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Abstract

In this paper, a mathematical model for Lassa fever transmission dynamics with
rodent logistic growth is developed and analysed. The stability analysis of the
autonomous system of the model is presented. The sensitivity analysis of the
parameters is performed using the Partial Rank Correlation Coefficient (PRCC)
technique. The non-autonomous model is further analysed for stability of
disease-free periodic equilibrium(DFPE) in terms of reproduction number ratio,
Ry;. It shown that DFPE is locally asymptotically stable when Ry; < 1 and
unstable if Ry, > 1. Additionally, the optimal control model is formulated with
five control measures namely; personal protective equipment and avoiding
hunting of rodents, proper handling of food, treatment and isolation, cleaning
and disinfecting the environment, and rodent control. Simulations of the optimal
control model show that the combined implementation of the five control
measures reduce Lassa fever spread in the population. However, when there is
limited resources to implement the five control measures, three or four combined
control measures can be implemented provided that proper handle of food is
among the combined control measures.

Keywords: Lassa fever; Periodic; Optimal control; Sensitivity analysis; Control
measures.

Introduction

Lassa fever is an acute illness that is caused by contact with infected Mastomys ro-
dents [1]. These rodents are known to breed frequently and produce large numbers
of offspring during the latter part of the rainy season [2]. Mastomys rodents are
known to normally populate among human households and also in food storehouses,
making it easy for transmission of the viruses like Lassa virus. Lassa fever is endemic
in some Africa countries where the Mastomys rodents are prevalent, countries such
as Sierra Leone, Liberia, Guinea and Nigeria. Transmission of the Lassa virus from
the rodents to humans occurs through contact with infected rodents or ingesting
foodstuffs that have been in contact with infected rodents or through air inhala-
tion. Viral shedding of the infected rodents to the environment occurs through the
passing of urine and droppings by the rodents.

Transmission of Lassa fever is not only through contact with the Mastomys ro-
dent or viral shedding in the environment but it can also be transmitted from
person to person. This occurs due to exposure to the virus via the blood, tissue,
or secretions from an infected individual [1]. As a result of this, there is a need for

proper handling of infected individuals by medical personnel through proper use of
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personal protective equipment (PPE) [1]. It takes approximately 1 — 3 weeks for an
infected individual to manifest signs and symptoms of Lassa fever infection from
the time they come into contact with the Lassa virus. Mild symptoms of the Lassa
fever include mild fever, weakness, and headaches, while serious symptoms include
haemorrhaging in either the gums, nose or eyes, serious repeated vomiting, swelling
of the face, chest, back and abdominal pains [1].

Several mathematical models have been developed to understand the dynamics
of Lassa fever within a population. Ibrahim et al. [3] and Bakare et al.[4] presented
a periodic model for Lassa fever transmission dynamics. Their results suggest in-
terventions should be employed for the elimination of the Lassa virus within the
community. However, their models did not include optimal control analysis of in-
tervention measures [3]. Bakare et al. [4] further pointed out that a combination of
intervention measures such as treatment of Lassa fever with Ribavirin, educating
the community on how to practice environmental hygiene, isolation of infected Lassa
fever patients and the probable culling any rodents found, could marginally reduce
the prevalence of Lassa fever and its mortality rate [4]. Okolo et al. [5] developed a
model for the dynamics of Lassa fever in the presence of isolation and treatment.
The results of the study indicated that effective treatment strategies provide good
control against Lassa fever spread. Other publications on the subject matter to take
note of are [6, 7, 8, 9, 10] just to name a few. These models presented have one
thing in common as they modelled the effect of certain control measures on the dy-
namics of Lassa fever. However, none of these above-mentioned authors studied the
effect of Lassa virus concentration in the environment and optimal control model.
Although, Peter et al. [11], Onah et al. [12] and Ibrahim et al. [3] presented an
optimal control model of Lassa fever but the virus concentration compartment and
periodic rodent population are not considered in their works which is the novelty of
this paper. Virus concentration in the environment is considered in this paper due
to the faecal droppings and urine discharge by the rodents. The rodents’ droppings
and urine may have contact with foodstuffs that are not properly handled or stored
in rodent-proof containers. Furthermore, a periodic rodent population is important
in this study as rodents breed more when grass and other seeds are ripening during
the latter part of the rainy season [2].

