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In this supplement, I present the detailed calculations for the results discussed in the main paper.
In Sec. A, I calculate the noises that appear in the director dynamics stemming from its coupling
to bulk fluid flow. In Sec B, I present a detailed derivation of the effective interfacial or surface
velocity field. I show that the density fluctuations do not affect the orientational fluctuations (in
the hydrodynamics limit) when there is a particle exchange between the bulk fluid and the interface
(NNC and PNC models) in Sec. C. In Sec. D, I describe the four models considered in the main text
in more detail. Sec. E contains a detailed demonstration of long-range interfacial order in the NNC
models (i.e., interfacial nematic with bulk particle exchange). In Sec. F, I present an argument for
defect interactions in this interfacial ordered phase being stronger than equilibrium nematics. Sec.
G demonstrate that polar order in the PNC model is long-ranged. Sec. H displays the subdominant
corrections to the equations for angular fluctuations in both the PNC and NNCmodels. Sec. I details
the calculations demonstrating that an ordered phase is generally impossible in the NC model. In
Sec. J, I demonstrate that a stable nematic phase is possible in NC model but only when a special
relation is satisfied between the coefficients. I display the detailed calculations demonstrating that
highly motile polar flocks exist even when the flockers are confined to a fluid surface or interface (PC
model) in Sec. K. Sec. L considers the effects of interfacial (surface) fluctuations on the interface-
associated (surface-associated) ordered phase. Finally, Sec. M demonstrates that nematic interfacial
order is possible even in a confined geometry where hydrodynamic interactions are cut-off at the
scale of the confinement width.

Appendix A: Noise stemming from the velocity coupling in the angle and concentration equations

In this supplementary section, I will calculate the noises that enter the angle field equation and the concentration
equation due to the coupling with the velocity field. The Stokes equation has a conserving noise that I ignored in the
main paper. I will now show that it is irrelevant. For simplicity, I will consider an immersed interface in a fluid with
the same value of viscosity both above and below the interface. As mentioned in the main text and discussed more
fully in the next section B, to obtain the results for an interface between two dissimilar fluids or an air-fluid boundary
one only needs to change the viscosity to an effective viscosity. I first consider a spatiotemporally uncorrelated noise
in the velocity equation. The equations of motion of the bulk three-dimensional fluid are

− η∇2V = −∇Π + fsδ(z) + ξv, (A1)

where fs is the surface force density, the noise ξv has the correlation 〈ξv(r, t)ξv(r′, t′)〉 = −2∆vI∇2δ(r − r′)δ(t − t′)
and I have suppressed the in-plane viscosities (i.e., effectively assumed that the Saffmann-Delbrúck lengths are 0; see
the next section B). The in-plane velocity fields at z = 0, including the stochastic part, are obtained the integrating
(A1) over all qz:

vx =

∫ ∞
−∞

dqz
2π

−fsyqxqy + fsx(q2y + q2z)

ηq4
+

∫ ∞
−∞

dqz
2π

1

ηq4
[qx(ξvyqy+ξvz qz)−ξvx(q2y+q2z)] =

fsx(q2x + 2q2y)− fsyqxqy
4η|q⊥|3

+ξ̄vx, (A2)

vy =

∫ ∞
−∞

dqz
2π

−fsxqxqy + fsy (q2y + q2z)

ηq4
+

∫ ∞
−∞

dqz
2π

1

ηq4
[qy(ξvxqx+ξvz qz)−ξvy(q2x+q2z)] =

fsy (q2x + 2q2y)− fsxqxqy
4η|q⊥|3

+ξ̄vy , (A3)

and

Vz|(z=0) = −
∫ ∞
−∞

dqz
2π

qzq⊥ · fs

ηq4
+

∫ ∞
−∞

dqz
2π

1

ηq4
[qz(ξ

v
xqx + ξvyqy)− ξvz q2⊥] = ξ̄vz , (A4)

where q⊥ ≡ (qx, qy) and q ≡ (q⊥, qz). The correlations of the noises in these equations are

〈ξ̄vx(q⊥, t)ξ̄
v
x(q′⊥, t

′)〉 =
2∆v(q2x + 2q2y)

4η2|q⊥|3
δ(q⊥ + q′⊥)δ(t− t′), (A5)
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〈ξ̄vy(q⊥, t)ξ̄
v
y(q′⊥, t

′)〉 =
2∆v(2q2x + q2y)

4η2|q⊥|3
δ(q⊥ + q′⊥)δ(t− t′), (A6)

〈ξ̄vx(q⊥, t)ξ̄
v
y(q′⊥, t

′)〉 = −2∆vqxqy
4η2|q⊥|3

δ(q⊥ + q′⊥)δ(t− t′), (A7)

〈ξ̄vz (q⊥, t)ξ̄
v
z (q′⊥, t

′)〉 =
2∆v

4η2|q⊥|
δ(q⊥ + q′⊥)δ(t− t′). (A8)

with cross-correlations between ξ̄vx or ξ̄vy and ξ̄vz being 0. This implies that the noise ξ̄ that enters the angle equation
via the velocity coupling Ωxy − λAxy has the correlation

〈ξ̄(q⊥, t)ξ̄(q′⊥, t′)〉 =
2∆v[q4x(λ− 1)2 + q4y(λ+ 1)2 + 2q2xq

2
y]

8η2|q⊥|3
δ(q⊥ + q′⊥)δ(t− t′) ∼ O(q⊥) (A9)

This vanishes at small q⊥, in all directions and, therefore, it is subdominant to the non-conserving noise in the
angle field ξ which is retained in the main paper. This also implies that interfacial passive nematic order cannot be
facilitated by an active but isotropic interfacial force density, unlike in bulk fluids [53].

The noise ξ̄c that enters the concentration equation due to the velocity coupling ∝ −c0∇⊥ · v has the correlation

〈ξ̄c(q⊥, t)ξ̄c(q′⊥, t′)〉 =
2c20∆v|q⊥|

4η2
δ(q⊥ + q′⊥)δ(t− t′). (A10)

This vanishes only as |q⊥| and is therefore more important than the usual conserving noise in the concentration
equation which vanishes as q2⊥ in the small wavenumber limit. Nevertheless, the active couplings to either the nematic
or the polar order parameter contribute an anisotropic noise whose zero-frequency weight is ∼ q0⊥. Therefore, ξ̄c is
subdominant to this.

However, the noises stemming from active stress fluctuations in the bulk fluid (in the spatiotemporally chaotic state)
are generically correlated over an active timescale τa i.e., 〈ξv(q, ω)ξv(q′, ω′)〉 = 2∆vIq2δ(q + q′)δ(ω+ω′)/(τ2aω

2 + 1).
In this case, the noise stemming from the velocity field in the orientation equation becomes

〈ξ̄(q⊥, ω)ξ̄(q′⊥, ω
′)〉 =

2∆v[q4x(λ− 1)2 + q4y(λ+ 1)2 + 2q2xq
2
y]

8η2|q⊥|3(τ2aω
2 + 1)

δ(q⊥ + q′⊥)δ(ω + ω′) (A11)

Even this coloured noise doesn’t qualitatively modify the angular fluctuations. Writing the relaxation rate of angular
fluctuations in (7) of the main text as −κ(φ)|q⊥|, the static structure factor of angular fluctuations becomes

〈|θ(q⊥, t)|2〉 =
∆

κ(φ)|q⊥|
+

∆v[q4x(λ− 1)2 + q4y(λ+ 1)2 + 2q2xq
2
y]

8η2|q⊥|4κ(φ)[1 + τa|q⊥|κ(φ)]
(A12)

For τa|q⊥|κ(φ)� 1, which is always realised for small enough |q⊥| (since κ(φ) > 0 for all φ for stable interfacial order),
the second term does not diverge at small |q⊥| unlike the first one. Therefore, it can be neglected in comparison to
the first implying that bulk active fluctuations are irrelevant for the hydrodynamic properties of the interfacial phase.
Spatially correlated active noises can also be treated the same way and also turns out to be irrelevant. Similar
considerations apply to the noise in the concentration equation ξ̄c.

