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I. DESIGNING THE VARIATIONAL CIRCUIT

In this section, we discuss how to choose the experimentally realizable elementary gates in the variational sequence
in the entangler based on limited quantum resource [S1, S2].

A. Entanglement generation gates from two-body interaction Hamiltonian and global rotations

Consider a two-body interaction Hamiltonian:

Hint =
∑
i<j

Vij
(
J ISziSzj + JSSi · Sj

)
. (S1)

In this Hamiltonian, S = (Sx, Sy, Sz) is the vector of spin-1/2 operators, Vij is the interaction strength between spin
i and j which depends on their locations, and J I(̸= 0), JS are the Ising and symmetric coupling constant respectively.

The elementary gates in each layer of the variational circuit for preparing metrological states (Fig.1(c) main text)
include two free evolutions under the interaction Hamiltonian D(τ), D(τ ′), one global rotation along the x-axis Rx(ϑ)
and two fixed π/2 rotations Ry(−π

2 ), Ry(
π
2 ) along the y-axis. We define the interaction gate in the z-direction as

Dz(τ) ≡ exp(−iτHint/ℏ) = exp

−iτ∑
i<j

Vij
(
J ISziSzj + JSSi · Sj

)
/ℏ

. (S2)

The interaction gates in other directions can be obtained by π/2 rotations:

Dx,y(τ) = Ry,x(π/2)Dz(τ)Ry,x(−π/2)

= exp

−iτ∑
i<j

Vij
(
J ISx,yiSx,yj + JSSi · Sj

)
/ℏ

. (S3)

In Eqs. (S2) (S3), the symmetric interaction term stay unchanged because inner product is conserved under global
rotation and the ‘direction of interaction’ is only determined by the Ising term. Using these definitions, we simplify
the gate set in each layer as

Ui = Ry

(π
2

)
D (τ ′i)Ry

(
−π
2

)
Rx (ϑi)D (τi)

= Dx (τ
′
i)Rx (ϑi)Dz (τi) . (S4)

In the next two subsections, it will be shown that the sequence in Eq. (S4) is the most general gate set that uses only
global rotations and preserves the collective spin direction along x-direction.

B. Preservation of the collective spin direction

Define the x-parity operator Px ≡ ΠNi σxi = P †
x , with P 2

x = I. This operator describes the parity of a state in
x-direction and is related to the global π rotation along x-axis up to a phase constant, Rx(π) = exp(−iπ

∑
i Sxi) =

(−i)NΠNi σxi. Applying the x-parity operator onto individual spin’s angular momentum operator gives PxSµjPx =
(σxSµσx)j = ±Sµj . Thus the interaction gates along x- and z-direction conserve the x-parity, PxDx,zPx = Dx,z.
Similarly, the only global rotation that conserves x-parity for arbitrary angles is Rx(ϑ). Then, based on Eq.(1) in the
main text, the unitary operator of the whole control sequence conserves the x-parity

PxS(θ)Px = PxUm...U2U1Px

= PxΠi[Dx (τ
′
i)Rx (ϑi)Dz (τi)]Px

= S(θ). (S5)
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The initial spin state pointing to the +x-direction is an eigenstate of Px: Px |↑x⟩⊗N = |↑x⟩⊗N . Thus, any state
produced by this variational circuit remains an eigenstate of Px:

Px |Ψ(θ)⟩ = PxS(θ) |↑x⟩⊗N

= PxS(θ)PxPx |↑x⟩⊗N

= |Ψ(θ)⟩ . (S6)

Now consider the expectation value of the total spin angular momentum operator Jµ ≡
∑
i Sµi (µ ∈ {x, y, z}):

⟨Jy,z⟩ = ⟨Ψ(θ)| Jy,z |Ψ(θ)⟩
= ⟨Ψ(θ)|PxPxJy,zPxPx |Ψ(θ)⟩
= −⟨Jy,z⟩ = 0. (S7)

Thus, the collective spin direction ⟨J⟩/|⟨J⟩| always points along the x-direction.

C. Choosing the most general gate set

To preserve the collective spin direction along x-axis, the global rotation and interaction gates that can be chosen
are Rx, Dx, D⊥ where D⊥ stands for the interaction gates along any direction perpendicular to the x-direction.
Combining Rx and Dz can generate any D⊥, thus the simplest gate set fulfilling all the requirements is DxRxDz, as
described by Eq.(1) in the main text.

The derivations and results in this section about selecting the variational sequence agree with ref.[S1]. However,
the interaction Hamiltonian we discuss here is more general. In Eq. (S1), when J I = 1, JS = 0, the interaction
becomes Ising type interaction which is equivalent to the Rydberg interaction in ref.[S1,S2]. The Ising interaction
can also describe spin systems with large local disorder. The optimization results are shown in the next section.
When J I = 3, JS = −1, Eq. (S1) becomes the dipolar interaction Hamiltonian between spin-1/2 particles. When
J I = 2, JS = −1, it becomes the dipolar interaction Hamiltonian between spin-1 particles (such as NV centers). The
simulation results for this case are shown in the next section. When J I = 1, JS = −1, the interaction can describe
the dipolar interaction between cold molecules [S3].

II. OPTIMIZATION RESULTS OF DIFFERENT TYPES OF DIPOLE-DIPOLE INTERACTION
HAMILTONIAN

The magnetic dipole-dipole interaction Hamiltonian under secular approximation has the general form [S4, S5]:

Hdd =
∑
i<j

Vij(2SziSzj − SxiSxj − SyiSyj) (S8)

with

Vij =
∑
i<j

µ0

4π

γiγjℏ2

|ri − rj |3
(1− 3 cosβij)

2
(S9)

where µ0 is the vacuum permeability, γ is the geomagnetic ratio of the spin, βij is the angle between the line segment
connecting (ri,rj) and the direction of the bias external magnetic field (along z-direction in this case). Eq. (S8) is
able to describe the dipolar interaction for the spin systems with arbitrary spin number as long as the spin angular
momentum operators Sµ obey the commutation relation [Si, Sj ] = iϵijkSk. It applies to the spin-1/2 systems we
discussed in the main text and Nitrogen-Vacancy (NV) centers which are spin-1 systems.

