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1 Dynamics of the continuous and discrete time Markov
processes

1.1 Local characteristics of the controlled continuous-time PDMP

Recall that we consider a continuous-time Markov process with jumps, in the class of PDMPs which
has both discrete and Euclidean components. The discrete component or mode m € {0,1,2,3}
corresponds to the overall state of the patient (m = 0: remission, m = 1: disease 1, m = 2: disease
2, m = 3: death of the patient) and the three Euclidean variables (¢, u,w) corresponding to

e some marker of the disease ( € [(p, D] that can be measured and is the main variable of
interest together with the mode,

e the time since the last jump of the process u € [0, H],
e the time since the beginning w € [0, H],

where H > 0 is the time horizon of the study, (o < D are real numbers.
The hybrid state space of the process is E = U3, _ E,, where Ey = {0} x{{o} %[0, H]?, E,, = {m} x
(Co, D) x [0, H]? for m € {1,2}, E3 = {3} x {D} x [0, H]?. Denote also and Ey.o = U2 _E,,, Z(F)
the Borel o-field of E, E the closure of E and OF its boundary: 0F = {1,2} x {(o, D} x [0, H]?.
For any = = (m, (,u,w) € E, we will also denote x; the coordinates of vector z: 1 = m, xo = (,
T3 = U, Tg = W.

The controlled transition kernels are denoted as P : B(E) x E x ({0,a,b} x T) — [0,1]: for
any Borel subset A of the state space E, any € E and d = (¢,7) € {(,a,b} x T, one has

P(Alz,d= ({,r)) =P(X, € A|Xg ==,d = ({,r)).

and are explixited in Section 1.2.

The minimal requirements on the local characteristics of the PDMP are as follows, for any
d=(,r)e{0,a,b} xT.
* Concerning the flow, one has

e in any mode m and for any action d, the flow ®% : {0,1,2,3} x [{, D] x R2 x Ry —
{0,1,2,3} x [Co, D] x R% has the special form given for any t > 0 by ®%((m,{,u,w),t) =
(m, @2 (m, ¢, u,w,t)) = (m, @4 (¢, 1), u +t,w +t); it is continuous and ¢ — ®(x,t) has the
semi-group property ;

e in mode m = 0 the flow is constant for the marker for any decision d: ®&((o,t) = (o for all
t > 0;

e in modes m = 1 and m = 2, for any decision d = (¢,7), and any ¢ € ({p, D), the application
£ B, (C,1) i

— non-increasing if (m,£) € {(1,a),(2,b)},
— non-decreasing if (m, ) ¢ {(1,a), (2,b)}.



Table 1: Markov kernel of the controlled continuous time PDMP

m =0 m =1 m =2 m' =3
m=0 m/|<7u7w) =0 erin(m/Kvuvw) € (07 1) Qi(m’K, U, w) le(m1|(> u>w) =0
=1-Q% (1¢,u,w) € (0,1)
m=1 Qd ( /|C7uvw) = O Qd ( /K?u ’LU) - 0 ;ln( /|C7u w) - 0 [rirL(m/K? U‘?w) = HC:D
m=2 m( |<7u7w) =0 m( |Cau w) =0 m(m ¢, u, ’LU) =0 gn(mllg uvw) = ﬂﬁzD
m=3| Q% (m|¢,u,w) =0 Q%L (m'|¢, u,w) =0 Q% (m'¢,u,w) =0 Q% (m'|¢,u,w) =0
{=a
m =0 m =1 m =2 m' =3
m=20 'rdn(m/Kvuvw) Qrdn( /Kvuvw) = ng( IC,U,., w) d (mI|C> u>w)
m=1 frin(m/Kvuvw) = ]lC Co m( /|<7u7w) = m( /C u,w) = 1(75(0 Qg@(mllgv uvw)
m=2 frin(m/Kvuvw) ( /|<7u7w) = m( /C,’LL, ’UJ) m(m/|§7 ’LL7’LU) - :H'C D
m = 3 7drl(m/|C7 u’ w) ,Il( ,|C’ u’ w) = ( ,C’ u7 w) (Tin(m,|<-7 u’ w)
=0
m =0 m =1 m =2 m' =3
m=0 | Q% (|, u,w) = QT (m'[¢,u,w) = QL (m'¢,u,w) =0 QL (m'¢,u, w) =
m=1 'rdn(m/Kvuvw) m( /Kvuvw) m( IC,’U/.,U)) = d (m1|<>u>w) = ]lc D
m =2 erin(m/Kvuvw) - ]lC Co m( /|<7u7w) - ]lC?fCo m( /C u,w) =0 ng(mllga u,w)
m = 3 f’irl(m/|<7 u7 w) 7774( |<7 u7 w) ’"L( /C7 u’ w) = O ;’in(m/|<7 u7 w)

e in mode m = 3 the flow is constant for the marker for any decision d: ®3(D,t)

t>0;

* Concerning the jump intensity, one has

e the jump intensity A? :
A (¢, u,w) and satisfies for all (m

for some positive €;

o if (m,d) € {(1.0),(2,0),(1,b

{Oa la

7C’u)w) GE

the number of jumps in a given time interval;

/ A (@L(C, 8), u+ s,w + s)ds < +00,
0

e if m = 3, then \4 = 0 for all d: no random jump is possible after death.

* Concerning the jump kernel, one has

e the jump kernel Q% on E' x #(E) is denoted by Q*(Alz = (m,(,u, w)) =
any Borel subset A of E and satisfies Q¢(E|r) = 1 for all # € E and for ¢ € [¢y, D], u € [0, H]

and w € [0, H]

for all d =

For all z = (m,(,u,w) € E and d =

Al(z,t) =

an({(mlv ¢ 0, w)}|<7 u, ’LU) =
(¢,7), where the values of Q% (¢, u,w) are given in Table 1.

(4,r) € {0,a,b} x T, set

4! |¢ u,w),

= D for all

2,3} x [Co, D] x RL — Ry is denoted by \(m,(,u,w) =

),(2,a)}, then A%, = 0. This is a technical assumption to limit

Qi (Al¢, u, w) for

tALR Q)
A (¢ u,w,t) :/ A (@4 (¢, s),u+ s, w + s)ds,
0

the cumulated jump intensity up to time ¢ (or reaching the boundary), starting from (m, {,u,w)

and following action d.

Assumption 2.1 of the main manuscript corresponds to two mathematical conditions:
1,b),(2,a)} and r € T, one has

(¢,7) with (m, ) € {(1,0), (2,

e t*%(¢y) > r (a sound patient cannot die before the next visit) ,

e A% =0 (a patient cannot switch diseases back and forth in between two visits).

ifd =




1.2 Skeleton kernels of the controlled continuous-time PDMP

The generic form of the transition kernels P of the skeleton chains with time span r is formally
given below. As there are at most 2 jumps (at most one random jump and 1 boundary jump), the
generic form of P for all x = (m,(,u,w) € E, d = ({,r) € {0,a,b} x T such that w+r < H and
any bounded measurable function h on E is

Ph(z,d)
=E[(X,)| X0 = z,d = ({,7)]
:h(‘I'd(:c, r))eiAd(w’r)]lt*d(m)» S

+ /0 ' /E W@ 1 — ))AU Bz, 5))e A @D QUdr! | B, 5)) Lpwd(mys s Lged (o) or_sds  (2)
+/ W@, 7 — £ () )e— A @ @) A =t )
E
Q7 (da’|®(, () Lwaay<r Lo (2 >r—t-a(a) (3)
+ /0 e /E H(@Ua",r 67 ) — 5))e N DN @ 5))e A

QY (da'|®%(, t*(2))) Q" (da""|®(a", 5))

]lt*d(w)§7.1t*d(w/)>7._t*d(w)_s1t*d(x//)>7._t*d(w)_sd5 (4)
+ / / W@4(2" r — t*U(a') — 5))AL (@ (x, 5))e A @)
0 JEZ
Q" (d’|®(, 5)) Q" (da”|® (', "(2))) Le-a (2> s T e (o) < s0ls- (5)

e Line (1) corresponds to the events where no jump has occurred and the process just followed
the deterministic flow.

e Lines (2) and (3) correspond to the events where a single jump occurs. This jump can be

— either a random jump (Line (2))

— or a boundary jump at either ¢y or D (Line (3)).

e Lines (4) and (5) correspond to the events where two jumps occur, which can happen in
either of two ways:

— a boundary jump at ¢, followed by a random jump (Line (4)).
— a random jump followed by a boundary jump at D (Line (5)).

Depending on the values of z and d, some terms may have zero value in the formula above.

