction and thermal energy transfer coefficient increases due to the 

use of nanoliquid. The envision of adding nanoparticles to the classical fluid was first 

practically applied by Choi and Eastman [25]. Cho [26] experimentally studied the turbulent 

thermal energy transport of water with addition of titanium dioxide and γ-alumina (Al2O3). 

Authors ensued that the mixture of nanoparticles with water precipitation improves the 



coefficient of transformation of thermal energy by convection. More significant research on 

this area can be found from references [27–29].  

Benefits of hybrid nanoliquid and their applications in different fields are scrutinized and 

discussed by many authors. Suresh et al. [30] analyzed Copper with alumina NPs by using the 

two-step method.  Another study by Hayat and Nadeem [31] discussed the properties of thermal 

energy transfer of the Ag-CuO while considering water as a base fluid. Their results also proven 

the strength of hybrid nanofluid in contrary to the conventional nanofluid. Safaei et al. [32] 

examined the effects on the thermal conduction of ZnOTiO2/EG hybrid nanofluid by applying 

the firing technique and the artificial neural network. The thermal efficiency of nanocomposites 

is believed to be determined by the impact of including the heat capacity and thermal capacity 

of the base fluid, the flow rate, the solubility of the nanofluid, the amount of colloidal matter, 

as well as their proportions and the structure of the flow. Scientists have tried to find new means 

to enhance the efficiency of the system. Sulochana and Ashwinkumar [33] exhibited the 

convective flow of nanofluid by taking into account the influences of Brownian motion and the 

effects of thermophoresis.  

As we have considered Zinc, copper and titanium modified hybrid nanoparticles in this 

manuscript because of their applications in different fields. Few are explained as under: -  

Zinc, Titanium and Copper has many commonly applications as three metals have different 

benefits. Although, zinc is brittle and weak but is fruitful for electroplating. To counter this 

deficiency, Titanium is used as alloy because Titanium is comparatively strong and corrosion-

resistant material. Apart from Zinc and Titanium, Copper is used to enhance conductivity of 

the metals and is also used as base metal because of its improved elasticity, flexibility, hardness, 

colour, and resistance to corrosion. 



This manuscript is an endeavour to discuss the peristaltic motion in modified hybrid nanofluid 

with MHD. Apart from this, convective heat transfer, wall properties and slip effects are also 

considered. In this manuscript, Navier Stock’s equations has been solved by keeping in view 

the flow assumptions using exact technique. Graphical and tabulated description has also been 

used to explain physical effects involving parameters i.e. velocity slip, convective heat transfers 

and solid nanoparticle.  

As a result, the manuscript has been modelled and analysed by assuming the  

(i) diverging horizontal tube  𝑅2˘ = 𝐻˘ = 𝑙˘(𝑍˘) + 𝑏˘ sin 2𝜋𝜆 (𝑍˘ − 𝑑˘𝑡˘). 

(ii) Incompressible, electrically conducting viscous fluid for the study of 2-D peristaltic 

flow with magneto-hydrodynamics and Sinusoidal waves propagating along the 

direction of flow. 

(iii) Cylindrical coordinates  (𝑟˘, 0, 𝑧˘) are considered for the modeling of flow 

equations and modified with the postulation of large wavelength and small 

Reynolds number.  

(iv) Metal of Zinc, copper and Titanium are considered as modified hybrid nanoparticles 

are distributed uniformly in the diverging horizontal tube.  

(v) Water is taken as a base fluid. 

(vi)  (Zinc, copper and Titanium) nanoparticles and water fluid are locally in the thermal 

stability.  

(vii) Wall properties, convective boundary conditions, slip, and various shape effects are 

used as assumptions. 

(viii) In the best interests of the above flow theory, the governing equations can be 

recoiled as Equations (1–14). 



The Hamilton-Crosser model is anticipated to study the thermal conductivity effects on the 

modified hybrid nanofluid. In view of above considerations, the modelled governing equations 

are suitable to attain the analytical solution of the formulated modified hybrid nanoparticles 

problem. These solutions comprise the temperature, velocity and hence stream function are 

obtained. The inspiration of the working parameters on flow of fluid and heat transfer 

characteristics are specifically described. Their effects are also graphically signified and 

discussed in detail. The practical manifestation of same is expected to be useful in colloidal 

drug delivery systems. 

1. Problem Statement  

The flow is assumed in 2-D and 𝑩 = (𝐵𝑜, 0, 0) is the representation of magnetic field that is 

working in the radial direction. An additional feature of radiation in energy calculations is 

occupied along the radial track as a one-dimensional heat flux. 
  

 

Fig 1. 