A. NV ensemble

Here we consider NV ensemble and only |ms = 1⟩ and |ms = 0⟩ are used as a 2-level system. The spin-1 operators
are

S(1)
x =

1√
2

0 1 0
1 0 1
0 1 0

 , S(1)
y =

1√
2

0 −i 0
i 0 −i
0 i 0

 , S(1)
z =

1 0 0
0 0 0
0 0 −1

 . (S10)
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If we only take the |ms = 1⟩, |ms = 0⟩ subspace into consideration, the relations between the ‘truncated’ spin-1
operators and the spin-1/2 operators are:

S(1)
y =

√
2S

( 1
2 )
y , S(1)

y =
√
2S

( 1
2 )
y , S(1)

z =
I

2
+ S

( 1
2 )
x (S11)

Plugging Eq. (S11) into Eq. (S8), we get the effective dipole-dipole interaction Hamiltonian for NV ensemble
|ms = 1⟩, |ms = 0⟩ subspace [S4,S6]:

HDD,NV =
∑
i<j

Vij(S
( 1
2 )
zi S

( 1
2 )
zj − S

( 1
2 )
xi S

( 1
2 )
xj − S

( 1
2 )
yi S

( 1
2 )
yj ) (S12)

Fig. S1(a) shows the Classical Fisher Information (CFI) optimization results for 2D square lattice spin configuration.
They are similar to the results we get in Fig.(2) of the main text for spin-1/2 systems.

FIG. S1. (a) Optimization results for NV-ensemble. The CFI saturates the theoretical upper bound Heisenberg Limit (HL)
when the variational circuit layer number goes up from 1 to 7, and the CFI results are ‘oscillating’ for even/odd number of
spins from shallow circuit. (b) Optimization results for Ising type spin interaction when there is large local disorder in the
system.

B. Ising type interaction (large local disorder)

When the system has large local disorder, the flip-flop terms in the dipolar interaction Hamiltonian Eq. (S8) are
suppressed because of the large energy gap:

HDD,Ising =
∑
i

δiS
( 1
2 )
zi +

∑
i<j

Vij(2S
( 1
2 )
zi S

( 1
2 )
zj − S

( 1
2 )
xi S

( 1
2 )
xj − S

( 1
2 )
yi S

( 1
2 )
yj )

=
∑
i

δiS
( 1
2 )
zi +

∑
i<j

2Vij(S
( 1
2 )
zi S

( 1
2 )
zj − S

( 1
2 )

+i S
( 1
2 )

−j − S
( 1
2 )

−i S
( 1
2 )

+j )

≈
∑
i

δiS
( 1
2 )
zi +

∑
i<j

2VijS
( 1
2 )
zi S

( 1
2 )
zj . (S13)

This location-dependent single-spin energy shift (δi) can be canceled by spin-echo pulse sequence where the inter-
action gate D(τ) needs to be applied:

D(τ) = Rx(π) exp[−iτHDD,Ising]Rx(π) exp[−iτHDD,Ising]

= exp

−iτ∑
i<j

2VijS
( 1
2 )
zi S

( 1
2 )
zj

. (S14)
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Eq. (S14) is also valid when the local disorder δi is comparable with the interaction strength Vij . If there is local
disorder in the dipolar-interacting spin ensemble, applying spin-echo will generate the interaction gate D(τ) where
the local disorder terms are canceled.

The CFI optimization results by using the effective Ising type interaction HamiltonianHDD,Ising =
∑
i<j 2VijS

( 1
2 )
zi S

( 1
2 )
zj

is shown in Fig. S1 (b).
From Fig. S1, the CFI results close to the Heisenberg Limit are observed, indicating that the variational method

can be applied to different kinds of spins in solid state systems and generate highly entangled state for high-precision
quantum metrology. We also observe that for shallow variational circuits, the CFI ‘oscillation’ between even and
odd spin numbers only appears when there are flip-flop terms in the Hamiltonian. For Ising type interaction, the
‘oscillation’ disappears.

III. OPTIMIZATION RESULTS BY USING P tot
z , Pπ

z AS MEASUREMENT BASES

FIG. S2. CFI optimization data for (a) 2D square lattice using observable P tot
z , (b) 3D-random configuration using observable

P tot
z (averaged over 5 cases), (c) 2D square lattice using observable Pπ

z , (d) 3D-random configuration using observable Pπ
z

(averaged over 5 cases).

The optimization results shown in Fig.2 in the main text are obtain by using Pz as the measurement basis for the
CFI (cost function) calculation. Although measuring all the diagonal elements in the density matrix of the resulting
states provides the maximum information one can get from single-qubit measurement and a large Hilbert space for the
optimizer, it leads to an exponentially large (2N ) experimental repetition number when the CFI needs to be estimated
from experimental data. Thus, we test the variational method on two other measurement bases which require less
repetitions for readout.

The measurement basis on total spin polarization along z-direction is given by

P tot
z ≡ |J = N/2, Jz⟩ ⟨J = N/2, Jz| (S15)
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where J is the total spin angular momentum quantum number and Jz is the total spin angular momentum projection
quantum number that runs from N/2 to −N/2. P tot

z has N + 1 outcomes, so it scales linear with the system size.
The optimization results by using the CFI on P tot

z as cost function are shown in Fig. S2 (a)(b). Surprisingly,
compared to the results by using Pz, the optimization results from using P tot

z are improved by about a factor of
1.5 ∼ 2 for the 3D-random spin configuration. Since all the information one can extract from P tot

z are contained in
Pz, we attribute this improvement to the simpler parameter space structure that P tot

z provides to the optimizer. Less
local maximum points in the parameter space will help the optimizer to converge to a high CFI point, especially when
the dimension of the parameter space (3m) is large.
Parity of the spin ensemble,

Pπz ≡ ΠNi σzi, (S16)

provides a constant (2) dimensional outcome space for experimental readout. Improvements are also observed in 2D
square lattice and 3D-random spin configurations (Fig. S2(c)(d)).

IV. MUTUAL INFORMATION OF THE METROLOGICAL STATES

The Rényi entropy of order n of a subsystem A:

Sn(A) =
1

1− n
log Tr(ρnA) (S17)

describes the general entanglement correlation between the subsystem A and the full system [S7,S8]. The 1-st
order Rényi entropy is equivalent to the von-Neumann entropy, S1(A) = EvN = −Tr(ρA log ρA), which we used
to characterize the entanglement of the metrological states in Fig.3 of the main text. The 2-nd order Rényi entropy
reflects the purity of the state Tr

(
ρ2A
)
≤ 1. It is an indication of entanglement when the purity of the subsystem is

smaller than the purity of the full system [S9], Tr
(
ρ2A
)
< Tr

(
ρ2AB

)
.

By measuring the 2-nd order Rényi entropy, we can calculate the mutual information between the two subsystems
A and B.

IAB = S2(A) + S2(B)− S2(AB). (S18)

The scaling of the mutual information with respect to the subsystem size is one of the keys to study the entanglement
properties of interacting quantum systems, e.g. area law and volume law [S10,S9,S11]. Here, we numerically calculate
the mutual information of the 9-spin metrological states generated by the variational circuits with different layer
numbers.