1.3 Formal definition of the partially observed and fully observed MDPs
1.3.1 Partially observed MDP

The formal definition of our MDP is as follows:

e the state space is X = {{ = (z,y,2,w) € (E x 0);z = 1;,—3,24 = w} U {A}, with
O = {y € I x{0,1} x 6%V} the observation space, and gathers the values of the hidden
PDMP at dates t,, as well as the observation processes Y,, Z, and W,, up to time H and a
cemetery state A where the process is sent after the horizon H or the death of the patient is
reached;

e the action space is A = ({0}, a,b} x T) x {d}, where d is an empty decision that is taken when
the horizon H is reached or when the patient has died. This purely technical decision sends
the process to the cemetery state A;



e the constraints set K C X x A is such that its sections K(§) = {d € A;(¢,d) € K} satisfy
K(A) =d and K(z,y, z,w) = K(z,w) for (z,y, z,w) € X—{A} as decisions are taken in view
of the information from the observations only. In addition, one has

— K(0,w) = {0,a,b} x (TN{524,...,N§ —w}) if w < §(N — 1), as the patient has to
come back for a last visit at horizon time H, unless the patient is dead (z = 1) and no
treatment is possible,

— K(0,N6) = K(1,w) = d.
Note that as 6 € T, the set TN {4,24,...,Nd — w} is never empty;

e the terminal cost function C' : X — R, satisfies C(A) = 0 and C(z,y,z,w) = C(zx) for
(z,y,2z,w) € X — {A} with C(x) = M if x € E3 and

0< sup C(z) <M < 400,
z€Fo.2

where M is a penalty for the death of the patient. Note that this cost is only paid when
horizon H is reached, and does not depend on the number of observations acquired to reach
H;

e the non-negative cost-per-stage function ¢ : K x X — R satisfies

c(A,d,-) =0,
C(é_?dv ) = 0(5)7
(&, d,€) = c(z,d, "),

for &€ = (x,7) € X — {A} with & € Ego, d # d, & = (2/,7') € X — {A}, with c(&,d,&') = M
if 2’ € F3 and

0< sup c(z,d,z") < M < +o0;
($,d,$,)EEO;2X(A—{CZ})XEU;Q

e the optimisation horizon is a fixed number N corresponding to date N§ = H,;

e the controlled transition kernels R are defined as follows: for any bounded measurable func-
tion g on X, any £ € X and d € K(£), one has

Rg(&,d) =g(d), ifd=d,

Ry(¢.d) = / /E 0w+ ) S — F )P, d)dy

—|—/ g(2',0,1,w + r)P(de'|x,d), if € = (z,y,0,w), d= ({,7) #d,
E3

Rg(¢,d) =0, otherwise.

The sets of observable histories are defined recursively by Hy = O U {A} and H,, = H,—1 X A X
(OU{A}). An element of H, is called an observable history up to observation time n. A decision
rule at time n is a measurable mapping g, : H, — A such that g,(h,) € K(v,) for all histories
he = (70, 00,71,01, - - -, ¥n)- A sequence ™ = (go,..-,0n,---,gn—1) Where g is a decision rule at
time k is called an admissible policy. Let IIy denote the set of all admissible policies.

The controlled trajectory of the (partially observed) MDP following policy 7 = (gn)o:n—1 =
(90s-++Gn,---,gn-1) € Uy is defined recursively by

e &)X,
e for0<n<N -1,

- An = gn(En)7



- En+1 ~ R(‘EruAn)

Note that the cemetery state A ensures that all trajectories have the same length N, even if they
don’t have the same number of actual observation dates ¢,,. Then can define the cost of policy
7w € Iy starting at £ € X as

N—

Efo Z '—'na 7*—'n+1) + C(EN) )

and our control problem corresponds to the optimisation problem

V(&) = Wielth Iz (6o)-

1.3.2 Fully observed MDP
Recall that ©,, is such that for any Borel subset A of E, and Z,, = (X,,,Y,, Z,, W,,) in X — {A},

@n(A) = P(Xn € Alfno) = P(En € AX {(YmZmWn)}‘yv?)v
Proposition 1.1 For any n > 0, one has:
1. Conditionally on (Ynt1, Zn+1, Wat1) = (v',0,w"), d = (¢,r) € ({0,a,b} x T) and ©,, =
one has ©,11(Eop.2) =1 and more specifically ©p41 = ¥(6,y',0,w’, d) with
ngg w!'—r I4 onz y 7F(I/))HA(II)P(d‘r/“Tad)a(dz)
S, Ywr—r(24) [g, , f(y' = F(2'))P(da’ |z, d)0(dw)

V(0,y',0,w', d)(A) =

for any Borel subset A of Ey.o.

2. Conditionally on (Yyi1, Znt1, Was1) = (v, 1,w'), d = (4,r) € ({0,a,b} x T) and ©,, = 6,
one has ©,.11(F3) =1, and more specifically ©,+1 = (6,0, 1,w', d) with

on:z T (4 (fE La(2")P(da’ |z, d))6(dx)

\11(970717wlvd)(A) - on:z w’—r -T4 (fEs d$/|x d)) (d-’E) |

for any Borel subset A of Es.

Let Z(FE) denote the set of probability measures on E, & (Ey.2) the set of probability measures
on Ep.o, and & (Fj3) the set of probability measures on E5. The new MDP is defined as follows:

e the state space is a subset X’ of (P(F) x O) U {A} satisfying the following constraints: all
5 = (97 Y, z, ’LU) S X/ satisfy

- {z € E;zy =w}) =1,
— 0(Ep2) =1or (E3) =1andif §(E5) =1, then y = 0 and z = 1;

— if 8(Ep.2) = 1, then 0(Ey) > (ifﬁl)%we*“’”)‘“, where the constants f, f and [|A| are
defined in Assumptions .1 and .3 in the Appendix.

It is necessary to restrict the state space to ensure the regularity of our operators. The first
constraint imposes adequation between the observed elapsed time w and the process’ spent
time. The second constraint comes from the fact that the death of the patient is observed.
As the filter (©,,) is adapted to the filtration (#), it charges E3 accordingly. The last
constraint is more technical, and is guaranteed as soon as the process starts in mode 0.

e the action space is still A = ({0, a,b} x T) x {d};

e the constraints set K’ C X’ x A is such that its sections K'()

g = ) € K’} satisfy
K'(A) =d and K'(0,y, z,w) = K'(z,w) = K(z,w) for (6,y, z,w)

{d e A;(&.d
e Z(E)x0



e the non-negative cost-per-stage functiogl ¢ : K' — R, and the terminal cost function C” :
X’ — Ry are defined by C'(A) = ¢/(A,d,-) =0 and for £ = (0,7) € P(E) xO and d € K'(§),

d(&d)=d(0,v,d = /E2 c(z,d, ") P(dx' |z, d)0(dz),
c'(§) =C'(0,y) = EC(x)G(da:);

e the optimisation horizon is still IV;

e the controlled transition kernels R’ are defined as follows: for any bounded measurable func-
tion g on X', any £ € X" and d € K'(&), one has

Rg(&,d) = g(d), ifd=d,
' v(f ! ' 0
Rg(§,d) = /E”/[EO2 L 0,w+rd),y,0,w+7) f(y — F(z')P(da’ |z, d)dy 6 (dz)

/ / U(0,0,1,w+r,d),0,1,w+r)P(dz'|z,d)0(dz),
Eo:2 J E3

1f€ - (Gay507w)’d = (év T)a
R'g(&,d) =0, otherwise.

See Section 1.4 for the proof that R’ maps X’ onto itself.

Denote (Z])) a trajectory of the fully observed MDP. The cost of a strategy m in Il is

n

N-1

Y (B A +C'(EN)|

n=0

JI(Wﬂ 56) = Egé

and the value function of the fully observed problem is,
V/ / — : f J/ ! .
(o) ﬂleth (m,&p)

1.4 Kernel R’ maps X' onto itself

Set £ € X and d € K'(§), and denote = a random variable with distribution R'(-[¢, d).
Ifd=dthenZE=AeX.
Otherwise, by definition one has £ = (0, y, z, w) such that

o {z € Eyzqy = w}) =1,

Q(Eo;g) =1or G(Eg) = 1,

wyv1
if 0(Ey.2) = 1, then 0(Ep) > (%) ° e=wIA.

e O(E3) =1,theny=0and z =1,

and d = (¢,r) € K'().
If O(E3) = 1, then y = 0 and z = 1 so that d = d and this case has already been treated.
Finally, if 8(Eg.2) = 1, then either 2 = (0,Y,Z, W) with Y =0, Z =1, W = w+ r and
therefore O(E3) =1, or E= (0,Y,Z, W) with Z =0, W = w + r and conditionally to Y,

0 =3(0,Y,0,w+r,d).

Again, the definition of ¥ directly yields ©(Ep.2) =1, O({z € E;z4 = w+r}) = 1. To obtain the
lower bound on ©(Ey), note that

0o J0s 1 ( ) Le, (@) Plda'|z, d)f(dx)

OF) = fEmem ~ (@) P(da |z, d)0(d)




By definition of kernel P, if z € Ey and d = (¢,r), one has
P(Ep|z,d) = e 2@ > =Nl (6)

thanks to Assumption A.1. Assumption A.3 then yields

f

—r|[All wir
O(Ey) > JeTT6(E) (f> T Il

~

as = <1andr>9.

<

1.5 Kernel R maps X’ onto itself

Set ¢ € X' and d € K'(§), and denote Z a random variable with distribution R'(-¢,d).
Ifd=dthen 2 =AeX.
Otherwise, by definition one has £ = (0, y, z, w) such that

o I({z € Ly =w}) =1;
e 0(Qp2) =1 or 6(23) =1;
o if 8(Q.2) = 1, then 0(Qp) > (%) Y il
e (Q3)=1,then y=0and z =1,
and d = (¢,r) € K'(£). )
If 6(23) = 1, as above, d = d and this case has already been treated.