Applying optimal control to infectious disease such as Lassa fever provides im-
portant information to public health specialists on how the implementation of
control measures minimizes the spread of Lassa fever in the population. Reference
literature on infectious diseases that have used the optimal control theory include
[13, 14, 11, 12, 15, 16, 17, 18]. Based on the suggestions by Bakare et al. and the
WHO guidelines, this work presents an optimal control theory model for the trans-
mission dynamics of Lassa fever in the presence of control measures such as avoiding
hunting of rodents, early treatment and isolation, proper handling of food, rodent
control, the wearing of protective clothing when caring for the sick and avoiding
contacts with rodents. This is different from other works on Lassa fever as it incor-
porates a virus concentration compartment, a periodic rodent population,[4, 3] and
proper handling of food as an additional control measure to the controls investigated
by Peter et al. [11], Onah et al. [12] and Ibrahim et al. [3].
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The rest of this paper is arranged as follows: in Section 2 we present the model
formulation, Section 3, presents the basic properties of the autonomous model,
Section 4, presents the mathematical analysis of the autonomous model, Section 5,
presents the endemic equilibrium for the autonomous model, Section 6, presents the
sensitivity analysis, Section 7, presents the analysis of the non-autonomous model,
Section 8, presents the optimal control analysis, Section 9, presents the results
and discussions of the numerical simulations and finally Section 10, presents the

conclusions of the study. We have also attached an appendix for proofs.

Methods

Model Formulation

The model considers the human population, Ng(t), rodent population, Ng(t) and
Lassa virus concentration in the environment, V(¢) at any time, ¢. The human
population is subdivided into Susceptible individuals, Sg(t), Exposed individuals,
Ey(t), Infected individuals, I (t), and Recovered individuals, Ry (¢), such that

Ny(t)=Sg(t) + Ex(t) + Ig(t) + Ry (t).

The total rodent population at time, ¢, is denoted by Ng(t). It is subdivided into
susceptible rodents, Sr(t) and Infected rodents, Ir(t), so that

Ng(t) = Sr(t) + Ir(t).

Susceptible humans are recruited into the population at a rate, Agy. They acquire
Lassa virus infection through effective contact with the infected humans, Iy (t),
or infected rodents, Ir(t), or via eating food or touching surfaces that are virus-

contaminated at a force of infection is given by

_ Bl + B2Ir BV

A
H Ny K +V

where, (1,82, 83, represent the effective contact rates between susceptible hu-
mans and infected humans, infected rodents, and the virus concentration within
the environment respectively. K is the half-saturation constant for the Lassa virus
concentration. Humans exposed to the Lassa virus progress to the infected class,
Iy (t), at a rate, 0. Natural death rate, pp, is assumed for all human classes. The
infected humans recover from Lassa fever after treatment at a rate, v, or they may
die of the fever at a rate, 5. Those that recovered from the fever are assumed to

have partial immunity and become susceptible again at a rate, 1.

For the rodent population, a logistic growth rate is assumed for the susceptible

rodents which is given by Ag(t) (1 - J\I[&(tt))), where Ag(t) and K(t) are the re-

cruitment rate and carrying capacity of the rodent population. They are assumed

continuous, positive and w-periodic functions as rodents breed more towards the
end of the rainy season due to availability of food within that period [2]. The suscep-

tible rodent population is reduced through effective contact with infected rodents
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or via eating food that is contaminated with the Lassa virus and hence the force of

infection is given as,

\p o Balr BsV
R =
Ngp Ki+V

where 84 and 5 are the effective contact rates between the susceptible rodents and

the infected rodents and virus concentration in the environment respectively.

The rodent population is assumed to die due to predation by other animals at
a rate, d, or via natural death at a rate, ugr. Viral shedding among infected hu-
mans and infected rodents occurs at rates, a; and aso respectively and viral decay
within the environment occurs at a rate, py . This work does not consider vertical
transmission through breastfeeding for both human and rodent populations. The

systematic diagram for model description is presented in Figure 1.

Hence, the model equation is given by

% — Ay + YRy — A Sw — S,

dfTH =AgSH — puFEr —oFHq,

% =0FEy — puly —duly — vIn,

dflt% =7Ig — paRuy — YRy, o
% = Agr(t) <1 - [J(V(I;) Ngr — ArSr — prSR — dSkR,

ddif — ArSg — prlr — dlg,

% =olg + aoly — pv Vi

with the initial conditions Sy (0) >

positive.

