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The expression of E0 and E∗

Let all the right hand sizes of model (1) equal to zero, one can calculate that model (1) always

has a unique disease-free equilibrium E0 = (S0
h, 0, 0, S

0
l , V

0
l , 0, 0, S

0
d , 0, 0), where

S0
h =

Λh
dh
, S0

l =
εΛl
κ+ dl

, V 0
l =

(1− ε)Λl
κ+ dl

, S0
d =

Λd
d
, and ε =

σ + κ+ dl
ν + σ + κ+ dl

.

And whenR0 > 1, there exists an endemic equilibrium E∗ = (S∗h, E
∗
h, I
∗
h, S

∗
l , V

∗
l , I

∗
l , D

∗
l , S

∗
d , I
∗
d , x
∗),

where

S∗h =
Λh
dh
− (dh + dh

γh + dh
δ

)I∗h, E
∗
h =

γh + dh
δ

I∗h,

I∗h =
(1− p)βhΛhmδI

∗
d

(1− p)mβh(dh(δ + dh) + γhdh)I∗d + (c+ dx)(δ + dh)(γh + dh)dh
,

S∗l =
εΛl
κ+ dl

− ε(κ+ dl)

κ+ dl
I∗l , V

∗
l =

ν

σ + κ+ dl
S∗l , I

∗
l =

bd(c+ dx)(γd + d)(κ+ dl)(R
3
0 − 1)

(1− q)βd(κ+ dl)(d(c+ dx)(κ+ dl) +mεβlΛd
,

D∗l =
κ+ dl
b

I∗l , S
∗
d =

Λd
d
− I∗d , I∗d =

b(c+ dx)(γd + d)(κ+ dl)(R
3
0 − 1)

mεβl((1− q)βdΛl + b(γd + d))
, x∗ =

m

c+ dx
I∗d .

The global asymptotically stability of E0

Theorem 1. If R0 < 1, then the disease-free equilibrium E0 of model (1) is globally asymptoti-

cally stable in Γ.

Proof. The Jacobian matrix at E0 is

J(E0) =

[
J1 J2

0 J3

]
,
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where

J1 =

 −dh 0 γh

0 −(δ + dh) 0

0 δ −(γh + dh)

 , J2 =

 0 0 0 0 0 0 −(1− p)βhΛh
dh

0 0 0 0 0 0 (1− p)βhΛh
dh

0 0 0 0 0 0 0

 ,

J3 =



−(ν + κ+ dl) σ 0 0 0 0 −βl εΛl
κ+dl

ν −(σ + κ+ dl) 0 0 0 0 0

0 0 −(κ+ dl) 0 0 0 βl
εΛl
κ+dl

0 0 κ+ dl −b 0 0 0

0 0 0 −(1− q)βdΛd
d −d γd 0

0 0 0 (1− q)βdΛd
d 0 −(γd + d) 0

0 0 0 0 0 m −(c+ dx)


.

The corresponding characteristic equation is

Φ(λ) := (λ+ dh)(λ+ γh + dh)(λ+ δ + dh)(λ+ d)(λ+ κ+ dl)

×(λ+ ν + σ + κ+ dl)(λ
4 + a1λ

3 + a2λ
2 + a3λ+ a4) = 0,

where

a1 = κ+ dl + b+ γd + d+ c+ dx > 0,

a2 = (κ+ dl)(b+ γd + d+ c+ dx) + b(γd + d+ c+ dx) + (γd + d)(c+ dx) > 0,

a3 = (κ+ dl)b(γd + d+ c+ dx) + (b+ κ+ dl)(γd + d)(c+ dx) > 0,

a4 = (κ+ dl)(γd + d)(c+ dx)b(1−R3
0).

When R0 < 1, direct calculation derives

H2 := a1a2 − a3

= (b+ κ+ dl)(b+ γd + d+ c+ dx)(γd + d+ c+ dx + κ+ dl)

+(γd + d+ c+ dx)(γd + d)(c+ dx) > 0,

H3 := a3(a1a2 − a3)− a2
1a4

> (κ+ dl + b)(γd + d+ c+ dx)(γd + d)2(c+ dx)2 > 0.

Meanwhile, H1 := a1 > 0 and H4 := a4H3 > 0. Therefore, by Routh-Hurwitz criteria, all roots

of Φ(λ) have negative real parts, and hence E0 is locally stable.