If 0(Qp.2) = 1, then either == (0,Y, Z, W) withY =0, Z=0, W =w+r and E(Q3) =1 or
2=(0,Y,Z,W) with Z =0, W = w + r and conditionally to Y,

0 =9(9,Y,0,w +r,d).

The definition of ¥ directly yields ©(Qo.2) = 1, O({z € E;z4 = w+r}) = 1. To obtain the lower
bound on O(£), for all w® € .o, one has

Eicg, [ = F(W))la,, (@) Pw|w', d)f(w')
D €0 2wk ey, S (V= F(Wh)) P(wF|w?, d)0(w’)

By definition of kernel P, if w® € Eg and d = (£,7), one has

O(Eo)(w') =

P(Qo‘wi7d) = P(Eo‘l‘ad) = e—Ad(x,r) > e_THAHa (7)

thanks to Assumption A.1, and because the Voronoi cells form a partition of E that preserves the
mode. Assumption A.3 then yields

N

O(Ey) > ff@@)
IV i
> (?) e IR,

<

as = <1landr>é.

<



2 Error bounds for the value functions

2.1 First discretization

The proof of Theorem 3.3 of the main manuscript is based on Lipschitz regularity properties of the
operators involved. Because of the boundaries of the state space at {y and D, the operators are
not regular on the whole state space, but only locally regular in some sub-areas. More specifically,
we consider the sets B; = {¢ € [0,D],3d = (¢,r) € A — {d},t:%(¢) = 7} U {Co, D} for i = 1 or 2
and bgl) < bz(?) << bET) its T = 3|T| + 2 ordered elements. We then consider (F})i<j<aor the
following partition of E:

Fy, = Ey,
Fy={1} x (079, 07) x [0, H]?, for 2 < j <T,
Fy={2} x (b 70T x [0, HP?, for T+1<j <2 -1,
For = FEs.
The splitting points satisfying t:%(¢) = r for m € {1,2} and d = ({,7) € A — {d} separate values
of ¢ for which the probability of reaching the cemetery in one observation time is strictly positive
from those with null probability.
Let us now introduce some additional notation and function spaces compatible with this parti-

tion. Let BL(E) be the set of Borel functions from X onto R for which there exist finite constants
llell g and [¢] g such that for all (x,+) and (2/,v) in X — {A}, one has

o 1o(A)] < el @] < el
o [p(z,v) — (@, 7)| < [¢le ||z — /||, if  and 2’ belong to the same subset F,
e (o is constant on (E3 x Q) NX.
Denote also the unit ball of BL(E) by
BL(E) = {v€BLE): |¢ls+[ele <1}.

For # and 6 two probability measures in & (E), define the distance dg (6, 0) by

/g(xﬁ)]lx(fvﬁ)H(d%) - /g<x,v>nx<m>é<dx> .

dg(0,0) = sup sup
gEBL,(E)v€0

Let BLP(E) be the set of Borel functions from X’ onto R for which there exist finite constants
l¢lle, and [p]E 2 such that for all (6,7) and (#,v) in X such that 0(Ep.2) = 6(Eop.2) = 1 or
0(Es) = 0(E3) = 1 one has

o lp(A)| < lolle,2,
o [0(0,7) < lolle2,
o [9(0,7) — (0.7 < l¢]p.2de(.0),
e (o is constant on the set {(0,v) € X' — {A}; 0(E3) = 1}.
Denote also the unit ball of BLP(E) by
BLP\(E) = {¢€BLP(E): |¢lps +dps <1}.

Finally, for any function h € BL(E), £ = (z,7) € X — {A} and d € K(¢), denote with a slight
abuse of notation

Ph(g,d):/Eh(x’,y’)P(dxﬂx,d),

with 7' = (y1 (2, >3), Liay=3),w + 1) if v = (y,2,w) and d = (£, 7).



2.1.1 Regularity of operator P

Proposition 2.1 Under assumptions A.1 and A.2, there exists a positive constant Cp such that
for all h € BLy(E), for all x* and x? belonging to the same subset Fj of E for some (i,j) and
such that x} = 3 = w, for all (y,2) € I x {0,1} and d € K(z,w) — {d}, one has

’Ph(x17yvz7w7d) —Ph(azQ,y,z,w,d)| < CPHxl _l‘2H3 (8)

and P maps BL(E) onto itself and for g € BL(E), one has ||Pg||g < ||g9||lg and [Pglg < Cp(|lg9llE+
l9]&).-

Proof: First note that if ' and 22 have different modes, the result holds true as the right-hand
side equals infinity. Second, note that P maps E3 onto itself, as no jump is possible in mode 3.
Therefore, if 2! and 22 belong to Es3, then Ph(z!,y, z,w,d) = Ph(z?,y,z,w,d) as h is constant on
E5 x O. Hence, Ph is also constant on (E5 x Q) N X.

Second, note that if z = 1, then K(z,w) = {d} and there is nothing to prove.

Suppose now that z! and z? share same mode z} = 27 = m, and and same time since the
beginning z} = 237 = w. Select (y, 2) € I x {0}, d € K(z,w) and a function h € BL1(FE) and denote
v = (y,z,w) and v = (y,0,w + 7)1y 23 + (0,1, w + r)1,,—3. As operator P involves indicator
functions, we split the computation of the difference |Ph(x1,y, z,w,d) — Ph(z?,y, z,w,d)| into 3
cases depending on the values of t*¥(x') and t*(2?) compared to 7.

e First case: t*¥(x') > r and t*¥(2%) > r. In this case, the explicit formula in Section 1.2 becomes

|Ph($1, Y,z w, d) - Ph(xza Y, 2z, W, d)|
= ‘h(q’d(xlvr)m’)e“d(”” T h( @422, r),y )e A @)

[ r@ar = ) @ e A QA 8 !9 Lavsay s
0 E
[ h@ a9 N, ) A QA [0, 8) sy
0 E
+ / / h(®(z",r —t*(2) — 5),7y)AI (@ (2!, s))e_Ad(xl’S)
0 E?2
Q4 (da’|®% (2", 5)) Q% (dz" | B (2, t*!(2'))) Lpea(ary<r—sds
‘/ /h@ﬂww—ﬁ%w—@mw%Wu%mf”W@
0 E2
Q4 (da'|®%(2?, 5)) Q% (da" | B (2, t*H(2'))) Lpea (pry<r—sds
=A,+ B, +Ch.

We split the expression into a sum of 3 terms that we study separately.
*Term Aj: This term corresponds to no jump occurring. As h is in BL;(E) on obtains from
Assumptions A.1 and A.2 that

Ay < [R(@ (" 7). o) = W@, r), 7| |2 )
+ (@@, r), 7)) e A e A
(Hl[@]ll2* = 2| + [|Allr N [@]ll" — 2]

<
< [@](1 + 0D ll=" = 27,

where 0 = max T.
*Term Bp: This term corresponds to one random jump, which can only lead to modes 1 or 2.



We therefore split this term in 2 parts that can be controlled identically:

2
Bi<),
i=1
[ @t 9 N @ ) N Qi 80, 5) oo

o JE;

2
<X
i=1

- /(; h(Zv q’f(m7 'I’gn (m7 .1?2, 5)7 r—= S)a r}/))‘d(@d(xa S))e_Ad(IZ’S)]ltjd(‘i’ﬁl(wg,s))>r—s ds

/ / B(@ (2! 1 — 5). 7 A @a!, 5))e A D Q! | B a, 8)) yea oryor_odls
0 E;

ds

/ B, @2 m, B2, (21, 5), 7 — 5), 7 )@, 5))e A @D,
0

m

(z3,8))>r—s

= B11 + B2

Moreover, this jump can only happen if coming initially from mode m = 0, in which case ®< (27, s)
is constant, or from the opposite disease mode with its appropriate treatment, in which case
@4 (17, s) is non-increasing. In both cases, the current (lack of) treatment in inappropriate for the
mode 7 after the jump, in which case t;-*d(x’ ) is non-increasing. To deal with the indicator functions
in terms By; and Bis, we now consider 3 different subcases: '

A first sub-case: t:%(x3) > r and ¢:%(23) > r (hence for all 0 < s < 7, t:4(®4 (x},5)) > r —s). One
has

By < / (i, 5 (m, 7, (2", 5),7 = 5),7") = h(i, @ (m, BT, (2%, 5), 7 = 5),7)]
0
(@ (22, 5))67Ad($2’5) ds
+/ (i, & (m, B8 (2", 5),7 = 5),7)| [N(@%(a", 5)) — X(@(22, 5))] A7) ds
0

+/ |h(i,¢’f(m,¢’fn(3§1,s),r _ s),fy’))\d(@d(a:l,s)ﬂ ‘e_Ad(x2,s) _ e—Ad(x2,S) ds
0