0, Eg(0) >0, Ig(0) >0, Rp(0) >
0

and all the parameters of the model are

The basic properties of the autonomous model

Positivity and boundedness of solutions

Theorem 1 Let Sy(0) > 0,Ex(0) > 0,14(0) > 0,Ry(0) > 0,Sz(0) >
0,Ir(0) > 0,V(0) > 0 be the initial data for model(1). The solution set
{Sut), Ea(t), Iu(t), Ru(t), Sr(t), Ir(t),V(t)} of model (1) will remain positive
for all time t > 0.

Page 4 of 22
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02 Proof Lett; = Sup{t > 0:Sg(0) > 0,FEx(0) >0,I5(0) >0,Rg(0) >0,Sr(0) >
ws 0,Ir(0) > 0,V(0) > 0} € [0,t]. With ¢; > 0, it follows from the first equation of
s model (1) that

dSy

105 WEAH_/\HSH_MHSH- (2)

s Using the integrating factor method, this yields

Su(t) > exp (— /O S + )\H(s))ds> {SH(O) +An /0 e ( /O (s + )\H(m))dm> ds} > 0.(3)

w8 In a similar way, EH(t) > O,IH(t) > O,RH(t) > O,SR(t) > O,IR(t) > O,V(t) >0
wo  for all time, ¢ > 0. Hence, all the solutions of the model (1) are positive for all initial
uo data. To prove boundedness, we add the first four equations of the model (1) to

w1 obtain
dN,
112 TtH:AH_NHNH_dIR (4)
dNg . N .
uz  such that < Ay — pg Ng. With application of Comparison theorem, we have
—pt Ap —ppt
114 NH(t)SNH(O)e sl —1——(1—6 il ) (5)
HH

A A

us  This means that Ny (t) < Z2 is bounded if Ng(0) < ~I For the rodent popu-
HH HH

us lation, we add the fifth and sixth equations of model (1) to yield

dNg Ngr

—— =Ag(t) (1 - —= ) Ng— d)N,
v a0 (1 ) N (e DN )
us  which can be written as

N,
119 ddTR — m(t)NR = —n(t)NIQ% (7)
. B Ag(®) L

o with m(t) = Ag(t) — ur + d and n(t) = K@) Using the method of variation of
m1 constants by Xin et al. [19], we have
122 Ng(t) = C(t)A(t) (8)

s with A(t) = e/o ™" Differentiating (8) and substituting into (7) yields
124 C'(t) = —n(t)C*(t) A(t). (9)

s Upon integration of (9) from [0, ¢] when t € [0,w] , we have

C(0)

126 C(t) = W

(10)
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such that

C(w) (11)

t

with U(t) = / n(s)A(s)ds. Since Ng(t) is periodic, it implies that C(0) =
0

C(w)A(w). This gives

‘ Alw) =1
with A~ (w) = e~ Jo ™" Now C(0) = % by simplification. So, equation
(10) becomes
1
Clt)= ——— (12)
Ut) + 2

With the definition of C(t), A(t),U(t), m(t) and n(t), we have from (8) that the

rodent population is given by

efot(AR(t)_#R—d)dT

Nr(t) = fw Ar(S) , f5 (Ar(k)—pr—d)dk (13)
AR o f5 (An(k)—pr—d)dk | 20 K(2)
0 K(s) eJo’ (AR (r)—pr—d)dr—1

This population, Ng(t) has a globally asymptotically stable periodic solution

N = K (1) (1 _pnrt d)

AR(t)

that is positive whenever Ag(t) > (ug + d).
Let Agr(t) and K(t) be continuous, positive and w-periodic functions, then, there

Ag(t
exists a positive number N (t) such that Ag(t) — (ur +d) < I?((t)) Ng(t) provided

Ng(t) > Nj(t). For the virus concentration, it is true that Iy (t) < Ng(t) and
Ir(t) < Ng(t).
So from the seventh equation of model (1), we have

%
o < a1Ng+aaNg — uyV. (14)

Using Growall’s inequality, we have

Vi) < — (a1NR<t> n “2AH)+e—wt (v<o> - (alzvR(t) ' “;ff))um

T opv WH

A
(a1 Ni(t) + 222

1
which implies that V(t) < — ) as t — oo. We state the following
2% HH

Lemma;
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Lemma 1 There exist a positive number Nj;(t) = lim;_,oc Sup K(t) <1 T AR
R

0 provided that Ar(t) > (ur + d) so that any solutions of the model (1) enters

A
Q = {(SHvEHaijRHasRaIRaV)ERZ—NHS/faNR(t)SNE(t%V(t)
H
1 A
< — (alNR(t) + 2 H) } (16)
Hv K

and for each Ng(t) > Nj(t), Q is a positive invariant set of model (1).