Appendix B: Detailed derivation of the mobility for the calculation of interfacial velocity field in terms of the
interfacial forces

In this supplementary section, I present the detailed steps required to obtain the mobility tensor used in the main
text (see Eq. (1) of the main text). I consider an interface between two incompressible fluids with viscosity ηt and ηb.
The fluids above and below the interface support no uniaxial order even when active units dissolve in the bulk fluid,
irrespective of the bulk density of the active units [8]. This is because of the instability of the bulk active nematic
fluids which implies that the active units essentially lead to a conserving noise which is correlated over finite spatial
and temporal scales [10, 19]. As shown in App. A, such noises in the bulk fluids above and below the interface do not
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modify the hydrodynamic behaviour of the interfacial ordered state and therefore, I neglect them here. With these
considerations, the Stokes equations for the fluid velocities above and below the interface, Vt and Vb respectively, are

ηt∇2Vt = ∇Πt (B1)

and

ηb∇2Vb = ∇Πb (B2)

where ηt and ηb are the viscosities of the fluids above and below the interface respectively and the pressures Πt and
Πb are determined by the incompressibility constraints ∇ ·Vt = 0 and ∇ ·Vb = 0. The incompressibility constraint
implies that ∇2Πt = ∇2Πb = 0 and ∇4Vt = ∇4Vb = 0. Fourier transforming in the x and y directions, transverse to
the interface, this yields

(q4⊥ + ∂4z − 2q2⊥∂
2
z )Vtq(z) = 0, (B3)

and

(q4⊥ + ∂4z − 2q2⊥∂
2
z )Vbq(z) = 0. (B4)

These equations have to be solved with boundary conditions Vtq(0) = Vbq(0) = v where v is the interfacial velocity,
and limz→∞Vtq(z)→ 0 and limz→−∞Vbq(z)→ 0. The general solutions of this form are

Vtq(z) = e−|q⊥|z(v + zT) (B5)

and

Vbq(z) = e|q⊥|z(v + zB) (B6)

where T and B are q⊥-dependent quantities which have to be determined. Taking the curl of (B1) and (B2) and
using these solutions yield

(iq⊥ + ∂z ẑ)× (−q2⊥ + ∂2z )Vtq(z) = 0 =⇒ (−|q⊥|ẑ + iq⊥)×T = 0 =⇒ q⊥ ×T⊥ = 0 (B7)

and similarly,

(|q⊥|ẑ + iq⊥)×B = 0 =⇒ q⊥ ×B⊥ = 0 (B8)

i.e., both T⊥ and B⊥ must be vectors parallel to q⊥. Taking the divergence of the velocity fields yield

(iq⊥ · v + Tz) + (iq⊥ ·T⊥ − Tz|q⊥|)z = 0 (B9)

and

(iq⊥ · v +Bz) + (iq⊥ ·B⊥ +Bz|q⊥|)z = 0. (B10)

This implies that Tz = −iq⊥ · v, Bz = −iq⊥ · v and

q⊥ ·T⊥ = −q⊥ · v|q⊥| =⇒ T⊥ = −q⊥q⊥
|q⊥|

· v, (B11)

where I have used the fact that T⊥ is a vector parallel to q⊥ in the last step. Similarly, B⊥ = q⊥q⊥ · v/|q⊥|.
Therefore, the velocity field at the top and the bottom of the interface, in terms of the interfacial velocity field, is

Vtq(z) = e−|q⊥|z[v − z(iẑ + q̂⊥)(q⊥ · v)] (B12)

and

Vbq(z) = e|q⊥|z[v − z(iẑ − q̂⊥)(q⊥ · v)] (B13)

Eqs. (B12) and (B13) imply that while ∇ · Vb = ∇ · Vt = 0, ∇⊥ · v 6= 0, i.e., the interfacial flow is not itself
incompressible with compressional or dilational in-plane flows balanced by ∂z(Vt)z and ∂z(Vb)z at z = 0. This is
crucial for the existence of interfacial active uniaxial phases. These equations further imply that

∂zVtq|z=0 = −q
2
⊥I + q⊥q⊥
|q⊥|

· v − iq⊥ · vẑ (B14)
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and

∂zVbq|z=0 =
q2⊥I + q⊥q⊥
|q⊥|

· v − iq⊥ · vẑ (B15)

where I is the 2× 2 identity matrix and the ẑ component could have been directly obtained by the three-dimensional
incompressibility constraint and the fact that Vtq(z = 0) = Vbq(z = 0) = v.

Eqs. (B14) and (B15) directly yield the difference of the tangential stresses of the top and the bottom fluid at z = 0
which has to be balanced by the surface forces. Separating out the interfacial viscous forces from those arising due to
interfacial director distortions and concentration fluctuations of the ordered active species and writing the latter as
fs = iq⊥ · σs, where σs is the interfacial particle-phase stress, I get

ηt∂z(Vtq)⊥|z=0 − ηb∂z(Vbq)⊥|z=0 − ηssq2⊥v − ηsbq⊥(q⊥ · v) = −iq⊥ · σs. (B16)

Defining η = (ηt+ηb)/2 and the Saffmann-Delbrück lengths [20] `s = ηss/2η and `b = ηsb/2η, I obtain an expression of
the in-plane velocity fields in terms of the in-plane particle-phase stress or force in the form v = iM · (q⊥ ·σs) = M · fs
with a mobility

M =
1

2η|q⊥|3[2 + (`b + 3`s)|q⊥|+ `s(`b + `s)q2⊥]

(
q2x(1 + `s|q⊥|) + q2y[2 + (`s + `b)|q⊥|] −qxqy(1 + `b|q⊥|)

−qxqy(1 + `b|q⊥|) q2y(1 + `s|q⊥|) + q2x[2 + (`s + `b)|q⊥|]

)
.

(B17)
For in-plane scales much larger than the Saffmann-Delbrück ones, i.e., when `s|q⊥|, `b|q⊥| � 1, that is relevant for
the hydrodynamic theory of an interfacial ordered state, this reduces to

M =
1

4η|q⊥|3

(
q2x + 2q2y −qxqy
−qxqy 2q2x + q2y

)
− 1

8ηq2⊥

(
(`b + `s)q

2
x + 4`sq

2
y (`b − 3`s)qxqy

(`b − 3`s)qxqy (`b + `s)q
2
y + 4`sq

2
x

)
+O(`2b , `

2
s, `s`b) (B18)

Thus, it is clear that the surface viscosities, through `b and `s, lead to higher order in wavenumber corrections to the
mobility which are irrelevant in the hydrodynamic limit. Further, an equivalent calculation of the mobility can be
performed when there is no fluid above the interface i.e., no equation for Vt. This describes the behaviour of a phase
associated with the stress-free boundary of a semi-infinite bulk fluid. In this case, the effective mobility is still given
by (B17) with an effective viscosity η = ηb/2. Therefore, (B17) can be used to obtain the velocity field at the interface
between two fluids, at the boundary of a semi-infinite bulk fluid and at an immersed surface – such as a membrane –
in a bulk fluid simply by modifying the definition of the parameter η: η = (ηt + ηb)/2 in the fist case, η = ηb/2 in the
second and η = ηf , where ηf is the viscosity of the bulk fluid, in the third.

Appendix C: Demonstration that interfacial concentration in NNC and PNC models are not hydrodynamic

In this supplementary section, I demonstrate that the interfacial concentration of active particles is not a hydrody-
namic variable, and does not affect the long-time, large scale properties of the interfacial ordered phase, in the NNC
and the PNC models (i.e., when the active particles can move between the bulk and the interface). I take the concen-
tration of active particles, or in the case of active polymers formed from monomers, the concentration of monomers
in the polymeric state, at the interface or the boundary to be c(r⊥, t), where r⊥ ≡ (x, y). The concentration of active
particles or monomers in the bulk is ρ(r, t) with r ≡ (x, y, z). The total number of active particles, or monomers
composing active particles,

∫
dr⊥[c+

∫
dzρ] = Ntot in the system is constant. For a surface-associated nematic phase

at the boundary of a semi-infinite fluid, ρ diffuses in the bulk below the interface. Even for an interface between two
fluids, I assume that ρ only diffuses in the fluid below the interface. This assumption may be easily relaxed and the
argument presented here works even when the particles diffuse in the fluids both above and below the interface. The
bulk density ρ is conserved inside the fluid and gets converted to c only at the boundary. Therefore, in the bulk, ρ
obeys a conservation equation of the form

∂tρ+ Vb · ∇ρ = Dρ∇2ρ (C1)

with a boundary condition at the surface of the bulk fluid z = 0, Dρ∂zρ|z=0 = j where j is the flux of ρ into and out
of the bulk. The surface concentration field c has an equation of motion [21, 22]

∂tc = −∇⊥ · (cv)−∇⊥ · Ja +Dc∇2
⊥c+ j (C2)
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where Ja is the active current which, for a nematic system has the form, Ja = gQ1(c)∇⊥ · [gQ2(c)Q] where gQ1(c) and
gQ2(c) are arbitrary functions of the concentration and j is the flux of particles into and out of the interface. Eqs.
(C1) along with its boundary condition and (C2) together imply that there is an exchange of particles between the
bulk fluid and the surface. The flux j is generally modelled as [21, 22]

j = kaρ|z=0

(
1− c

cmax

)
− kdc (C3)

where ka is the adsorption rate, kd is the desorption rate, cmax is the maximum interfacial concentration and ρ|z=0

is the bulk density adjacent to the interface. The specific form of j is unimportant; it simply models the adsorption
and desorption of the particles to and from the interface.

In the steady state, ρ = ρ0 everywhere and j = 0 implying that c0 = kaρ0cmax/(kdcmax + kaρ0). Eq. (C2) along
with (C3) imply that deviations from of δc of c from this steady-state value are not hydrodynamic but relax at a finite
time as

∂tδc = kaδρ|z=0 −
ka
cmax

ρ0δc− kdδc. (C4)

This implies that δc adjusts in a finite time to preserve j = 0 and is slaved to the fluctuations of the bulk density
adjacent to the interface via

δc =
cmaxka

kaρ0 + kdcmax
δρ|z=0. (C5)

The bulk fluid in the NNC model, therefore, acts as a reservoir for the concentration of the particles at the interface
which is not globally conserved, but locally fixed – a local excess or deficit of c decays primarily by the exchange with
the bulk , i.e., by diffusion into or out of the bulk fluid, and not by diffusion within the boundary layer. Further, since
j relaxes to 0 in a finite time, the bulk density field (C1) effectively has a no-flux condition at the interface and, to
the linear order, is not affected by fluctuations of either the velocity field or the order parameter field.