< @R’ — 22| + rlAlN@)la’ — 22 + [l N [@]|l2 - 22|
< ([2]* + 0[N [@] + [Al[* [N [@]) [l=* — 22|

A second sub-case: t1%(z}) < r and t;¢(22) < r. Hence there exists 0 < s} < r and 0 < s? < 7 such
that for all s < 57, one has t74(®{, (x5, 5)) < 7—s, and for all s < s7, one has t74(®5, (x5, 5)) > r—s.
Under Assumption A.2, one also has t;4(®2 (x3,s])) = r — s]. Suppose, without loss of generality
that s} < s?. Similar computations as in the previous sub-case lead to

By; <

m

/ l h(27 ¢ld(m7 Qd (3317 8)7 r— 3)5 ’}/))\d(éd(l‘l; 5))67Ad(ml’s)d$

_|_

/ h(i, ®%(m, ®, (x4, 5),r — 5), 7 )N (@4 (2, s))e_Ad(zl’s)ds

—/ h(i,q)f(m,@fn(m,xQ,s),r—s),fy’))\d(q)d(:vz,s))e‘Ad(gC?’s)ds
S

2
i

Bui < ([0 + 0[N][@] + M8 A[@]) [l — 22| + |s} — s3]
< ([@) + SN[@] + [[A[6* [N [@] + [S]) [l — 22|

A other sub-cases: If t;(x}) and t7?(x3) are on different sides of r, then the difference | Ph(a",~,d)—
Ph(2?,v,d)| cannot be made arbitrarily small as [|z' — 2|| is small. However, this case is impos-
sible as 2! and z? are in the same subset F}.

*Term C7: Recall that this term comes from a first random jump followed by a boundary jump.
Under our assumptions, this is only possible if m € {1,2}, the first random jump yields to mode
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i € {1,2} # m, the treatment is appropriate thus ®Z, is non increasing, and the boundary jump is
at D. In a similar manner as for B; we split the term as

2
) < Z
i=1

/ (3, D,r — t:4(®% (x5, 5)) — s, w + 1,7 AU @ (2, 5))e A" (9)
0

]ltjd(qﬂi (mé,s))gr—sds

™m

- / h(3,D,r — ;@8 (23, 5)) — 5,0 + 7, /)Y@ (a2, 5))e A"
0

]lt:d(@ﬁ'n(wg,s))grfsds

< Cii + Cha.

Note that only one term in the sum above is non-zero as i # m. '

A first sub-case: t1%(z}) > r and t7¢(22) > r. Hence, as above, for all 0 < s < r, t:4(®4 (23, 5)) >
r — s and C7 has zero value.

A second sub-case: ti(xd) < r and t}4(22) < r. Then as above, there exists 0 < s} < r and
0 < 87 < r such that for all s < s7, one has t}4(®% (2},5)) < r — s, and for all s < s/, one has
tr4(®d (23,5)) > r —s. Under Assumption .2, one also has t:4(®% (23, 57)) = r — s/. Suppose,
without loss of generality that s} < s?. One has

Cii < / 1 ‘Ad(‘?d(xl,S))e—Ad(zl,s) ds
! / [A(3, D7 = 174 (wh, 5)) — 5,0 + 7, 7) AU (@ (3 )2
5
— h(3, D1 = 74P, (23, 5)) — s, w 41,7 )A@ (@2, 5))e AT ds

< (IS] + [E*][@] + [N[@]6 + [A[[A][@]6) 2" — 22]].

A other sub-cases: We once again exclude other sub-cases by choosing 2! and 2?2 in the same subset
F; of E.
J

e Second case: t*¢(z') < r and t*¢(2%) < r. This implies again that m € {1,2}. We suppose,
without loss of generality, that t*(z') < t*¥(2?). Then |Ph(a',v,d) — Ph(z?,v,d)| can be split
in 4 terms As, Ba, Cs and D5 corresponding to lines (2) to (5) in Appendix 1.2. depending on the
jumps of the process.

* The first term corresponds to a single random jump. This is only possible if i € {1,2} # m
and the treatment is appropriate thus ®¢, is non increasing. One has

2 t*d(wl)
Ay < Z/ / ‘h({)d(x',r —5), 7 )IAU@ (2, 5))e A D QA da | B (Y 8)) Lpet(aysp—s
=170 i

_h(q)d(xlv r—= S)a ’}/))‘d((I)d(an S))e_Ad(m{S)Qd(dx/I‘Pd(ajza 8))]1t*d(m’)>rfs ds

oy

Once again this term is studied by separating cases based on the position of ¢;%(x!) and ¢;%(2?)
with respect to r. Then, similarly to term B; above, if z! and 22 are in the same subset Fjof B,
we obtain

£*9(2?)

/ ‘h(@d(x/7 r—= 8)))‘d((1)d(x27 s))e_Ad(Iz7S)Qd(dxl|(I’d(x27 S))]lt*d(ac’)>rfs ds.
E;

*d(wl)

Ay < ([0 + SN [@] + [AIO*N[@] + [S]) |2 — 22| + [¢][|=" — 2.
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* The second term corresponds to a single boundary jump at (o or at D :
B,y < / ‘h(q)d(.’tl, r— t*d(xl)),'y/)e*Ad(‘Tl7t*d($1))67Ad(w/7r7t*d(xl))
E

Qd(d.%‘l|‘1)d(.’1?1,t*d(,’El)))]lt*d(x/)>T,t*d(z1)
h(q)d(x/, r— t*d(ZZ))’ 7/)67Ad(:v2,t*d(a:z))efAd(w',rft*d(zg))
Qd(dx/|¢d(x2ﬂ t*d(x2)))]lt*d(r’)>r—t*d($2) | .
Recall that since ' and x? have the same mode and the same decision d is taken, thus this jump

occurs at the same boundary for each term. Moreover, in either case we have t*¢(z') = +oc.
Therefore similar computations as in the first case lead to

By < ([t*]+ 0N[@] + A Dt — 2]

* The third term corresponds to a boundary jump at (y followed by a random jump to mode
i € {1,2} # m. It is only possible when the treatment is appropriate for the initial mode m, hence
the flow ®¢ is again non increasing.

2 T t*d(lz) * 4 ’
<y | [ @t s = eiat) - s)yme A D@ )
0 E;

i=1
_Ad :El/ s ’
€ AN ’)Qd(dxqq)d(xlv ))]lt*d( y>p—trd(zl)— s]lt*d(;c”)>'r—t*d(x1)—s
—h(‘I’d(x// T—t*d( ) s), //)e Ad(x? t*d(xz)))\d((l)d( )
(

_A (=2 ,S)Qd(dx//|¢)d x? ,8)1 t*d(x?)>r—t*d(9c2)—s]lt*d(1”)>T—t*d(r2)—5 ds
et (]
e (o ogxdgo 1y iy —A(zt Nz yd gy d 1
+ h(@%( t7(z7) —s),7")e AN(@z",5))
i—1Jr— t*d z2

ds

— d xr ,S8
Ad(z! )Qd(da)‘//|¢’d( ))11:*0’( V) spged (1) — Sﬂt*d( 1y >p—trd(gl)—s

with ¥ = (0, ¢, 0,w + t*4(21)) and 22 = (0, (o, 0, w + t*%(22)) hence t*¥(z!") = t*4(2?) = 4o0.
Moreover, Assumption 2.1 of the main manuscript prevents more than two jumps from happening
in between two visits, and therefore t*¥(z) > r — t*%(27). Hence one has

r—t*4(x?) ) ,
Oy < Z/ / (‘I’d(aﬁ/l,T . t*d(:)gl) . S)’,y//)e—Ad(gcl,t d(xl)))\d(@d(xl ,5))

67A zt ,s Qd(dx”|<1>d(x1/,s))

_ h(@d(l‘//ﬂ‘ . t*d(.');‘2) . S)’,y/)e—Ad(xz,t*d(xz))/\d(q)d(mQ" 5))
e A0 QY (da| B (a? )| ds

2 r—t"(a") A1 gwd( 1 ,
+Z/ / ’h(@d(l‘/',r ft*d(l’l) o S),’}///)eiA (z' "% (z )))\d(q)d(xl 75))

i—1 Jr—trd(z2) JE;

e‘Ad(Il/’S)Qd(da:"|'l>d(ac1,, s))’ ds
< ([t7] + [@][¢"] + o[ [@] + [N ANl + S [INI A [@]] + SN N [@] [t D |t — 22|

* The last term corresponds to a random jump to i € {1,2} # m followed by a boundary jump at
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D. Tt is treated similarly to term C;. One has

*d(Tl) 3y
Dy < / / / ’h <I’d _ *d(xl) . s),’y”))\d({)d(xl,s))e_Ad(x ,8)
E3
Q7 (da'|®%(z", 5))Q%(da" | (2, 6" (2")) ) M gea (ury <rs
— n(@% " — t(2?) — 5),7" )N (@ (a2, 5))e A )
Q% (da'|®% (22, s))Qd(d:E”|<I>d(x’7t*d(m’)))]lt*d(z/)gr,s‘ ds

/t*d< D) /E / (@7 = 9(a%) = ), 7" X @ a2, s))e A1)
Qd dx’|q,d(x S))Qd(d:r"|'~1>d(;c t*d |d5
< Cp+ [t]lat — 22
< ([S]+ [t*][®@] + [N][®]6 + |A|[[N][®]62 + [¢*] ) ||lz* — 22|

e Other cases: We exclude all other cases by considering points 2! and z? in the same subset F}
of E.

