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Introduction
Newton’s law of universal gravitation in today’s language states that every point mass attracts every other point mass by a force acting along the line intersecting the two points. The force is proportional to the product of the two masses, and inversely proportional to the square of the distance between them (from https://en.wikipedia.org/wiki/Newton%27s_law_of_universal_gravitation.) Self-gravitation is neglected in meteorology/oceanography due to tininess. The gravitational force (FN) of solid Earth on a point mass (mA) at location rA in atmosphere/oceans is the volume integration from all the point masses located at r inside the solid Earth on mA (Figure 1) with the formula1 

                                                                                                    (1)
where G = 6.67408×10-11 Nm2kg-2, is the Newtonian gravitational constant, σ(r) the Earth mass density, and Π the Earth volume. Let σ0 be the averaged mass density. With σ0, Eq.(1) becomes

                                                                   (2)
where M = σ0Π = 5.98×1024 kg is the mass of the Earth. Let Ω be the Earth’s angular velocity with |Ω| = 2π/(86164 s). Combine the Newton’s gravitational force (FN) and the centrifugal force (FC) on the point mass A 

          (3)     
Correspondingly the true acceleration of the point mass A is given by  

                (4)  
where g is the true gravity, gs the standard gravity, geff the effective gravity (normal gravity), and δg the gravity disturbance vector.  The tidal effect on the gravity is ignored2.
                             [image: ]
Figure 1. Gravitational attraction of the solid Earth on a point mass in atmosphere and oceans. 

      The standard gravity gs is central (pointing to the center of the Earth, i.e., in the direction of rA) and associated with a non-rotating uniform mass distributed Earth. The effective gravity geff is noncentral (not in the direction of rA) and associated with a rotating uniform mass distributed Earth. The rotation causes equatorial bulge and polar flattening, i.e., ellipsoidal Earth. Let k be the unit vector perpendicular to the ellipsoidal Earth surface. The effective gravity geff at the Earth surface is given by3

                            (5)
where φ is latitude.
      Chu4,5,6 introduce g into the atmospheric/oceanic dynamics, i.e., include the gravity disturbance vector δg (then called horizontal gravity) in the basic equations. Chang and Wolfe7 (CW22) are not aware of δg, mistakenly treat the effective gravity (geff) as the true gravity (g), and use the information on geff from three text books8,9,10 and a paper11 to claim that δg does not exist. Stewart and McWilliams12 (SM22) do the same as CW22 in the first s sections in SM22, later use the shift in the reference density to accuse the gravity disturbance-driven component of the flow being ill-defined, and claim the gravity disturbance negligible through incorrect estimation.  
Geopotential and geopotential coordinates
      To solve the non-radial nature of geff, orthogonal curvilinear coordinate systems, called the geopotential coordinates (more accurately, it should be called effective geopotential coordinates), were proposed. Among them, the oblate spheroid coordinate system (λ, φ, z) with (i, j, k) the corresponding unit vectors is optimal since it describes the ellipsoidal shape more accurately8,10.  The effective geopotentials are represented by the surfaces of constant oblate radial coordinate. The effective geopotential Φeff is defined by

                                                                      (6)  
The gravity disturbance vector δg due to the nonuniform mass density σ(r) inside the Earth [see (A4)] is represented by the disturbing gravity potential T. The true geopotential and true gravity are given by13,14

                           (7)     

where N is the geoid;  is the three-dimensional vector differential operator.  The effective geopotential surface is represented by the Earth ellipsoidal surface. The true geopotential surface in top oceans is represented by the geoid surface (N) which varies from -106.2 m to 85.83 m [Figure 1 in Chu4]. They are evidently different.
      The “true” gravity in CW22 is in fact the effective gravity geff.  The geopotential and geopotential coordinates depicted in CW22 and in the first two sections of SM22 are also for the effective gravity geff, not for the true gravity g.  
[bookmark: _Hlk105938476]Shift in the reference density in oceanic Ekman layer
      Go to SM22 Supplementary12 (https://static-content.springer.com/esm/art%3A10.1038%2Fs41598-022-10023-3/MediaObjects/41598_2022_10023_MOESM1_ESM.pdf ) (hereafter the materials inside the boxes are copied from SM22)

  
Substitution of Eq.(16) into (13) in SM22 Supplementary12 leads to 

  

Eq(15) in SM22 Supplementary12 has an error in derivation  with the opposite sign for  SM22 use Eq (15)* to claim that






This is completely wrong because the buoyancy b in Eq.(15)* is based on the unshifted reference density ρ0, but the dynamic pressure  is based on  the shifted reference density . If the shifted reference density is used for both buoyancy b and dynamic pressure , Eq.(15)* becomes  [substitution of Eq.(14) into Eq.(15)* in SM22 Supplementary12] 

                          (8)
which shows that the gravity disturbance driven component of the flow is well-defined. 
Shift to absolute spherical coordinates in atmospheric Ekman layer
      SM22 use the two equations [(24) and (25) in Supplementary] 

      
to claim that 






[bookmark: _Hlk101962552]This is wrong because only z-independent variable is unchanged by the shift to the absolute spherical coordinates (i.e., moving z-surfaces up and down). In the classical atmospheric Ekman layer dynamics, the horizontal pressure gradient is z-independent. However, the gravity disturbance vector forcing is z-dependent. Ekman flow and pumping are definitely changed by the shift to absolute spherical coordinates as shown in Chu (2021c). The gravity disturbance forcing affects the atmospheric Ekman flow and pumping no matter is included in the geostrophic or ageostrophic flow. 
Importance of gravity disturbance 
[bookmark: _Hlk79933016]      SM22 use the following equation

    
to claim that      




Such an estimation is meaningless. The importance of the gravity disturbance vector forcing  should be compared with the baroclinic pressure gradient, not with the term  in Equation (5) of SM22. A minor issue here is that ρ0 is a constant (e.g., 1,028 kg/m3), not the surface density. 
      Large-scale ocean circulation under the Boussinesq approximation with the true gravity g is depicted by