As shown in Fig. S3, unlike CFI, the mutual information does not monotonically increase with the circuit layer
number m. Quantifying the entanglement by mutual information, all the metrological states we studied here have
’more’ entanglement compared to the GHZ states, even though the CFI are lower. These results reflect the fact that
deep entanglement does not necessarily lead to better sensing performance (CFI), global and shallow entanglement is
preferred for Heisenberg-limit quantum sensing.

We can understand the relation between CFI and entanglement by taking a 4-qubit GHZ state |GHZ⟩ = 1√
2
(|0000⟩+

|1111⟩) as an example. |GHZ⟩ has the highest CFI, however, if you look at the amount of entanglement between the
two qubits on the left and the two on the right, it only has 1 ebit of entanglement. S2(A) = S2(B) = 1, IAB = 2.
Consider another state |ψ⟩ = 1

2 (|0000⟩+ |1111⟩+ |0101⟩+ |1010⟩), the amount of entanglement between the left and
right two qubits are 2 ebits. S2(A) = S2(B) = 2, IAB = 4. But the last two terms in |ψ⟩ have negative contribution
of the CFI to the state, even though they provide more entanglement.
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FIG. S3. Mutual information versus subsystem size of the 9-spin metrological states. The spatial spin configuration is the
same as Fig.3(b) (case No.2 in 50 random cases) and the m = 2/7 results are calculated from the states that shown in Fig.3(b)
left/right in the main text. The asymmetry of the mutual information with respect to the subsystem size comes from the
random spin locations.

V. SUPPLEMENTARY DATA

A. Complete CFI data for Fig.2 in main text

The complete data for dipolar-interacting spin systems’ CFI optimization is shown in this section. Fig. S4(a) shows
the 50-cases averaged optimization results for 3D-random spin configurations, the variational circuit layer number m
is chosen from 1 to 10. The optimized CFI results are approaching to the Heisenberg Limit (HL) when more layers
(m) are used. However, when m > 7, the CFI results stop increasing. This CFI ‘saturation’ effect might be caused
by two reasons. First, when m is large, the number of the local maximum points in the high dimensional parameter
space increases. This could potentially cause the optimizer to stuck in the local maximum point. Sometimes, take
N = 7,m = 10 data in Fig. S4(a) as an example, adding more variational layers even leads to a lower CFI optimization
result. The ‘local maximum’ problem could be solved by more advanced and powerful optimization algorithms, such
as reinforcement learning [S12–S14], and more computational resources. Second, the ‘saturation’ effect reflects the
global maximum CFI one can reach, no matter what kind of optimization algorithm is applied. It’s still an open
question what is the highest CFI the spin ensemble could reach for a given configuration.

Fig. S4(b)-(d) show the CFI optimization result for 1D chain, 2D square lattice and 2D symmetric cycle spin
configurations. The results of regular patterns are better than those of 3D-random pattern.
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FIG. S4. The complete CFI data for (a) 3D random, (b) 1D chain, (c) 2D square lattice, and (d) 2D circle.

B. Required layers to reach given CFI for 2D square lattice

FIG. S5. Left: Schematic of a 2D square lattice pattern. The numbers label the order in which spins are added to form a
lattice of size N . Right: Number of layers required to achieve a CFI within a given percentage of the HL.

As shown by the schematic on the left, the distances between spin No.4 and spin No.5, 7, and 9 are the same, so
the interaction strengths between each pair are the same. Similarly, the distance between spin No.4 and spin No.2, 3,
6, and 8 are the same (smaller). Therefore, the plateau features in Fig.(S5) are likely due to this symmetry: adding
one more spin to the lattice does not require an extra layer to reach a given percentage of the CFI.
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Orders of interaction

Due to the decaying feature ( 1
r3 ) of dipolar interaction strength, the resulting states might be mainly generated by

nearest-neighbor interaction. For studying ‘how much’ interaction is essential for generating the resulting entangled
states, we calculate the overlap (state fidelity [S15]) between the original state and the new state, which is generated
by using the cutoff Hamiltonian and optimized parameters. A cutoff interaction strength fcutoff is chosen, and all
the pairwise potential Vij smaller than fcutoff are set to zero in the cutoff Hamiltonian. Fig. S6 shows the relation
between the state fidelity F versus fcutoff. A state fidelity value less than 1 is observed when fcutoff is set to be equal
to the averaged nearest-neighbor interaction strength fdd. This result reflects higher order interactions in the spins
ensemble are utilized for the metrological states generation.

FIG. S6. Average state fidelity vs. different cutoff strength in Hdd. The shaded area corresponds to the error range. Data
obtained from 3D-random N = 10,m = 5, 50-cases optimization results.

C. Non-Markovian noise sensing performance

FIG. S7. Average Ramsey protocol’s results of the generated entangled states in 3D random configurations when considering
non-Markovian noise in the signal accumulation step. Blue and orange correspond to two different noise models (ν = 2 and 4).

D. Optimized states with different readout fidelity

We run the optimization with imperfect readout for N = 4 and N = 10 2D square lattice spin configurations. The
optimized states resemble GHZ states (high RF), SSS (low RF), CSS (RF close to 50%). For N = 4 case, the Gaussian
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state appears for RF lower than 92%, but for N = 10 case, the Gaussian states appears when RF is about 96%. We
expected that for large spin system with finite RF, Gaussian states (e.g. SSS) are advantageous for quantum-enhanced
metrology.

FIG. S8. Optimized states’ Wigner distributions when finite RF is assumed in the CFI calculation.

E. Relative experimental parameter table (full)

TABLE S1. Experimental platforms’ data

System T
(best)
2 T

(DD)
2 f̄dd Pini Freadout ν

NV ensemble 1.58(7)sa 7.9(2)µsb 35kHzb 97.5%c 97.5%c 2 − 4b

P1 centers 0.8mse(DEER) 4.4µsf 0.7kHze,0.92MHzf 95%e 95%e ?