The bulk fluid equation has a contribution from the bulk density of the form ρ∇δFρ/δρ where Fρ is the bulk free
energy of the particles. The linearised force due to density fluctuations is therefore −ρ0∇δFρ/δρ and can be absorbed
into a redefinition of the pressure Πb. There are possible active forces involving ρ of the form ∇ · (∇ρ∇ρ) [19, 23, 24]
but in a homogeneous state, this again leads to a conserving noise which vanishes faster at small wavenumbers than
the noise considered in Sec. A and is therefore even less relevant. This implies that bulk density fluctuations do not
affect the hydrodynamics of interfacial order.

Appendix D: Detailed description of the models

In this supplementary section, I describe the four models I consider, viz. the NNC, PNC, NC and PC models, in
full detail.

1. NNC Model: Interfacial active nematic composed of nematogens diffusing in the bulk

I describe a nematic phase at a two-fluid interface, at the boundary of a bulk fluid or at an immersed surface in a
fluid, with the active particles diffusing in the bulk. The nematogens are constrained to lie parallel to the interface
– the directions in the plane of the interface form a degenerate set of easy axes [11] – and have no component along
the normal. The in-plane nematic order, which I take to be along x̂, is characterised by the two-dimensional apolar
order parameter

Q =
S

2

(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)
(D1)

where θ is the deviation of the local nematic order from x̂ and S is the magnitude of the nematic order whose steady
state value is S0 = 〈S〉.

The dynamics of the orientational order parameter Q is coupled to the in-plane velocity field v.v is completely
determined in terms of the particle-phase stress σs which depends on Q. The standard dynamical equation for Q is

Q̇ = Q ·Ω−Ω ·Q− λAST − λ1[Q · A]ST − ΓH + ξQ, (D2)



6

where the overdot denotes the convected derivative ∂t+v ·∇, Ω = (1/2)[∇⊥v−(∇⊥v)T ] is the planar vorticity tensor
at the interface, A = (1/2)[∇⊥v + (∇⊥v)T ] is the planar strain-rate tensor at the interface, with |λ| > 1 describing
nematogens with tendency to align under an imposed shear flow and |λ| < 1 describing flow tumbling, the superscript
ST denotes symmetrized, traceless part of a tensor, H = [δFQ/δQ]ST and ξQ is a non-conserving noise with the
correlation

〈ξQij(r⊥, t)ξ
Q
kl(r

′
⊥, t
′)〉 = 2∆Q[δikδjl + δilδjk − δijδkl]δ(r⊥ − r′⊥)δ(t− t′). (D3)

Finally, Γ controls the relaxation to the equilibrium steady state, given by the free energy FQ, in the absence of
activity. The standard Landau-de Gennes free energy for a two-dimensional nematic, in a simplified one Frank
constant approximation, is FQ =

∫
dr⊥fQ, with fQ = (α/2)(Q : Q) + (β/2)(Q : Q)2 + (K/2)(∇⊥Q)2, which supports

an orientationally ordered phase for α < 0. The in-plane, particle phase stress is

σs = −ζQ− λH− 2 [Q ·H]
A − λ1 [Q ·H]

ST −∇⊥Q :
∂fQ
∂∇⊥Q

. (D4)

Here, the term with the coefficient ζ is the active stress [1, 8] while the remaining contributions are required by
Onsager symmetry to ensure that the equilibrium distribution is recovered in the limit ζ = 0. An active stress with
ζ > 0 denotes an extensile suspension, while one with ζ < 0 signifies contractility [25]. Eqs. (D2), (D4) along with
the definition of the mobility (B17) (or (1) of the main text) describe the NNC model.

2. PNC Model: Interfacial active polar fluid composed of motile particles that diffuse in the bulk

The PNC model describes an interfacial polar phase composed of motile particles that can diffuse in the bulk fluid
as can be realised in a system of elongated active Brownian particles [26] at the boundary of a bulk fluid or at a
two-fluid interface. It shares similarities with the NNC model.As in the NNC model, the interfacial concentration
field c is nonhydrodynamic in this model for precisely the same reason. Therefore, to describe the motile phase in the
PNC model, I need to specify the dynamics of a polar order parameter p which couples to the in-plane velocity field.
The polar order parameter is taken to be disposed, on average, along x̂: p = p(cos θ, sin θ) where p is the magnitude of
the polar order and θ denotes the local deviation of the polarisation from x̂. The in-plane velocity field is determined
by a p-dependent stress σs and the mobility (B17). The dynamics of p is described by

ṗ + vpp · ∇p + Ω · p = −λp · A− λp∇2
⊥v − Γph + ξp (D5)

where vp denotes active self-advection due to the motility of the polar particles, Fp =
∫
dr⊥[(α/2)p2 + (β/4)p2 +

(K/2)(∇⊥p2)+Kpp
2∇⊥ ·p] =

∫
dr⊥fp is the standard free energy for polar liquid crystals, h = δFp/δp and the noise

ξp has the correlation 〈ξpi (r⊥, t)ξ
p
j (r′⊥, t

′) = 2∆pδijδ(r⊥−r′⊥)δ(t− t′). There are additional, permitted active terms in
the polarisation equation at the same order in gradients and fields of the form p∇ ·p and ∇p2 [1, 2, 4, 27]. However,
these do not ultimately affect the hydrodynamic fluctuations of the polar phase [27] and therefore, I disregard them.
The particle phase stress tensor for a polar state is [28, 29]

σs = −ζ
(

pp +
p2I
2

)
+ ζp

[
∇⊥p + (∇⊥p)T

]
− λ[ph]S + λp[∇⊥p]S − 2[ph]A −∇⊥p · ∂fp

∂(∇⊥p)
(D6)

where the superscripts S and A describe symmetric and antisymmetric parts of a tensor respectively and the final
term is Ericksen stress [30]. Eqs. (D5) and (D6) together with the definition of mobility completely specify the PNC
model.

3. NC Model: Interfacial active nematic composed of nematogenic species living at the interface

The NNC and PNC models refer to systems in which the active species is free to move away from the interface into
the bulk fluid. However, in some experimental and biological systems, active particles may be localised at the interface
between two fluids, as in [12–15] or at the surface of a bulk fluid. In this case, the concentration c of active particles
at the interface is conserved. The NC model describes an interfacial active nematic in which the concentration of
the active particles at the interface is conserved. The effective free energy (with a coupling between c and Q) is
FQc = FQ +

∫
dr⊥[g(c) +AQcQ : ∇⊥∇⊥c] where g(c) is a function of concentration. The dynamics of the Qtensor is

still described by (D2) with H = [δFQc/δQ]ST . The concentration dynamics has the form

∂tc = −∇⊥ · (cv) + Γc∇2
⊥
δFQc
δc

+∇⊥ · Ja + ξc (D7)
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where Ja = ζQc∇⊥[gQ1(c)∇⊥ · {gQ2(c)Q}] for an apolar system, with gQ1(c) and gQ2(c) being arbitrary functions of
the concentration field, and the conserving, spatiotemporally white noise ξc has the correlation 〈ξc(r⊥, t)ξc(r′⊥, t′)〉 =
−2∆c∇2

⊥δ(r⊥−r′⊥)δ(t− t′). The second term in (D7) controls the relaxation to equilibrium in the absence of activity
while the final term is the active curvature current [1, 7, 31]. Finally, the particle phase stress tensor is also modified
from (D4): the active stress coefficient ζ generically depends on the concentration −ζ(c)Q and there is an additional
isotropic pressure-like term −Πc(c)I, where I is the rank two identity tensor, which, in general, has both active and
passive contributions. Further active nonlinear terms of the form ∇⊥c∇⊥c [19, 23, 24] are also allowed in the stress
but they do not affect the stability of a homogeneous ordered phase and I will not consider their effects in this work.
The conserved concentration dynamics crucially modifies the phase behaviour of the oriented state in the NC model.

4. PC Model: Interfacial active polar fluid composed of polar species living at the interface

The PC model describes a floating flock of purely interface or boundary-associated motile units. The polarisation
dynamics of the flockers is described by (D5) with a modified definition of h = δFpc/δp where Fpc = Fp+

∫
dr⊥[g(c)+

γp · ∇⊥c], g(c) is an arbitrary function of the concentration field and the final term is the spontaneous splay energy
familiar in studies of polar liquid crystals [32]. The dynamics of the concentration field is described by (D7) with,
however, a distinct active current Ja = vc(c)p proportional to the polarisation itself. This models the active motility
of the flockers. Finally, as in the NC model, the particle phase stress tensor is modified from (D6) due to the
concentration dependence of the active stresses ζ(c)

(
pp− p2I/2

)
+ ζp(c)

[
∇⊥p + (∇⊥p)T

]
and the presence of a

surface pressure-like isotropic stress −Πc(c)I. Further, all phenomenological coefficients now, in principle, depend
on the concentration field. This completes the description of the four distinct models and physical situations that I
examine.

