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Supplementary Note 1. A DRIVEN CHAOTIC LASER SYSTEM

We consider the single-mode, class B, driven chaotic CO, laser system [1-4] described by
du

= = —ulf(t) ] (SL.1)
dz
a = €2 —UuU— €zu+ 1, (S1.2)

where the dynamical variables v and z are proportional to the normalized intensity and the popu-
lation inversion, f(t) = A cos(§2t+ ¢) is the external sinusoidal driving signal of amplitude A and
frequency €2, €¢; and €, are two parameters. Chaos is common in this laser system [1, 2, 4]. For
example, for e; = 0.09, e, = 0.003, and A = 1.8, there is a chaotic attractor for {2 < 2. ~ 0.912,
as shown by a sustained chaotic time series in Fig. S1(al). The chaotic attractor is destroyed by a
boundary crisis [5] at £2.. For 2 > (., there is transient chaos, after which the system settles into
periodic oscillations, as exemplified in Fig. S1(a2). Suppose chaotic motion is desired. The crisis
bifurcation at €2, can then be regarded as a kind of system collapse.
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FIG. S1. Performance of the digital twin of the driven CO» laser system to extrapolate system dynamics under
different driving frequencies. (Al, A2) True sustained and transient chaotic time series of log;, u(t) of the target
system, for driving frequencies 2 = 0.905 < Q. and Q2 = 0.925 > €, respectively, where the sinusoidal driving
signal f(t) is schematically illustrated. In (A1), the system exhibits sustained chaos. In (A2), the system settles into
a periodic state after transient chaos. (B1, B2) The corresponding time series generated by the digital twin. In both
cases, the dynamical behaviors generated by the digital twin agree with the ground truth in (A1, A2): sustained chaos
in (B1) and transient chaos to a periodic attractor in (B2). (C1, C2) The return maps constructed from the local minima
of u(t) from the true dynamics, where the green dashed square defines an interval that contains the chaotic attractor
(C1) or a nonattracting chaotic set due to the escaping region (marked by the red arrow) leading to transient chaos
(C2). (D1, D2) The return maps generated by the digital twin for the same values of €2 as in (C1, C2), respectively,

which agree with the ground truth.

To build a digital twin for the chaotic laser system, we use the external driving signal as the
natural control signal for the reservoir dynamical network. Different from the examples in the main
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text, here the driving frequency €2, instead of the driving amplitude A, serves as the bifurcation
parameter. Assuming observational data in the form of time series are available for several values
of €2 in the regime of a chaotic attractor, we train the RC network using chaotic time series collected
from four values of 2 < €.: Q = 0.81, 0.84, 0.87, and 0.90. The training parameter setting is
as follows. For each () value in the training set, the training and validation lengths are ¢ = 2, 000
and ¢ = 83, respectively, where the latter corresponds to approximately five Lyapunov times. The
“warming up” length is t = 0.5. The time step of the reservoir system is At = 0.05. The size of
the random RC network is D, = 800. The optimal hyperparameter values are determined to be
d =151, A = 0.0276, ki, = 1.18, k., = 0.113, « = 0.33,and 3 = 2 x 10~