Rare-Earth crystals 23.2 ± 0.5msg 2.5µsh 1.96MHzh 97%i 94.6%j 2.4 ± 0.1g

Cold Molecules 1sk 80msl 52Hzl,1.5kHzm 97%m 97%m ?

a T.H.Taminiau, NComm 2018, b H.Zhou, PRX 2020, B.J.Shields, c M.D.Lukin, PRL 2015, d L.Childress Science 2006
e T.H.Taminiau, NComm 2021, f N.Yao, Nature 2021

e P.Bertet, Science advances 2021, h A.Reiserer, PRL 2021, i J.Thompson, Science 2020, j J.Thompson, NComm 2020
k M.R Tarbutt PRL 2020, l B.Yan, J.Ye, Nature 2013, m J Doyle, PRL 2020

Based on the simulation results shown in Fig.4(c) in main text, we need f̄ddT2 ≥ 5 to generate metrological states
that beat the SQL. It’s worth mentioning that the T2 in this situation stands for the coherence time without the
dipole-dipole interaction’s influence. During the state preparation step, the dipolar interactions between the spins
are included in the system Hamiltonian for the entanglement generation (D gate in Fig.1(c) in main text). Thus, the
T2

(DD) in Table S1 is a lower bound and T2
(best) is a more precise estimation for the spin coherence time.
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VI. SUPPLEMENTARY DERIVATIONS

A. CFI with respect to angle and frequency

In general, the Classical Fisher Information (CFI) measures the sensitivity of a statistical model to small changes
of a parameter θ [S16, S17]. Let Z be a random variable and Pz(θ) ≡ P (z|θ) be its probability distribution which
depends on θ. Let Θ be an unbiased estimator of θ, i.e.

θ = ⟨Θ⟩ =
∑
z

Θ · Pz(θ). (S19)

From Eq. (S19) and the fact that the sum of probabilities of all outcomes is 1,

1 =
∂⟨Θ⟩
∂θ

=
∂

∂θ

∑
z

ΘPz(θ), (S20)

0 =
∂

∂θ

∑
z

Pz(θ). (S21)

Subtracting Eq. (S21) multiplied by θ from Eq. (S20), we get

1 =
∑
z

(Θ− θ)
∂

∂θ
Pz(θ)

=
∑
z

Pz(θ)(Θ− θ)
1

Pz(θ)

∂

∂θ
Pz(θ)

= ⟨(Θ− θ)
1

Pz(θ)

∂

∂θ
Pz(θ)⟩

= ⟨(Θ− θ)
∂

∂θ
logPz(θ)⟩. (S22)

LettingX = Θ−θ and Y = ∂
∂θ logPz(θ), by the Cauchy-Schwartz inequality for random variables: ⟨XY ⟩2 ≤ ⟨X2⟩⟨Y 2⟩,

we have

⟨(Θ− θ)2⟩
〈(

∂

∂θ
logPz(θ)

)2〉
≥ 1, (S23)

where

⟨(Θ− θ)2⟩ = ⟨Θ2⟩ − (2θ⟨Θ⟩ − ⟨θ2⟩)
= ⟨Θ2⟩ − (2θ2 − θ2)

= ⟨Θ2⟩ − ⟨Θ⟩2

= ∆Θ2 (S24)

is the variance of Θ. Defining

CFI =
∑
z

Pz(θ)

(
∂

∂θ
logPz(θ)

)2

, (S25)

we have

∆Θ2 ≥ 1

CFI
. (S26)

If the measurement is repeated M times, then by the additive property of CFI, we obtain the Cramér-Rao bound:

∆Θ2 ≥ 1

M · CFI
. (S27)

In our variational circuit, we use CFI with respect to an infinitesimal angle ϕ as the cost function to generate
entangled states. In our program, we use a method similar to parameter shift to calculate the CFIϕ of our optimized
states [S18,S19,S20]. In the following notation,
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1. z represents a multi-qubit state in the z-basis;

2. U(ϕ) = e−iϕJy is the rotation operator where ϕ is a small angle;

3. ψ is the state we create from the variational circuit;

4. Pz(θ) is the probability of measuring the state z with the state after rotation.

Then

∂

∂ϕ
Pz(ϕ)

∣∣∣
ϕ→0

=
∂

∂ϕ
|⟨z|U(ϕ)|ψ⟩|2

∣∣∣
ϕ→0

=
∂

∂ϕ
⟨ψ|U†(ϕ)|z⟩⟨z|U(ϕ)|ψ⟩

∣∣∣
ϕ→0

=⟨ψ|U†(ϕ)iJy|z⟩⟨z|U(ϕ)|ψ⟩
∣∣∣
ϕ→0

+ ⟨ψ|U†(ϕ)|z⟩⟨z|U(ϕ)(−i)Jy|ψ⟩
∣∣∣
ϕ→0

=i ⟨ψ|
(
Jy |z⟩ ⟨z| − |z⟩ ⟨z| Jy

)
|ψ⟩ . (S28)

Note that assuming the rotation operator U(ϕ) = e−iϕJy ≡ Uy(ϕ) along y-axis is for calculation simplicity. In
experiments, the signal (e.g. the external B-field) usually induces a rotation along z-axis, Uz(ϕ) = e−iϕJz . It’s
equivalent to assume that the prepared state is firstly rotated by a Rx(π/2) pulse and then accumulates a signal ϕ
along y-axis, or firstly accumulates a signal along z-axis and then rotated by Rx(−π/2) pulse [S17]. In another word,
Rx(−π/2)Uz(ϕ) = Uy(ϕ)Rx(π/2), so the signal accumulation process we assumed in the calculation is able to simulate
the experiments.

After creating the entangled states, we want to know how useful they are in a Ramsey spectroscopy, where the signal
we want to detect is a frequency ω. By the same calculation as above except the difference that we take derivative
with respect to ω = ϕ

tR
where tR is the Ramsey sensing time, we have

CFIω = CFIϕ · t2R. (S29)

B. Relation beteen CFIω and SNR in single qubit Ramsey experiment

We illustrate the Ramsey protocol for a single qubit.

1. The qubit is initialized into the ground state |0⟩.

2. A π
2 pulse along the y-direction is applied to transform it into a superposition state 1√

2
(|0⟩ + |1⟩). Its matrix

form is

ρ(t) =
1

2

(
1 1

1 1

)
. (S30)

3. After evolving under noise and a signal with frequency ω for time t, its state becomes

ρ(t) =
1

2

(
1 e−iωte−2γt

eiωte−2γt 1

)
(S31)

where γ is the decoherence rate.

4. A second π
2 pulse along the x-direction is applied for readout. The qubit is then in the state

Rx

(π
2

)
ρ(t)R†

x

(π
2

)
(S32)

.

5. After the rotation, the probability of the qubit being in the ground state is

P0 =
1

2
+

1

2
e−2γt sinωt. (S33)
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The CFI with respect to ω is

CFIω =
1

P0

(
∂P0

∂ω

)2

+
1

P1

(
∂P1

∂ω

)2

=
t2 cos2 ωt

e4γt − sin2 ωt
. (S34)

Assuming only quantum projection noise, the Signal-to-Noise Ratio (SNR) is δP0√
1
M P0(1−P0)

where M is the total

number of measurements. Then

SNR2 =
Mt2 cos2 ωtδω2

e4γt − sin2 ωt
. (S35)

Assuming no time overhead, i.e., M = Ttot

tR
where Ttot is the total measurement time and tR is the time between

Ramsey pulses, we obtain the relationship

CFIω · Ttot
tR

· δω2 = SNR2. (S36)

In unit time (Ttot = 1), when SNR= 1, the smallest signal we can measure is

δω =
1√

M · CFIω
, (S37)

leading to the saturated Cramér-Rao bound.