2.1.2 Regularity of operator R’
We first need to investigate the regularity of the filter operator.

Proposition 2.2 Under Assumptions A.1, A.2 and A.3, for all 2 € {0,1}, w" € [0,H], d
(6,r) € A—{d}, and 0,0 € P(Eo.2) satisfying 0({x € Ep2;04 = w' —1}) = 0({r € Epo;24 =
w' —r}) =1 and 0(Ey) > 0, §(Ey) > 0, we have

/IdE(\II(&y’,z',w’,d) U0,y 2w, d))dy dg(0,0). 9)

Proof: For z/ =1 and 3’ = 0 we have

, e Ui, Ly (@4)La(2") P(d2' |2, d)) 6(da
0L ) = T T oy () P, ) B

Set g € BLi(F) and recall that by assumption, g(z,7) is constant for (z,v) € E3 x Q. Say
g(z,7v) = &c. Hence, one has

/ S, (S, Lwy (@))g(a’,7) P(da' |z, d))0(dx)
/EQ(I’W(Q’O’Lw’d)(d D e (o L @) P, d)0lds)

Hence dg(¥(0,0,1,w',d),¥(0,0,1,w,d)) = 0.
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For 2/ =0: let g € BL1(E) and ¥’ € I, w' € [0, H], and v € O, we have

[Eg(w,v)ﬂx(x,’y)‘lf(&y',O,w’, d)(dz) — /Eg(x,v)ﬂx(r,’y)‘lf(@ y',0,w',d)(dx)
_ Jeya S, TW — F@)g(@’,v)x (2, 7)1y (z4) P(d2’ |2, d)0(dx)
Jeo. Sy, Twny (@0) f(y' — F(a)) P(da'|x, d)0(dx)
g Jpg T — F@))g(@', )k (2, 9) Ly (2) P(da’ |, d)0(da)
Jeos S5, Lewy @h) f(y' — F(2")) P(da! |2, d)8(dx)

[ [E [ = P ) (! )Ly (1) P )0 )

- [t = Pt s ,wn{w/}(x;)P(dxwad>e<dx>]

1
[on s S Lpwy (@) f(y = F(27)) P(da’|z, d)9(d33)]

[ / 1 — Fa))g(a', 1)1z (e ,wn{w/}(xg)P(dx'md>e<dx>}
FEo.2 Y Eg:2

1
[onzz S50 Vw3 @)y = F(27)) P(da! |, d)6(da)

1
T Ton L @) J (s — @) Pda [z, d)9(dw)]

A / /
_ ALY L o,y DUy ).

B(y',w')

First, note that if g is in BL;(FE), then application B
w:(z,y)—~ f,E [ = F(2") Ay (2))g(2’, v)Ix (2!, v) P(dx'|z, d) is also in BL(E) with [|p||g < f
and [p]g < (f + L) Cp thanks to Proposition 2.1 and Assumptions A.3, so that one has

Al ¢/ w)| < (FL+ Cp) + LCp)ds(6, ).

On the other hand, as 0({x € Ep.0;24 = w’ — r}) = 1 by assumption, the indicator function in
term B(y’,w’) equals 1 and one has

1By, w')| = f : P(Eo:s|z, d)0(dx)

>f P(Ey|x,d)0(dx).

Eo
By definition of kernel P, if x € Ey and d = (¢,r), one has
P(Eo|z,d) = e 2" @r) > e=rlMl > o= HIXI (10)
thanks to Assumption A.1. Hence, one has
By, w')| = fe=TINg(Ey).
Similarly, the second term can be bounded by

f(1+Cp) + LCp _
Fe2HINIO(Ey)d(Eo) dp(0,0).

[C(y, ' w") Dy, w)| < f
As I is a bounded interval, the result follows. O

Now we can turn to the regularity of operator R’.
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Proposition 2.3 Under Assumptions A.1, A.2 and A.3, there exists a positive constant Crs such
that for all g € BLPI(E), v = (y,z,w) € O, d € K'(v) and for all 0,0 in P(E) such that
(0,7) €X', (0,7) € X' and

o cither d # d and 0(Ey.2) = 0(Fp.0) = 1,
e ord=d,
one has

|R'g(0,y,2,d) — R'g(0,y,2,d)| < Crdg(0,0) (11)

In particular, operator R’ maps BLP(E) onto itself and for g € BLP(E), one has |R'g||g,o <
19ll2,22 and [R'g]p,» < (l9llp.2 + l9]5,.22)Crr-

Proof: If d =d, then R'g(6,7, d)=R'g(0,~,d) = g(A), hence [R'g(0,~, d) — R'g(f,~,d)| = 0.
If d = (¢,7) # d, then by assumption 0(Eo.2) = 6(Eo2) = 1 so that one has 0(F) > 0 and

O(Ep) > 0 as (0,7) € X' and (,v) € X'. In addition, one has z = 0 and w < N§, such that
Ro.7.0) = [ [ [ o(0o./ 0.0t rd)yf 0,04 0) £ ~ F@))Plds'le,)p(do)dy
I JEo:2 JEo:2
+

/ (/ g(¥(6,0,1,w+r,d),0,1,w+ r)P(dx'|z, d))ﬁ(dw).
Eo:2 Es

We will study the two terms separately. Let us first consider the second term. Note that by
definition ¥(6,0,1,w +r,d)(E3) = ¥(6,0,1,w +r,d)(Fs) = 1. Hence, as g is in BLP(E), one has

g(‘y(970’ 1’w+r7d)’0’ 1,w+7‘) = g(w(é70717w+T7d)70717w+r) = a’
for some constant « < ||g||g,2 < 1, so that one has
/ (/ G(W(6,0,1,w+7,d),0,1,w + 1) P(da’|, d))&(dac)
Eo:2 Es
- / </ g(¥(6,0,1,w +r,d),0,1,w + r)P(dz’|z, d)) 6(dz)
Eo:2 Es
= a(/ P(Es|z,d)0(dx) —/ P(E3|x,d)§(dac)>.
E E

Application  — P(FEs|z,d) is in BL(E) thanks to Proposition 2.1 as 1, is clearly in BL;(E)
(with ||1g,||g =1 and [1g,]p = 0), hence one obtains

/ </ g(¥(0,0,1,w+r,d),0,1,w+ r)P(dz'|z, d))ﬁ(dx)
Eo.2 E3

— / </ g(¥(0,0,1,w +r,d),0,1,w + r)P(dx’ |z, d)) 0(dx)
Eo.2 E3

Now let us study the first term in R’g. Set
he(z,7) = // 9((0,y',0,w +7,d),y",0,w+7r) f(y — F(z))dy,
I JEg.2

if x € Ep.2 and v = (y,0,w + r) and h(£) = 0 otherwise and

gG,d(x57) = Phg(x,")/, d)7
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if £ € Fpo and v = (y,0,w + r) and 0 otherwise. From Assumptions A.3, hg is in BL(E)
with ||hg||lg < By and [hg]g < L;. Proposition 2.1 thus yields that gg 4 in still in BL(E) with
llgo.alle < By and [gg.q]g < (By + Ly)Cp. Therefore one has

/E gnale.2)6(ds) - /E gp.ale)(do)

< / ’ge,d( —gg.alx ‘9 (dx) +
Eo:2
=A; + As.
The second term A, is bounded by ([go.4]r + ||90,a]| ) d(6,6). For A, we write

/ g0 a(z,7)0(dz) / go.(z,)0(dx)
Eop.o Eo.2

’90,d($»7> _gé,d(%’)’” < /dE(\II(07yl7O7w+ra d)>m(é7y/a0aw+r7 d))dy/
1

Note in particular that (6,7) € X/, (6,7) € X’ and the other assumptions on # and # guarantee
that the assumptions of Proposition 2.2 are satisfied. Hence we conclude using Proposition 2.2 and
the minoration of 8(Ey) and 6(FEy). O

2.1.3 Projection error for operators P and P

We need some assumptions on the discretisation grid €2 in order to be able to control the discreti-
sation error. This is achieved by designing the Voronoi cells such that they are compatible with
the partition (Fj)i<j<or.

Assumption 2.4 The grid Q and its Voronoi cells (Ck)1<k<i are such that for all 1 < k < K,
there exists some 1 < j < 2T such that

Ci C Fj.

In other words, the hyperplanes with equation t*¢(¢) = r for m € {1,2} and d = (£,7) € A — {d}
are included in the boundary of the Vorono cells of the grid 2, which means that the closest points
to these hyperplanes in the grid are symmetric with respect to these hyperplanes, see Section 4 of
the main manuscript for details about the grid construction.

For w = (m,{,u,w) € Q, we denote w; the coordinates of vector w: w; = m, ws = ¢, w3y = u,
wg = w. Denote also Q; = QN E; forie {0,1,2,3,0:2}.
For any function h € BL(E), £ = (z,v) € 2 x O and d € K(¢), denote

Phié.d) = [ W'\ )P/, d).