Flow Geometry 



𝑅˘ = 𝐻˘ is signifies as the wall of the tube and  𝑇0˘ assigns as the magnitude for temperature 𝑇 ˘ 
at this wall. Although, the flow equations (1-4) along modified hybrid nanoparticles and MHD 

can be followed as: 

 𝜕𝒰˘𝜕ℛ˘ + 𝜕𝒲˘𝜕𝒵 ˘ + 𝒰˘ℛ˘ = 0                                                                                                       (1)   

 
 𝜌˘𝑚ℎ𝓃𝒻 [𝜕𝒰˘𝜕𝓉˘ + 𝒰˘ 𝜕𝒰˘𝜕ℛ ˘ + 𝒲˘ 𝜕𝒰˘𝜕𝒵 ˘] = − 𝜕𝒫˘𝜕ℛ ˘ + 𝜇˘𝑚ℎ𝑛𝑓 [ 1ℛ ˘ 𝜕𝜕ℛ ˘ (ℛ˘ 𝜕𝒰˘𝜕ℛ ˘) + 𝜕2𝒰˘𝜕𝒵 ˘2 − 𝒰˘ℛ ˘2] 

                                                                                                                                   (2)   

 
 𝜌˘𝑚ℎ𝓃𝒻 [𝜕𝒲˘𝜕𝓉˘ + 𝒰˘ 𝜕𝒲˘𝜕ℛ˘ + 𝒲˘ 𝜕𝒲˘𝜕𝒵 ˘ ] = − 𝜕𝒫˘𝜕𝒵 ˘ + 𝜇˘𝑚ℎ𝑛𝑓 [ 1ℛ˘ 𝜕𝜕ℛ˘ (ℛ˘ 𝜕𝒲˘𝜕ℛ˘ ) + 𝜕2𝒲˘𝜕𝒵 ˘2 ] +                 (3) 

   (𝜌𝛽)˘𝓃𝒻ℊ(𝒯 − 𝒯𝑜˘) − 𝜎𝑚ℎ𝑛𝑓𝜎𝑏𝑓 𝐵𝑜2ℛ˘2 𝒲˘   
    
The energy equation is 

 (𝜌𝒸𝓅)˘𝑚ℎ𝓃𝒻 [𝜕𝒯 ˘𝜕𝓉˘ + 𝒰˘ 𝜕𝒯 ˘𝜕ℛ˘ + 𝒲˘ 𝜕𝒯 ˘𝜕𝒵 ˘] = 𝒦 ˘𝑚ℎ𝓃𝒻 [𝜕2𝒯 ˘𝜕ℛ˘2 + 1ℛ˘ 𝜕𝒯 ˘𝜕ℛ˘ + 𝜕2𝒯˘𝜕𝒵 ˘2] + 𝑄𝑜˘                     (4)                      

 

In the above calculations 𝜌˘𝑚ℎ𝓃𝒻  is density of modified hybrid nanofluid, 𝒰 ˘ and 𝒲 ˘ are the 

suitable velocity units in radial and axial directions. The thermophysical properties for 

nanofluid, hybrid nanofluid, and modified nanofluid are expressed in Table 1. [34 ]:- 

To investigate the convective boundary conditions of modified nanofluids, this test is familiar 

with anomalous types of physical properties. The modified nanofluid is examined by taking a 

combination of 𝑍𝑛, 𝑇𝑖 and 𝐶𝑢 with the base fluid water. 

The nanoparticles concentration of 𝑍𝑛, 𝑇𝑖 and 𝐶𝑢  𝑎𝑟𝑒 (0.05 ≤ ∅1 ≤ 0.09, 0.05 ≤ ∅2 ≤0.09 𝑎𝑛𝑑 0.05 ≤ ∅3 ≤ 0.09 ). To make it ideal, the final strong thermophysical properties of (𝑍𝑛 / 𝑤𝑎𝑡𝑒𝑟) nanofluids, (𝑍𝑛 − 𝑇𝑖 / 𝑤𝑎𝑡𝑒𝑟) hybrid nanofluids, and (𝑍𝑛 − 𝑇𝑖 − 𝐶𝑢 / 𝑤𝑎𝑡𝑒𝑟) modified nanofluids are  in Table 1. While 𝑚 is for shape factor. 

 

 

 

 



Table 1. 

 
Properties Nanofluid 

Thermal Diffusivity         𝛼˘𝑛𝑓 = 𝑘˘𝑛𝑓(𝜌𝑐𝑝)∗𝑛𝑓,  
Viscosity 𝜇˘𝑛𝑓 = 𝜇˘𝑏𝑓(1−𝜑1)2.5 ,   
Electrical conductivity     𝜎˘𝑛𝑓 = 𝜎˘𝑏𝑓 [(𝜎𝑠1 + 2𝜎˘𝑏𝑓) − 2𝜑1(𝜎˘𝑏𝑓 − 𝜎𝑠1)(𝜎𝑠1 + 2𝜎˘𝑏𝑓) + 𝜑1(𝜎˘𝑏𝑓 − 𝜎𝑠1) ],     
Thermal conductivity      𝑘˘𝑛𝑓𝑘˘𝑏𝑓 = 𝑘˘𝑠1+(𝑚−1)𝑘˘𝑏𝑓−(𝑚−1)(𝑘˘𝑏𝑓−𝑘˘𝑠1)𝜑1𝑘˘𝑠1+(𝑚−1)𝑘˘𝑏𝑓+(𝑘˘𝑏𝑓−𝑘˘𝑠1)𝜑1 ,                                              