Appendix E: Detailed demonstration that interfacial order is long-ranged

In this supplementary section, I will expand on the discussion of the stability of the interfacial nematic flock in
the PNC model and discuss its long-range nature (which is best demonstrated by calculating the exact roughness
exponent). To demonstrate the stability of nematic phase in the NNC model, I expand eqs. (D2), and (D4) of
the NNC model with (B17) to linear order in fluctuations about a perfectly ordered phase characterised by S0 = 1.
Writing S = 1 + δS, the equation of motion for δS from (D2), to lowest order in gradients is simply ∂tδS = −Γ|α|δS.
This implies that the fluctuations of the order parameter magnitude relax within a finite time ∼ (Γα)−1 and therefore
do not affect the long-time, large-scale behaviour of the ordered phase. The angle field, in contrast, is a Goldstone
mode of corresponding to broken rotation symmetry and, therefore, hydrodynamic; for a state oriented along x̂, the
linearised angular dynamics from (D2) is

∂tθ = Ωxy − λAxy + ΓθK∇2
⊥θ + ξ, (E1)

where Γθ = Γ/4 and 〈ξ(r⊥, t)ξ(r′⊥, t′)〉 = 2∆δ(r⊥ − r′⊥)δ(t − t′)δ(z), with ∆ = ∆Q/4. Similarly, expanding the
interfacial particle-phase force density fs = iq⊥ · σs (D4), to lowest order in wavenumbers, I obtain fs = −iζ(qyθx̂+
qxθŷ). Combining this with the lowest order in wavenumber ∼ q−1 part of the mobility (B17) yields the in-plane
velocity field and the relaxation rate of the angular fluctuations to leading order in wavenumbers:

∂tθ = − ζ

4η

q4x(λ− 1) + q4y(λ+ 1)

|q⊥|3
θ +O(q2⊥) + ξ =

ζ|q⊥|
4η

[
cos(2φ)[1− λ cos(2φ)]− λ

2
sin2(2φ)

]
θ +O(q2⊥) + ξ, (E2)

where in the second equality, φ is the angle between q⊥ and the mean ordering direction x̂. This is the angular dynamics
described in the main text. Eq. (E2) implies that the relaxation rate for angular fluctuations is positive for all φ when
|λ| > 1 – i.e., flow-aligning – and ζλ > 0. To see this, first consider ζ > 0 and λ > 1. Then, for the relaxation rate to
be positive, the term within the square brackets has to be < 0 for all φ i.e., all of its extreme values must be negative.
The extreme values of this term, which can be expressed as [cos 2φ− (λ/2)(1 + cos2 2φ)] are at φ = (2n + 1)π/2, nπ
or at cos 2φ = 1/λ and all of them are negative for ζ > 0 and λ > 1: [cos 2φ− (λ/2)(1 + cos2 2φ)]|φ=nπ = [1− λ] < 0,
[cos 2φ− (λ/2)(1+cos2 2φ)]|φ=(2n+1)π/2 = [−1−λ] < 0 and [cos 2φ− (λ/2)(1+cos2 2φ)]|cosφ=1/λ = [(1/λ)− (λ/2){1+

(1/λ)2}] = 1/(2λ) − λ/2 < 0. A similar argument shows that the relaxation rate is positive, i.e., the planar ordered
phase is stable, when ζ < 0 and λ < −1. This directly demonstrates that, contrary to popular belief, a two-
dimensional planar nematic phase is realised in the fully momentum-conserved NNC model. This is due to the lack
of two-dimensional incompressibility of the layer. This can be heuristically understood by the following argument:
in a strictly two-dimensional, momentum-conserved layer (i.e., the momentum is conserved in two-dimensions), if
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there were no constraint of incompressibility, the bulk velocity would be proportional to −iζb(qy, qx)θ/ηq2, where
ζb is a bulk active stress, in a two-dimensional fluid which would lead to relaxation rate for angular fluctuations
∝ ζb(cos 2φ− λ)/2η. This relaxation rate is positive and hence stabilising when ζbλ > 1 and |λ| > 1. A similar effect
stabilises interfacial order.

In contrast, the nematic phase is unstable to fluctuations in flow-tumbling systems |λ| < 1 for either sign of activity
– extensile systems (ζ > 0) are unstable for φ ≈ 0, i.e., bend, and contractile systems (ζ < 0) are unstable for splay,
φ ≈ π/2 – or even in flow-aligning systems when ζλ < 0.

When the nematic state is linearly destabilised in the NNC model, a patterned state is expected to appear [12, 16, 17]
whose wavenumber, which is expected to coincide with the fastest growing mode, is qc⊥ = Max[ζ{2 cos 2φ − λ(1 +
cos2 2φ)}/(8ηΓθKr(φ))], where Max denotes the maximum value of a function and ΓθKr(φ) denotes the coefficient
of the O(q2⊥) term in (E2), with Kr(φ) being the effective activity-renormalised Frank elasticity, which in passive
systems would have been just −ΓθK but here will have active corrections as displayed in the supplementary section
H.

Concentrating on the stable nematic phase in the NNC model, Eq. (E2) implies that the relaxation rate of
angular fluctuations scales as |q⊥| along all directions of the wavevector space unlike the relaxation rate of passive
nematics or active nematics on substrates both of which scale as ∼ q2⊥ [1, 7, 31]. This is due to a combination of
activity and momentum-conserved fluid dynamics-induced long-range interactions. While the interaction is not long-
enough ranged (i.e., it decays too fast) to make the orientational Goldstone mode massive [28, 33], which remains
hydrodynamic ω ∝ −i|q⊥|, it drastically reduces the director fluctuations. From Eq. (E2), the static structure factor
of angular fluctuations

〈|θ(q⊥, t)|2〉 =
8η∆

ζ|q⊥|[λ{1 + cos2(2φ)} − 2 cos(2φ)]
. (E3)

This diverges as ∼ 1/|q⊥| along all directions of the wavevector space – more slowly than in two-dimensional rotation
symmetry broken states with short-range interactions where the divergence as ∼ 1/q2⊥ leads to the destruction of LRO
[34]. The depression of the order parameter from its perfectly ordered value S0 = 1 due to fluctuations is be obtained
using 〈S〉/S0 = 〈cos 2θ〉 ≡ e−W where W = 2〈θ(r⊥, t)2〉 = 2

∫
(d2q⊥/4π

2)〈|θ(q⊥, t)|2〉 evaluates to

W = 2

∫
d|q⊥|

∫
2η∆dφ

π2ζ[λ{1 + cos2(2φ)} − 2 cos(2φ)]
∝ Λ∆, (E4)

with Λ being a wavenumber cut-off. Since W is finite, 〈S〉 does not generically vanish due to fluctuations even in
infinite systems, unlike in, for instance, X-Y model [34], implying that at least for small enough ∆, a long-range
ordered nematic phase exists. More formally, the Debye-Waller factor e−2W is nonzero even for infinite systems
implying long range order.

This discussion of the existence of long-range interfacial nematic order in the NNC model considered only linear
fluctuations. I now demonstrate that it remains qualitatively correct even taking nonlinearities into account by using
the standard renormalisation group logic. For this, I rescale lengths, time and the angle field as x → bx, y → bµy,
t → bzt and θ → bχθ, where µ is the anisotropy exponent, z is the dynamical exponent and χ is the roughness
exponent. Within the linear theory, these exponents can be determined from the knowledge of the static (E3) and
dynamic structure factors

〈|θ(q⊥, ω)|2〉 =
128η2∆

(8ηω)2 + [ζ|q⊥|{λ(1 + cos2 2φ)− 2 cos 2φ}]2
. (E5)

From (E3) 〈θ(0, t)θ(r⊥, t)〉 =
∫

(dq⊥/4π
2)eiq⊥·r⊥〈|θ(q⊥, t)|2〉 ∼ 1/|r⊥|, which implies χ = −1/2. Furthermore, since

Eq. (E3) scales the same way along all directions of the wavevector space, the anisotropy exponent µ = 1. Finally,
balancing ω against the damping term in (E5) yields ω ∝ q⊥ and therefore, the dynamical exponent z = 1 within the
linearised theory. The values of these linear exponents may also be obtained more formally by demanding that size of
fluctuations of θ remain fixed upon rescaling i.e, by ensuring that the relaxation rate and the noise strength ∆ remain
unchanged. Since the relaxation rate must remain unchanged along all directions of wavevector space, µ = 1. Since
the relaxation rate ∼ |q⊥|, z = 1 as well. Under rescaling, the noise strength scales as ∆ → ∆bz−µ−1−2χ implying
that for it to remain unchanged, χ = −1/2 since z = µ = 1. Unsurprisingly, both arguments yield the same values of
the linear exponents. With these linear exponents, I now assess the importance of possible nonlinear terms in (E2)
by simply checking whether the coefficients of these grow or decay under rescaling. The most relevant nonlinearities
that can appear in (E2) are terms that have one power of the velocity field v and one power of θ, along with a
gradient operator, such as the one due to advection v · ∇⊥θ. This scales as q⊥(θ2)q since v ∼ Φ(φ)θ where Φ(φ)
is a vector function that depends on φ, but not on |q⊥|. The most relevant nonlinearity not involving the velocity
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field contains two powers of the gradient and is quadratic in θ [35–37] and is therefore subdominant to this. The
coefficient of the most dominant nonlinearity q⊥(θ2)q scales under rescaling as bz−1+χ = bχ. Since within the linear
theory, χ = −1/2 < 0, this clearly decays under rescaling and therefore, is irrelevant. This implies that this model
has no relevant nonlinearity and the linear theory is exact i.e., (E2), (E3) and (E5) describe the exact long-distance,
large time properties of a boundary-associated active nematic phase in a momentum-conserved system. In particular,
the low-noise, long-range ordered nematic state predicted on the basis of the linear theory, survives even upon taking
nonlinearities into account.