Proposition 2.5 Under Assumption 2.4, for alli € {1,...,K}, v € O, d € A — {d} and all
g € BL1(E), we have

Py ,d) = Pyl 7, d)| £ s 7. (12)
je{1,...,.K}

Proof: For z € E, denote by C, the Voronoi cell of z. For g € BL1(E), i € {1,...,K},
Y= (yvsz) 6(0)7 déA—{d}’ one has

K
Pg(w',v,d) — Pg(w',7,d ’/ P(da'|w',d) =Y g(w’, v )P(Cj|w’, d)
j=1
K . .
< Z/ lg(’,%) = g(w?,+)| P(da’|w’, d)
j=1"Ci
K . .
gZ/ |2’ — W |P(d2'|w’, d)
j=1"Ci

< sup 9
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as g is Lipschitz-continuous on each of the cells C; thanks to assumption 2.4. O

2.1.4 Projection error for operators R’ and R’

i u 2 w) €0, d = (t,r) € A—{d}
and all 0 € P(Q) satisfying 0({w € Qo.a;wa = w' —r}) =1 and 0(Qy) > 0, we have

/dE(‘I’(ém’,d%@(5,7’,d))dy’S Cy
I

sup 9. (13)

Proof: Set v € O, ¢ = (¢,2,w') € 0,d = ({,r) € A — {d} and 0 € 2(Q) satisfying O({w €
Qo.2;ws =w' —7r}) =1 and 6(Q) >0, and g € BL,(F) .
If 22 =1 and 3y’ = 0, we have

. ) >wicann (Ja, L (@h)g(a’,7)Pda’ W', d))B(w’)

) v 97 0) 17 7d d = - 2 - = - = 5
/Eg(x 7)¥( w', d)(dx) ZwieQO;z (ng ]l{w,}(mﬁl)P(dxﬂw‘,d))G(wz) 3¢,
ZwiEQO:Q ZwieQ3 ]l{w/}(wi)g(wj:’y)jf’(wj|wi: d)g(wi)

Ewieszm Zwkeﬂg ]l{w/}(wff)P(w’ﬂwi, d)f(w?)

as g(w,7) = & is constant for (x,) € E3x0. Hence in this cas one has dg(¥(0,,d), ¥(0,7,d)) = 0.

/E o(2.7)B(8,0, 1,0, d)(dz) = ~ .

If 2/ = 0, we have

/g(fc,v)\l’(é,y’,O,w’,d)(dx)*/g(x,v)@(é,y’,O,w’vd)(dw)
E E

> Ja, F = F@))g(@', 7)1y (¢4) P(da' ', d)8(w")

_ wi€Qo:2

> Sy Lwy (@) f(y = F(a')) P(da'|w', d)(w")

wi€).2
> X Y = F)) Ly (wh)gle’,y) P(w|w', d)f(w’)

wW'€Qp.2 wI €2

> X S - Fwh) ey (W) P(wklw!, d)d(w?)

wi€Qo:2 wkeQo:2

W€ Eo.2

[( > [ - Pl L ) P )

- Y - F(wj))]l{w'}(wﬁ)g(wj7V)P(wj|wi7d)) 9(wi)]
wI €Qg.2
1
> ey L (@) f(y — Fa!))P(de'|w', d)0(w')

w'€Qq.2

wi€N0:2 wI €02

+[ > f(y’F(wj))ﬂ{wf}(wi)g(wj7”Y)P(wjlwi,d)g(wi)]

1
> Sy Ly (@) f (' — F(a')) P(da'|w?, d)O(w?)

wi€Qo:2

1
> X W F(wh) Ly (Wh)P(wh|w, d)f(w?)

wi€No.2 wkEQ).2

_ A(’Y’y/7w/) o roo
= B w) +C(v,y',w")D(y',w'").
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Let us study the different terms separately. First, note that as g is in BL;(E), then application
o :(2,7) = fy — F(@) 1wy (2))g(a’,v) is also in BL(E) with [|¢||g < f and [¢]g < (f + L)
thanks to Assumptions A.3. Hence, Proposition 2.5 yields

|[A(v,/,w')| < (2f+L) sup 9.
jell,....e)

Similar arguments as in the proof of Proposition 2.2 directly yield
[B(y',w')
C v,y w')

_ 1
D w')| < (2F + L Dy
| (y w)‘ —( f )je{sll}P,Z} Jf2€72HH)\”9(QO)

e HINIg(Q),

Hence the result by integration on y’. O

Proposition 2.7 Under assumptions A.2 and 2.4, for all g € BLP(E), (0,7) € X' andd € K'(v),
one has

|R'g(0,~,d) — R'g(0,7,d)| <Cr sup 9.
je{1,....0}

Proof: This is a direct consequence of Propositions 2.5 and 2.6 with Cr = Ly+2By+ LfC'\p, as

0(90) > 0. O

2.1.5 Regularity and approximation error for the cost functions

The last preliminary result we need in order to prove Theorem 3.3 of the main manuscript is
to ensure that the cost functions ¢/, C’ belong to the appropriate function spaces and the error
between ¢’ and & is controlled.

Lemma 2.8 Under assumptions A.4, the cost function C" is in BLP(E).

Proof: Under Assumptions A.4, C is clearly in BL(E) with ||C||g < B¢ and [C]g <
that C'= M is constant on E3). Thus, C’ is still bounded by B¢ and for all (6,) and (
one has

(recall
) in X/

Le
0,y
C'(0.7) ~ C'(0.7)] = | /E C(2)0(dz) — /E O()0(dr)| < (Be + Le)dp(6.6).

As C'= M is constant on Es5, C' is also constant (equal to M) on the set {(0,v) € X' ; 0(Es) =1}
Hence €' is in BLP(E) with ||C’||g,2 < B¢ and [C']g,» < B¢ + Lc. O

Lemma 2.9 Under assumptions A.1, A.2 and A.4, for all d € A the function ¢ : £ — ¢/(§,d) is
in BLP(E).

Proof: Under assumptions A.4, ¢ is bounded by B, and as ¢ = M is constant on Ej, ¢/ is
also constant on the set {(6,7) € X' ; 0(E3) = 1}. Let us study the application Pc : x

[ c(x,d, ") P(da'|x,d) for fixed d € A — {d}. Tt is bounded by B., constant on E3 and for z!, 22
in F, one has

|Pe(z)) — Pe(z?)] = \ / c(at, d, ") P(dz' |z, d) — / c(xz,d,x’)P(dw’|m2,d)‘
E E
< [ letal da') — (e d )Pl a0
E

+‘/ c(xQ,d,x’)P(dx’|x1,d)—/ c(x27d,x’)P(dx’|x2,d)‘
B B

< Lellzt = 2?|| + Cp(Be + Le) |2' — 27|
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by applying Proposition 2.1 to  — ¢(2?,d,z) that is clearly in BL(E) under assumptions A.4.
Hence application Pec is still in BL(FE). Then, for all (6,v) and (6,~) in X’ one obtains

(0, 7) — y(8,)| = '/E o(w, d, ') P(dz’ |z, d)0(dz) — /E o(w, d,z')P(da’ |z, d)0(dz)
< (Be+ Lo)(Cp +1)dp(6,0).

Hence the result. O

Lemma 2.10 Under assumptions A.4 and 2.4, for all ¢ € X' and d € K'(§), one has

|Cl(§7d) _E/(gvd)‘ < (BC+LC) sup @j
je{1,...6}

Proof: For all ¢ = (0,7) € X’ and d € K'(¢), one has
| d) —eEd) =Y ‘(/ oo d, 2 )Py d) = 3 efwh, dyw! ) P(w |, d)]@ i,
wieN wIieN

The result the follows directly form Proposition 2.5 and the fact that x — c(w?, d,z) is in BL(E).
O

2.1.6 Proof of Theorem 3.3

We establish the result by (backward) induction on n, with the additional statement that v), is in
BLP(E) for all n.

e For n = N, vly = C'is in BLP(E) by Lemma 2.8. In addition, set ¢ in X’. Then by definition
one has

o (&) — on (O] = IC7(§) — (&) = 0.

e Suppose the result holds true for some n + 1 < N. By induction, v}, is in BL(E), thus
R'v], is also in BL(E) by Proposition 2.3. For all d € A, ¢}, is in BLP(E) by Lemma 2.9. As
BLP(E) is clearly stable by finite maximum, it follows that v/, is also in BLP(FE). Set £ in X'.
If ¢ = A, recall that K'(A) = {d}, so that on the one hand, one has

v (€) = (&, d) + R 1 (&,d) = 0+ 0], 1 (A),
and on the other hand, one has

’D’;L(g) = E/<£7 d) + R/T};hLl(fv CZ) =0 + 17’:’L+1(A)'
Hence, one has

[0, (A) = 0, (A)] = [vp 41 (D) = U1 (A)] =0,
by induction.