C. Maximum Likelihood Estimator

Since a measurement collapses a quantum state to an eigenstate of the observable, it’s impossible to directly
measure P (θ). In experiments, we repeat the sequence to obtain the results for estimating the P (θ) and then get an
estimate value of θ. To understand the relation between the variance of the estimation and CFI, we introduce the
Maximum Likelihood Estimator (MLE), which has asymptotic properties to saturate the Cramér-Rao bound. Below
we summarize the proof given in [S21].

Let X = {X1, X2, ..., XM} be a collection of independent and identically distributed (i.i.d.) random variables with
a parametric family of probability distributions {P (X|θ)|θ ∈ Θ}, where θ is an unknown parameter and Θ is the
parameter space. Let x = {x1, x2, ..., xM |xi ∈ Xi} be the experimental data set from M repetitions. The goal is to
estimate θ (the signal we want to measure) from x, i.e., find θ that is most likely to produce the outcome x. Thus,
the normalized log-likelihood function is defined as

LM (θ) =
1

M
logP (X|θ) = 1

M
log

M∏
i=1

P (Xi|θ) =
1

M

M∑
i=1

logP (Xi|θ). (S38)

A MLE maximizes the log-likelihood function

ΘMLE = argmax
θ∈Θ

LM (θ). (S39)

In the following, we first show that

1. ΘMLE converges to the true parameter θ0;

2. the distribution of
√
M(ΘMLE − θ0) tends to a normal distribution N

(
0, 1

CFIθ0

)
as M increases.

In other words, not only does the MLE converge to the true parameter, it converges at a rate 1√
M
.

Define

L(θ) = ⟨logP (X|θ)⟩θ0 (S40)

which denotes the expected log-likelihood function with respect to θ0, then by the Weak Law of Large Numbers
(WLLN), the average outcomes from a large number of trials should approach the expected value:

∀θ, LM (θ)
M→∞−−−−→ L(θ). (S41)
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In fact, θ0 maximizes L(θ):

∀θ, L(θ)− L(θ0) = ⟨logP (X|θ)⟩θ0 − ⟨logP (X|θ0)⟩θ0

=

〈
log

P (X|θ)
P (X|θ0)

〉
θ0

≤
〈
P (X|θ)
P (X|θ0)

− 1

〉
θ0

=
∑
x∈X

(
P (x|θ)
P (x|θ0)

− 1

)
P (x|θ0)

= 1− 1 = 0. (S42)

Moreover, we show that θ0 is the unique maximizer. Jensen’s inequality states that for a strictly convex function f
and a random variable Y ,

⟨f(Y )⟩ > f(⟨Y ⟩). (S43)

Taking f(y) = − log y and P (X|θ) ̸= P (X|θ0), we have〈
− log

P (X|θ)
P (X|θ0)

〉
θ0

> − log

〈
P (X|θ)
P (X|θ0)

〉
θ0

= 0, (S44)

or

L(θ0) > L(θ). (S45)

Therefore, since

1. ΘMLE maximizes LM (θ),

2. θ0 maximizes L(θ), and

3. LM (θ)
M→∞−−−−→ L(θ),

ΘMLE converges to θ0.
Now we use this property to prove that the distribution of ΘMLE tends to the desired normal distribution, where

we will apply the Central Limit Theorem (CLT): Suppose X = {X1, ..., XM} is a sequence of i.i.d. random variables

with ⟨Xi⟩ = µ and Var(Xi) = σ2 <∞. Then as M → ∞, the random variable
√
M(X̄ − µ) converges in distribution

to a normal N (0, σ2).
We start with the Mean Value Theorem for the function L′

M , the derivative of LM (continuous by assumption), on
the interval [ΘMLE, θ0]:

0 = L′
M (ΘMLE) = L′

M (θ0) + L′′
M (θ1)(θ0 −ΘMLE)

=⇒ θ0 −ΘMLE = −L
′
M (θ0)

L′′
M (θ1)

=⇒
√
M(θ0 −ΘMLE) = −

√
M
L′
M (θ0)

L′′
M (θ1)

(S46)

for some θ1 ∈ [ΘMLE, θ0]. We analyze the numerator and denominator respectively. The numerator

L′
M (θ0) =

1

M

M∑
i=1

(logP (Xi|θ0))′

=
1

M

M∑
i=1

(logP (Xi|θ0))′ − L′(θ0)

=
1

M

M∑
i=1

(logP (Xi|θ0))′ − ⟨(logP (X|θ0))′⟩θ0

=
1

M

(
M∑
i=1

logP (Xi|θ0)

)′

− ⟨(logP (Xi|θ0))′⟩θ0 (S47)
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where the last equality is obtained from the linearity of expected value and derivative. By the CLT, the distribution
of

√
ML′

M (θ0) converges to

N
(
0,Varθ0(logP (Xi|θ0))′

)
(S48)

where the variance

Varθ0(logP (Xi|θ0))′ = ⟨[(logP (Xi|θ0))′]2⟩θ0 − ⟨(logP (Xi|θ0)′⟩2θ0

=
∑
x∈X1

P (x|θ0)
(
P ′(x|θ0)
P (x|θ0)

)2

− (L′(θ0))
2

= CFIθ0 (S49)

by the definition of CFI and that θ0 maximizes L(θ). By the consistency property, ΘMLE converges to θ0, and thus
θ1 converges to θ0. The denominator

L′′
M (θ1) → L′′

M (θ0) =
1

M

M∑
i=1

[logP (Xi|θ0)]′′ → ⟨[logP (X1|θ0)]′′⟩θ0 (S50)

by the WLLN. We further show that Eq. (S50) is in fact the additive inverse of CFI:

⟨[logP (X1|θ0)]′′⟩θ0 =

〈
∂2

∂θ2
logP (X1|θ0)

〉
θ0

=
∑
x∈X1

[logP (x|θ0)]′′P (x|θ0)

=
∑
x∈X1

(
P ′′(x|θ0)
P (x|θ0)

−
(
P ′(x|θ0)
P (x|θ0)

)2
)
P (x|θ0)

=
∑
x∈X1

P ′′(x|θ0)−
∑
x∈X1

(P ′(x|θ0))2

P (x|θ0)

= 0− CFIθ0 = −CFIθ0 . (S51)

Finally, Eq. (S46) becomes

√
M(θ0 −ΘMLE)

p→ N

(
0,

CFIθ0
CFI2θ0

)
= N

(
0,

1

CFIθ0

)
=⇒ ΘMLE

p→ N
(
θ0,

1

M · CFIθ0

)
(S52)

Thus, the MLE is asymptotically unbiased and saturates the Cramér-Rao bound.