Appendix F: Defect interactions in the nematic phase of NNC model

The discussions of stability and long-range order of interfacial active nematics, up to this point, considered only
smooth director fluctuations about an ordered state and ignored topological defects. Yet, in bulk active nematics,
dynamics of topological defects are known to drive the eventual spatiotemporally chaotic state [9, 10, 38]. Indeed,
+1/2 defects in nematics are geometrically polar [30, 34, 39] and, therefore, are rendered motile by activity [40–44].
Since −1/2 defects have a three-fold symmetry, ±1/2 defect-pairs in active nematics generically unbind at low noise
strengths [40]. While a full examination of defect dynamics in the interfacial nematic phase, including their advection
by the active flow leading to non-reciprocal defect interactions [5, 45], is beyond the scope of this paper, I now argue
that the long-range interaction that stabilises the ordered phase to director fluctuations also makes the separation of
±1/2 defects much less likely than in other active nematic systems, both wet and dry.

The modification of the attractive interaction between ±1/2 defect pairs due to the combination of fluid flow
and activity can be understood via an analogy with passive two-dimensional X − Y model with dipolar in-
teractions [46–48]. This analogy is not perfect: the dipolar interaction has the free energy density Fdip =∫
r⊥

∫
r′⊥
∂αθ(r⊥)∂′βθ(r

′
⊥)/|r⊥ − r′⊥|. Therefore, the relaxation rate for the spin fluctuations in two-dimensional dipolar

X−Y model vanishes at small wavenumbers as ∼ q⊥ for most directions of the wavevector space. Unlike the interfacial
active nematics, however, the dispersion relation is ω ∼ −iq2y/|q⊥| and therefore, vanishes as q2x for fluctuations along
the ordering direction [6, 28, 48]. This implies that the two models belong to distinct universality classes with the
dynamical exponent z = 2, the anisotropy exponent µ = 3/2 and the roughness exponent χ = −1/4 for the dipolar
X−Y model. The higher value of χ in the dipolar X−Y model compared to interfacial active nematics demonstrates
that it has a lower degree of order, as expected, since the relaxation rate of fluctuations in the latter scale as |q⊥| in
all directions of the wavevector space. Nevertheless, the imperfect analogy between the two models proves fruitful in
understanding defect interactions in interfacial active nematics. The linear dynamics of the interfacial active nematic
(E2) can be derived from an effective free energy

Feff[θ] =
1

2

∫
d|q⊥|

∫
dφ

[
|ζ|C(φ)

4Γθη

1

|q⊥|
+Kr

]
q2⊥|θ|2, (F1)

where C(φ) = cos(2φ)[1− λ cos(2φ)]− (λ/2) sin2(2φ). Importantly, the first term in the square bracket has the same
spatial character as the dipolar energy in a two-dimensional X − Y model with dipolar interactions [46–48], but as
advertised, a different angular character, with C(φ) being strictly positive in the stable phase being considered here
(in dipolar magnets, the corresponding C(φ) vanishes as φ = 0). Ignoring, for the moment, the motility of +1/2
defect, I use an argument presented in [47] for vortex interactions in passive dipolar X − Y model to obtain the
defect interactions in the NNC model. The singular part of the angle field due to a defect at the origin with charge
s is θ̄(|r⊥|, φ′) = 2πs

∫
|q⊥|,φ e

i|q⊥||r⊥| cos(φ−φ′)/q2⊥. From this, following [47] the defect interaction energy between two
defects (which can be easily generalised to arbitrary number of defects), with charges s1 and s2 and positions 0 and
|r⊥|(cosφ′, sinφ′) is

Fdef = π2s1s2

∫
q⊥,φ

e−i|q⊥||r⊥| cos(φ−φ
′)

[
Kr

q2⊥
+
|ζ|C(φ)

4Γθη

1

|q⊥|

]
. (F2)

As is well-known, the infrared divergences cancel for a charge-neutral system finally yielding a defect interaction
energy (for one of the defects at the origin) which, when written in real space, has the form

Fint = −s1s2
[
πKr

2
ln

(
|r⊥|
a

)
+

ζ

Γθη
α|r⊥|

]
(F3)

where a is the size of the defect core and α > 0 is a positive constant whose determination requires a detailed
calculation beyond the scope of this heuristic argument. The interaction energy scaling as |r⊥| is stronger than the
usual logarithmic potential that binds defects in passive systems with short-range interactions and is equivalent to
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the potential between vortices in dipolar X − Y models. In effect, here activity effectively leads to an additional
elasticity which diverges as 1/|q⊥| as q⊥ → 0 or as r⊥ as r⊥ → ∞ leading to the extra contribution. In passive
dipolar X − Y models an interaction energy of the form (F3) immediately implies that defects are bound in the low
temperature ordered phase. The situation is more complicated here because of two aspects of defect dynamics in
active systems which I disregarded. First of these is the self-propulsion of +1/2 defects. Within a one-dimensional
approximation, this leads to an effective repulsive potential between oppositely charged defects that scales as |r⊥|
and should compete against the attractive potential ∝ ζ. This repulsive interaction also depends linearly on ζ with
the full effective potential becoming F±1/2 = Fint|s1s2=−1/4 − |v||r⊥| where |v| ∝ ζ is the motility of the +1/2 defect
[40, 43]. Therefore, understanding whether ±1/2 defect pairs remain bound at low noise strengths in interfacial active
nematics would require a detailed calculation of the coefficients of the defect motility and attractive interaction.
However, [40] demonstrates that at intermediate noise strengths fluctuations isotropise the direction of motion of
the +1/2 defects making them diffusive and weakening the effect of motility such that it simply renormalises the
effective Frank elasticity. While that calculation ignores all effects of fluid flow, a similar argument should hold in
this case as well implying that at least at intermediate noise strengths, the defects should remain strongly bound
making the long-range ordered phase described here possible. The second aspect of defect dynamics disregarded here
is the non-reciprocal interaction between active defects [5, 45, 49] which should arise in this interfacial geometry as
well. A consideration of these complexities will be discussed elsewhere. Notwithstanding these caveats, this heuristic
discussion suggests that the long-range ordered nematic state discussed here should be observable in experiments and
will not be inevitably destroyed due to the unbinding of defects.

Appendix G: Polar phase in the PNC model

In this supplementary section, I examine the polar phase of the the PNC model. Expanding (D5) and (D6) with the
mobility (B17) in angular fluctuations p = p0(cos θ, sin θ) to leading order in wavenumber, about a perfectly ordered
state with p0 = 1, I obtain the angular dynamics

∂tθ =
ζ|q⊥|

4η

[
cos(2φ)[1− λ cos(2φ)]− λ

2
sin2(2φ)

]
θ − ivp(|q⊥| cosφ)θ − ΓpK

p
r q

2
⊥θ + ξ, (G1)

where Kp
r is the effective Frank elasticity renormalised by activity displayed in supplementary section H and

〈ξ(r⊥, t)ξ(r′⊥, t′)〉 = 2∆pδ(r⊥ − r′⊥)δ(t − t′)δ(z). The only qualitative difference between this and (E2) is the
propagating part ∝ vp which is due to the motility of the polar particles. However, this doesn’t affect the conditions
for the stability of the polar phase which are equivalent to the ones discussed for the nematic phase in the NNC
model: the interfacial polar phase is stable when |λ| > 1 and ζλ > 0. Further, the static structure factor of angular
fluctuations has the same form as (E3) implying that the polar order in long-ranged. The argument presented for
irrelevance of all nonlinearities in the NNC model also remains valid in the PNC model implying that the exact
exponents for the polar phase are z = mu = 1 and χ = −1/2. Thus, just as its nematic counterpart, a motile polar
phase is stable and displays long-range order at the boundary of a bulk fluid even though bulk polar ordering is
forbidden.

Appendix H: Higher order corrections to the angular dynamics equations

In this supplementary section, I will calculate the higher order correction to the angular dynamics described in
the main text and in the Supplementary sections E and G for the NNC and PNC models respectively and present
an explicit expression for Kr. I will first calculate this for the NNC model (nematic) and next, for the PNC model
(polar).

1. Nematic

The correction to the Frank elastic coefficient in a nematic i.e., the O(q2⊥) correction to −ΓθKq
2
⊥ passive term in

(E2) arsing from the fluid coupling is purely active. It arises from expanding the mobility (B17) to O(q0⊥). Using
(B17) and the active stress, the O(q2⊥) term in (E2) is −ΓθKr(φ)q2⊥θ where

Kr = K +
ζ

32ηΓθ
[8`s cos 2φ− λ{`b + 5`s − (`b − 3`s) cos 4φ}] (H1)
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That is, a non-zero Saffmann-Delbück length yields an active correction to the effective Frank elasticity. This activity-
renormalised elasticity controls the wavelength of the fastest growing mode when the nematic state is linearly unstable.