                                                                                                        (9)
where D/Dt is total time derivative, p the pressure, f the Coriolis parameter, and F the frictional force. With ρ0, three-dimensional hydrostatic equilibrium is given by

                                                                                   (10)
which leads to the hydrostatic pressure 

                                                                                                             (11)  
Subtraction of (10) from (9) leads to 

                                                       (12)

                                                                                                                                          (13)
where   U = (u, v), is the horizontal velocity vector. For steady-state low Rossby number flow without friction, we have 

                                                                                                              (14)
which is the geostrophic balance with two forcing terms.  Importance of the gravity disturbance can be evaluated from the thermal wind relation derived from (13) and (14) 

                                                        (15)

where   is the buoyancy frequency. A non-dimensional D number is defined

                                                                                                                        (16)
to identify the importance of the gravity disturbance vector. 








[bookmark: _Hlk50276780]      The WOA18 annual mean temperature and salinity data15  are used to compute ρ and .  The static gravity model EIGEN-6C416  is used  to get N. With given (ρ, , N),   two vectors  and  are computed at all grid (1o×1o) points and z-levels (z = 0 to -5,500 m) of the WOA18. Figures 2a and 2b show the contour plots and Figures 2c and 2d show the histograms of  and  for the  four levels,  z = 0,   -500, -1,000, -2,000 m.  The magnitude has the mean of 13.45 Eotvos (1 Eotvos = 10-9s-2) at z = 0, 2.154 Eotvos at z = -500 m, 1.245 Eotvos at z = -1,000 m, and 0.5615 Eotvos at z = - 2,000 m  (Figure 2c).  The magnitude has mean of 1.128 Eotvos at z = 0, 0.4789 Eotvos at z = -500 m, 0.4389 Eotvos at z = -1,000 m, and 0.3894 Eotvos at z = -2,000 m (Figure 2d).  The D-number (Figure 2e) increases with depth almost monotonically from a small value (0.084) at z = 0, 0.222 at z = -500 m, 0.353 at z = -1,000 m, 0.693 at z = -2,000 m, 0.814 at z = -3,000 m, 1.087 at z = -4,000 m, and 1.576 at z = -5,000 m. This indicates that the gravity disturbance is nonnegligible in ocean circulation. 
Conclusion
      True gravity g does have horizontal component (i.e., gravity disturbance vector δg), which is quantified by gravity models along with observations in geodetic community. The effect of δg on atmospheric/oceanic dynamics is nonnegligible. The foundational ideas of hydrostatic, geostrophic, thermal wind, geopotential, Ekman layer dynamics, potential energy etc. with the effective gravity geff need to be advanced to that with the true gravity g.
              [image: ]




Figure 2. (a) Contour plots of , (b) contour plots of , (c) histograms of  (d)  histograms of  at four depths (0, -500, -1000, -2000) m, and (d) depth dependent of non-dimensional number D(z). 
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Appendix B. Retraction of Chu (2021a) by the Nature Scientific Report with wrong reason
      The Nature Scientific Reports rejected Chu’s reply to CW22 and SM22’s comments despite it shows severe and obvious errors made in CW22 and SM22 and retracted the paper Chu (2021a) with the following wrong reason (https://www.nature.com/articles/s41598-022-10846-0 ):
[image: ]
“After publication of this study concerns were raised that the study is based on a flawed premise that a horizontal component of gravity is neglected in oceanographic calculations. In practice, this component can be taken to be zero, because the errors associated with this neglect are smaller than the error of assuming the resting ocean surface appears locally level, as shown by Chang and Wolfe1. This is further expanded upon in Stewart and McWilliams2, who also show that even in a model formulated in absolute spherical coordinates, the horizontal component of gravity has a negligible impact on ocean circulation.”                                   
oleObject44.bin

image45.jpeg
(d)

)

(





image46.wmf
00

|(/)|

h

g

rr

Ñ


oleObject45.bin

image47.wmf
2

||

h

N

QÑ


oleObject46.bin

image48.wmf
00

|(/)|,

h

g

rr

Ñ


oleObject47.bin

image49.wmf
2

||

h

N

QÑ


oleObject48.bin

image50.jpeg
www.nature.com/scientificreports

scientific reports

OPEN

Published online: 26 April 2022

) Chook for et

Retraction Note: Ocean dynamic
equations with the real gravity

Peter C.Chu
Retraction of: Scientific Reports hitps://doi.org/10.1038/541598-021-82882- 1, published onlines: 05 February 2021
‘The Editors have retracted this Article.

Afier publication of this study concerns were raised that the study is based on a flawed premise that a horizontal
component of gravity is neglected in oceanographic calculations. In practice, this component can be taken to
be zero, because the errors associated with this neglect are smaller than the error of assuming the resting ocean
surface appears locally level, as shown by Chang and Wolfe'. This i further expanded upon in Stewart and
McWilliams?, who also show that even in a model formulated in absolute spherical coordinates, the horizontal
component of gravity has a negligible impact on ocean circulation.

The Editors no longer stand by the conclusions of this Article.

Peter Chu disagrees with this retraction,
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