Density 𝜌˘𝑛𝑓 = 𝜌˘𝑏𝑓(1 − 𝜑1) + 𝜑1𝜌˘𝑠1,    
Heat capacity 

  (𝜌𝑐𝑝)˘𝑛𝑓 = [(1 − 𝜑1)(𝜌𝑐𝑝)˘𝑓 + 𝜑1(𝜌𝑐𝑝)˘𝑠1],    
Thermal expansion (𝜌𝛽)˘𝑛𝑓 = (𝜌𝛽)˘𝑓 [(1 − 𝜑1) + 𝜑1 ((𝜌𝛽)˘𝑠1 (𝜌𝛽)˘𝑏𝑓⁄ )] 

Properties Hybrid Nanofluibd 

Thermal Diffusivity         𝛼˘ℎ𝑛𝑓 = 𝑘˘ℎ𝑛𝑓(𝜌𝑐𝑝)˘ℎ𝑛𝑓,      
Viscosity 𝜇˘ℎ𝑛𝑓 = 𝜇˘𝑓(1−𝜑2)2.5(1−𝜑1)2.5 ,   
Electrical conductivity        𝜎˘ℎ𝑛𝑓 = 𝜎˘𝑏𝑓 [(𝜎𝑠2 + 2𝜎˘𝑛𝑓) − 2𝜑2(𝜎˘𝑛𝑓 − 𝜎𝑠2)(𝜎𝑠2 + 2𝜎˘𝑛𝑓) + 𝜑2(𝜎˘𝑛𝑓 − 𝜎𝑠2) ],     

where  𝜎˘𝑛𝑓 = 𝜎˘𝑏𝑓 [(𝜎𝑠1+2𝜎˘𝑏𝑓)−2𝜑1(𝜎˘𝑏𝑓−𝜎𝑠1)(𝜎𝑠1+2𝜎˘𝑏𝑓)+𝜑1(𝜎˘𝑏𝑓−𝜎𝑠1) ], 
Thermal conductivity 

   
𝑘˘ℎ𝑛𝑓𝑘˘𝑛𝑓 = 𝑘˘𝑠2+(𝑚−1)𝑘˘𝑛𝑓−(𝑚−1)(𝑘˘𝑛𝑓−𝑘˘𝑠2)𝜑2𝑘˘𝑠2+(𝑚−1)𝑘˘𝑛𝑓+(𝑘˘𝑛𝑓−𝑘˘𝑠2)𝜑2 , 

Where  
𝑘˘𝑛𝑓𝑘˘𝑏𝑓 = 𝑘˘𝑠1+(𝑚−1)𝑘𝑏𝑓˘−(𝑚−1)(𝑘𝑏𝑓−𝑘˘𝑠1)𝜑1𝑘˘𝑠1+(𝑚−1)𝑘𝑏𝑓˘+(𝑘𝑏𝑓˘−𝑘˘𝑠1)𝜑1 ,                                                

Density 𝜌˘ℎ𝑛𝑓 = 𝜌˘𝑏𝑓[(1 − 𝜑1)(1 − 𝜑2) + 𝜑1 (𝜌˘𝑠1 𝜌˘𝑏𝑓⁄ )] + 𝜑2𝜌˘𝑠2,    
Heat capacity                   (𝜌𝑐𝑝)˘ℎ𝑛𝑓 = [(1 − 𝜑2)(1 − 𝜑1)(𝜌𝑐𝑝)˘𝑓 + 𝜑1(𝜌𝑐𝑝)˘𝑠1]   + 𝜑2(𝜌𝑐𝑝)˘𝑠2,    
Thermal expansion          (𝜌𝛽)˘ℎ𝑛𝑓 = (𝜌𝛽)˘𝑓(1 − 𝜑2) [(1 − 𝜑1) + 𝜑1 ((𝜌𝛽)˘𝑠1 (𝜌𝛽)˘𝑓⁄ )]+  𝜑2(𝜌𝛽)˘𝑠2 

Properties Modified Hybrid Nanofluid 



Thermal Diffusivity         𝛼˘𝑚ℎ𝑛𝑓 = 𝑘˘𝑚ℎ𝑛𝑓(𝜌𝑐𝑝)˘𝑚ℎ𝑛𝑓,      
Viscosity 𝜇˘𝑚ℎ𝑛𝑓 = 𝜇˘𝑏𝑓(1−𝜑3)2.5(1−𝜑2)2.5(1−𝜑1)2.5 ,   
Electrical conductivity        𝜎˘𝑚ℎ𝑛𝑓 = 𝜎˘ℎ𝑛𝑓 [𝜎𝑠3 + 2𝜎˘ℎ𝑛𝑓 + 2𝜑3(𝜎˘ℎ𝑛𝑓 − 𝜎𝑠3)𝜎𝑠3 + 2𝜎˘ℎ𝑛𝑓 + 𝜑3(𝜎˘ℎ𝑛𝑓 − 𝜎𝑠3) ],     
Thermal conductivity 