Figures S1(A1) and S1(A2) show two representative time series from the actual laser system
(the ground truth) for 2 = 0.905 < €2, and 2 = 0.925 > €., respectively: one is associated with
sustained chaos (pre-critical) and the other is characteristic of transient chaos with a final periodic
attractor (post-critical). The corresponding time series generated by the digital twin are shown
in Figs. S1(B1) and S1(B2), respectively. It can be seen that the training aided by the control
signal enables the digital twin to correctly capture the dynamical climate of the target system, e.g.,
sustained or transient chaos. The true return maps in the pre-critical and post-critical regimes are
shown in Figs. S1(C1) and S1(C2), respectively, and the corresponding maps generated by the
digital twin are shown in Figs. S1(D1) and S1(D2). In the pre-critical regime, an invariant region
(the green dashed square) exists on the return map in which the trajectories are confined, leading
to sustained chaotic motion, as shown in Figs. SI(C1) and S1(D1). Within the invariant region in
which the chaotic attractor lives, the digital twin captures the essential dynamical features of the
attractor. Because the training data are from the chaotic attractor of the target system, the digital
twin fails to generate the portion of the real return map that lies outside the invariant region, which
is expected because the digital twin has never been exposed to the dynamical behaviors that are not
on the chaotic attractor. In the post-critical regime, a “leaky” region emerges, as indicated by the
red arrows in Figs. S1(C2) and S1(D2), which destroys the invariant region and leads to transient
chaos. The remarkable feature is that the digital twin correctly assesses the existence of the leaky
region, even when no such information is fed into the twin during training. From the point of view
of predicting system collapse, the digital twin is able to anticipate the occurrence of the crisis and
transient chaos. A quantitative result of these predictions are demonstrated in Supplementary Note
6.

As indicated by the predicted return maps in Figs. S1(D1) and S1(D2), the digital twin is unable
to give the final state after the transient, because such state must necessarily lie outside the invariant
region from which the training data are originated. In particular, the digital twin is trained with
time series data from the chaotic attractors prior to the crisis. With respect to Figs. S1(D1) and
S1(D2), the digital twin can learn the dynamics within the dash green box in the plotted return
maps, but is unable to predict the dynamics outside the box, as it has never been exposed to these
dynamics.

A comparison of the real and predicted bifurcation diagram is demonstrated in Fig. S2. The
strong resemblance between them indicate the power of the digital twin in extrapolating the correct
global behavior of the target system. Moreover, this demonstrates that not only can this approach
extrapolate with various driving amplitudes A (as demonstrated in the main text), but the approach
can also work with varying driving frequencies ).
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FIG. S2. Comparison of the real (A) and predicted (B) bifurcation diagrams of the driven laser system with varying
driving frequencies. The four vertical grey dashed lines indicate the values of driving frequencies 2 used for training
the RC neural network. The strong resemblance between the two bifurcation diagrams indicates the power of the
digital twin in extrapolating the correct global behavior of the target system, and demonstrates that not only can this

approach extrapolate system dynamics to various driving amplitudes A, but also to varying driving frequency 2.

Supplementary Note 2. A DRIVEN CHAOTIC ECOLOGICAL SYSTEM

We study a chaotic driven ecological system that models the annual blooms of phytoplankton
under seasonal driving [6]. Seasonality plays a crucial role in ecological systems and epidemic
spreading of infectious diseases [7], which is usually modeled as a simple periodic driving force
on the system. The dynamical equations of this model in the dimensionless form are [6]:

C;—]tv =1— f(t)NP —¢gN, (52.3)
C;—f = ft)NP — P, (52.4)

where N represents the level of the nutrients, P is the biomass of the phytoplankton, the Lotka-
Volterra term N P models the phytoplankton uptake of the nutrients, / represents a small and
constant nutrient flow from external sources, ¢ is the sinking rate of the nutrients to the lower
level of the water unavailable to the phytoplankton, and f(t) is the seasonality term: f(t) =
A Sin(weeot ). The parameter values are [6]: I = 0.02, ¢ = 0.0012, and weco = 0.19.

Climate change can dramatically alter the dynamics of this ecosystem [8]. We consider the
task of forecasting how the system behaves if the climate change causes the seasonal fluctuation
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FIG. S3. Performance of the digital twin of an ecological system of the blooms of phytoplankton with seasonality.
The effect of seasonality is modeled by a sinusoidal driving signal f(t) = Asin(wecot). (Al, A2) chaotic and
periodical attractors of this system in the (IV, log,, P) plane for A = 0.45 and A = 0.56, respectively. (B1, B2) The
corresponding attractors generated by the digital twin under the same driving signals () as in (A1, A2). The digital
twin has successfully extrapolated the periodical behavior outside the chaotic training region. (C) The ground-truth
bifurcation diagram of the target system. (D) The digital-twin generated bifurcation diagram. In (C) and (D), the four
vertical grey dashed lines indicate the values of driving amplitudes A used for training the RC network. The strong
resemblance between the two bifurcation diagrams indicates the power of the digital twin in extrapolating the correct
global behavior of the target system.