The lowest order passive correction to the angular dynamics due to the coupling with the fluid arises only at O(q3⊥).
The linearised passive surface force density due to director distortions is

fsp = −1 + λ

2
∂y∇2

⊥θx̂+
1− λ

2
∂x∇2

⊥θŷ. (H2)

This yields O(q3⊥) term in the angular dynamics equation

−
[q4x(λ− 1)2 + q4y(λ+ 1)2 + 2q2xq

2
y]

8η|q⊥|3
Kq2⊥θ, (H3)

which is obviously always stabilising. Using (A9), I can now check that the static structure factor of angular fluctua-
tions reduces to its equilibrium value, despite the coupling to the fluid, in the absence of activity. In a passive system,
the angular fluctuations equation would be

∂tθ = −

[
[q4x(λ− 1)2 + q4y(λ+ 1)2 + 2q2xq

2
y]

8η|q⊥|3
+ Γθ

]
Kq2⊥θ + ξ̄ + ξ (H4)

Taking ∆ = ΓθT and ∆v = ηT , where T is the temperature, as is required for passive systems,

〈ξ̄(q⊥, t)ξ̄(q′⊥, t)〉+ 〈ξ(q⊥, t)ξ(q′⊥, t)〉 = 2Tδ(q⊥ + q′⊥)δ(t− t′)

[
[q4x(λ− 1)2 + q4y(λ+ 1)2 + 2q2xq

2
y]

8η|q⊥|3
+ Γθ

]
(H5)

This clearly follows the fluctuation-dissipation relation since the noise correlator is 2T times the dissipative coefficient
in front of δF/δθ = Kq2⊥θ in (H4) and the angular static structure factor is

〈|θ(q⊥, t)|2〉 =
T

Kq2⊥
(H6)

This demonstrates that the long-range order of nematics is a consequence of activity – a passive nematic at the
interface between two fluids only has quasi-long range order and its static correlator can be calculated from the
equipartition theorem (as in all equilibrium systems).

2. Polar

The angular dynamics in a polar state has both relaxing and propagating parts both at O(q⊥) (G1) and at O(q2⊥).
The dissipative part at O(q2⊥) is −ΓpK

p
r (φ)q2⊥θ where Kp

r (φ) has the same expression as Kr in (H1), with Γθ replaced
by Γp. The O(q2⊥) correction to the propagative part of the angular dynamics arises from the polar active stress with
the coefficient ζp (D6) which leads to a surface force density ζp[∂x∂yθx̂+ (∂2x + 2∂2y)θŷ]. This, along with the O(q−1⊥ )
part of (B17) leads to a correction to vp in (E2): vp → vp + ζp|q⊥|(1− λ)/4η.

Appendix I: Details of generic instability in the NC model

In this supplementary section, I will detail the calculations that demonstrate that a homogeneous nematic phase
formed by active nematogens constrained to float on the surface of a fluid or a two-fluid interface, is generically
unstable. This situation is described by the NC model in a state with perfect nematic order, S0 = 1, and a mean
concentration c0. Expanding the osmotic pressure Πc(c) ≈ Ar(c0)δc to linear order in fluctuations about c0 and
the active force ∇⊥ · (ζ(c)Q) ≈ ζ(c0)(∂yθx̂ + ∂xθŷ) + ζ1(c0)(∂xδcx̂ − ∂yδcŷ) to linear order in θ and δc, where
ζ1 = (1/2)∂cζ(c)|c=c0 , and solving for the velocity field I obtain the coupled equations of motion for the in-plane
concentration from (D7) and the angle field, to leading order in wavenumbers:

∂tθ = − ζ

4η

q4x(λ− 1) + q4y(λ+ 1)

|q⊥|3
θ −

qxqy[q2x{Arλ− (λ− 2)ζ1}+ q2y{Arλ+ (λ+ 2)ζ1}]
4η|q⊥|3

δc+ ξ, (I1)



12

and

∂tδc = −ζc0qxqy
2η|q⊥|

θ −
c0q

2
x(Ar + ζ1) + c0q

2
y(Ar − ζ1)

4η|q⊥|
δc. (I2)

Here all coefficients such as ζ, λ are evaluated at c0 and both the conserving noise that vanishes at small wavenumbers
as q2⊥ and the noise from the coupling to the velocity field which scales as |q⊥| (see supplementary section A) have
been suppressed in (I2) since they turn out to be irrelevant. The lowest order in wavenumber terms displayed in
(I2) all arise from ∇⊥ · v which is non-zero since there is no constraint of in-plane incompressibility. That is, at this
order, the dynamics of the concentration field is slaved to the compression or dilation of the flow field. The diffusive
terms appear only at the next order in wavenumbers O(q2⊥) and, therefore, have been ignored in writing (I2). The
eigenfrequencies of the coupled concentration and angular dynamics, from (I1) and (I2) are

ω± = − i|q⊥|
8η

[
(Ar + ζ1 cos 2φ)c0 − ζ cos 2φ(1− λ cos 2φ) +

ζλ

2
sin2 2φ

±

√{
(Ar + ζ1 cos 2φ)c0 − ζ cos 2φ(1− λ cos 2φ) +

ζλ

2
sin2 2φ

}2

+ 4c0ζ{ζ1 +Ar cos 2φ}(1− λ cos 2φ)

]
. (I3)

For Ar 6= 0, at least one of these eigenfrequencies has a positive imaginary part for some φ (except in a special case
discussed in supplementary section J), implying that the homogeneous nematic phase is generically destabilised in the
NC model. In particular, for large Arc0 � ζ, ζ1, which can be accessed by enhancing the concentration of active units,
the film becomes essentially incompressible [50] since the dynamics is extremely sensitive to departures of c from c0.
In this case, ω+ = −(ic0/4η)Ar|q⊥| signals an infinitely fast relaxation of the concentration fluctuations as Ar → ∞
and ω− = (iζ/4η)|q⊥| cos 2φ(1− λ cos 2φ) reduces to the eigenfrequency obtained for the dynamics of the angle field
in an incompressible two-dimensional interfacial layer [12, 16, 17, 51] which has the same angular character as the
Simha-Ramaswamy instability [8]. The works of [12, 16, 17, 51] model a popular active matter system consisting of a
thin layer of motors and microtubules at an oil-water interface which was shown to be essentially incompressible in two
dimensions [52]. This calculation demonstrates that the effective incompressibility is due to the high concentration of
motors and microtubules (or motors, microtubules and surfactants) in that experiment.

At low Ar, however, the character of the generic instability diverges from the Simha-Ramaswamy instability. First,
for Ar = 0, ω− vanishes to O(q⊥) (i.e., ω− ∼ q2⊥ and is controlled by the diffusivity and is, therefore, stabilising)
while ω+ has the same value as the eigenfrequency in (E2) to O(q⊥), and is stable along all wavevector directions for
ζλ > 0 and |λ| > 0 since the equation for angular fluctuations is decoupled from that of the concentration fluctuations
at O(q⊥). This implies that nematic order at the interface is stable in the NC model only in the limit of infinite
compressibility in the NC model. At small but non-zero Ar → 0, ω− is generically unstable and increases linearly
with Ar

lim
Ar→0

ω− =
iArc0|q⊥|

8η

[
−1− λ− 4 cos 2φ+ 3λ cos 4φ

−4 cos 2φ+ λ(3 + cos 4φ)

]
, (I4)

where, for simplicity, I have additionally taken ζ1 = 0, which doesn’t qualitatively affect the discussion. Importantly,
this eigenfrequency becomes independent of ζ, and therefore, of its sign, at small Ar (i.e., when ζλ � Arc0. Of
course, ω− vanishes when ζ = 0). The R.H.S. of (I4) vanishes generically for φ = π/4 implying that it is unstable
even at small Ar either for φ & π/4 or for φ . π/4 depending only on the value of λ. The crossover of ω− from being
independent of ζ when ζλ � Arc0 to linearly depending on ζ when ζλ � Arc0 is best examined by expanding (I3)
(still in the simplifying ζ1 = 0 limit) near φ = π/4:

ω−(φ ≈ π/4) ≈ − i|q⊥|
η

Arc0ζ

2Arc0 + ζλ

[
φ− π

4

]
. (I5)

This clearly demonstrates that while at small concentration, ω− is independent of activity but depends on Ar, as
the concentration is increased at a fixed activity, it ceases to depend on Ar beyond a critical value ∝ ζλ. ω+ is not
generically destabilising near φ = π/4

ω+(φ ≈ π/4) ≈ − i|q⊥|
2

[
2Arc0 + ζλ

4η
+

ζ2λ

2Arc0η + ζηλ

(
φ− π

4

)]
(I6)

and does not vanish in the Ar = 0 limit, instead going to a constant value which is stabilising when ζλ > 0.
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Appendix J: Stable interfacial nematic composed of particles living at the interface

In this supplementary section, I will show that there is a special point in the parameter space at which a stable
nematic phase exists in the NC model. This special point is accessed when Ar > |ζ1|, λ = −Ar/ζ1 and ζζ1 < 0. In
this case, the eigenfrequencies become

ω± = − i|q⊥|
8η

[
(c0ζ1 − ζ) cos 2φ+ c0Ar −

Arζ

2ζ1
(1 + cos2 2φ)

±

√{
(ζ − c0ζ1) cos 2φ− c0Ar +

Arζ

2ζ1
(1 + cos2 2φ)

}2

+ 4
c0ζ

ζ1
{ζ1 +Ar cos 2φ}2

]
(J1)

It is clear that when Ar > |ζ1| and ζζ1 < 0, the term inside the square bracket and outside the square root is always
positive while the magnitude of the term inside the square root is always smaller than the term outside the square root
(since ζζ1 < 0). Therefore, both ω± have negative imaginary parts for all φ in this case, implying stability. However,
ω− is 0 for some specific φ. In these directions, the eigenfrequency is O(q2⊥). This feature makes the properties of this
nematic phase distinct from the one in Sec. III of the main text or Supp. E as can be seen from the scaling of the
static structure factors of angular and concentration fluctuations. Upon defining κ+ = iω+ and κ− = iω− + K̄(φ)q2⊥,
where K̄ is the O(q2⊥) part of the eigenfrequency, the dynamic structure factor of angular fluctuations reads

