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Supplementary methods for numerical applications  19 
 20 
Appendix C: Numerical application methods 21 

To compute the inclusive fitness matrix (W), we first model the propensity of each age class to contribute to the 22 

survival and reproduction of each age class, including its own. These genetic offspring transfer propensities can 23 

be conceptualised as two different matrices, one for survival and one for reproduction. The entry 𝐓𝒚𝒙 represents 24 

the relative propensity for age class 𝑥 to contribute to the survival or reproduction of age class 𝑦. This propensity 25 

takes the functional form of  26 

 27 

𝐓𝒚𝒙 = 𝑇(𝑥, 𝑦, 𝐶𝑥 , 𝐶𝑦) 28 

                           [C1] 29 

 30 

Where 𝐶 represents the stage of each age class, which could be, for example, pre-reproductive (juveniles), mature 31 

reproductive, mature non-reproductive, or post-reproductive. The form of [C1] allows for the relative propensity 32 

to be a function of the age and stage of both actor and recipient. Here, for simplicity, for our population with post-33 

reproductive survival (Fig. 1) we input a 1 into each element of the T matrix for survival in which the column 34 

represents a post-reproductive age class and the row represents a juvenile age class. This means that every post-35 

reproductive age class has the same relative propensity to contribute to the survival of each juvenile age class. 36 

Every other element in T (survival) is set to 0, and every element in T (reproduction) is 0. On the contrary, for 37 

our population with pre-reproductive help, we input a 1 into each element of the T matrix for reproduction with a 38 

column representing a pre-reproductive age class and a column representing a reproductive age class. This means 39 

every pre-reproductive age class has the same relative propensity to contribute to the reproduction of each 40 

reproductive age class. Every other element in T (reproduction) = 0, and every element in T (survival) = 0.  41 

 42 

The next step is to model the proportions of age-specific survival and reproduction that are due to the social 43 

environment. The total social transfers received by age class 𝑥 is ∑ 𝑇𝑥+1,𝑥
𝑧

𝑧  for survival at age 𝑥 and ∑ 𝑇1,𝑥
𝑧

𝑧  for 44 

reproduction at age class 𝑥, which are modelled as proportions of the background demographic rates 𝑝(𝑥) and 45 

𝑏(𝑥). These proportions may vary by age and stage, and different age classes within the same stage could have 46 

different proportions stripped from their survival and reproduction. For example, very young juveniles might owe 47 

their survival more to other members of the group than older juveniles. Here, we model cases were 10, 20 and 48 

30% of juvenile survival (Fig.1; Extended Data Fig. 1 and 2) or 10, 20 and 30% of adult reproduction is due to 49 

the social environment. These contributions are independent of age within the stage classification i.e. the same 50 

proportion is stripped from all juvenile or adult stage classes within the same iteration of the model.  51 

 52 

We can then quantify indirect fitness contributions by distributing the stripped genetic offspring equivalents that 53 

are the result of the social environment. Specifically, a focal individual aged 𝑥’s genetic offspring contribution to 54 

the survival of age class 𝑧 is: 55 

 56 

𝑇𝑧+1,𝑧
𝑥 = (𝑁 − 1)𝑓𝑧𝑡𝑧+1,𝑧

𝑥 𝑟̂(𝑥)  57 

              [C2] 58 



 3 

where (𝑁 − 1)𝑓𝑧  is the expected number of individuals alive on the patch aged 𝑧 with the focal individual aged 59 