   
𝑘˘𝑚ℎ𝑛𝑓𝑘˘ℎ𝑛𝑓 = 𝑘˘𝑠3+(𝑚−1)𝑘˘𝑛𝑓−(𝑚−1)(𝑘˘𝑛𝑓−𝑘˘𝑠3)𝜑3𝑘˘𝑠3+(𝑚−1)𝑘˘𝑛𝑓+(𝑘˘𝑛𝑓−𝑘˘𝑠3)𝜑3 , 

Where  
𝑘˘ℎ𝑛𝑓𝑘˘𝑛𝑓 = 𝑘˘𝑠2+(𝑚−1)𝑘˘𝑛𝑓−(𝑚−1)(𝑘˘𝑛𝑓−𝑘˘𝑠2)𝜑2𝑘˘𝑠2+(𝑚−1)𝑘˘𝑛𝑓+(𝑘˘𝑛𝑓−𝑘˘𝑠2)𝜑2 ,                                                

Density 𝜌˘𝑚ℎ𝑛𝑓 = (1 − 𝜑3) [(1 − 𝜑2)(1 − 𝜑1)𝜌˘𝑏𝑓 + 𝜑1𝜌˘𝑠1 + 𝜑2𝜌˘𝑠2] +𝜑3𝜌˘𝑠3,    
Heat capacity                   (𝜌𝑐𝑝)˘𝑚ℎ𝑛𝑓 = (1 − 𝜑3) [((1 − 𝜑2)(1 − 𝜑1)(𝜌𝑐𝑝)˘𝑏𝑓 +𝜑1(𝜌𝑐𝑝)˘𝑠1) +  𝜑2(𝜌𝑐𝑝)˘𝑠2]   + 𝜑3(𝜌𝑐𝑝)˘𝑠3,   
Thermal expansion          (𝜌𝛽)˘𝑚ℎ𝑛𝑓 = (1 − 𝜑3) [(1 − 𝜑1)(1 − 𝜑2)(𝜌𝛽)˘𝑏𝑓 + 𝜑1(𝜌𝛽)˘𝑠1 +  𝜑2(𝜌𝛽)˘𝑠2]+ 𝜑3(𝜌𝛽)˘𝑠3 

 

 

 
 
Table 2. 

 
 

Nanoparticles & 

shape factor(𝒎) Platelets  (5.7) 

 

 

Cylinders (4.9) 

 

 

Bricks (3.7) 

 

 

 
 

2. Methodology  

 
The apt boundary conditions are expressed in eq. (5-6) according to the physical happening 

(shown in Fig. 1). 

 𝜕𝒲˘𝜕𝑟˘ = 0, 𝑎𝑡 ℛ˘ = 0           𝒲˘ − 𝒲˘𝒲 = −𝐿∗𝜏ℛ˘𝒵 ˘ , 𝑎𝑡 ℛ˘ = 𝐻˘                                                                              (5) 

𝜕𝜃˘𝜕𝑟˘ = 0, 𝑎𝑡 ℛ˘ = 0                                                                                                             



𝜂(𝒯 − 𝒯 ˘0) = −𝒦 ˘𝑚ℎ𝑛𝑓 𝜕𝒯 ˘𝜕ℛ˘ , 𝑎𝑡 ℛ˘ = 𝐻˘                                                                       (6)       

Here 𝒲˘ is the velocity of fluid. The fundamental equation for the flow of flexible wall is 

explained as: 

                          𝐿˘(ℋ ˘) = (𝒫˘ − 𝒫0˘)                                                                         (7) 

Where 𝐿˘ is an operator that categorized the motion of stretched damping forces membrane 

while the pressure  𝒫0˘ is due to the tension in the muscle acting on the outer surface of the 

wall which is assumed to be zero. So 𝐿˘ can be written as 

                     𝐿˘ = −𝜎˘ 𝜕2𝜕𝒵 ˘2 + 𝑚˘ 𝜕2𝜕𝓉˘2 + 𝒞 ˘ 𝜕𝜕𝓉˘                                                                     (8)           

Where 𝜎˘ shows elastic tension in the membrane, 𝑚˘represents mass per unit area, 𝒞 ˘ is 

coefficient of viscous damping forces. 

Following are the non-dimensional parameters are used to linearize the equations: 𝑟˘ = ℛ˘ℓ2˘ , 𝑍˘ = 𝑍˘𝜆 , 𝓊˘ =  𝜆𝒰˘ℓ2˘𝒹˘  , 𝓌 ˘ = 𝒲˘𝒹˘  , 𝜀 =  𝑏ℓ2˘ , 𝑃˘ = 𝒫˘ℓ2˘2𝜆𝜇˘𝒻𝒹˘ , 𝓉 = 𝒸𝓉˘𝜆  , 

𝑅𝑒 = 𝜌˘𝒻  ℓ2˘𝒹˘𝜇˘𝒻  , 𝜃˘ = 𝒯−𝒯 ˘𝑜𝒯 ˘𝑜 ,  𝜏 = ℓ2˘𝜏˘𝒹˘𝜇0 , 𝐵˘ = 𝑄𝑜˘ℓ2˘2(𝒯−𝒯 ˘𝑜)𝑘˘𝑏𝒻 , 𝐺𝑟 =  (𝒯−𝒯 ˘𝑜)𝑔𝛽𝑓𝜌𝑓ℓ2˘2𝜇˘𝒻𝒹˘  