to be more extreme. In particular, suppose the training data are measured from the system when it
behaves normally under a driving signal of relatively small amplitude, and we wish to predict the
dynamical behaviors of the system in the future when the amplitude of the driving signal becomes
larger (due to climate change). The training parameter setting is as follows. The size of the RC
network is D,. = 600 with D;, = D,y = 2. The time step of the evolution of the network dynamics
is At = 0.1. The training and validation lengths for each value of the driving amplitude A in the
training are ¢ = 1,500 and ¢ = 500, respectively. The optimized hyperparameters of the RC are
d =350, A = 0.42, ki, = 0.39, k. = 1.59, « = 0.131,and B = 1 x 10775,

Figure S3 shows that training the digital twin using time series data from a few different val-
ues of the (small) driving amplitude enables it to learn the intrinsic dynamics of the system and
generate the correct response of the system to a driving signal of larger amplitude. In particular,
the training data are collected with the driving amplitude A = 0.35,0.4,0.45 and 0.5, all in the
chaotic regions. Figures S3(A1) and S3(A2) show the true attractors of the system for A = 0.45
and 0.56, respectively, where the attractor is chaotic in the former case (within the training param-
eter regime) and periodic in the latter (outside the training regime). The corresponding attractors
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generated by the digital twin are shown in Figs. S3(B1) and S3(B2). It can be seen that the digital
twin is able to not only replicate the chaotic behavior in the training data [Fig. S3(B1)] but also
predict the transition to a periodic attractor under a driving signal of a larger amplitude (more
extreme seasonality), as shown in Fig. S3(B2). In fact, the digital twin can faithfully produce the
global dynamical behavior of the system, both inside and outside the training regime, as can be
seen from the nice agreement between the ground-truth bifurcation diagram in Fig. S3(C) and the
diagram generated by the digital twin in Fig. S3(D).

Supplementary Note 3. CONTINUAL FORECASTING UNDER NONSTATIONARY EXTERNAL
DRIVING WITH SPARSE REAL-TIME DATA

f(®)

0 500 1000 1500 2000 2500

FIG. S4. Continual forecasting of the chaotic ecological system under nonstationary external driving with sparse
updates. (A) A non-stationary sinusoidal driving signal f(¢) whose amplitude increases with time. The digital twin
forecasts the response of the chaotic target system under this driving signal for a relatively long term. (B) The
trajectory generated by the digital twin (red) in comparison with the true trajectory (blue). For 0 < ¢ < 400, the two
trajectories match each other with small errors, but the digital-twin generated trajectory begins to deviate from the
true trajectory at ¢ ~ 400 (due to chaos). (C) With only sparse updates from real data at times indicated by the vertical
lines (2.5% of the time steps in the given time interval), the digital twin can make relatively accurate predictions for a

long term, demonstrating the ability to perform continual forecasting.

The three examples (Lorenz-96 climate network in the main text, the driven CO, laser and the
ecological system) have demonstrated that our RC based digital twin is capable of extrapolating
and generating the correct statistical features of the dynamical trajectories of the target system such
as the attractor and bifurcation diagram. That is, the digital twin can be regarded as a “twin” of the
target system only on a statistical sense. In particular, from random initial conditions the digital
twin can generate an ensemble of trajectories, and the statistics calculated from the ensemble agree
with those of the original system. At the level of individual trajectories, if a target system and its
digital twin start from the same initial condition, the trajectory generated by the twin can stay
close to the true trajectory only for a short period of time (due to chaos). However, with infrequent
state updates, the trajectory generated by the twin can shadow the true trajectory (in principle ) for
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an arbitrarily long period of time [9], realizing continual forecasting of the state evolution of the
target system.