𝑥, 𝑟̂(𝑥) is the relatedness of a focal individual aged 𝑥 to a random breeder on the patch, and 𝑡𝑧+1,𝑧
𝑥  represents the 60 

fraction of the total social contributions to the survival of age class 𝑧 that are due to age class 𝑥, and can be written 61 

more explicitly as 62 

 63 

𝑡𝑧+1,𝑧
𝑥 = ∑ 𝑇𝑧+1,𝑧

𝑗

𝑗

𝑓𝑥𝐓𝑧𝑥

∑ 𝑓𝑗𝐓𝑧𝑗𝑗
 64 

 65 

               [C3] 66 

The same logic applies to reproductive contributions. For each age class, these indirect genetic contributions are 67 

compiled into the inclusive fitness matrix W, along with the direct components of survival (𝑝̇(𝑥)) and 68 

reproduction (𝑏̇(𝑥)). The dominant left eigenvector of W is equal to the vector of inclusive reproductive value for 69 

each age class. The inclusive fitness forces of selection acting on a mutant allele that alters the rate of survival 70 

between age 𝑥 and 𝑥 + 1 or rate of reproduction at age 𝑥 can then be calculated according to [7] and [9] in the 71 

main text. Code for the numerical solutions explored in the main text is available in a separate file. 72 

  73 
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Further derivations for 𝒅𝒘𝟏𝒙 74 
 75 
The inclusive fitness effect of a mutant allele that causes a change in the direct rate of reproduction of a focal individual aged age x on it’s direct fitness can be displayed as 76 

 77 

𝑑𝑤1𝑥(1)

𝑑𝑏̇(𝑥)
= 𝑏̇(𝑥)[(1 − 𝑑)𝑔(𝑥) + (1 − 𝑐)𝑑𝑔̅] −  𝑏̇′(𝑥)[(1 − 𝑑)𝑔′(𝑥) + (1 − 𝑐)𝑑𝑔̅]   78 

                                                      [D1] 79 

The following working displays the simplification of [D1]: 80 

𝑑𝑤1𝑥(1)

𝑑𝑏̇(𝑥)
=  𝑏̇(𝑥)(1 − 𝑑)𝑔(𝑥) + 𝑏̇(𝑥)(1 − 𝑐)𝑑𝑔̅ − 𝑏̇′(𝑥)(1 − 𝑑)𝑔′(𝑥)  − 𝑏̇′(𝑥)(1 − 𝑐)𝑑𝑔̅ , 81 

𝑑𝑤1𝑥(1)

𝑑𝑏̇(𝑥)
=  𝑏̇(𝑥)(1 − 𝑑)𝑔(𝑥) − 𝑏̇′(𝑥)(1 − 𝑑)𝑔′(𝑥)  + (1 − 𝑐)𝑑𝑔̅[𝑏̇(𝑥) − 𝑏̇′(𝑥)], 82 

 83 
𝑑𝑤1𝑥(1)

𝑑𝑏̇(𝑥)
=  (1 − 𝑑) [

𝑏̇(𝑥)[(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅]

𝑏(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑
− 

𝑏̇′(𝑥)[(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅]

𝑏′(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑
 ] +  (1 − 𝑐)𝑑𝑔̅[𝑏(𝑥) − 𝑏′(𝑥)]  84 

 85 
The terms inside the brackets are manipulated using algebraic subtraction and, after simplification, results in: 86 
 87 

𝑑𝑤1𝑥(1)

𝑑𝑏̇(𝑥)
=  (1 − 𝑑) [

[𝑏(𝑥) − 𝑏′(𝑥)] [(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅][(𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑]

[𝑏(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑][𝑏′(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑]
] + (1 − 𝑐)𝑑𝑔̅[𝑏(𝑥) − 𝑏′(𝑥)] 88 

 89 
Further simplification results in the expression:  90 
 91 

𝑑𝑤1𝑥(1)

𝑑𝑏̇(𝑥)
=  (1 − 𝑑)[𝑏(𝑥) − 𝑏′(𝑥)] [

 [(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅][(𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑]

[𝑏(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑][𝑏′(𝑥)(1 − 𝑑) +  (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑]
] +  (1 − 𝑐)𝑑𝑔̅[𝑏(𝑥) − 𝑏′(𝑥)] 92 