〈|θ(q⊥, ω)|2〉 =
2[ω2 + c20q

2
⊥(Ar + ζ1 cos 2φ)2]∆

16η2(ω2 + κ2+)(ω2 + κ2−)
(J2)

which yields the static structure factor

〈|θ(q⊥, t)|2〉 =
∆

16η2(κ+ + κ−)
+

∆c20q
2
⊥(Ar + ζ1 cos 2φ)2

16η2κ1κ2(κ+ + κ−)
. (J3)

The first term in (J3) scales as ∼ 1/|q⊥| along all directions since κ+ + κ− has a non-vanishing O(q⊥) term in
all directions. The second term, however, scales as ∼ 1/q2⊥ in directions in which O(q⊥) part of κ− vanishes (the
numerator never vanishes since Ar > |ζ1|). The real space angular fluctuations are calculated as 〈|θ(r⊥, t)|2〉 =∫
d2q⊥〈|θ(q⊥, t)|2〉/4π2. This integral is clearly dominated by the points where κ− is O(q2⊥). This happens at a

φ = φ0 that depends on the ratio of Ar/ζ1. Expanding κ− = A1(δφ)2|q⊥| + K̄(φ0)q2⊥ around these points where
δφ = φ− φ0 and A1 is a constant whose value depends on ζ, Ar and ζ1, I obtain

〈|θ(r⊥, t)|2〉 ≈ S
∫
|q⊥|d|q⊥|

∫ ∞
−∞

dδφ
1

(δφ)2|q⊥|+B2|q⊥|2
(J4)

where S and B are constants. I have extended the range of the angular integral to ±∞ since it is dominated by
δφ� 1. The angular integral evaluates to∫ ∞

−∞
dδφ

1

(δφ)2|q⊥|+B2|q⊥|2
=

π

B|q⊥|3/2
(J5)

and therefore, 〈|θ(r⊥, t)|2〉 ∝
∫
q
−1/2
⊥ d|q⊥| which clearly converges in the long wavelength limit, implying long-range

order. However, unlike the nematic state in Sec. III of the main text or Supp. E, this implies a roughness exponent
χ = −1/4 and not χ = −1/2. Since the static structure factor is not isotropically 1/|q⊥| in all directions, the
anisotropy and dynamical exponents are also not 1.

The static structure factor of concentration fluctuations can be calculated similarly:

〈|δc(q⊥, t|2〉 =
ζ2c20 sin2 2φ∆|q⊥|2

16η2(κ2+κ− + κ2−κ+)
. (J6)

This implies real space concentration fluctuations 〈|δc(r⊥, t)|2〉 ∝
∫
q
−1/2
⊥ d|q⊥|. This implies that the R.M.S. number

fluctuations in
√
〈δN〉2 in a region containing on average 〈N〉 particles scales as 〈N〉7/8. Since the angular fluctuations

are softer than 1/|q⊥|, the concentration fluctuations are larger than 〈N〉3/4 found for a polar flock composed of
interface-associated swimmers in the PC model (see sec. V of the main text and the supplementary section K below).
However, the nematic phase discussed in this supplementary section is requires a perfect tuning of parameter values
and is unlikely to be realised in any experimental system.
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Appendix K: Details of motility-driven ordering in the PC model

In this supplementary section, I present the detailed calculations demonstrating that a polar species living at the
surface can outrun the instability that plagues its immotile cousins (the NC model) and form stable, motile ordered
states at fluid-fluid or fluid-air interfaces of momentum conserved systems, as discussed in Sec. V of the main text.
Solving for the velocity field and expanding the equations of motion of the polarisation field and the concentration field
in angular fluctuations θ about a perfectly ordered state with p0 = 1 and δc – the local deviation of the concentration
field about its mean value c0 – to leading order in wavenubers, in the PC model, yields

∂tθ = − ζ

4η

q4x(λ− 1) + q4y(λ+ 1)

|q⊥|3
θ−

qxqy[q2x{Arλ− (λ− 2)ζ1}+ q2y{Arλ+ (λ+ 2)ζ1}]
4η|q⊥|3

δc−iΓpγqyδc−ivpqxθ+ξ, (K1)

and

∂tδc = −ζc0qxqy
2η|q⊥|

θ −
c0q

2
x(Ar + ζ1) + c0q

2
y(Ar − ζ1)

4η|q⊥|
δc− iv̄cqxδc− ivcqyθ. (K2)

Here, as in Supp. I, ζ1 = (1/2)∂cζ(c)|c=c0 , v̄c is defined as v̄c = ∂c[cvc(c)]|c=c0 . The noise in the concentration
equation is ignored since it turns out to be irrelevant (see Supp. A). I now examine the mode structure implied by
(K1) and (K2) in some limits. First, when Arc0 � ζ, ζ1, v̄cη, vpη, the active system is effectively incompressible and as
in the NC model (see Supp. I), the imaginary part of one of the two eigenfrequencies diverge with Arc0, signifying an
infinitely fast relaxation of the concentration fluctuations while the imaginary part of the other eigenvalue, to O(q⊥),
has the angular character of the Simha-Ramaswamy instability implying a generic destruction of the ordered state in
the PC model:

ω+ =

[(
v̄c +

vcλ

c0
sin2 φ

)
cosφ− ic0

4η
Ar

]
|q⊥|, (K3)

ω− =

[(
vp −

vcλ sin2 φ

c0

)
cosφ+

iζ

4η
(cos 2φ− λ cos2 2φ)

]
|q⊥|. (K4)

However, unlike in the NC model, the ordered state is not unstable in the entire parameter range of the PC model.
Specifically, for large vp or large v̄c (i.e., for vp, v̄c � Arc0/η), disturbances can outrun the exponential growth,
stabilising the ordered phase. In both limits, the eigenfrequencies for all φ 6= (2n+ 1)π/2, where n is an integer, the
eigenfrequencies to leading order in vp and v̄c are

ω+ =

[
v̄c cosφ− i c0

4η
(Ar + ζ1 cos 2φ)

]
|q⊥| (K5)

and

ω− =

[
vp cosφ+

iζ

4η

(
cos 2φ− λ cos2 2φ− λ

2
sin2 2φ

)]
|q⊥| (K6)

This implies that for ζ1 � Ar both of these eigenfrequencies are stabilising when |λ| > 1 and ζλ > 0. Of course the
closer φ is to π/2, the large vp or v̄c must be for the expansion to hold. Further, for the ordered state to be stable,
the fluctuations along φ = (2n+ 1)π/2

ω±(φ = π/2) = − i|q⊥|
8η

[
(Ar − ζ1)c0 + ζ(1 + λ)±

√
{ζ(1 + λ)− (Ar − ζ1)c0}2 − 64vcγη2

]
. (K7)

must also be stabilising. Indeed, these eigenfrequencies are not generically destabilising i.e., the imaginary part of
either of these is not generically positive; in particular, they are stabilising when γvc > 0, ζλ > 0 and |λ| > 1. This is
the advertised outrunning of the active instability by motility which implies a stable interfacial polar state in the PC
model even when the motile particles are localised at the interface. The mechanism for the survival of a polar phase
in the PC model has conceptual similarities to the suppression of the bulk instability in extensile polar fluids due to
inertia [18].

The stability boundary of the polar phase is best examined in a simplifying limit v̄c = 0, vc = 0, γ = 0 and ζ1 = 0,
in terms of the non-dimensional parameters R1 = Arc0/4vpη and R2 = ζ/4vpη. The eigenfrequencies, in terms of R1

and R2, for all values of vp, are
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ω± =
i|q⊥|vp

2

[
S(φ)±

√
S(φ)2 − 4R1{i cosφ−R2 cos 2φ(1− λ cos 2φ)}

]
. (K8)

where S(φ) = −R1 + R2[cos 2φ − λ(1 + cos2 φ)/2] − i cosφ. In the limit of large vp, i.e., when R1,R2 � 1, the
term ∝ cos2 φ appearing from S(φ)2 dominates inside the square root when cosφ 6= 0, yielding (K5) and (K6) (with
vc = v̄c = ζ1 = 0). The stability boundary of the polar phase depends on the non-dimensional parameters R1, R2

and λ. A representative plot of the stability region of the homogeneous polar phase in the R1, R2 plane, for a specific
choice of λ (λ = 2) is displayed in the main text. The stability of polar phase for large advection speed is possible
since the growth rate of the instability in the vp → 0 limit is itself ∼ q⊥ due to the momentum-exchange of the layer
with the bulk fluid. It cannot happen in a bulk Stokesian fluid where the growth rate is wavevector-independent
[8, 18].