In data assimilation for numerical weather forecasting, the state of the model system needs
to be updated from time to time [10—12]. This idea has recently been exploited to realize long-
term prediction of the state evolution of chaotic systems using RC [9]. Here we demonstrate that,
even when the driving signal is non-stationary, the digital twin is able to generate the correct state
evolution of the target system. As a specific example, we use the chaotic ecosystem in Egs. (S2.3-
S2.4) with the same RC network trained in Sec. Supplementary Note 2. Figure S4(A) shows the
non-stationary external driving f(t) = A(t) sin(weeot) whose amplitude A(t) increases linearly
from A(t = 0) = 0.4 to A(t = 2500) = 0.6 in the time interval [0, 2500]. Figure S4(B) shows the
true (blue) and digital-twin generated (red) time evolution of the nutrient abundance. Due to chaos,
without state updates, the two trajectories diverge from each other after a few cycles of oscillation.
However, even with rare state updates, the two trajectories can stay close to each other for any
arbitrarily long time, as shown in Fig. S4(C). In particular, there are 800 time steps involved in
the time interval [0, 2500] and the state of the digital twin is updated 20 times, i.e., 2.5% of the
available time series data. We will discuss the results further discussion in the next section.

Supplementary Note 4. CONTINUAL FORECASTING WITH HIDDEN DYNAMICAL VARI-
ABLES

In real world applications, it can occur that not all the variables of the system are accessible:
often only a subset of the dynamical variables can be measured and the remaining variables are
inaccessible or hidden from the outside world. Can a digital twin still make continual forecasting
in the presence of hidden variables based on the time series data from the accessible variables?
Also, Can the digital twin do this without knowing that there exists some hidden variables before
training? In general, when there are hidden variables, the reservoir network needs to sense their
existence, encode them in the hidden state of the recurrent layer, and constantly update them. As
such, the recurrent structure of reservoir computing is necessary, because there must be a place
for the machine to store and restore the implicit information that it has learned from the data.
Compared with the case where complete information about the dynamical evolution of all the
observables is available, when there are hidden variables, to predict the evolution of a target system
driven by an nonstationary external signal using sparse observations of the accessible variables is
significantly more challenging.

As an illustrative example, we again consider the ecosystem described by Eqgs. (S2.3) and
(S2.4). We assume that the dynamical variable N (the abundance of the nutrients) is hidden and
P(t), the biomass of the phytoplankton, can be externally accessible. Despite the accessibility to
P(t), we assume that it can be measured only occasionally. That is, only sparsely updated data of
the variable P(t) is available. It is necessary that the digital twin be able to learn some equivalent
of N(t) as the time evolution of P(t) depends on the value N(t) and to encode the equivalent
in the reservoir network. In an actual application, when the digital twin is deployed, knowledge
about the existence of such a hidden variable is not required.

Figure S5 present representative results, where Fig. S5(A) shows the non-stationary external
driving signal f(¢) (the same as the one in Fig. S4(A) - included here as a time reference for the
forecasting results). Figure S5(B) shows, when the observable P(t) is not updated with the real
data, the forecasted time series (red) P(t) diverges from the true time series (blue) after about a
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FIG. S5. Continual forecasting and monitoring of a hidden dynamical variable in the chaotic ecological system under
non-stationary external driving with sparse updates from the observable. The system is described by Egs. (S2.3) and
(S2.4). The dynamical variable N () is hidden, and the other variable P(t) is externally accessible but only sparsely
sampled measurement of it can be performed. (A) The nonstationary sinusoidal driving signal f(t) with a time-
varying amplitude. (B) Digital-twin generated time evolution of the accessible variable P(t) (red) in comparison with
the ground truth (blue) in the absence of any state update of P(t). The predicted time evolution quickly diverges from
the true behavior. (C) With sparse updates of P(t) at the times indicated by the purple vertical lines (10% of the times
steps), the digital twin is able to make an accurate forecast of P(t). (D) Digital-twin generated time evolution of the
hidden variable N (t) (red) in comparison with the ground truth (blue) in the absence of any state update of P(¢). (E)
Accurate forecasting of the hidden variable N () with sparse updates of P(t).

dozen oscillations. However, if P(t) from the digital twin is updated with the true value at the
times indicated by the purple vertical lines in Fig. S5(C), the forecasted time series P(¢) matches
the ground truth for a much longer time. The results suggest that the existence of the hidden
variable does not significantly impede the performance of continual forecasting.