If ¢ = (0,7) € X' — {A}, with v = (y, z,w), then by definition one has ({w € Q;wy = w}) = 1
and 0(Qg) > (if_l) Vel The dynamic programming equations yield

[0,(0,7) = ,(8,7)] < max |c(¢,d) — (& d)| + max IRvnH(f d) = R'v},41(€,d)]

dEK’ (£) derr(g
< —
16 d) = (6 Dl + max [R'v) (6 d) = R4 (6,0)
R d d
+ max |R vy, 4 (€, ) R0, 41(6,d)]
= Al + A2 + AS-
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o The fist term A; is bounded thanks to Lemma 2.10 by (B, + L) Supjeqa,..0p Zj-

o The second term A, is bounded by Proposition 2.7 as v], is inBLP(E):

5 ERENE 1V
Ay < (Wi llz,o + Wosile,o)Cr (F7F) 2 eI {Sup }%
jell,...

= _1—=\NV1
< (Whiillg,o + Whiile,2)Cr (f1F)" NI {Sup N D;.
jefl,...,

o The last term As is bounded by the induction hypothesis and using the fact that R’ is a
Markov kernel

Ag < sup [ 1 (€) — 0,1 (€) < Cup,, sup .
gex je{l,...,e}

hence the result.

2.2 Second discretization

The proof of Theorem 3.4 follows similar lines as that of Theorem 3.3. Again, it is based on Lips-
chitz regularity properties of the operators involved.

We first introduce additional function spaces. Let BLP(2) be the set of Borel functions from

X" onto R for which there exist finite constants [|¢[lo,» and [¢]o,» such that for all (6,7) and
(0,v) in X’ such that 6(Q.2) = 6(Q0:2) =1 or (Q3) = 6(Q3) = 1 one has

o lp(A)] < llelle,z,

* |0(0,7)] < llelle,2,

o [9(0,7) = #(0,7)| < [pla,zda(0,0),

e ¢ is constant on the set {(0,7) € X' — {A}; 0(Q3) = 1}.
Denote also the unit ball of BLP () by

BLP(Q) = {p€BLP(Q):|¢lle,o + [¢la» < 1}.

2.2.1 Regularity of operator R’

We first need to investigate the regularity of the approximate filter operator.

2 w') €0, d=(tr)eA—{d} and

Proposition 2.11 Under assumptions A.3, for all v = (y',
=0{w € Qoos;wgs = w' —7r}) =1 and

all 0,0 € 2(Q) satisfying 0({w € Qoo;ws = w' —r})
0(2) >0, 0(Qg) > 0, we have

- o = a r / Cy )
/IdQ@(e,y,z,dww,y,z,d))dy < G -9 (14)
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Proof: Set w/ € Q. If 2/ =1 and 3’ = 0, one has

[T(0,0,1,w',d)(w?) —¥(8,0,1,w,d)(w)]
Do €0, Lw'—r} (Wh) g, (W) P(w’|w’, d)0(w')
D€ Lw -} (Wh) Yo preq, PwFlwi, d)f(w?)
Y cans L (@), () P | d)f()
Z i€Qoin ]l{w’fr}(wfl) Zwkeﬂg P(wklwi7d)
D i€, L —r} (Wh) Loy (W) P(w |w', d)|6(w’) — (w’)]
Do, Luw—rp(Wh) Pokeq, P(wlw, d)f(w?)

<

+[ S Ly @), () P, d)é(wi)]

wi€Q.2

1
‘ ZwiEQo;z ]l{w/—r} (wi) Zwkeﬂg P(wk|wi7 d)@(wz)
1
Zwieszm ]l{w’fr}(wzii) Zwk’em P(Wklwiv d)@(w
1 ~ 1
da(0,0) + —————
000 0 G

Y

If 2’ = 0, similarly one has

|0 (6,0,1,w,d)(w’) —¥(0,0,1,w,d)(w)]

> wicays L —r (W F(Y = F(w))lg,, (W) P v, d)f(w')
D wie00m Liw —r} (Wh) Ypreay, F(¥ — F(wh))P(wk|w?, d)d(w?)
Y wieans Luw—r (WD (Y = F(w)) g, (W) P(w!|w’, d) _( b)
D wicon Lw—r (W) Xreqy., f(U — F(wh)) P(wk|w?, d)f(w?)

f f .
= 8() Poeai) 20

—_do(0,0) +

hence the result by integration on 3’ O

Now we can turn to the regularity of operator R'.

Proposition 2.12 Under Assumptions A.5, there exists a positive constant Cr, such that for all
g € BLP\(Q), for all 0,0 in (), (y,9,z,w) € I* x{0,1} x [0, H] and d = (¢, 1) € A—{d}, such
that (0,y,z,w) € X' and (0,7, z,w) € X', and

o cither d # d and 6(Q.2) = 0(Qo:2) =1
e ord=d,
one has
|R'g(0,y,2,d) — R'g(0,7,2,.d)| < Crda(b,0). (15)

In particular, operator R’ maps BLP(Q) onto itself and for g € BLP(Q), one has ||R'glla < |lglla
and [R'gla < (llglle + [9l0)Cr -

Proof: Set g in BLPy(£2), 7 = (y,2,w) and § = (¥, 2, w). o
If d = d, then R’gv(ﬁ,'y,d) R'g(0,7,d) = g(A), hence |R'g(,~,d) — R'g(0,7,d)| = 0.
If d = (¢,7) # d, then by assumption §(p.2) = 6(Q.2) = 1 so that one has §() > 0 and
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0() > 0 as (A,7) € X" and (,v) € X'. In addition, one has z = 0 and w < N§, such that

g(0,~,d) /Z U0,y 0,w+r,d),y,0,w+r)

wi€o:2

Y S~ Fh) P!, d)8(w)dy

wkeQo.2

+ Z 0,0,1,w+r,d),y, Ow+r)

wi€Qp.2

> fly - F(wh) Pk, d)o(w')dy'.

wkey

Set

90.4,0:2(w') = / g(2(0,¢,0,w+rd),y,0,w+r) Y fy —Fw))Pwrw',d)ow)dy,
I

wkeQo.2

go.a3(W') = /Ig(\II(H,O, Lw+rd),y,0,w+r) Z fly — F(w*)P(wF|w?, d)b(w)dy .

wkeQs

In particular, one has gg 4,0.2(w’)| < By and |gg a,3(w’)| < By for all 1 <i < K. In addition, one
has

‘ng(97ya 2, d) - R/g(év y/a Z, d)’

< Z 90.4,02(W")O(w") — Z 96,4,0:2(wW")0(w")

wi€No.2 wi€Qo:2

Y 90asw)fwW) = Y ggasw)iw)

wi€p.2 wi€Qp:2
< Y (980,02 + |go.a3(w))IO(w') — ()]
wWi€Qo:2
+ > (90.0.02@") = 95,000 + 90.4.3(w") — gg,43w))O(w)
wi€Qo:2
< Aj + As.

The first term A; is directly controlled by 2B;dq(6,6). For the second term, we have
|gt9,d,u(wi) _gé,du < f/dQ 0 y 0,w+r, d) \if(é,y/,07w—|—7‘, d))dy/7

_ -2
for u € {0: 2,3}, and we conclude using Proposition 2.12 to obtain Cz < By + fCf§ (%) e2HIA,
O

2.2.2 Projection error for operators R and R’

Proposition 2.13 For all g € BLP;(Q) and 1 < j < L, one has

R/g(pj7d) _R/g(pjad) < sup @j-

{1<5<L}
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Proof: One has

L
R'gw,d)—é'g(pf,d)]: ()R (delp?d) =" g(o") R (Cilp? )
k=1

L
< (&) — g(p")|R'(d¢|p, d)
kz—:l/ck 9(&) — (")

[ d(E, o) R (de|?  d)
k=1"C%

< sup -@]w

{1<k<L}

hence the result. O

IN

2.2.3 Regularity and approximation error for the cost functions

The last preliminary result we need in order to prove Theorem 3.4 is to ensure that the cost
functions ¢/, C’ also belong to BLP().

Lemma 2.14 Let g be a function from X’ onto R belonging to BLP(FE), then the restriction of g
to X’ is in BLP(Q).

Proof: First, if g is bounded by ||g||z, & on X/, it is also bounded by ||g| z.2 on X’. Second, if g
is constant on Fs5 it is also constant on 3. Last for all (0,7) and (0,~) in X’ one has

l9(6,7) — 9(8.7)| < [g]z.pds(8,0)

[t )6(d) ~ [, 12,00

K

<lglgr sup sup|>
heBL1(E) €0 | =

< [g]z.pda(0,0),
hence the result. O

)

<lglgp sup sup
heBL, (E) yeO

(Al )L, )0, = B’ 7) (', )0 ) ‘

In particular, the restrictions of ¢’ and & to X’ belong to BLP().