D. Master equation for a non-Markovian environment

To simulate the performance of our optimized states during the Ramsey measurement with non-Markovian noise,
we use a time-local master equation given by [S22]. A brief summary of the derivation is given below.

1. Let L(Cd) be the Hilbert space of linear operators acting on Cd, where the inner product is defined as ⟨σ, τ⟩ =
Tr(σ†τ) (the Hilbert-Schmidt inner product).

2. Let LL(Cd) be the Hilbert space of linear operators acting on L(Cd) which has dimension d2×d2. Let {li}i=1,...,d2

be an orthonormal basis of LL(Cd). Then the action of Λ ∈ LL(Cd) on τ ∈ L(Cd) can be expressed as

Λ[τ ] =

d2∑
ij=1

⟨li,Λ[lj ]⟩⟨lj , τ⟩li. (S53)

Thus, Λ has a unique correspondence with the matrix Λ with entries

Λij ≡ ⟨li,Λ[lj ]⟩. (S54)
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3. Λ ∈ LL(Cd) is trace- and hermicity-preserving if and only if its matrix representation Λ can be written as(
1 0

m M

)
, (S55)

where 0 is the zero row vector of length d2−1, m is a real column vector of length d2−1, andM is a (d2−1)(d2−1)
real matrix.

4. For a single qubit, any operator ρ on C2 can be written as

ρ =
1

2
(I + v · σ) (S56)

where v is a three-dimensional real vector and σ is the vector of Pauli matrices. Then a map Λ whose matrix
representation is given by Eq. (S55) acting on ρ gives

Λ[ρ] =
1

2
(I + (m+Mv) · σ). (S57)

5. The noisy evolution of a state ρ is described by

ρ(t) = Λ(t)[ρ(0)]. (S58)

The time local master equation satisfies

d

dt
ρ(t) = Ξ(t)[ρ(t)]. (S59)

So

Ξ(t) =
dΛ(t)

dt
◦ Λ(t)−1 (S60)

with the corresponding matrix representation

Ξ(t) =
dΛ(t)

dt
Λ(t)−1. (S61)

6. Consider the evolution of one qubit described by Λ(t) = U(t) ◦ Γ(t) . U(t) is defined as

U(t)[ρ(0)] ≡ U(t)ρ(0)U†(t) (S62)

where U(t) = e−i
ωt
2 σz represents the signal accumulation. By Eq. (S53) and Eq. (S62), the matrix representation

of U(t) is

U(t) =


1 0 0 0

0 cosωt − sinωt 0

0 sinωt cosωt 0

0 0 0 1

 . (S63)

Γ(t) represents the noise which is trace- and hermicity- preserving, i.e., has the form in Eq. (S55).

7. Solving the commutation relation that gives phase covariant qubit map [S22,S23]

[U(t),Γ(t)] = 0 ⇐⇒ [U(t), Γ(t)] = 0, (S64)

we obtain the matrix representation of Λ(t):

Λ(t) =


1 0 0 0

0 η⊥(t) cosωt −η⊥(t) sinωt 0

0 η⊥(t) sinωt η⊥(t) cosωt 0

κ(t) 0 0 η∥(t)

 , (S65)

where m = (0, 0, κ(t))T describes a translation along the z-axis, and M =

η⊥(t) cosωt −η⊥(t) sinωt 0

η⊥(t) sinωt η⊥(t) cosωt 0

0 0 η∥(t)


describes a rotation along the z-axis and a contraction characterized by η⊥ and η∥.
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8. By Eq. (S61), we obtain the time-local master equation for a single qubit:

Ξ(t)[ρ(t)] =− i

2
ω[σz, ρ(t)]

+ γ+(t)(σ+ρ(t)σ− − 1

2
{σ−σ+, ρ(t)})

+ γ−(t)(σ−ρ(t)σ+ − 1

2
{σ+σ−, ρ(t)})

+ γz(t)(σzρ(t)σz − ρ(t)), (S66)

where

γ+(t) =
1

2

(
κ

′
(t)−

η
′

∥(t)

η∥(t)
(κ(t) + 1)

)
, (S67)

γ−(t) = −1

2

(
κ

′
(t) +

η
′

∥(t)

η∥(t)
(1− κ(t))

)
, (S68)

γz(t) =
1

4

(
η

′

∥(t)

η∥(t)
− 2

η
′

⊥(t)

η⊥(t)

)
. (S69)

Considering only T2 noise, γ−(t) = γ+(t) = 0, η∥ is constant, and

η⊥(t) = e−( t
T2

)ν , (S70)

where ν is the stretch character which equals 1 for Markovian noise. Then

γz(t) =
ν

2

tν−1

T ν2
. (S71)

We further need to express Ξ(t) as a superoperator acting on the vectorization of ρ(t). Defining the vectorization
of a matrix as the map

ρ =
∑
i,j

ρij |i⟩ ⟨j| 7→ |ρ⟩ =
∑
i,j

ρij |j⟩ ⊗ |i⟩ . (S72)

Define the left and right multiplication superoperators by L(A)[ρ] = Aρ and R(A)[ρ] = ρA so that [A, ρ] = L(A)[ρ]−
R(A)[ρ]. By this definition, we can calculate the matrix representation L(A) = I ⊗A and R(A) = AT ⊗ I. Using the
superoperator notation, we can express Ξ(t) as

Ξ(t) =− i

2
ω(I ⊗ σz − σz ⊗ I) + γz(t)(σz ⊗ σz − I ⊗ I). (S73)

With this expression, we numerically simulate the evolution of our entangled states under non-Markovian noise by
using the Time-Dependent Master Equation Solver in QuTip [S24].

E. Performance of metrological states in a non-Markovian environment

To calculate the derivative of probability with respect to ω in the calculation for CFIω, we use a method similar
to parameter shift that utilizes the property that the signal accumulation operator (U(ω) = e−iωtJz ) and the noisy
operator commutes. In the following notation,

1. z represents a multi-qubit state in the z basis;

2. U(ω) is the effective signal accumulation operator: U(ω) = e−iωtJy ;

3. ρ is the state density matrix of our optimized state after the noisy evolution without signal for some Ramsey
time and a π

2 pulse along the x direction (here we switch the order of the signal accumulation and the second
pulse of the Ramsey protocol [S17]);
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4. P (z|ω) is the probability of measuring the state z with our rotated optimized state after the noisy evolution
and signal accumulation.

