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[bookmark: _GoBack]Supplementary Note 1: Back-propagating the errors in the network
To compute the gradient of cost function with respect to all learnable parameters, the chain rule is used:

                                                 (S1)











where  and  denotes an N×1-dimensional vectors containing the diagonal entries of the matrices   and , respectively and symbol  denotes element-wise multiplications.  and  can be found easily from Fig. 2 of the main article. To compute  and , first the derivatives  and  (derivatives at a single spatial location s' on the m'th metaline) are calculated using the chain rule again:

               (S2)                             






where Writinger Calculus for computing derivatives with respect to a complex variable is employed.  denotes the real part of the expression enclosed in brackets, and  indicates the adjoint of a matrix. The derivatives  and  can be calculated using equations (1) and (3) in the main article, as follows:

                          (S3)

  
in which:

                                                                (S4)

 

If we assume that  is the adjoint field, then by substituting equations (S3) in equations (S2) and taking the adjoint of the resulted equations, the following equations are achieved:

                             (S5)



Once  is computed, the learnable parameters can be updated at each iteration as follows:

                                                             (S6)

where is the learning rate.
Supplementary Note 2: Design verification
As was mentioned in the main text of the article, the challenge was designing an optical logic gate with 100% consistency between its numerical performance and the performance it shows when simulated with a commercial full-wave electromagnetic software. To achieve this goal, we numerically trained a number of diffractive networks and verified their performance with Lumerical 2.5D FDTD. Table S1 reports the results of these investigations. For the first demonstration of optical logic gates AND, NOT and OR, a DONN with three diffractive layers (metalines) is designed. Each metaline contains 200 meta-atoms (neurons). The length of each metaline is 100µm, and the distance between two successive layers is 200µm, and after light exits the third metaline, it propagates 200µm until it reaches the output line of the network with two linearly-arranged detection regions. The length of each detection region is 4µm and the distance between the two regions is 32µm. Like before, it is assumed that the distance between the input layer and the first metaline is zero. The Training process is similar to the one described in section 3 of the article. This optimization problem involves 600 design variables (200 variables per metaline). 
Once the diffractive network is trained, in order to verify the performance of the obtained optical logic gates, the designed metasystem is implemented in Lumerical Mode Solution and simulated using its 2.5D variational FDTD solver. Table S1 describes the characteristics of the designed metasystem as well as its numerical performance and its verification using Lumerical Mode Solution 2.5D FDTD (design 1). The simulations indicate 80% match between numerical testing results and full-wave simulation results. Design 2 in Table S1 is very similar to design 1 except otherwise that the distance between the two detectors is 22µm. For this design, the matching between the two results is 90%. For design 3, according to Fig. 3 of the article, the distance between the diffractive layers as well as the distance between the last diffractive layer and the output layer is assumed to be 300µm. Also, for this design, the distance between the two detectors at the output layer is set to be 12µm. The distance between the two detectors for this design and the other following designs is chosen based on the best achieved simulation results in the numerical testing of the metasystem. As is seen in Table S1, also for this design, there is 90% match between numerical testing and full-wave simulations. If we further approximate each neuron value by a slot group composed of two identical slots, in order to reduce the influence of mutual interference between adjacent slots, design 4 will be obtained. All the design metrics for design 4 are similar to design 3, except otherwise the number of neurons in each metaline which is equal to 100 and the number of slots in each neuron (that is equal to two identical slots). For this design, the consistency between the two obtained results reduces to 80%. This can be due to decreased number of neurons in this metasystem (300 neurons instead of 600 neurons for previous designs) which indicates that the task cannot be successfully accomplished using only three learnable diffractive layers. 
Therefore, we increase the number of layers to five diffractive layers (design 5), again with 200 meta-atoms in each layer. For the first demonstration of a five-layered DONN and for the sake of compactness, the distance between two successive layers and the distance between the last layer and the output layer is set to be 50µm. The other design parameters for this metasystem is like design 1. Because for the method described in subsection 2.3 of the article, the distance between adjacent layers should be large enough so that only the far-field from one layer of the metaline reaches the next layer, this method cannot be applied for designing this metasystem. Because in this metasystem, the distance between the layers is only 50µm which is even less than the metaline length (100µm). Therefore, for training this DONN, the method presented in [24-25] is utilized. For this design, the simulations predicate 60% matching between numerical testing results and full-wave simulation results, which is the lowest obtained matching percentage. Therefore for design 6, all the design parameters are chosen similar to design 2. For this design, verifications with Lumerical Mode Solution 2.5D FDTD provide 90% fitting to the numerically trained diffractive model. For design 7, we keep all the design parameters like design 6 except that in this design we approximate each neuron value by a slot group of two identical slots (which means each diffractive layer contains 100 meta-atoms). For this design, the matching between numerical testing results and full-wave simulations reduces to 80%, which again can be due to reduced number of meta-atoms in this metasystem with respect to design 5 (500 meta-atoms versus 1000 meta-atoms). We move a step forward in design 8 and change the distance between the layers and the distance between the last layer and the output layer to 300µm. Also, we change the distance between the detectors to 12µm. All other design metrics are kept similar to design 7. For this design, complete matching between numerically trained model and Lumerical Mode Solution 2.5D FDTD is achieved (see Table S1).