The results in Fig. S5 motivate the following questions. First, has the reservoir network en-
coded information about the hidden variable? Second, suppose it is known that there is a hidden
variable and the training dataset contains this variable, can its evolution be inferred with only rare
updates of the observables during continual forecasting? Previous results [13—15] suggested that
reservoir computing can be used to infer the hidden variables in a nonlinear dynamical system.
Here we show that, with a segment of the time series of N (¢) used only for training an additional
readout layer, our digital twin can forecast N (¢) with only occasional inputs of the observable time
series P(t). In particular, the additional readout layer for N () is used only for extracting informa-
tion about N (¢) from the reservoir network and its output is never injected back to the reservoir.
Consequently, the states of the reservoir network during training or forecasting, the trained output



layer for P(t) and the forecasting results of P(t) are not altered.

Figure S5(D) show that, when the observable P(¢) is not updated with the real data, the digital
twin is able to infer the hidden variable N (¢) for several oscillations. If P(t) is updated with the
true value at the times indicated by the purple vertical lines in Fig. S5(C), the dynamical evolution
of the hidden variable N (t) can also be accurately predicted for a much longer period of time,
as shown in Fig. S5(E). It is worth emphasizing that during the whole process of forecasting and
monitoring, no information about the hidden variable N (¢) is required - only sparse data points of
the observable P(t) are used.

The training and testing settings of the digital twin for the task involving a hidden variable are
as follows. The input dimension of the reservoir is D;, = 1 because there is a single observable
log,, P(t). The output dimension is Do, = 2 with one dimension of the observable log,, P(t+At)
plus one dimension of the hidden variable N (¢ + At). Because of the higher memory requirement
in dealing with a hidden variable, a somewhat larger reservoir network is needed, so we use D, =
1,000. The times step of the dynamical evolution of the neural network is At = 0.1. The training
and validating lengths for each value of the driving amplitude in the training are ¢ = 3,500 and
t = 350, respectively. Other optimized hyperparameters of the reservoir are d = 450, A = 1.15,
kin = 0.32, k. = 3.1, = 0.077, B = 1 x 10753, and oeie = 10730,

It is also worth noting that Figs. S4 and S5 have demonstrated the ability of the digital twin
to extrapolate beyond the parameter regime of the target system from which the training data are
obtained. In particular, the digital twin was trained only with time series under stationary external
driving of the amplitude A = 0.35,0.4,0.45, and 0.5. During the testing phase associated with
both Figs. S4 and S5, the external driving is nonstationary with its amplitude linearly increasing
from A = 0.4 to A = 0.6. The second half of the time series P(t) and N (¢) in Figs. S4 and S5 are
thus beyond the training parameter regime.

The results in Figs. S4 and S5 help legitimize the terminology “digital twin,” as the reservoir
computers subject to the external driving are dynamical twin systems that evolve “in parallel”
to the corresponding real systems. Even when the target system is only partially observable,
the digital twin contains both the observable and hidden variables whose dynamical evolution
is encoded in the recurrent neural network in the hidden layer. The dynamical evolution of the
output is constantly (albeit infrequently) corrected by sparse feedback from the real system, so the
output trajectory of the digital twin shadows the true trajectory of the target system. Suppose one
wishes to monitor a variable in the target system, it is only necessary to read it out from the digital
twin instead of making more (possibly costly) measurements on the real system.