 93 
which using definitions in Methods Appendix B is equal to: 94 
 95 

𝑑𝑤1𝑥(1)

𝑑𝑏̇(𝑥)
=  (1 − 𝑑)[𝑏(𝑥) − 𝑏′(𝑥)][𝑔(𝑥)(1 − ℎ(𝑥)]  + (1 − 𝑐)𝑑𝑔̅[𝑏(𝑥) − 𝑏′(𝑥)] 96 

which can finally be simplified to:  97 
𝑑𝑤1𝑥(1)

𝑑𝑏̇(𝑥)
=  𝑑𝑏̇(𝑥)[(1 − 𝑑)𝑔(𝑥)(1 − ℎ(𝑥))  + (1 − 𝑐)𝑑𝑔̅] 98 
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            [D2] 99 
 100 

The inclusive fitness effect of a mutant allele that causes a change in the direct rate of reproduction of a focal individual aged age x on the fates of offspring it indirectly 101 

produced through the reproduction of others can be displayed as 102 

 103 

𝑑𝑤1𝑥(2)

𝑑𝑏̇(𝑥)
= ∑ 𝑇1,𝑧

𝑥

𝑧

(1 − 𝑑)𝑔(𝑥) −  ∑ 𝑇1,𝑧
𝑥

𝑧

(1 − 𝑑)𝑔′(𝑥)  104 

                                                      [D3] 105 

The following working displays the simplification of [D3]: 106 

 107 

𝑑𝑤1𝑥(2)

𝑑𝑏̇(𝑥)
=  ∑ 𝑇1,𝑧

𝑥

𝑧

(1 − 𝑑) [
[(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅]

𝑏(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑
−  

[(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅]

𝑏′(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑
 ] 108 

 109 
The terms inside the brackets are manipulated using algebraic subtraction and, after simplification, results in: 110 
 111 

𝑑𝑤1𝑥(2)

𝑑𝑏̇(𝑥)
=  ∑ 𝑇1,𝑧

𝑥

𝑧

(1 − 𝑑) [
[𝑏(𝑥) − 𝑏′(𝑥)] [(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅](1 − 𝑑)

[𝑏(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑][𝑏′(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑]
] 112 

 113 
Further simplification and using definitions in Methods Appendix B results in the expression: 114 
 115 

𝑑𝑤1𝑥(2)

𝑑𝑏̇(𝑥)
=  𝑑𝑏̇(𝑥)(1 − 𝑑) [

[(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅][∑ 𝑇1,𝑧
𝑥

𝑧 (1 − 𝑑)]

[𝑏(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑][𝑏′(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑]
] 116 

 117 
which can finally be simplified to:  118 

𝑑𝑤1𝑥(2)

𝑑𝑏̇(𝑥)
= − 𝑑𝑏̇(𝑥)[(1 − 𝑑)𝑔(𝑥)𝐼(̇𝑥)] 119 

[4] 120 
 121 
 122 

 123 

 124 
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 125 

Finally, the inclusive fitness effect of a mutant allele that causes a change in the direct rate of reproduction of a focal individual aged age x on the fates of other offspring born 126 

on the patch can be written as 127 

 128 

𝑑𝑤1𝑥(3)

𝑑𝑏̇(𝑥)
= (𝑁 − 1)𝐹̅(1 − 𝑑)𝑔(𝑥) −  (𝑁 − 1)𝐹̅(1 − 𝑑)𝑔′(𝑥) 129 

            [D5] 130 
 131 

The following working displays the simplification of [D5]: 132 

 133 

𝑑𝑤1𝑥(3)

𝑑𝑏̇(𝑥)
=  (𝑁 − 1)𝐹̅(1 − 𝑑) [

[(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅]

𝑏(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑
− 

[(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅]

𝑏′(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑
 ] 134 

 135 
The terms inside the brackets are manipulated using algebraic subtraction and, after simplification, results in: 136 
 137 

𝑑𝑤1𝑥(3)

