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A Proof of theorem 2.2

A.1 Preliminaries
Before proving theorem 2.2, essential preliminaries are presented as follow.

Definition A.1. A simple matrix is defined as a matrix A™" when the algebraic and geometrical multiplicities of each of its
eigenvalues are equal.

Definition A.2. A normal matrix is defined as a matrix A" if and only if AAT = ATA when A™" is a real matrix or
AAH = AP A when A" is a complex matrix.

Definition A.3. An idempotent matrix is defined as a matrix A™" if and only if A = A.

Lemma A.1. Let A be a n X n simple matrix with eigenvalues Ay, Az, ..., A,. Then A can be diagonalized by

P7lAP = diag(A1, A2, ..., A), )

where P is an invertible matrix.
Proof. For any matrix A, there exists an invertible matrix P such that P~'AP = J = diag(J; (A1),2(A2), ..., J-(A,)), where

A1
W= @)
A

is called a Jordan block, and the matrix J is called the Jordan standard form of A.
The number of Jordan blocks corresponding to the same eigenvalue is the geometric multiplicity of that eigenvalue. The
sum of the orders of all Jordan blocks corresponding to the same eigenvalue is the algebraic multiplicity of that eigenvalue
By the definition of a simple matrix, where the algebraic and geometrical multiplicities of each of its eigenvalues are equal,
the Jordan blocks of a simple matrix A" can be denoted by J;(4;) = (4;), a 1 x 1 matrix. Then, for a simple matrix A", we
have:

Ji(A1) A

Piap— J2(%2) _ 2z . 3)

A.2 Proof of Theorem 2.2

Apparently, as a symmetric matrix, the adjacency matrix B!
Lemma A.1, we have:

mn)x(m+n) i 2 normal matrix, so it is a simple matrix. Then, by

B:Pdiag(llvl%"'7lm+”)P717 (4)



where A1, A3, ..., Ay are the m + n eigenvalues of B.
Given P is an invertible matrix, we can denote

P:(V17V27---avm+n> (5)

consisting of linearly independent column vectors v;, where Bv; = A;v;(i = 1,2, ...,m+n). Since BP = Pdiag(A, A2, ..., Amtn),
we have B = Pdiag(A1, A2, ..., ),m+n)P*l. Then:

BT = (P~ YH)Tdiag(A1, A2, ., Amin) PT (©6)
= (PT)~'diag(A1,A2, ..., Amsn)PT. @)

Let @1, 0, ..., W4, be the m +n eigenvectors of BT, which are linearly independent column vectors, we have
BT (@1, 0,,...,001,) = (01, @3, ..., Opn)diag(A1, A2, ..., Ay ). Then:

BT = ((1)1,(1)2,...,a)m+n)diag()~1,lg,...,ﬁ,,n+n)(a)1,(1)z,...,(x)m+n)7l. (8)

Apparently, combining Eq. (6) and Eq. (8) we get (PT)—I = (@1, @, ..., Oy p), SO we can denote p-l_ ((P—I)T)T _
(PTY"HT = (@1, @, ..., Opn1y)". Thatis:

o)
pil=| ©)
w;+n
Based on Egs. (4), (5) and (9), we can decompose B by
2,1 0o .. 0 (Dir
0 A& .. 0 ol
Bo=(vivoVuen )| T T N (10)
0 0 ... Apin o,
=y hviof . (11)

Furthermore, let B; = viw,»T. Since P7'P = Epin (e, a)l-ij = { (1) j;i’ ), Bi(i=1,2,...,m+ n) are idempotent
B j=i,

0 Jj#i,

Finally, we come to the theorem that B can be decomposed by

matrices satisfying B;B; = {

m+n
B= ) AB, (12)

i=1

(m+n)x (m+n)

where 4, is the i-th eigenvalue of B and B; is the corresponding idempotent matrix. O

B Proof of theorem 2.3

Proof. Since R=A-(D;oA)! - (DyoA) < RT = (DyoA)" - (DyoA)-AT holds, here let the operator T’ = (Dy 0A)T - (D 0 A).
In the first place, construct a non-empty complete metric space (R"*™, dp,x) based on R"*™. Since any two norms on a
finite-dimensional linear space are equivalent, for simplicity we choose the norm-induced metric dax (A, B) = max{|a;j|},1 <
ij
i <m,1 < j<n.ltis easy to prove that (R"*™ dp,y) is a non-empty complete metric space, as follows.