Supplementary Note 5. DIGITAL TWINS UNDER EXTERNAL DRIVING WITH VARYING
WAVEFORM

In the main text, it is demonstrated that dynamical noise added to the driving signal during the
training can be beneficial. Figure S6 presents a comparison between the noiseless training and
the training with dynamical noise of the form dpg = 3 x 1073 (as in the main text). The ground-
truth bifurcation diagram is shown in Fig. S6(A) and three examples with different reservoir neural
networks for the noiseless (B1, B2, B3) and noisy (C1, C2, C3) training schemes are shown, where
the settings are the same as that in Fig. 3 in the main text. It can be seen that adding dynamical
noise into the training data can produce bifurcation diagrams that are closer to the ground truth
than without noise.
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FIG. S6. Comparison of prediction performance between the noiseless (left) and noisy (right) cases on the task of
predicting under external driving with varying waveforms. The target system is a six dimensional Lorenz-96 system.
Panel (A) shows the true bifurcation diagram. (B1-B3) The prediction results without any dynamical noise in the
training data with three realizations of the reservoir network. (C1-C3) Prediction results with dynamical noise of the

form épg = 3 x 1072 in the training data. The settings are the same as that in Fig. 3 in the main text.

To further demonstrate the beneficial role of noise, we test the additive training noise scheme
using the ecological system. The training process and hyperparameter values of the digital twin
are identical to these in Supplementary Note 2. A dynamical noise of amplitude dpg = 3 x 10~*
is added to the driving signal f(¢) during training in the same way as in Fig. 3 in the main text.
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FIG. S7. Performance of the digital twin for the ecological model under driving signals with waveforms different
from the training set. The testing driving signals are described by Eq. S5.5 while the training driving signals are
sinusoidal waves with small dynamical noise. (A1) The real bifurcation diagram for A,y = 0.3. (A2, A3) Predicted
bifurcation diagrams for A = 0.3 with two realizations of the reservoir network. (B1-B3) Same as (A1-A3) but for
Apesy = 0.4.

During testing, the driving signals is altered to

A es . eco
Fest(t) = Ay Sin(wecol) + ; Csin(Pe0t 4 Ag) (S5.5)

where wee, = 0.19 as in Supplementary Note 2. Two sets of testing signals fis(t) are used, with
Awse = 0.3 and 0.4, respectively. Figure S7 show the true and predicted bifurcation diagrams
of log g Praz versus A¢ for Ay = 0.3 (left column) and Ay = 0.4 (right column). It can
be seen that the bifurcation diagrams generated by the digital twin with the aid of training noise
are remarkably accurate. We also find that, for this ecological system, the amplitude dpg of the
dynamical noise during training does not have a significant effect on the predicted bifurcation
diagram. A plausible reason is that the driving signal f(¢) is a multiplicative term in the system
equations.
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Supplementary Note 6. QUANTITATIVE CHARACTERIZATION OF PERFORMANCE OF DIG-
ITAL TWIN

In the main text, we demonstrate the performance of the digital twin qualitatively based on
visually comparing the predicted bifurcation diagram with the ground truth. For a bifurcation
diagram, the parameter values at which the various bifurcations occur are of great interest, as they
define the critical points at which characteristic changes in the system can occur. We focus on the
crisis point at which sustained chaotic motion on an attractor is destroyed and replaced by transient
chaos. And, accordingly, we use two quantities to characterize the performance of the digital twin
in extrapolating the dynamics of the target system: the errors in the predicted critical bifurcation
point and average lifetime of the chaotic transient after the bifurcation.
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FIG. S8. Quantitative performance of the digital twin for a chaotic driven laser system. (A) Distribution of the
predicted values of the crisis bifurcation point Q.. at which a chaotic attractor is destroyed and replaced by a non-
attracting chaotic invariant set leading to transient chaos. The blue and red vertical dashed lines denote the true value
Q. ~ 0.912 and the average predicted value (Qc>, respectively, where 200 random realizations of the reservoir neural
network are used to generate this distribution. Despite the fluctuations in the predicted crisis point, the ensemble
average value of the prediction is quite close to the ground truth. (B) Exponential distribution of the lifetime of
transient chaos slightly beyond the crisis point: true (blue) and predicted (red) behaviors. The predicted distribution

is generated using 100 random reservoir realizations, each with 200 random initial ‘warming up” data.