The static structure factor of angular fluctuations in the stable polar phase in the PC model scale as ∼ 1/|q⊥|
in all directions of the wavevector space as for the NNC and PNC models, implying long-range polar order in two
dimensions. Restoring motility vc 6= 0, v̄c 6= 0, the dynamic structure factor of concentration fluctuations implied by
(K1) and (K2) in the stable polar state is

〈|δc(q⊥, ω)|2〉 =
2(ζ2c20 sin2 2φ+ 16η2v2c sin2 φ)∆|q⊥|2

16η2{(ω − c+)2 + κ2+}{(ω − c−)2 + κ2−}
(K9)

where −Im[ω±] = κ± and Re[ω±] = c± with both c± and κ± being O(|q⊥|). Here, ∆ is the strength of the
non-conserved noise in (K1) which enters the concentration equation via the motility and is dominant in the small
wavenumber regime. Integrating

∫∞
−∞(dω/2π)〈|δc(q⊥, ω)|2〉 over all frequencies yield the static structure factor of the

concentration fluctuations:

〈|δc(q⊥, t)|2〉 =
(ζ2c20 sin2 2φ+ 16η2v2cp

2
0 sin2 φ)∆|q⊥|2(κ+ + κ−)

16η2κ+κ−{(c+ − c−)2 + (κ+ + κ−)2}
∝ 1

|q⊥|
(K10)

The 1/|q⊥| divergence of the static structure factor of concentration fluctuations implies that the R.M.S. number
fluctuations

√
〈δN2〉 in a region with 〈N〉 particles on average scales as 〈N〉3/4, instead of as 〈N〉1/2 as it would in

all equilibrium systems not at a critical point, and thus violates the law of large numbers. This implies giant number
fluctuations, which had earlier been discussed both for polar and nematic active systems in contact with substrates
[1, 3, 7, 27, 31] even in this fully-momentum conserved system. However, in the PC model, the divergence of the
concentration static structure factor is milder (∼ 1/|q⊥| instead of ∼ 1/q2⊥) than in systems on substrates and, as a
result, the number fluctuations are less violent (though still larger than in equilibrium and, therefore, giant) due to
the coupling of the two-dimensional film with the bulk fluid medium.

Finally, (K1) and (K2) also yields the exact exponents of the polar phase. The dynamical exponent z, the anisotropy
exponent µ and the roughness exponent χ remain unchanged from the NNC model (see Sec. III of the main text
or Supp. E): z = µ = 1, χ = −1/2. Defining χc as the exponent characterising the concentration fluctuations
via δc → bχcδc, it is clear from (K10) that χc = −1/2 as well. This is expected since (K1) and (K2) imply that
concentration and angular fluctuations scale the same way. As in the NNC and PNC models, (Sec. III of the main text
or Supp. E), there is no relevant nonlinearity: the lowest order nonlinearities, arising either from the flow couplings
or advection or motility in either equation must scale as q⊥(θ2)q⊥ , q⊥(δc2)q⊥ or q⊥(δcθ)q⊥ all of which are irrelevant.

Appendix L: Effect of interfacial fluctuations on the ordered state

All the calculations presented in the main text assumed a flat interface or surface and tacitly ignored shape fluc-
tuations of the interface. In this supplementary section, I will demonstrate that small interfacial fluctuations do not
affect the ordered state. For simplicity, I will consider an immersed interface with viscosity-matched fluids above
and below the interface with viscosity η and consider only nematic order with nematogens free to diffuse out of the
interface. This can be generalised easily to all the cases considered in the article without any modification of the
qualitative results [54].

The order is confined to the tangent plane and since the interfacial fluctuations are assumed to be small, I use the
Monge gauge to parametrise the membrane displacement away from the z = 0 plane; that is, a point on the interface
is parametrised by the three-dimensional position vector R = (x, y, h(x, y)); see Fig. 1. With this parametrisation,
the normal to the interface is N = ẑ−∇⊥h√

1+(∇⊥h)2
. The three component nematic director, with in-plane order along x̂,

is denoted by n(r⊥, t) ≡ (nx, ny, nz) = x̂+δn√
1+δn·δn . Since the director is confined to the tangent plane,
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FIG. 1. Order on a fluctuating interface or immersed surface in a fluid. The small surface fluctuations are parametrised by the
height field h which measures the local displacement of the surface from a flat, fiducial one.

n ·N = 0 =
1√

1 + δn · δn
1√

1 + (∇⊥h)2
[δnz − δny∂yh− (1 + δnx)∂xh] =⇒ δnz ≈ ∂xh (L1)

where the final approximate equality is obtained by retaining only the linear terms. The interface fluctuations are
controlled by a free energy of the form Fint = (12)

∫
dx[ς(∇⊥h)2 + κ(∇2

⊥h)2] where ς is the surface tension and κ is
the bending modulus. Denoting δny = θ for continuity of notation, the active force ∝ ∇⊥ ·(nn) = ∂yθx̂+∂xθŷ+∂2xhẑ,
to linear order, where I have used δnz ≈ ∂xh. Putting all these together, the linearised force balance equation, in the
notation of supplementary section A, is

− η∇2V = −∇Π− ζ(∂yθx̂+ ∂xθŷ)δ(z)−
(
ζ∂2xh+

δFint
δh

)
ẑδ(z) + ξv, (L2)

while the dynamics of θ is still described by (E1) and equation of motion for the height fluctuations is simply
∂th = Vz|z=0. Solving for the velocity field as in supplementary section A, vx = −(iζq3y/2η|q⊥|3)θ + ξ̄vx and vy =

−(iζq3x/2η|q⊥|3)θ + ξ̄vy which yields (E2) (ignoring, as earlier, ξ̄vx and ξ̄vy in comparison to ξ) and

Vz(z = 0) = − 1

4η|q⊥|
(ςq2⊥ + κq4⊥ − ζq2x)h+ ξ̄vz . (L3)

This implies that to linear order, the angular dynamics is unaffected by the height fluctuations, while the linearised
equation for the height fluctuations is

∂th = − 1

4η|q⊥|
(ςq2⊥ + κq4⊥ − ζq2x)h+ ξ̄vz , (L4)

i.e., activity yields an effective surface tension like term for fluctuations along the ordering direction. Therefore, a
flat interface is destabilised for ζ > ς i.e. when extensile activity is greater than the surface tension. In that case, the
interface may have an undulated conformation as in [14]. This situation is likely to be realised for an ordered phase
on a self-assembled membrane. Conversely, when ζ < ς, the flat interface results described in this article are realised.
In this case, the static structure factor of height fluctuations is

〈|h(q⊥, t)|2〉 =
∆v

η(ςq2⊥ + κq4⊥ − ζq2x)
. (L5)

This implies that small fluctuations of an interface or a boundary cannot modify the conclusions regarding interfacial
order described in this article. In particular, nematic or polar phases associated with interfaces are likely to be realised
even when the interface does not remain perfectly flat.

Appendix M: Stability of a nematic film floating in a confined channel

The calculations presented in the main text assumed orientational order at an interface between two bulk fluids
or at the boundary of a bulk fluid. However, most experimental chambers, for instance the one in [14] or the one
in [51] are strongly confined in one direction. In this supplementary section, I show that a floating film [14] or
a two-fluid interface [51] can support active uniaxial order even in this geometry. For simplicity, I again consider
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viscosity-matched fluids above and below the interface or the film, with viscosity η, which can be easily generalised
to fluids with two different viscosities, without any qualitative modification of the results, by simply replacing the
viscosity with (ηb + ηt)/2. I consider a film floating at z = 0 in channel extending from z = −H to z = −H i.e., of
height 2H along the z direction. The constitutive equation for the three-dimensional velocity field is

η∇2V = ∇Π + ζ(∂yθx̂+ ∂xθŷ)δ(z) (M1)

while the dynamics of θ is still described by (E1). The channel geometry is effectively taken into account by taking
V = 0 for −2π/H < qz < 2π/H. Therefore, the integral over qz to obtain vx and vy will not be from {−∞,∞} but
from {−∞,−2π/H} ∪ {2π/H,∞}. This yields

vx =

∫ ∞
−∞

dqz
2π

−fsyqxqy + fsx(q2y + q2z)

ηq4
−
∫ 2π/H

−2π/H

dqz
2π

−fsyqxqy + fsx(q2y + q2z)

ηq4
=
−fsyqxqy + fsx(q2x + 2q2y)

4η|q⊥|3

+
Hqxf

s · q⊥
ηq2⊥(4π2 +H2q2⊥)

− tan−1
(

2π

H|q⊥|

) −fsyqxqy + fsx(q2x + 2q2y)

2ηπ|q⊥|3
(M2)

vy =

∫ ∞
−∞

dqz
2π

−fsxqxqy + fsy (q2y + q2z)

ηq4
−
∫ 2π/H

−2π/H

dqz
2π

−fsxqxqy + fsy (q2y + q2z)

ηq4
=
−fsxqxqy + fsy (q2x + 2q2y)

4η|q⊥|3

+
Hqyf

s · q⊥
ηq2⊥(4π2 +H2q2⊥)

− tan−1
(

2π

H|q⊥|

) −fsxqxqy + fsy (q2x + 2q2y)

2ηπ|q⊥|3
(M3)

where fsx = −iζqyθ and fsy = −iζqxθ. Using these values for v in (E1), I recover (E2) for H � 1/|q⊥|, i.e., when
the in-plane scales are much smaller than the confinement scale, as expected. Interestingly, for H � 1/|q⊥| i.e., for
in-plane scales much larger than the confinement height, the angular dynamics becomes

∂tθ =

[
Hq2⊥ζ

4π2η
(cos 2φ− λ)−Kq2⊥

]
θ, (M4)

where φ is the angle between the ordering direction, x̂, and q⊥. The first term is stabilising when λζ > 0 and |λ| > 1
which is exactly the condition for stability of the orientational order in an unbounded fluid. Therefore, orientational
order in a film floating in a channel [14] or at a two-fluid interface in a channel can remain stable even at arbitrarily
high active drive. However, due to the long-range fluid interactions being cut-off by the confinement at the scale H,
the relaxation rate of angular fluctuations now scales as ∼ q2⊥ for |q⊥| � 1/H instead of as |q⊥| as it would in an
unbounded system. This implies that the stable nematic phase in a film or at a two fluid interface in a channel is
only quasi-long range ordered instead of being truly long-ranged.
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