Notice that the first three equations of model (1) are independent of the rest equations, we

split it up into two subsystems:

dSh
dt

= Λh − (1− p)βhxSh + γhIh − dhSh,
dEh
dt

= (1− p)βhxSh − (δ + dh)Eh,

dIh
dt

= δEh − (γh + dh)Ih,

(1)
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and 

dSl
dt

= Λl − βlxSl + σVl − (ν + κ+ dl)Sl,

dVl
dt

= νSl − (σ + κ+ dl)Vl,

dIl
dt

= βlxSl − (κ+ dl)Il,

dDl

dt
= (κ+ dl)Il − bDl,

dSd
dt

= Λd − (1− q)βdSdDl + γdId − dSd,
dId
dt

= (1− q)βdSdDl − (γd + d)Id,

dx

dt
= mId − (c+ dx)x.

(2)

To proof the global attractivity of E0, we first consider subsystem (2). Let g(x) = x− 1− lnx,

x > 0. One can easily verify that g(x) ≥ 0 with g(x) = 0 if and only if x = 1 and (x−1)(y−1) =

g(x) + g(y)− g(xy) for any x, y ∈ R+. Define

V1(t) = S0
l g
( Sl
S0
l

)
+ V 0

l g
( Vl
V 0
l

)
.

Differentiating V1 along subsystem (2) and using S0
l and V 0

l is the solution of subsystem (2),

simple calculation implies that

dV1(t)

dt

∣∣∣
(2)

=
(

1−
S0
l

Sl

)
S′l +

(
1−

V 0
l

Vl

)
V ′l

=
(

1−
S0
l

Sl

)[
− βlxSl + σV 0

l

( Vl
V 0
l

− 1
)
− (ν + κ+ dl)S

0
l

( Sl
S0
l

− 1
)]

+
(

1−
V 0
l

Vl

)[
νS0

l

( Sl
S0
l

− 1
)
− (σ + κ+ dl)V

0
l

( Vl
V 0
l

− 1
)]

= −βlxSl + βlxS
0
l − (κ+ dl)g

( Sl
S0
l

)
− (κ+ dl)g

( Vl
V 0
l

)
−Λlg

(S0
l

Sl

)
− σV 0

l g
( S0

l Vl
SlV

0
l

)
− νS0

l g
(SlV 0

l

S0
l Vl

)
.

(3)

Let

(Sl(t), Vl(t), Il(t), Dl(t), Sd(t), Id(t), x(t))

be any solution of system (2) in Γ, then for any t ≥ 0, we have Sd(t) ≤ Λd/d = S0
d . Define

V2(t) = Il +
mβlS

0
l (1− q)βdS0

d

b(γd + d)(c+ dx)
Dl +

mβlS
0
l

(γd + d)(c+ dx)
Id +

βlS
0
l

c+ dx
x.
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Differentiating V2(t) along subsystem (2), one can derive

dV2(t)

dt

∣∣∣
(2)

= βlxSl − (κ+ dl)Il +
mβlS

0
l (1− q)βdS0

d

b(γd + d)(c+ dx)
[(κ+ dl)Il − bDl]

+
mβlS

0
l

(γd + d)(c+ dx)
[(1− q)βdSdDl − (γd + d)Id] +

βlS
0
l

c+ dx
[mId − (c+ dx)x]

≤ βlxSl − (κ+ dl)Il +
mβlS

0
l (1− q)βdS0

d

b(γd + d)(c+ dx)
[(κ+ dl)Il − bDl]

+
mβlS

0
l

(γd + d)(c+ dx)
[(1− q)βdS0

dDl − (γd + d)Id] +
βlS

0
l

c+ dx
[mId − (c+ dx)x]

= βlxSl − (κ+ dl)Il +
mβlS

0
l (1− q)βdS0

d

b(γd + d)(c+ dx)
(κ+ dl)Il − βlS0

l x.

(4)

Consider the following Lyapunov candidate function

V (t) = V1(t) + V2(t).

Then combing equations (3) and (4) together and using the expression of R0, we have

dV

dt

∣∣∣
(2)

= −Λlg
(S0

l

Sl

)
− (κ+ dl)

[
g
( Sl
S0
l

)
+ g
( Vl
V 0
l

)]
− σV 0

l g
( S0

l Vl
SlV

0
l

)
−νS0

l g
(SlV 0

l

S0
l Vl

)
−
(

1−R0

)
(κ+ dl)Il.

(5)

Therefore, if R0 ≤ 1, then dV/dt ≤ 0 and dV/dt = 0 if and only if Sl = S0
l , Vl = V 0

l , Il = 0. It

is not difficult to verify that (S0
l , V

0
l , 0, 0, S

0
d , 0, 0) is the only invariant set of subsystem (2). By

LaSalle’s Invariant Principle, (S0
l , V

0
l , 0, 0, S

0
d , 0, 0) is globally asymptotically stable.