The mathematical analysis of the autonomous model
The disease-free equilibrium points
We assume that Ag(t) = Ar and K(t) = K for autonomous system. At the equilib-

(/~LR+d)>.

rium point, the rodent population will be Nj; =0 and N = K (1 — AL
R

N}, = 0is a trivial solution of the rodent population that gives an unstable disease-

A d
free equilibrium, Ey = (H,o,o,o,o,o,o> while N}, = K (1 - (“RH) will
HH Ar

give another disease-free equilibrium state,
0 0 AH *
E, =(5%,0,0,0,5%,0,0) = —N ,0,0,0,N5,0,0 ), (17)
H

that exists when Ag > (ug + d).

The basic reproduction number, R

The basic reproduction number, Ry, is a threshold quantity that determines how
the disease spreads within the population. When Ry < 1, it means that the disease
will be eliminated within the population while Rg > 1 implies that there is a
continuation in the spread of disease within the population. Let

f=o0+upumg=v+pn+0o+dg,h=pg+1,q=pr+d (18)
Using the approach of the next-generation matrix method by van den Driessche

and Watmough [20], the Jacobian matrices at the DFE for new infection matrix,
F, and transition matrix, V), are given by

B3SY
O /81 52 Kl f O O O
0O 0 O 0 — 0 0
F= w |v=|" "7 . (19)
0 0 B B55R 0 0 q 0
Ky 0 —ay —a1 py
0 0 0 0

The basic reproduction number, Ry, is the spectral radius of the matrix, FV 1.
This is the maximum positive solution of the polynomial

KQ (52 - (Rrv +Rrr +th +th)H+Rr7‘th+Rrv th +th Rrr _thRrv) - 0(20)

(TELAN
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0 0
oBsa2Sy _ B Sp R., = —, Rpp = s B =

where Rp, = , , .
Y fgKauy Y qKapy q fg fgan

Therefore,

RO _ (Ql + V (g% — 492)) (21)

where Q1 = Ryy+ Rpr+ Ry + Rpp and Qo = Ry Rup + Ry Rih + Rpo Ry — Rpyr Ry
This is equivalent to

RO _ (Ql + \/((Rrv + Rrr - th ; th)2 + 4Rrv(th + th))) (22)

Here, R, , Rhy, Ry, Rnp and Ry, are the reproduction numbers for rodent and
virus concentration, human and virus concentration, rodent and rodent, human and
human, and human and rodent interactions respectively. Based on the approach of
the next-generation matrix method, we state the following lemma.

Lemma 2 The disease-free equilibrium, Ey, is locally asymptotically stable if Ry <
1 and unstable if Ry > 1.

Endemic equilibrium state of the autonomous model
The endemic equilibrium state of the model (1) is solved when Ay # 0 and Ar # 0
Tt is given by E* = (S5, By, Iy, Ry, g, I7, V*) where

S — AHO'hf Bt — Ath)\}} * AHO'h)\*H
B (fohuw + DXNgy) " (fohum + DX5) 7 (fohug + DXy)’
Ry = — D0y 4Nk NedR (23)
A7 (fohum +DXg) "% (g+ X% 78 (g+Ay)’
V= a1 NG fuaohXy + XN (@i NED + aschA )
(kv (g + AR)(fohum + DAy))
. «  PBuly  Baodp BV* Balf BsV*
th A = + + JAR = + ,
h N, N (K vy RNy (K V)
d
N;—K(1WIZH> Ny = Sy + Ejp + Ijy + Ry, D = fgh — avyip > 0.
R

Local stability of endemic equilibrium

The local stability of the endemic equilibrium state of model (1) is established using
the Centre manifold theory by Castillo et al. [21]. The theory is used to establish
the existence of a forward bifurcation of a system at Ry = 1. With a forward
bifurcation, it means that the endemic equilibrium is locally asymptotically stable
when Ry > 1 but near unity.

Theorem 2 The endemic equilibrium of the model (1) is locally asymptotically if
Ro > 1 and ¥ = 0 but near unity.