As an illustrative example, we take the driven chaotic laser system in Sec. Supplementary Note
1, where a crisis bifurcation occurs at the critical driving frequency 2. ~ 0.912 at which the
chaotic attractor of the system is destroyed and replaced by a non-attracting chaotic invariant set
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FIG. S9. Robustness of digital twin against combined dynamical and observational noises. The setting is the same as
that in Fig. 1 in the main text, except with additional noises in the training data. (A) A true bifurcation diagram of the
six-dimensional Lorenz-96 system. (B1, B2) Two examples of the bifurcation diagram predicted by the digital twin
with training data under dynamical noise of amplitude o4y, = 10~2 and observational noise of amplitude oo, = 1072,
(C1, C2) Two examples of the predicted bifurcation diagrams under the two kinds of noise with o4y, = 10~! and
oo = 1071, Both the dynamical and observational noises are additive Gaussian processes. It can be seen that the
additional noises do not have a significant effect on the predicted bifurcation diagrams. The settings of the training
data and reservoir neural networks are the same as those in Sec. IIA in the main text. The dynamical noises are added

to the equations of the state variables. There is no noise in the sinusoidal external driving.

leading to transient chaos. We test to determine if the digital twin can faithfully predict the crisis
point based only on training data from the parameter regime of a chaotic attractor. Let Q. be the
digital-twin predicted critical point. Figure S8(A) shows the distribution of Q). obtained from 200
random realizations of the reservoir neural network. Despite the fluctuations in Q., its average
value is (Qc> ~ 0.914, which is close to the true value 2, = 0.912. A relative error e, of {2, can
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then be defined as

’Qc B QC|
£q = , S6.6
“ D(Qcy {Qtrain}) ( )

where D (., {Quain } ) denotes the minimal distance from €2, to the set of training parameter points
{Qrain }» 1.€., the difference between €2, and the closest training point. For the driven laser system,
we have D(Q¢, { Qain}) ~ 10%.

The second quantity is the lifetime Ti.,ngene Of transient chaos after the crisis bifurcation [16, 17],
as shown in Fig. S8(B). The average transient lifetime is the inverse of the slope of the linear
regression of predicted data points in Fig. S8(B), which is () ~ 0.8 x 10%. Compared with the
true value (7) ~ 1.2 x 103, we see that the digital twin is able to predict the average chaotic
transient lifetime to within the same order of magnitude. Considering that key to the transient
dynamics is the small escaping region in Fig. S1(D2), which is sensitive to the inevitable training
errors, the performance can be deemed as satisfactory.

Supplementary Note 7. ROBUSTNESS OF DIGITAL TWIN AGAINST COMBINED DYNAMI-
CAL/OBSERVATIONAL NOISES

Can our reservoir-computing based digital twins withstand the influences of different types of
noises? To address this question, we introduce dynamical and observational noises in the training
data, which are modeled as additive Gaussian noises. Take the six-dimensional Lorenz-96 system
in Sec. IIA in the main text as an example. Figure S9(A) shows the true bifurcation diagram under
different amplitudes of external driving, where the vertical dashed lines specify the training points.
Figures S9(B1) and S9(B2) show two realizations of the bifurcation diagram generated by the
digital twin under both dynamical and observational noises of amplitudes o4y, = 1072 and o, =
10~2. Two bifurcation diagrams for noise amplitudes of an order of magnitude larger: ogy, = 107"
and o4, = 1071, are shown in Figs. S9(C1) and S9(C2). It can be seen that the additional noises
have little effect on the performance of the digital twin in generating the bifurcation diagram.
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