  𝑀2 = 𝜎˘𝒻𝐵02ℓ2˘𝜇˘𝒻  , E1˘ = 𝜎˘ℓ2˘3𝜆3 𝒹˘𝜇˘𝒻 , E2˘
=
𝑚˘ℓ2˘3𝒹˘𝜆3𝜇˘𝒻 , E3˘

=
ℓ2˘3𝒹˘𝜆2𝜇˘𝒻 ,    𝐿 = 𝐿∗𝜇˘𝒻ℓ2˘                                   (9) 

ℓ(𝒵 ˘) = ℓ˘2 + 𝐾𝒵 ˘, ℎ = ℎ˘ℓ2˘ = 1 + 𝜆𝐾𝒵 ˘ℓ˘2 + 𝜀 sin 2𝜋(𝑍˘ − 𝓉˘), 
 In constraint cases 𝑅𝑒−> 0. the inertial flow communicates to a longitudinal velocity shape. 

In the laboratory frame, the pressure gradient depends only on 𝑧˘ and 𝓉˘ because there is no 

streamline curvature to turn out a pressure gradient in the transverse conduct when 𝛿 ―> 0. As 

a result, it is possible to use a long length and a small number of Reynold’s, which shows 𝛿−>0.and 𝑅𝑒−> 0. This scheme was realistic by Shapiro [3] to the portrayal of chyme passage in 

the male small intestine. Employing the conditions of large wavelength observe that 𝛿−>0 and 𝑅𝑒 ―> 0 negates convective inertial forces. Execution of these guesses to Eq. (1) -(6) 

results      

   
𝜕𝒫˘𝜕𝑟˘ = 0                                                                                                                               (10) 

− 𝜕𝒫˘𝜕𝒵 ˘ + 𝜇˘𝑚ℎ𝑛𝑓𝜇˘𝑏𝒻 [1𝑟˘ 𝜕𝜕𝑟˘ (𝑟˘ 𝜕𝒲˘𝜕𝑟˘ )] + (𝜌𝛽)˘𝑚ℎ𝑛𝑓(𝜌𝛽)˘𝑏𝑓 𝐺𝑟𝜃˘ − 𝐹 𝑀2𝑟˘2 𝒲˘ = 0                                             (11)    



𝑘˘𝑚ℎ𝓃𝒻 [1𝑟˘ 𝜕𝜃˘𝜕𝑟˘ + 𝜕2𝜃˘𝜕𝑟˘2] + 𝐵˘𝑘˘𝑏𝒻 = 0                                           (12)      

After dimensionless eq. 8 becomes:  

 
𝜕𝒫˘𝜕𝒵 ˘ = 

𝜕𝐿˘(ℎ)𝜕𝒵 ˘ =  E ˘ 1 𝜕3ℎ𝜕𝒵 ˘3 + 𝐸˘2 𝜕3ℎ𝜕𝒵 ˘2𝜕𝓉 + E ˘ 3 𝜕2ℎ𝜕𝒵 ˘𝜕𝓉                                                     (13a) 

By means of boundary constraint dependable with the geometry are:- 𝜕𝜃˘𝜕𝑟˘ = 0    𝑎𝑡    𝑟˘ = 0  𝛾˘𝜃˘ + 𝜕𝜃˘𝜕𝑟˘ = 0  𝑎𝑡 𝑟˘ = ℎ                                                                                           (13b) 

Where 𝛾˘ = 
 𝒦 ˘𝑏𝒻𝐵𝑖 𝒦 ˘𝑚ℎ𝑛𝒻 ,     𝐵𝑖 = 𝑙2𝜂 𝒦 ˘𝑏𝒻 

𝜕𝒲˘𝜕𝑟˘ = 0  𝑎𝑡 𝑟˘ =  0  𝓌 ˘ + 𝐿𝐴 𝜕𝓌 ˘𝜕𝑟˘ = 0  𝑎𝑡 𝑟˘ = ℎ                                                                                    (13c)    

Numerical values are apt in Table 1[20].  

Physical 

properties 

Zinc Copper Titanium Water 

Heat capacity (𝐽 𝑘𝑔𝑘⁄ ) 389 385 522 4179 

Density(𝑘𝑔 𝑚3⁄ )  7140 8933 4500 997.1 

Thermal 

conductivity(𝑤 𝑚⁄ ) 

99.2 116 401 0.613 

Electrical 

conductivity(𝑠 𝑚⁄ )  

1.69× 107 5.96× 107 2.38× 106 5.5× 10−6 

Thermal 

expansion(1 𝑘⁄ )  

39.7× 10−6 16.8× 10−6 7.14× 10−6 7.03× 10−6 

3. Techniques 

        Exact solution is required for temperature so, By using Eq. 13c we will get the solution 

𝜃˘ = −𝐵˘𝒮𝑟˘24𝑌 + 𝐷1 log 𝑟˘ +𝐷2 𝜃˘ = [− 𝐵˘𝒮𝑟˘44𝑌 + 𝐵˘𝒮ℎ𝑟˘22𝑌 + 𝐵˘𝒮𝛾˘𝑟˘2ℎ˘24𝑌 ]                                                                            (14) 

By substituting above solution in eq. 11 we will get the eqn. 