Now, we consider the subsystem (1). Since x → 0 as t → +∞, it is not difficult to show

that Sh(t)→ Λh/dh, Eh(t)→ 0 and Ih(t)→ 0 as t→ +∞. Hence, (Λh/d, 0, 0) is attractive with

respect to subsystem (1). Thus, according to the theory of asymptotic autonomous systems [1],

the disease-free equilibrium E0 of system (1) is globally asymptotically stable when R0 ≤ 1.

The global asymptotically stability of E∗

Theorem 2. If R0 > 1, then endemic equilibrium E∗ of model (1) is globally asymptotically

stable in Γ.

Proof. First, we investigate the globally asymptotic stability of the endemic equilibrium of

subsystem (2). Let g(x) = x− 1− lnx and

V] = ]∗g
( ]
]∗

)
,

here ] represents Sl, Vl, Il, Dl, Sd, Id and x. Note that (x− 1)(1− y) = g(x) + g(y)− g(xy) for all

x, y ∈ R+. Then, using the equilibrium equation Λl − βlx∗S∗l + σV ∗l − (ν + κ + dl)S
∗
l = 0 and
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differentiating VSl
along subsystem (2), one have

dVSl

dt

∣∣∣
(2)

=
(

1−
S∗l
Sl

)
S′l

=
(

1−
S∗l
Sl

)
[−βlxSl + βlx

∗S∗l + σ(Vl − V ∗l )− (ν + κ+ dl)(Sl − S∗l )]

= βlx
∗S∗l

(
1−

S∗l
Sl

)(
1− xSl

x∗S∗l

)
+ σV ∗l

(
1−

S∗l
Sl

)( Vl
V ∗l
− 1
)

−(ν + κ+ dl)S
∗
l

(
1−

S∗l
Sl

)( Sl
S∗l
− 1
)

= βlx
∗S∗l g

( x
x∗

)
− βlx∗S∗l g

(S∗l
Sl

)
− βlx∗S∗l g

( xSl
x∗S∗l

)
+ σV ∗l g

( Vl
V ∗l

)
+σV ∗l g

(S∗l
Sl

)
− σV ∗l g

( S∗l Vl
SlV

∗
l

)
− (ν + κ+ dl)S

∗
l

[
g
(S∗l
Sl

)
+ g
( Sl
S∗l

)]
= βlx

∗S∗l g
( x
x∗

)
− Λlg

(S∗l
Sl

)
− βlx∗S∗l g

( xSl
x∗S∗l

)
+ σV ∗l g

( Vl
V ∗l

)
−σV ∗l g

( S∗l Vl
SlV

∗
l

)
− (ν + κ+ dl)S

∗
l g
( Sl
S∗l

)
.

(6)

Using the equilibrium equation νS∗l − (σ + κ + dl)V
∗
l = 0 and differentiating VVl along

subsystem (2), one derive

dVVl
dt

∣∣∣
(2)

=
(

1−
V ∗l
Vl

)
V ′l

=
(

1−
V ∗l
Vl

)
[ν(Sl − S∗l )− (σ + κ+ dl)(Vl − V ∗l )]

= νS∗l

(
1−

V ∗l
Vl

)( Sl
S∗l
− 1
)
− (σ + κ+ dl)V

∗
l

(
1−

V ∗l
Vl

)( Vl
V ∗l
− 1
)

= νS∗l g
( Sl
S∗l

)
− νS∗l g

(SlV ∗l
S∗l Vl

)
+ νS∗l g

(V ∗l
Vl

)
−(σ + κ+ dl)V

∗
l g
(V ∗l
Vl

)
− (σ + κ+ dl)V

∗
l g
( Vl
V ∗l

)
= νS∗l g

( Sl
S∗l

)
− νS∗l g

(SlV ∗l
S∗l Vl

)
− (σ + κ+ dl)V

∗
l g
( Vl
V ∗l

)
.

(7)
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Similarly, we have

dVIl
dt

∣∣∣
(2)

= βlx
∗S∗l g

( xSl
x∗S∗l

)
− βlx∗S∗l g

( xSlI∗l
x∗S∗l Il

)
− (κ+ dl)I

∗
l g
( Il
I∗l

)
,

dVDl

dt

∣∣∣
(2)

= (α+ κ+ dl)I
∗
l g
( Il
I∗l

)
− (α+ κ+ dl)I

∗
l g
( IlD∗l
I∗l Dl

)
− bD∗l g

(Dl

D∗l

)
,

dVSd

dt

∣∣∣
(2)

= −Λdg
(S∗d
Sd

)
− (1− q)βdS∗dD∗l g

( SdDl

S∗dD
∗
l

)
+ (1− q)βdS∗dD∗l g

(Dl

D∗l

)
+γdI

∗
dg
( Id
I∗d

)
− γdI∗dg

(S∗dId
SdI

∗
d

)
− dS∗dg

(Sd
S∗d

)
,

dVId
dt

∣∣∣
(2)

= (1− q)βdS∗dD∗l g
( SdDl

S∗dD
∗
l

)
− (1− q)βdS∗dD∗l g

( SdDlI
∗
d

S∗dD
∗
l Id

)
− (γd + d)I∗dg

( Id
I∗d

)
,

dVx
dt

∣∣∣
(2)

= mI∗dg
( Id
I∗d

)
−mI∗dg

(x∗Id
xI∗d

)
− (c+ dx)x∗g

( x
x∗

)
.