There is no doubt that (R™*™ dp,) is a metric space. Furthermore, assume {X} is a Cauchy sequence in R"*™, we have
that Ve > 0,3N € N, s.t., m,n > N,d(X") — X (") = Inax,'7j{|Xi(;1) —Xi<jm) |} < €. For any sequence {X;;} with fixed (i, j), we
have that Ve > 0,3N € N, s.t., m,n > N7d(Xl-(;1),Xi<jm)) < max,-’j{|Xi<j"> —Xl-(]m |} < €. So sequence {X;;} is a Cauchy sequence.
Since R is complete, X;; exists such that Xi(j"> — X;; when n — oo, where X;; € R. So X* exists such that X (") — X*, when
n — oo, Apparently, X* € R"*™, Therefore, (R"*", dnax) is @ non-empty complete metric space.
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Then, according to the Banach fixed point theorem on a non-empty complete metric space, the operator

l m App1 Z A1 A 1 ym  ap19m
h=1"Ky, K12 h=1"Ky, " K, “h=1"Ky,
Z/ . dhzflm Zh | ahzdhz 1 Zl;lz . ap2apn
T = (Dy OA)T -(DjoA) = Kl h=1"Ky, Kl =1 Ky, Kj, =h=1 Ky, 7 (13)
1 ahnuhl flhnahz 1 ym  AppGpn
Z Ky, Zh 1 7ky, K, Yo Ky,

e Qe

where a,, =0 or 1 and = 0if K, =0, is a contraction mapping on (R"*" dy.x). Finally, we have that T is a contraction

*
mapping on (R™*" d.«), meaning that the iterative process A <— A - T is convergent to a fixed point A*. U

C Other combinations of the AlIProbS

The user-item similarity based on Fyy and F7 can be calculated by other metrics, like covariance (Cov), dot product, Euclidean
Distance (ED) and Pearson correlation coefficient (Pearson), as follows.

Combinations Recall@10 MRR@10 NDCG@10
cosine + M-M + P (used) 0.215 0.434 0.248
cosine + M-M 0.167 0.405 0.217
cosine 0.167 0.405 0.217
Cov+M-M +P 0.132 0.318 0.166
Cov + M-M 0.125 0.303 0.158
Cov 0.125 0.303 0.158
dot_product + M-M + P 0.180 0.398 0.218
dot_product + M-M 0.136 0.343 0.180
dot_product 0.136 0.343 0.180
ED + M-M + P 0.197 0411 0.231
ED + M-M 0.147 0.366 0.193
ED 0.147 0.366 0.193
Pearson + M-M + P 0.207 0.419 0.238
Pearson + M-M 0.158 0.387 0.206
Pearson 0.158 0.387 0.206

Table S1. Results of model precision based on other combinations on MovieLens 100K, as an instance.

C.1 Covariance (Cov)
1 — _
Scov = 5 (Fu=Fu)- (F=F)", (14)

where Fy = (ol ,af,...,a?), F;= (BT, BT, ... ZFUU’ ZFU2j7

1 1 1 1
7ZFUmj)vﬁ:(7ZFIlﬁ*ZFIZja'“a*ZFIVlj)'
s = s = s s =

Jj=1

C.2 dot product
Sdot_product =Fy-Fr. (15)

C.3 Euclidean distance (ED)
SEp =S =1/| -2y F] + Fy + F |, (16)

S
where 7, = (ol a7 ,...,al), Z,"" = (B,B,.. \/ZFUIJ,\/ZFUgj,...,
j=1

Ry S S Ry
X 8- M y F¢ y Fé‘,»,---,,/mj»
J=1 j=1 j=1 j=1
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C.4 Pearson correlation coefficient (Pearson)

(Fy —Fy)(F — F)
SPearson = ol B ) (17)

s [ s
Wherea:(\/z FU]_]_FUI* \/Z FU2] FUZ* y e ZFUm/ FUm* 2)9

\/Z Fllj Fll* ) Z FI2/ FIZ*) a---v“Z(Flnjffln*)z)-

J=1 J=1
After combining these metrics with the max-min normalization (M-M) operation by Eq. (3) or the proportioning (P)
operation by Eq. (4), the AIProbS model of diverse versions can be constructed. Tab. S1 presents the results on model precision
of these new combinations, based on the evaluation settings designed in this article and MovieLens 100K for an instance,
among which the combination that cosine + M-M + P used in this article achieves the best performance.

D The schematics and pseudocodes of AlProbS
The pseudocodes of the AIProbS are displayed as follows.

Pseudocodes. The AIProbS model
Input: implicit interactions between m users and n items,

the length N of the recommendation list.
Output: user’s top-N recommendations.
: Construct Adjacency Matrix: construct A”*" of the input;
: Generate Feature: generate Fy, F; by methods in this article;
: Calculate Similarity: calculate " by Eq. (2);
: foreach row vector (SoA);, in (SoA)™" do
max = max((SoA);), min =min((SoA););

(SoA);j—min

(SOA)ij (—1w, J= 1,2,....m;
Wy, = m};(SoA)ik, j=12,..n
: foreach column vector (SoA),jin (SoA)™ " do
max = max((SoA),;), min=min((SoA),;);
(S OA)ij — min

A U1 A W=

o

10: (Sod)y T =12,
1 m
11: W, =—— SoA),i=1,2,...
Il] (SOA)U];( © )kj?l gLy ey

12: R=A-W] -wy;

13: foreach row vector R;. in R do

14:  record the column indices of R;.’s top-N elements into L;;
15: return LN as user’s top-N recommendations;

Fig. S1 illustrates the schematics of the AIProbS.
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Figure S1. Schematics of the AIProbS model. With a toy example, the schematics illuminate the processes of the two nodal
feature generation methods and the recommendation based on the ProbS framework and the AIProbS model for Bob in a movie

recommender system.
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