𝑟˘2 𝑑2 𝓌 ˘𝑑𝑟˘2 + 𝑟˘ 𝑑 𝓌 ˘𝑑𝑟˘  − 𝐹𝑀2𝐴  𝓌 ˘ = 𝑟˘2𝐴 𝑑𝑝𝑑𝑧 − 𝑇𝐴 𝐺𝑟 [− 𝐵˘𝒮𝑟˘44𝑌 + 𝐵˘𝒮ℎ𝑟˘22𝑌 + 𝐵˘𝒮𝛾𝑟˘2ℎ˘24𝑌 ]                    (15) 

Where 𝐴 = 𝜇˘𝑚ℎ𝑛𝑓𝜇˘𝑏𝒻 ,  𝐹 = 𝜎˘𝑚ℎ𝓃𝒻𝜎˘𝑏𝒻 , 𝑇 = (𝜌𝛽)˘𝑚ℎ𝓃𝒻(𝜌𝛽)˘𝑏𝒻 , 𝑆 =  𝑘˘𝑏𝒻  and 𝑌 =  𝑘˘𝑚ℎ𝓃𝒻               
The general form of the solution is                                                                                                     𝓌 ˘ = 𝐶1( 𝑟˘)−ℳ˘√𝐹 𝐴⁄ + 𝐶2 (𝑟˘)ℳ˘√𝐹 𝐴⁄ + (𝑑𝑝˘𝑑𝑧˘)𝐴 ( (𝑟˘)24−𝐹𝑀2𝐴 ) − 𝑇𝐴 𝐺𝑟 [− 𝐵˘𝑆(𝑟˘)44𝑌(16−𝐹𝑀2𝐴 ) + 𝐵˘𝑆ℎ˘(𝑟˘)22𝑌(4−𝐹𝑀2𝐴 ) +
                                                                                                                𝐵˘𝑆𝛾(𝑟˘)2ℎ˘24𝑌(4−𝐹𝑀2𝐴 ) ]                       (16)                         

By using eq. (13c) we obtained 𝐶1 𝑎𝑛𝑑 𝐶2 as under:- 

𝐶1 =
[  
   
  −ℎ˘2𝐴 𝑑𝑃˘ 𝑑𝑧˘⁄(16 − 𝐹𝑀2𝐴 ) + 𝑇𝐴 𝐺𝑟 ( −𝐵˘𝑆ℎ˘44𝑌 (16 − 𝐹𝑀2𝐴 ) + 𝐵˘𝑆ℎ˘32𝑌 (4 − 𝐹𝑀2𝐴 ) +  𝐵˘𝑆𝛾ℎ˘44𝑌 (4 − 𝐹𝑀2𝐴 ))
−2ℎ˘𝐴 (𝑑𝑝˘𝑑𝑧˘) 𝐿𝐴∗(16 − 𝐹𝑀2𝐴 ) + 𝑇𝐴 𝐿𝐴∗𝐺𝑟 [− 𝐵˘𝑆ℎ˘3𝑌 (16 − 𝐹𝑀2𝐴 ) + 𝐵˘𝑆ℎ˘2𝑌 (4 − 𝐹𝑀2𝐴 ) + 𝐵˘𝑆𝛾ℎ˘32𝑌 (4 − 𝐹𝑀2𝐴 )]]  

   
  
 

 𝐶2 = 0 
 
Stream function expression can be expressed as  𝓊˘ = − 1𝑟˘ 𝜕𝜓𝜕𝒵 ˘ , 𝓌 ˘ = 1𝑟˘ 𝜕𝜓𝜕𝒵 ˘    at   𝑟˘ = ℎ = 𝑟˘2                                                             (17) 

Expression of heat transfer for the walls is conveyed as: 

𝑍2 = (𝜕𝜃˘𝜕𝑟˘) (𝜕ℎ𝜕𝑧˘)     𝑎𝑡 𝑟˘ = 𝑟˘2                                                                                  (18) 

𝑟˘  𝒁𝟐 for 

Bi=1.0 

(Zn-Ti -

Cu)/H2O 

𝒁𝟐 for 

Bi=1.1 

(Zn-Ti-

Cu)/H2O 

𝒁𝟐 for 

Bi=1.2 

(Zn-Ti-

Cu)/H2O 

𝒁𝟐 for 

Bi=1.0 

(Zn-

Ti)/H2O 

𝒁𝟐 for 

Bi=1.1 

(Zn-

Ti)/H2O 

𝒁𝟐 for 

Bi=1.2 

(Zn-

Ti)/H2O 

𝒁𝟐 for 

Bi=1.0 

(Zn)/H2O 

𝒁𝟐 for 

Bi=1.1 

(Zn)/H2O 

𝒁𝟐 for 

Bi=1.2 

(Zn)/H2O 

-1.02 -4.92425 -4.92425 -4.92425 -5.79232 -5.79232 -5.79232 -7.15205 -7.15205 -7.15205 