(8)

Then, consider the following Lyapunov candidate function

V̄ = VSl
+ VVl + VIl +

mβlS
∗
l (1− q)βdS∗d

b(γd + d)(c+ dx)
VDl

+
mβlS

∗
l

b(γd + d)(c+ dx)
(VSd

+ VId) +
βlS
∗
l

c+ dx
Vx.

(9)

It follows from the equations βlx
∗S∗l − (κ + dl)I

∗
l = 0 and (1 − q)βdS∗dD∗l − (γd + d)I∗d = 0

that

mβlS
∗
l (1− q)βdS∗d

b(γd + d)(c+ dx)
=
m

(κ+dl)I
∗
l

x∗ · (γd+d)I∗d
D∗

l

b(γd + d)(c+ dx)
.

Notice that D∗l = κ+dl
b I∗l and x∗ = m

c+dx
I∗d , then

mβlS
∗
l (1− q)βdS∗d

b(γd + d)(c+ dx)
= 1 (10)

Combing equations (6) (7), (8) together and using equation (10), we have

dV̄

dt

∣∣∣
(2)

= −Λlg
(S∗l
Sl

)
− σV ∗l g

( S∗l Vl
SlV

∗
l

)
− (κ+ dl)S

∗
l g
( Sl
S∗l

)
− νS∗l g

(SlV ∗l
S∗l Vl

)
−(κ+ dl)V

∗
l g
( Vl
V ∗l

)
− βlx∗S∗l g

( xSlI∗l
x∗S∗l Il

)
−

mβlS
∗
l Λd

(γd + d)(c+ dx)
g
(S∗d
Sd

)
−
mβlS

∗
l (1− q)βdS∗d(α+ κ+ dl)I

∗
l

b(γd + d)(c+ dx)
g
( IlD∗l
I∗l Dl

)
−
mβlS

∗
l (1− q)βdS∗dD∗l

(γd + d)(c+ dx)
g
( SdDlI

∗
d

S∗dD
∗
l Id

)
−

mβlS
∗
l γdI

∗
d

(γd + d)(c+ dx)
g
(S∗dId
SdI

∗
d

)
−

mdβlS
∗
l S
∗
d

(γd + d)(c+ dx)
g
(Sd
S∗d

)
−
mβlS

∗
l I
∗
d

c+ dx
g
(x∗Id
xI∗d

)
.

(11)

Therefore, dV̄ /dt ≤ 0 and dV̄ /dt = 0 if and only if Sl = S∗l , Vl = V ∗l , Il = I∗l , Dl = D∗l , Sd =

S∗d , Id = I∗d and x = x∗, that is, (S∗l , V
∗
l , I

∗
l , D

∗
l , S

∗
d , I
∗
d , x
∗) is the only invariant set of subsys-

tem (2). It follows from LaSalle’s Invariant Principle that (S∗l , V
∗
l , I

∗
l , D

∗
l , S

∗
d , I
∗
d , x
∗) is globally

asymptotically stable.
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The pervious proof implies that x→ x∗ as t→ +∞. Then, the limiting system of subsystem

(1) is 

dSh
dt

= Λh − (1− p)βhx∗Sh + γhIh − dhSh,
dEh
dt

= (1− p)βhx∗Sh − (δ + dh)Eh,

dIh
dt

= δEh − (γh + dh)Ih,

(12)

Using the Lyapunov candidate function

Ṽ = S∗hg
(Sh
S∗h

)
+ E∗hg

(Eh
E∗h

)
+ I∗hg

(Ih
I∗h

)
,

one can easily derive that dṼ /dt|(12) ≤ 0 and dṼ /dt|(12) = 0 if and only if Sh = S∗h, Eh =

E∗h, Ih = I∗h. Therefore, (S∗h, E
∗
h, I
∗
h) is the only invariant set of (12) and is globally asymptotically

stable based on the LaSalle’s Invariant Principle. Hence, according to the theory of asymptotic

autonomous systems [1], if R0 > 1 the unique endemic equilibrium E∗ of system (1) is globally

asymptotically stable.
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