Then

∂

∂ω
P (z|ω)

∣∣∣
ω→0

=
∂

∂ω
Tr[|z⟩ ⟨z| U(ω)ρU†(ω)]

∣∣∣
ω→0

=
∂

∂ω
Tr[U†(ω) |z⟩ ⟨z| U(ω)ρ]

∣∣∣
ω→0

= Tr[
∂

∂ω
U†(ω) |z⟩ ⟨z| U(ω)ρ]

∣∣∣
ω→0

+Tr[U†(ω) |z⟩ ⟨z| ∂
∂ω

U(ω)ρ]
∣∣∣
ω→0

= itTr[(Jy |z⟩ ⟨z| − |z⟩ ⟨z| Jy)ρ]. (S74)

From Eq. (S36), since Ttot and δω
2 are constants, SNR is proportional to

√
CFIω
tR

. Thus we choose CFIω
tR

as the result

we show in Fig.4(d) in the main text.

F. Time Overhead

FIG. S9. 50 cases average sensing performance of the optimized states when using 7-layer circuit on 3D random spin configu-
ration.

In experiments, the time overhead, including the state preparation and readout time, reduces the repetition number
of the sensing sequence and thus decreases the sensitivity. For all the proposed experimental platforms the readout
time exceeds the typical T2 and state preparation time, which means that even for protocols with CSS the time
overhead is significant [S25].

If we consider a nonzero time overhead, i.e., M = Ttot

tR+toh
, the expression for SNR2 for an uncorrelated spin state

becomes

SNR2 =
Ttott

2
R cos2(ωtR)δω

2

(tR + toh)

(
e
2
(

tR
T2

)ν

− sin2(ωtR)

) . (S75)

If toh >> tR, we ignore the term tR in the denominator and

SNR2 ∝ t2R

e
2
(

tR
T2

)ν . (S76)

Taking the derivative of Eq. (S76) with respect to tR gives us the best tR if the time overhead is significantly larger:

tR =
T2

ν
1
ν

. (S77)
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Similarly, the same calculations for a GHZ state where the decay term in Eq. (S75) becomes e
2n

(
tR
T2

)ν

show that the
best Ramsey sensing time is

tR =
T2

(nν)
2
ν

. (S78)

Plugging Eq. (S77) and Eq. (S78) into Eq. (S76), we find that the ratio of the SNR2 of a GHZ state to that of an

uncorrelated spin state is n1−
2
ν . Thus, only when

ν > 2 (S79)

do GHZ states provide an advantage in SNR over uncorrelated spin states when toh >> tR. We compare the SNR
of the states generated by the optimizer with that of the CSS and GHZ states when ν = 2, 3, 4. Fig. S9 shows that
when we assume a long time overhead, the generated entangled states are less sensitive than CSS when ν = 2 and
ν = 3 for large spin numbers.

G. State preparation time comparing to adiabatic method

State preparation time is one of the major components of the time overhead in the generalized Ramsey sensing
sequence which influences the sensitivity. The state preparation time of the variational method depends on the circuit
layer number m, system size N and is proportional to the inverse of average interaction strength 1/f̄dd. The adiabatic
method [S26] is an alternative approach to generate entangled states for quantum metrology in dipolar-interacting
spin systems by only using single-qubit rotations (global pulses).

To compare the performance of our variational method with the adiabatic method, we derive the relation between
the squeezing parameter (Wineland parameter [S27]) and CFI. Without loss of generality, we consider a SSS with
collective spin direction +x and is squeezed along the y-axis (such as the 3rd Wigner distribution shown in Fig. S8(b)).
In this case, the squeezing parameter is

ξ2 = N
(∆Jy)

2

|⟨Jx⟩|2
, (S80)

where (∆O)2 ≡ ⟨O2⟩ − ⟨O⟩2 and N is the number of spins. According to the uncertainty principle,

(∆Jy)
2(∆Jz)

2 ≥ 1

4
|⟨Jx⟩|2. (S81)

The relation between the squeezing parameter and total spin angular momentum uncertainty projection in z-direction
is

4(∆Jz)
2 ≥ |⟨Jx⟩|2

(∆Jy)2
= N/ξ2. (S82)

It’s been proven that for a pure Gaussian state, the quantum Fisher information (QFI) is directly related to the
variance of the projected spin angular momentum [S16,S28,S29]:

QFI = 4(∆Jz)
2. (S83)

Combining Eq. (S82) and Eq. (S83), we obtain the relation between CFI and squeezing parameter of a SSS:

CFI ≤ QFI ≥ N/ξ2. (S84)

The first inequality in Eq. (S84) is saturated by measuring the SSS along the direction where it is squeezed (y-axis,
or equivalently measuring it in z-basis after applying a Rx(

π
2 ) pulse [S30]). The second inequality originates from the

uncertainty principle (Eq. (S81)). Since the optimal SSS saturate the Heisenberg uncertainty relation [S31] and the
SSS generated by the adiabatic method [S26] belongs to these states, we obtain the relation between the squeezing
parameter and CFI

CFI = N/ξ2. (S85)

Based on the data shown in Fig.3 from ref. (S26), it takes about 200µs for the adiabatic method to prepare an
8-spin SSS with ξ2 = 0.4 which corresponds to CFI = 20. The 2D spin density 8/(30nm × 30nm) corresponds to
f̄dd = 43.5kHz. According to Fig.3(d) in the main text, the variational method is able to prepare an 8-spin entangled
state with CFI ≈ 20 by a 4-layer circuit with f̄ddT = 0.8. Plugging in the same average nearest neighbor dipolar
interaction strength f̄dd, we finally calculated the state preparation time of the variational method is T = 18.4µs,
which is about 11 times faster than the adiabatic method under the same condition.
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VII. CONTROLLABILITY

Since all the black-box optimization algorithms cannot ensure that the optimized result is the global maxi-
mum/minimum point of in the parameter space, it is sill an open question that if the variational method is able
to find the ’best’ metrological state for a given spin configuration or not. In this section, we’re interested in the
theoretically achievable controllability of dipolar interacting spin systems. The question is, given any (possibly infi-
nite) arbitrary sequence of evolution under each Hamiltonian governing the dynamics of our system, can we drive any
arbitrary unitary operator? Quantum control systems of the general form

H(t) = H0 +

K∑
k=1

uk(t)Hk, (S86)

governed by the Schrödinger equation, i ddt |ψ(t)⟩ = H(t) |ψ(t)⟩ , have been studied extensively [S32,S33]. H0 is the
unperturbed or free evolution Hamiltonian, Hk are the control interactions, and uk(t) are the piecewise continuous
control fields. There are several distinct but related notions of controllability that have different conditions for ‘full’
controllability. The notion of ‘operator’ or ‘complete’ controllability is the strictest condition and is defined as above.
For generic interacting spin systems, all of these notions are equivalent. Complete controllability is equivalent to
universal quantum computation (UQC) in quantum information processing (QIP) [S34,S35].