-0.92 -4.62628 -4.62628 -4.62628 -5-55876 -5.55876 -7.12488 -7.01935 -7.01935 -7.01935 

-0.82 -5.01427 -5.01427 -5.01427 -6.0677 -6.0677 -9.44816 -7.71774 -7.71774 -7.71774 

-0.72 -5.94013 -5.94013 -5.94013 -7.12488 -7.12488 -6.6842 -8.98061 -8.98061 -8.98061 

-0.62 -7.05032 -7.05032 -7.05032 -8.3266 -8.3266 -6.07174 -10.3257 -10.3257 -10.3257 

-0.52 -7.92429 -7.92086 -7.92086 -9.21397 -9.21397 -9.21793 -11.2395 -11.2395 -11.2395 

-0.42 -8.21936 -8.21936 -9.44816 -9.44816 -9.44816 -9.44816 -11.3729 -11.3729 -11.37294 

-0.32 -7.8319 -7.8319 -8.93986 -8.93986 -8.93986 -10.6753 -10.6753 -10.6753 -10.6753 

-0.22 -6.90661 -6.90661 7.88336 -7.88336 -7.88336 -9.41332 -9.41332 -9.41332 -9.41332 

-0.12 -5.79708 -5.79708 -6.6824 -6.6824 -6.6824 -8.06915 -8.06915 -8.06915 -8.06915 

-0.02 -4.92725 -4.92725 -5.79587 -5.79587 -5.79587 7.15646 -7.15646 -7.15646 -7.15646 



0.08 -4.62951 -4.62951 -5.56256 -5.56256 -5.56256 -7.02406 -5.56256 -7.02406 -7.02406 

0.18 -5.01773 -5.01773 -6.07174 -6.07174 -6.07174 -7.7227 -6.07174 -7.7227 -7.7227 

0.28 -5.94372 -5.94372 -7.12904 -7.12904 -7.122904 -8.98569 -8.98569 -8.98569 -8.98569 

0.38 -7.05389 -7.05389 -8.33074 -8.33074 -8.33074 -10.3307 -10.3307 -10.3307 -10.3307 

0.48 -7.92429 -7.92429 -9.21793 -9.21793 -9.21793 -11.2442 -11.2442 -11.2442 -11.2442 

0.58 -8.22255 -8.22255 -9.45187 -9.45187 -9.45187 -11.3774 -11.3774 -11.3774 -11.3774 

0.68 -7.83487 -7.83487 -8.94332 -8.94332 -8.94332 -10.6796 -10.6796 -10.6796 -19.6796 

0.78 -6.90945 -6.90945 -7.88671 -7.88671 -7.88671 -9.41744 -9.41744 9.41744 -9.41744 

0.88 -5.79993 -5.79993 -6.68577 -6.68577 -6.68577 -8.07334 -8.07334 -8.07334 -8.07334 

0.98 -4.93024 -4.93024 -5.79942 -5.79942 -5.79942 -7.16087 -7.16087 -7.16087 -7.16087 

 

 

     Fig 2 

 B=0.01, Bi=1.0, 𝝐=0.2,  𝝀 = 𝟎. 𝟎𝟏 
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     Fig 2(a) 𝒵 ˘ = 0.1,m = 3.7, k = 0.1, = 0.01, Bi = 0.1 

 

          Fig 2(b) 𝒵 ˘=0.1, m=3.7, k=0.1,  𝜆 =0.01, B=2 
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          Fig 2(c) 𝓩˘=0.1, k=0.1, 𝝀 =0.01, Bi=0.4, B=2 

 

        Fig 3(a) 𝒵 ˘=0.1, M=2, Bi=0.4, L=0.1, Gr=0.2, E1=1.5, E2=1.5, E3=1.0 
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       Fig 3(b) 𝒵 ˘=0.1, M=2, B=1.0, L=0.2, Gr=0.4, E1=1.5, E2=1.5, E3=1.0 

         

Fig 3(c) 𝒵 ˘=0.1, B=0.4, Bi=0.3, L=0.2, M=2, E1=1.5, E2=1.5, E3=1.0 
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Fig 3(d) 𝓩˘=0.1, B=3, Bi=0.3, L=0.2, Gr=0.2, E1=1.5, E2=1.5, E3=1.0 

 
        Fig 3(e) 𝓩˘=0.1, B=3, Bi=0.3, M=2, Gr=0.2, E1=1.5, E2=1.5, E3=1.0 
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      Fig 3(f) 𝓩˘=0.1, 𝝀 =1.2, Gr=0.5, B=0.4, Bi=0.1, M=1.7, E3=1.0, E2=1.5 
 

 

 

       Fig 3(g) 𝓩˘=0.1, 𝝀 =1.2, Gr=0.5, B=0.4, Bi=0.1, M=1.7, E1=0.5, E3=2 
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Fig 3(h) 𝓩˘=0.1, 𝝀=1.2, Gr=0.5, B=0.4, Bi=0.1, M=1.7, E1=1.0, E2=1.5 

 
                                                  

  

(a)                          (b) 