𝑑𝑏̇(3)
=  (𝑁 − 1)𝐹̅(1 − 𝑑) [

[𝑏(𝑥) − 𝑏′(𝑥)] [(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅](1 − 𝑑)

[𝑏(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑][𝑏′(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑]
] 138 

 139 
Further simplification and using definitions in Appendix B results in the expression: 140 
 141 

𝑑𝑤1𝑥(3)

𝑑𝑏̇(𝑥)
=  𝑑𝑏̇(𝑥)(1 − 𝑑) [

[(1 − 𝑝(𝑥) + (𝑁 − 1)𝑝̅][(𝑁 − 1)𝐹̅(1 − 𝑑)]

[𝑏(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑][𝑏′(𝑥)(1 − 𝑑) + (𝑁 − 1)𝑏̅(1 − 𝑑) +  𝑁𝑏̅(1 − 𝑐)𝑑]
] 142 

 143 
which can finally be simplified to:  144 

𝑑𝑤1𝑥(3)

𝑑𝑏̇(𝑥)
= − 𝑑𝑏̇(𝑥)[(1 − 𝑑)𝑔(𝑥)𝑘̇(𝑥)] 145 

            [D6] 146 
 147 
These offspring are related to the focal individual by 𝑟̂(𝑥). Equations [D2], [D4], and [D6] can then be summed to give [B10] in Appendix B. 148 
  149 
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 170 
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 174 
 175 
 176 

Extended Data Figure 1. The force of selection acting on survival rate at age 𝑥 in a population with post-reproductive survival (𝐬𝐞𝐞 𝐅𝐢𝐠. 𝟏) as a function of the (i) the magnitude 177 
of the social contribution from post-reproductive individuals to the survival of juveniles, where t = the fraction of juvenile survival that is due to post-reproductive individuals, 178 
(ii) the number of individuals on the patch (N) and the juvenile dispersal rate in the population: 0.2 (dotted line), 0.5 (continuous line), and 0.8 (broken line). The vertical dotted 179 
line at age 40 represents the age at which reproduction ceases. 180 
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Extended Data Figure 2. The force of selection acting on reproduction at age 𝑥 in a population with post-reproductive survival (𝐬𝐞𝐞 𝐅𝐢𝐠. 𝟏) as a function of the (i) the 208 
magnitude of the social contribution from post-reproductive individuals to the survival of juveniles, where t = the fraction of juvenile survival that is due to post-reproductive 209 
individuals, (ii) the number of individuals on the patch (N) and the juvenile dispersal rate in the population: 0.2 (dotted line), 0.5 (continuous line), and 0.8 (broken line).  The 210 
vertical dotted line at age 40 represents the age at which reproduction ceases. 211 
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Extended Data Figure 3. The force of selection acting on survival at age 𝑥 in a population with pre-reproductive helpers (𝐬𝐞𝐞 𝐅𝐢𝐠. 𝟐) as a function of the (i) the magnitude of 241 
the social contribution from pre-reproductive individuals to the reproduction of reproductive-aged adults, where t = the fraction of reproduction that is due to pre-reproductive 242 
individuals, (ii) the number of individuals on the patch (N) and the juvenile dispersal rate in the population: 0.2 (dotted line), 0.5 (continuous line), and 0.8 (broken line).   243 
 244 
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Extended Data Figure 4. The force of selection acting on reproduction at age 𝑥 in a population with pre-reproductive helpers (𝐬𝐞𝐞 𝐅𝐢𝐠. 𝟐) as a function of the (i) the magnitude 274 
of the social contributions from pre-reproductive individuals to the reproduction of reproductive-aged adults, where t = the fraction of reproduction that is due to pre-reproductive 275 
individuals, (ii) the number of individuals on the patch (N) and the juvenile dispersal rate in the population: 0.2 (dotted line), 0.5 (continuous line), and 0.8 (broken line).   276 
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