A. Controllability Test

The way we investigate the controllability of a generic system (S86) is by examining the so-called ‘dynamical Lie
algebra’ L0 ⊆ u(N ) or su(N ) generated by the operators {−iH0,−iH1, . . . ,−iHK}, which are represented by N ×N
matrices in a basis we choose [S32,S33].

A quantum system of the form (S86) is completely controllable if either L0
∼= u(N ) or L0

∼= su(N ) [S32], where
u(N ) is the unitary Lie algebra represented by the set of skew-Hermitian N ×N matrices and su(N ) is the special
unitary Lie algebra represented by the same set of matrices with the extra condition that they are traceless. Note
that dimu(N ) = N 2 and dim su(N ) = N 2 − 1, and the difference of 1 comes from counting identity operation (I)
as a dimension or not. We must find a basis for L0 by iteratively taking the Lie bracket [·, ·] of H0, H1, . . . ,HK until
we have a set of dimL0 linearly independent matrices, where the Lie bracket is the commutator [A,B] = AB − BA
for matrices A and B. Ref.[S32] and ref.[S33] present an algorithm for generating this basis. Thus, if dimL0 = N 2

or N 2 − 1 we can say that the system is completely controllable. Note that for generic spin systems N = 2N for N
spins.

Algorithm. Generating L0 and finding dimL0.

Input: Hamiltonians I ≡ {H0, H1, . . . , HK}
1. B ≡ maximal linearly independent subset of I

2. r ≡ |B|
3. If r = N2 then O ≡ B else O ≡ {}
4. If r = N2 or |B| = 0 then terminate

5. C ≡ [O,B] ∪ [B,B], where

[S1, S2] ≡ {[s1, s2] | s1 ∈ S1, s2 ∈ S2}
6. O = O ∪B

7. B = maximal linearly independent extension of O with

elements from C

8. r = r + |B|; Go to 4

Output: basis O of L0 and dimL0 = r

TABLE S2. Implementation of [S33]’s algorithm with a few physically motivated modifications. Note |S| indicates the cardi-
nality of set S.
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Lie algebra dimension N = 2 N = 3 N = 4 N = 5

Completely controllable: 4N (or 4N − 1) 16 64 256 1024

Hdd 9 39 225

Symmetric Ising:
(
N+3
N

)
− 1 9 19 34 55

TABLE S3. Lie algebra dimensions for the complete controllable system, dipolar interacting system and symmetric Ising system
(lower bound for subspace controllability). Dipolar interacting spin systems’ dimL0 is calculated using an implementation of
[S33]’s algorithm, and is necessarily bounded by the complete and subspace controllability dimensions. Lie algebra dimensions
for dipolar interacting systems are only calculated up to N = 4 due to stability issues stemming from numerical errors in how
matrix rank is calculated.

B. Controllability of Dipolar Interacting Spin Systems

We write our system in the form (S86) by defining the free evolution Hamiltonian to be the dipolar interaction Hdd

and two control interactions Jx and Jy, as these operators are generators of rotation, with respective independent
control fields θx(t) and θy(t):

H(t) = Hdd + θx(t)Jx + θy(t)Jy. (S87)

Ref.[S33,S36] demonstrate that we cannot achieve complete controllability with global controls due to inherent sym-
metries, so we know that dimL0 < 4N − 1.

However, complete controllability is a rather strict condition. Not being able to drive any arbitrary unitary does
not mean we cannot drive unitaries that produce metrological states.

In fact, ref.[S37] demonstrate for a long-range Ising spin model (all-to-all interactions) with global controls that
metrological states, such as the GHZ and W states are reachable. Ref.[S38] extend their result for symmetric Ising spin
networks with global controls and demonstrate that one can reach any state that preserves spin permutation invariance.
This is known as subspace controllability. The dimension of their dynamical Lie algebra, LIsing ≡ LPI ∩ su(2N ), is

shown to be
(
N+3
N

)
− 1. This is relevant to our system because [S39] show that if we replace the Ising interaction with

a more general two body interaction—which includes Hdd—the dimension of the dynamical Lie algebra is necessarily
greater than or equal to that of the symmetric Ising case, and it is therefore subspace controllable. This means that
we can write

(
N+3
N

)
− 1 ≤ dimL0 < 4N − 1 and say that L0 is subspace controllable but not completely controllable.

Therefore, we can achieve arbitrary permutation invariant states, including metrological states such as a GHZ state.

C. Finding Reachable States

L0 is associated with a Lie group eL0 by the Lie group–Lie algebra correspondence [S32]. The Lie algebra u(N )
corresponds to the Lie group U(N ), and su(N ) corresponds to SU(N ). We can define R ≡ eL0 as the reachable set
of unitaries we can drive under {Hk}k=0,...,K , and so starting from an initial state |ψ0⟩ ,R|ψ0⟩ is the set of states we
can reach.

As demonstrated in the previous section, our dynamical Lie algebra is a superset of LIsing and a strict subset of

su(2N ), so we can write eL
Ising ⊆ eL0 ⊂ SU(2N ). Because |GHZ⟩ ∈ RIsing

|0⟩⊗N we can write |GHZ⟩ ∈ Rdipolar

|0⟩⊗N . In fact,

this is true for any permutation invariant state, which includes all metrological states we’re interested in.
While we know that metrological states are in the reachable set, determining the parameters that drive the unitaries

to produce those states is a highly convex optimization problem equivalent to our variational circuit, using state fidelity
between the ideal state and the current state instead of CFI as the cost function. That is we optimize the output
unitary of the variational circuit,

S(θ) = e−i
π
2 Jy

m∏
i=1

e−iτiHdde−iϑiJxei
π
2 Jye−iτ

′
iHdde−i

π
2 Jy , (S88)

where m is the (possibly infinite) number of layers, for state fidelity,

F(|GHZ⟩ ,S(θ) |0⟩⊗N ) =
∣∣∣⟨GHZ| S(θ) |0⟩⊗N

∣∣∣2, (S89)

for pure states. If there exists some θ such that F(|GHZ⟩ ,S(θ) |0⟩⊗N ) = 1, then we can say that |GHZ⟩ ∈ Rdipolar

|0⟩⊗N .

From the previous section, we know such a θ must exist, but it may be the case that m→ ∞, in which case it is not
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possible to find this exactly. This is the method employed in ref.[S37,S40] to demonstrate the reachability of GHZ
and W states for Ising spin models. Our variational circuit method represents an improvement in the efficiency of
searching for such metrological states.
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