2.2.4 Proof of Theorem 3.4
We establish the result by (backward) induction on k, with the additional statement that 7j, is in
BLP(Q) for all k.

e For k=N and 1 <j <L, one has

[ (") =0 (p7)| = |C'(p") = C"(p")| = 0,

by definition. In addition, ' = C” is in BLP ().
e Suppose the result holds true for some &+ 1 < N. By induction, v;,,, is in BLP(Q), thus
R'vy, ., is also in BLP(E) by Proposition 2.12. For all d € A, ¢ is in BLP(Q2). As BLP(1Q)

is clearly stable by finite maximum, it follows that @/, is also in BLP(2). Now, the dynamic
programming equations yield

[0:(07) = ()] < o

(¢, d) = R} (' )|

R (¢ d) = R (07, d)|

+ R'v, (¢, d)— R0, (p7,d)].
0 | B U1 (07, d) = R (07, )
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The last term on the right-hand side is smaller than maxi<j<r |0}, (p7) — 9}, (p7)] as R'is a
Markov kernel. The first term on the right-hand side is bounded by Proposition 2.13 as @/, is in
BLP(Q):

max R’ Uk:+1(/7] d) — ’vk+1(pj,d)| < CR/(||@;c+1||Q + [@;Hl]ﬂ) sup  %;.
deK’ (pd) je{1,....L}

which concludes the proof.

3 Dynamic programming

In this section, we show that in practice the points of grid {2 can be constructed without keeping
track of the time since the beginning of the observation, w. For such purpose, we consider the
observed space F.

By definition, 2 is such that each element w is a set (m, {, u,w). Because observations can only
be obtained at times corresponding to a subset of {d,2d,..., Nd},  needs only to discretise E at
these time-points. Hence we denote 2 the set of all elements of 2 for which the fourth coordinate
is equal to k0, that is Q) = {w = (m, (,u,w) € Quw = kd}, and 951’2’3) its restriction to the first
three coordinates, that is Q‘k(l’Q’?’) ={w = (m,,u)|Fw = (m, ¢, u, kd) € Qu}.

We choose to construct the grid such that Vk,j € {1,...,N}, Q‘k(l’Q’S) = Qlj(l’Q’g), ie if w =

(m, ¢, u, kd) € Qi, then for all j € {1,..., N}, w’ = (m,(,u,jd) € Q. Let Q123 = 9‘1(1’2’3).
To show that Q = QI(1:23) is a sufficient discretisation of E, first one can notice that if d #
c(m, ¢, u, kd,d) = c¢(m,,u,j9,d) for all (k,7) and for both our choice of cost functions.
Then, we can show by backward induction that the number of iterations n to reach ké does not
affect vy, that is, v, (m, ¢, u, kd) = vy (m, ¢, u, kd) for all n, n’ such that kd can be reached. Indeed,
it is true for £ = N as then the only admissible decision is d for which Ruvp,(m, ¢, u, N6, J) = 0 for

all n. Then if the assumption is true for all k + 1,..., N, we have
vn(m, ¢, u, ko)
= mi i ,ko,d) + Rv, ,C,u, ko, d
WD e ) {e(m, ¢, u, kd,d) + Runy1(m, G, u, ké, d)}
= min min {e(m, ¢, u, kd, d)+

reT d=(¢,r)eK(m,(,u,kd)

//’Un+1 m', o K8 f(y — (C))p(m’,(’,u’,k’ém,(,u,kzé,d)}

- TGT d=(¢, T)GK(mCukJ){ (m G, ko, d)

/ / v (!¢ (s + 1)8) £ (4 —F(O)P(m’,c',u',<k+r>6|m,<,u,k5,d)}
= {e(m, (, u, ko, d)+

TGT d=(¢, T)EK(m,Cuk&)
/ / v (10, ¢l ( + 7)8) f (o F<<>>P<m',c’,uc<k+r>6|m,<,u,ka,d>}

— i k6, d » u, kb, d
vel az (ér)erﬂr(}(%fuké){ em, 6w, )& Bonga(m, G u, )

- Un'(m7 Cv u, ]C(S)

Let us therefore denote o (m,(,u) = v,(m, (,u, kd) for all compatible n. If we consider the
dynamic programming matrix (DP, ) for which DP,  is the vector v,({w € Q}), then the
elements of a given column are either 0 if iteration n prevents reaching time kd, or take one unique
value, it can concatenated into the dynamic programming matrix (ﬁPk) for which DPy, is the
vector 7 (QI(1:2:3)).

Hence the two following dynamic programming operators are equivalent, where R[] is the in-
tegration of the vector [J with respect to R:
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N 0 . 0 0 C(y)
- V-1 0 0 ming_ .5 {c(v,d) + R0} | C(y) ‘
E 0 min{[ming—(¢ ) ¢(y,d) + R'0], [ming— (¢ 25) ¢(7, d) + R0} | ming— (¢ 5){c(7,d) + R'D} | C() ‘
0 |min{c+ R'O,c+ R0, c+ R*01} ‘

(N=1)5 ming—(¢,5{c(7,d) + R*0}

min{[ming_(¢,s) ¢(v, d) + R0, [ming—(¢ 26) c(v, d) + R'CI]}

real time

min{c+ R'0, ¢+ R*0,c+ R*0}

where in the first case one should read the rows as dynamic programming iterations, and refer to
the columns to identify the optimal decisions at a given time, while in the second case one should
refer to the rows of the matrix to read the optimal decision at a given time.

4 Details on Simulation study

4.1 Grids construction

As explained in the main manuscript, starting from an initial grid (with 184 = ng points chosen
to emphasise strong beliefs on each atom of grid ), grids were extended iteratively by simulating
a number ng;,, of trajectories using optimal strategies obtained by dynamic programming on the
previous grids, and including all estimated filters with distance to their projection larger than a
fixed threshold s.

We varied the couples ((ngim,s) for both distances (L and L,,) at each iteration. Extensive
simulations (work not shown) indicates that for a similar number of points in the resulting grids,
the results are better when using a small number of simulations with a stringent threshold than a
larger number of simulations with a larger threshold.

At each iteration, we also removed from the current grid all points whose density did not reach
a given threshold. To do so, we simulated 10000 trajectories using the current optimal strategy
keeping track of all visited points in the grid. Then we removed all points with density smaller than
0.001/nr (note that if all points were used equally, the density would be 1/nr). Due to the large
amount of points removed at the first iteration, the second grid was computed without additional
points.

The final process is illustrated in Figure 1.

4.2 Distance impact on trajectory

Setting the same seed, we illustrate the impact of the grid and distance choice on a trajectory in
the following Figures. The first row shows the (true) value of X5, with X; indicated by circles for
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Figure 1: Iterative grids for distance Lo (left) and L., (right)

ro 184 184
(10,0.2) (7,0.2)
+93 —42 +81 —45
It 319 310
(10,0.2) (7,0.2)
+205 —-25 +213 —22
2 549 545
(100, 0.4) (40,0.55)
+163 —10 +160 —4
3 722 709
(12,0.2) (8,0.2)
+266 -1 +307 -5
r 989 1021

X7 =0, triangles for X5 = 1 and pluses for X5 = 3. The second row shows the observed process Y,
with colours indicating treatments: black for @), green for a and red for b. The third row shows the
mass probability of each mode of the estimated filter, and the fourth for its projected counterpart.
Finally, the fifth row shows the distance between estimated and projected filters, in black for the
Lo distance, and in blue for the L,, distance.

Figure 2 shows that though the distance between the filter and its projection significantly decreases
between the two grids, the projection does not preserve the mode, hence leads to decision which
do not always seem appropriate seeing the data, in particular regarding the next visit date. On
the contrary, Figure 3 shows that distance L,, decreases the distance meanwhile maintaining the
mass distribution between modes.

4.3 Choice of 1& or ¢ in practice

The discretisation strategy lead to a Markov kernel R’ on X to which can be associated a Markov
chain 1& In theory, the dynamic programming algorithm operates on this Markov chain, and error
bounds from the main theorem are computed accordingly. This should imply that at iteration k,
filter v, is computed from the new observation and the current filter 1&;.3_1, then projected on I' to
identify the optimal decision. Then this projection ¢y, = p‘p(@k) is saved as current filter for the
next observation.

In practice, this implies that the projection error @_/;k — 9y, is propagated through the dynamic
programming recursion. We propose instead to save 1, as current filter for the next iteration, i.e.
the filter at iteration k + 1 will be computed using Yj,1 and 9. We do not propose any error
bound on this practical strategy, and there is no guarantee that this should lead to better results,
as projection errors on I' may sometimes compensate previous errors. However in our simulation
studies we have observed a significant difference between the strategies, as illustrated in Table 2
(grid 1021 with Lm distance).

One can note that the estimated cost is identical in the visit choice framework between filter v
and 1,@ as they correspond to how grids were calibrated, but in practice the real cost is lower with
1 as the latter is closer to the true data.
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projected mode estimated mode observed data  real process value
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Figure 2: Trajectories for L, distance.
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Figure 3: Trajectories for L,, distance.
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Table 2: Choice of ¢ or ¢ as current filter

Y Y
Visits Do real cost (sd) est. cost (sd) || real cost (sd) est. cost (sd)
OS | 132.43 136.96 (3.97) 1348 (0.75) || 16133 (7.2) 134.82 (0.96)
Grid | FD-15 | 253.28 214.29 (1.67) 215.83 (0.78) 227.84 (3.13) 264.19 (2.31)
1231 | FD-60 | 163.57 143.02 (5.29) 141.8 (1.05) 163.19 (7.29) 165.22 (1.05)
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