Proof See Appendix 1.
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Sensitivity analysis

There is uncertainty in the selection of parameters of the model. Hence, we use the
Latin Hypercube Sampling and the Partial Rank Correlation Coefficients (PRCC)
technique to investigate sensitive parameters that affect the basic reproduction num-
ber, Ry. Following the approach in [22], the scatter plots and tornado plot display
parameters that affect R in Figures 2 and 3. The tornado plot in Figure 2 presents
the PRCCs for the 17 parameters in Rg. It can be seen from Table 1 and Fig-
ure 2 that parameters of interest with positive PRCCs and significant P-values are
B3, as, aj. Increasing these parameters will marginally increase Ry. The parame-
ters with relatively high negative PRCCs and significant P-values are pg, py and
increasing them will consequently decrease Ry. Table 1 and Figure 2 are generated
using R-studio. For the scatter plots presented in Figure 3, Monte Carlo simulations
for the six parameters that have the greatest PRCC values are simulated. In each
simulation, we run a 1000 simulations that are randomly drawn for each parameter.
Figure 3 shows that an increase in the parameters, py and pr and a decrease in
the parameters, 83,05, a1 and as will result in a decrease in Ry which supports
the PRCCs in Table 1 and Figure 2.

Analysis of the non-autonomous model

The disease-free periodic equilibrium

Considering the non-autonomous system when Ag(t) and K(t) are w-periodic func-
tion, the disease-free periodic equilibrium,(DFPE), is given by

A
EOt = [SIOLItaE?{t?I?IﬂR%(ﬂs%tvl%taV;to] = ﬁ,0,0,0,NEt,0,0}

d
where Np, = K(t) [1 — W} is a positive w-periodic rodent population that
R

exists whenever Agr(t) > (ugr + d).

Local stability of disease-free periodic equilibrium

The local stability of disease-free periodic equilibrium, Eq;, is established in terms
of basic reproduction ratio, Ry, of the non-autonomous system using the approach
described in Wang and Zhao [23]. This is done by linearizing the non-autonomous
system at DFPE, Fy;.

Consider the infected compartments of the model given by

dEy :51SHIH+52SHIR B3SuV

dat Ni Ky vy bk
% =ocFy —~vlg — pgly — oyly,
(24)
% _ ﬁﬁi]f% + f{ﬁ’f“/f — dly — prlg,
% =ailg +aly — pyV.

Page 9 of 22



Madubueze and Chazuka

228

2

N

9

230

231

232

233

234

235

236

237

238

239

240

242

243

244

245

246

247

248

249

250

251

252

253

254

255

The Jacobian matrices at DFPE for the new infection and transition by other means,
F(t) and V(t) are given by

Page 10 of 22

0 Bls?it ﬂQS?{t 53510“{1& | ~ _
N, N, R foo 0o
0 0 0 0 -0 g 0 0
F(t) = V() = +(25)
0 0 545;% Uﬂ55%t 0 0 g 0
Ny, K;
L 0 —a1 —az py
| 0 0 0 0 ]
where F(t) is non-negative while —V(t) is cooperative.
Theorem 3 The disease-free periodic equilibrium, Eqo of system (1) is locally
asymptotically stable if Ro; < 1 otherwise unstable if Roz > 1 provided that
Ae(t) > (pr +d).
Proof. The Jacobian matrix at DFPE, Ey; of the system (1) is given by
F(t) —V(t) 0
J(Eot) = , 26
(Eor) H(t) M) (26)
where
0 _ﬁls?{t _52S?{t _53510%
NY, NY, K, —pH ) 0
Hit)y=10 y 0 0 ,M(t) = 0 —h 0 .(27)
0 0  BaSk BsSh 0 0 —(ur+d)
N9, K;

The local stability of Fy; depends on the eigenvalues of F(t) — V() and M(t). The
matrix M (t) has negative eigenvalues, — g, —h, —q which implies that p(CIDM (w)) <
1. For the matrix F(t) — V(t), we apply Theorems 2.1 and 2.2 of Wang and
and Zhao [23] which state that Ry, < 1 if p(®r_yp(w)) < 1 and Ry, > 1 if
p(®r_y(w)) > 1. With the approach of Garba et al. [24] and Ibrahim et al. [3],
the DFPE, Ey,, is locally asymptomatically stable whenever p(®r_y(w)) < 1 and
unstable if p(@}-,y(w)) > 1. Here, p(@;,v(w)) is the spectral radius of ®x_y (w)
while ®z_y,(w) is the fundamental matrix of a periodic system. The computation
of p(®7_y(w)) is described in Theorem 2.1 of Wang and Zhao [23].