Figs. 4(a-b), Configuration of (Zn-Ti-Cu) /water through a tube for 

(i) L (Slip parameter)  L=1.0, 1.3 (ii) 𝜑1 = 0.6, 𝜑2 = 0.6, 𝜑3 = 0.6 
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                                   (C)                                                                         (d) 

Figs. 4(c-d), Configuration of (Zn-Ti) /water through a tube for 

(i) L (Slip parameter)  L=1.0, 1.3 (ii) 𝜑1 = 0.6, 𝜑2 = 0.6, 𝜑3 = 0.0 

 

 

   
             

                                   (e)                                                                           (f) 

Figs. 4(e-f), Configuration of (Zn) /water through a tube for 

(i)  L (Slip parameter)  L=1.0, 1.3 (ii) 𝜑1 = 0.6, 𝜑2 = 0.0, 𝜑3 = 0.0 
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This unit marks the physical explanation of the performance of the parameters which rise in 

the flow field. Fig. 2 is designed to see the impact of heat transfer for nano fluid, hybrid nano 

fluid and modified nano fluid for different shape effects. It is seen here greater heat transfer 

curve is observed for Zn-Ti-Cu/water. Less heat transfer is observed for Zn-water.  It is seen 

here high thermal conductivity is detected for modified hybrid nano fluid. Fig. 2a-2c is 

portrayed to see the effect of heat absorption parameter, biot number, different nano shape 

effects on temperature profile for nano fluid, hybrid nanofluid and modified nano fluid. It is 

observed from Fig 2a, that temperature profile increased in the middle of the tube −0.52 ≤𝑟′ ≤ 0.5  whereas it gets opposite behavior near the peristaltic walls. Here, one can observe 

maximum curve is obtained for Zn-water. Temperature profile for increasing values of the Biot 

number is depicted in Fig. 2b. As augmented in Biot number, improvement in temperature 

distribution is seen. Fig. 2c is presented to observe the different nano shape effect for nano, 

hybrid nano and modified nano fluid on temperature profile. By keeping fixed m=3.7, 

maximum temperature is found for the nano fluid, and minimum temperature is depicted for 

modified nano fluid. Same results are revealed for cylinders and platelets shape nanoparticles. 

Velocity profile for different parameters e.g Heat absorption, Biot number, Grashof number, 

Magnetic number, velocity slip parameter, Rigidity parameter, Stiffness parameter, Viscous 

damping force parameter is depicted in Fig 3a-3h. Fig. 3a is designed to see the impact of 

velocity profile for heat absorption parameter. It is depicted in this Fig velocity curve increased 

throughout the entire domain when we compare nanofluid, hybrid nano fluid and modified 

nano fluid. Maximum curve is shown for nano fluid and minimum curve is depicted for 

modified hybrid nano fluid. But if we increased heat absorption parameter velocity curve 

decreases for all three types of the nano fluid. From Fig. 3(b) it is observed that for fixed 

number of Biot number maximum curve is seen for zn-water. For the particular nanofluid case 

the velocity of the fluid decreases. It is owing to the fact that Biot number decreases the heat 



transfer rate in the cylinder walls. Same results are shown for hybrid as well as modified nano 

fluid. Grashof number impact is observed in Fig. 3c. If we fixed Grashof number larger curve 

is obtained for nanofluid and lessen curve is found for modified hybrid nano fluid. For special 

cases for example nano fluid increasing the Grashof number decreases the fluid velocity. It is 

owing the fact the viscous forces show the prominent role that’s why fluid velocity decreases, 

more over same results appear for the hybrid and modified hybrid nanofluid. Magnetic number 

impact on velocity sketch is shown in Fig. 3d. It is observed in this Fig that velocity profile 

enhances throughout the entire domain. Velocity slip impact on velocity sketch is depicted in 

Fig 3e, which shows positive influence on the velocity profile. Rigidity parameter impact on 

velocity prole is depicted in Fig. 3f. If we fixed E1 Zn-water showed the larger curve and 

modified hybrid nanofluid showed the minimum curve, whereas for increasing values of 

rigidity parameter velocity curve decreases. This is owing to the fact that more resistance is 

found on the walls. Same results are depicted for stiffness parameter in Fig. 3g. Viscous 

damping force parameter impact on velocity profile is depicted in Fig 3h. Velocity profile is 

an increasing function of the viscous damping force parameter. Stream line pattern for velocity 

slip parameter is portrayed in Fig. 4a-4f. It is shown in these Figs by enhancing slip parameter 

size of the trapped bolus decreases for modified hybrid nano fluid case, while number of the 

trapped bolus increases for hybrid case, however size of the trapped boluses decreases for nano 

fluid case.  

 

 

 

 

 



Concluding Remarks: 

The main points of the considered problem are summarized below 

• Temperature curve for Biot number increases throughout the domain.  

.       Velocity distribution has the curves nanofluid > hybrid nano fluid > modified nano fluid.  

• Size of the trapped boluses decreases for modified nano fluid. 

• This model is appropriate to the drug dispersal system and also effective for 

physiological conversion in which nanoparticles have an important role. 
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