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Irradiance calculation by integrating a 4D light field
In this section, we provide the detailed mathematical derivation of Eq. (4) in the primary manuscript. The critical step is to establish a special 4D light field defined on target Cartesian coordinates (xt, yt) and parametric coordinates (u, v) of the freeform surface. Consider the basic analysis of flux transfer shown in Fig. 1(a). The ray with radiance L is emerged from an elementary source surface ds1 and travels to an elementary receiving surface ds2. The irradiance of ds2 produced by ds1 is given by [1]:

	 	(S1)



where θ1, θ2 denote the angle made by the direction of the ray with respect to the normal of the source surface and the receiving surface. R represents the distance between ds1 and ds2. Consider the source luminous surface is the freeform surface f (u, v) = (x, y, z) and receiving surface is the target as shown in Fig. 2(b). Donations , , and  represent the unit vector of freeform surface normal, target plane normal and the direction of rays respectively. Using the above donations, Eq. (S1) can be formulated as:

	 	(S2)
where the target plane normal is (0, 0, 1), R = (xt – x, yt – y, zt – z) denotes the vector of rays from freeform surface to the target, and R represents the length of R. Since the freeform surface is determined in parametric space (u, v), we have:

	 	(S3)
Substituting Eq. (S3) to Eq. (S2) and expand the cross-product term, we can obtain:

	 	(S4)
which is the same as Eq. (4) in the primary manuscript.
[image: ]Supplementary Fig. 1: The schematic of theoretical model.
[bookmark: _Hlk90394821]Fast backward ray tracing based on GPU parallel computation
  In this section, we provide the detailed information on fast backward ray tracing to calculate the 4D light field L(xt, yt, u, v). An advantage is that we do not need to calculate the intersected position on the exit surface because the rays are defined to be originated from (xt, yt) and intersect on f (u, v). The most computational cost will be in the process of ray tracing to the entrance surface. In this section, we will employ a Kd-tree structure and GPU-based parallel computing to accelerate ray tracing when the entrance surface is a numerically solved point-cloud surface. Notice that we do not introduce any restrictions on the design of entrance surfaces. Analytical forms can also be employed to the entrance surface and we can still use the parallel computation technique to accelerate step 2 in the primary manuscript.
[image: ]
Supplementary Fig. 2: KD-tree based fast ray tracing technique.
   We first divide the entrance surface into many triangular primitives. A common method for ray tracing the triangular mesh is testing the intersections on every primitive and determining which one is intersected by the ray. This algorithm will lead to the O(n) time complexity and be very slow if trace lots of primitives such as ray tracing freeform surfaces. Therefore, a KD-tree structure is used to help reduce the O(n) complexity as shown in Fig. 2. We use a Binary space partitioning (BSP) trees adaptively subdivide space with planes. A BSP tree starts with a bounding box that encompasses the entire scene. If the number of primitives in the box is greater than some threshold, the box is split in half by a plane. Primitives are then associated with whichever half they overlap, and primitives that lie in both halves are associated with both of them. The splitting process continues recursively either until each leaf region in the resulting tree contains a sufficiently small number of primitives or until a maximum depth is reached. Ray tracing process will be implemented by traversing the KD-tree. Detailed algorithms can be found in [2]. We implement the algorithm in Matlab and use the GPU computing [3] to accelerate the ray tracing process. Common KD-tree traversal algorithm requires stack to record the nodes to be tested. In this work, we implement the idea in [4] to achieve a stackless KD-tree traversal algorithm. At current stage, we can trace over one million rays through a freeform surface consisted of 20000 triangles in less than 0.5s. The authors want to mention that the time can be further reduced with optimized code. In this work, over 100 million rays should be traced to the LED source and calculate the kernel function in a matrix form H. We can finish the calculation in 40s at current stage by using NVDIA RTX 2080.
Design of freeform entrance surfaces
  In this section, we provide detailed information for the entrance surface of the ‘freeform + freeform’ design in Chapter experimental results. We constructed the X-Z profile and Y-Z profile by a predefined 1D ray mapping to produce different shapes of the entrance surface. The authors want to mention that we do not introduce any restrictions on the design of entrance surfaces. The designers can use other design methods such as [5] for determining the entrance surface. The design process here is specifically developed for a certain processing method and achieving higher lighting performance as much as possible.
[image: ]
Supplementary Fig. 3: Entrance surface design
[bookmark: _GoBack]  As shown in Fig.3, we tested different selections of entrance surfaces that produced different designed lens and initial irradiance distributions. The first example presented in Fig. 3(a) has very nice initial irradiance with sharp boundary. However, the profiles of the exit surface are not feasible for demoulding process of injection moulding. The design shown in Fig. 3(b) is feasible for manufacture but the initial irradiance is deviate far from the desired target and the boundary is seriously blurred. The third example presented in Fig 3(c) reduce the blurring effect on the boundary. But the total reflection (TIR) occurs and the transfer efficiency would decrease. The final design as presented in Fig. 3(d) is chosen, which has acceptable target boundary and relatively high efficiency with less TIR.
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