	Table S1. The characteristics of a number of diffractive neural networks that operate as a multi-functional logic gate and the comparison between their numerical testing results and full-wave simulation results. 

	Design
	Number of layers
	Number of neurons in each layer
	Number of slots in each neuron
	Length of the layers
	Distance between layers
	Distance between the last layer and output layer
	Length of detection regions
	Center to center distance between detection regions
	Percentage of matching between numerical predictions and full-wave simulations

	1
	3
	200
	1
	100µm
	200µm
	200µm
	4µm
	32µm
	80%

	[image: E:\Postdoc2\LG\Config4\ThreeLayer\N200\P\xm = xf = 200um\Img2, lr=5e-5, it=1000,10000 (128,64,8)\Logic-code.png]
	[image: E:\Postdoc2\LG\Config4\ThreeLayer\N200\P\xm = xf = 200um\Img2, lr=5e-5, it=1000,10000 (128,64,8)\Lumerical\Logic-Lumerical.png]

	2
	3
	200
	1
	100µm
	200µm
	200µm
	4µm
	22µm
	90%

	[image: E:\Postdoc2\LG\Config4\ThreeLayer\N200\P\xm = xf = 200um\Img2, lr=5e-5, it=1000,10000 (118,44,8)\Logic-code.png]
	[image: E:\Postdoc2\LG\Config4\ThreeLayer\N200\P\xm = xf = 200um\Img2, lr=5e-5, it=1000,10000 (118,44,8)\Lumerical\Logic-Lumerical.png]

	3
	3
	200
	1
	100µm
	300µm
	300µm
	4µm
	12µm
	90%

	[image: E:\Postdoc2\LG\Config4\ThreeLayer\N200\P\xm = xf = 300um\Img4, lr=5e-5, it=1000,10000 (108,24,8)\Logic-code.png]
	[image: E:\Postdoc2\LG\Config4\ThreeLayer\N200\P\xm = xf = 300um\Img4, lr=5e-5, it=1000,10000 (108,24,8)\Lumerical\Logic-Lumerical.png]

	4
	3
	100
	2
	100µm
	300µm
	300µm
	4µm
	12µm
	80%

	[image: E:\Postdoc2\LG\Config4\ThreeLayer\N100\a = 1um, xm = xf = 300um\Img3, lr=2e-5, it=1000,10000,5000 (54,12,4)\Logic-code.png]
	[image: E:\Postdoc2\LG\Config4\ThreeLayer\N100\a = 1um, xm = xf = 300um\Img3, lr=2e-5, it=1000,10000,5000 (54,12,4)\Lumerical\Logic-Lumerical.png]

	5
	5
	200
	1
	100µm
	50µm
	50µm
	4µm
	32µm
	60%

	[image: E:\Postdoc2\LG\Config4\FiveLayer\N200\S-F\P\AGM\xm = xf = 50um\Img2, lr=2e-5, it=2000 (128,64,8)\Logic-code.png]
	[image: E:\Postdoc2\LG\Config4\FiveLayer\N200\S-F\P\AGM\xm = xf = 50um\Img2, lr=2e-5, it=2000 (128,64,8)\Lumerical\Logic-Lumerical.png]

	6
	5
	200
	1
	100µm
	200µm
	200µm
	4µm
	22µm
	90%

	[image: E:\Postdoc2\LG\Config4\FiveLayer\N200\S-F\P\FF, xm = xf = 200um\Img2, lr=5e-5, it=1000,5000 (118,44,8)\Logic-code.png]
	[image: E:\Postdoc2\LG\Config4\FiveLayer\N200\S-F\P\FF, xm = xf = 200um\Img2, lr=5e-5, it=1000,5000 (118,44,8)\Lumerical\Logic-Lumerical.png]

	7
	5
	100
	2
	100µm
	200µm
	200µm
	4µm
	22µm
	80%

	[image: E:\Postdoc2\LG\Config4\FiveLayer\N100\S-F\P\a = 1um, xm = xf = 200um\Img4, lr=1e-5, it=2000 (59,22,4)\Logic-code.png]
	[image: E:\Postdoc2\LG\Config4\FiveLayer\N100\S-F\P\a = 1um, xm = xf = 200um\Img4, lr=1e-5, it=2000 (59,22,4)\Lumerical\Logic-Lumerical.png]

	8
	5
	100
	2
	100µm
	300µm
	300µm
	4µm
	12µm
	100%

	[image: E:\Postdoc2\LG\Config4\FiveLayer\N100\S-F\P\a = 1um, xm = xf = 300um\Img3, lr=1e-5, it=2000 (54,12,4)\Logic-code.png]
	[image: E:\Postdoc2\LG\Config4\FiveLayer\N100\S-F\P\a = 1um, xm = xf = 300um\Img3, lr=1e-5, it=2000 (54,12,4)\Lumerical\Logic-Lumerical.png]
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