Optimal control analysis
Based on the most sensitivity parameters that fuel the spread of Lassa, the following
are considered as control measures to reduce the transmission of the Lassa virus:
e w4 (t): personal protective equipment in caring for the sick and avoiding contact
with rodents,
e us(t): proper handling of food through; storing foodstuffs in rodent-proof con-
tainers, cooking foods thoroughly and refraining from drying food in the open,
e u3(t): early treatment and isolation of infected persons,
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e u4(t): rodent control through trapping and fumigation,
e u5(t): cleaning and disinfecting the environment.
The optimal control model is given by

d%’ = Ay + YRy — X Su — puSu

dfTH =\ySy —0Eny — puaFn

%I = 0By — (1 +us(t)) g — prlp — Only

dé% =1 +us(t)) g — YRy — puRu (28)
dSr A Ng

— = AR —w®)(1 ~ 7)) ~ ArSr — (1 + )1+ ua(t))Sk

% = ArSg — (ur + d)(1 + us(t)Ir

% =arlg + aply — pv (1 +us(t))V

where

(A= w(®)Brlu + Bolr) | (1 —ua(t))BsV
Ny Ki+V ’

The objective functional, J, is given as

Ay =

ty 1 5
T (u1, uz, us, ug, us) = / (1B + 2l +psNr+paV + 5 > e (t))dt(29)
0 i=1

and it is subject to the optimal control model (28) with the initial conditions of
system (1), where p; > 0 (i = 1,2,3,4) are the balancing weight constants for the
exposed humans, infected humans, rodents population and the Lassa virus concen-
tration in the environment. The parameters ¢; > 0, (i = 1,2,3,4,5) are the relative
cost measures that are associated with the control functions, u; > 0, (i = 1,2, 3,4,5)
respectively, t; is the final time for the implementation of the controls.

Let U = {(u1,u2,us,uq,us) : u;, Lebesgue measurable, 0 < wu,;(t) < 1, for ¢t €
[0,tf], (1 =1,2,3,4,5)} be a non-empty control set. With the objective functional,
J, defined on the non-empty control set, U, and subject to the optimal control
model with non-negative initial conditions, there exists an optimal control u* =

(uf, ub, ul, u}, ut) such that
J(u") ZmIJinj(u17U2,U3,u4,U5)- (30)
The optimal control model and the objective functional, 7, is converted to a prob-

lem of minimizing a point-wise Hamiltonian, H, using the necessary conditions of the
Pontryagin’s maximum principle with regards to the control quintuple, w1, us, us, uq,
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ug. This is given by

H =piEg+p2lag + psNr+psdV + % Zle cui(t) + 9 (Ag + YRy — Ny Sy — i Sw)

+QQ(/\*HSH —oFy — MHEH) + Qg(O’EH — 7(1 + U3)IH —plyg — 5HIH)

N
+Qu(v(1 +us)ly — YRy — puRu) + Qs (Ap(t)(1 — U4)<1 - Wﬁ)) — ArSR (31)
—(ur + d)(1 +ua)Sk) + Q6(ArSk — (g + d)(1 + ua)IR)IR)
+Q7(a1lr + aoly — pv (1 + us))
where Q;, (i = 1,2,...,7) are the respective adjoint variables to the state variables,

Su, Ey, Iy, Ry, Sr, Ir and V. If u* = (uj,ub,ul, u),ul) is an optimal control
quintuple and S3;, Ey, I, Ry, Sk, I, V™, are the optimal state solutions that
minimize, J(U), over the control set , U. Therefore, there exists adjoint variables
through the application of Pontryagin’s maximum principle that satisfy

d, OH dQs oH dQs oH dQy OH dQs oH

dat oSy’ dat OFEy’ dt oly’ dt ORy’ dt 0Sr’
(32)
% OH dQy OH

dt —  9lg’ dt 9V’

such that

s § S )
o == )N (= )+ Niga) + Qg
ds) Py
— = (22— Q5o + (2 — ) N,y Qemn
dS) S
G = Qnoe (@ = Q) (1w (0)5 — X)) -+ (@~ Q)1 (1 us(0))

+Q3(pe + 1),
ds) Py
cT: = (94*91)¢+94MH+(92*91)]\?1,

" (33)

dSds 25 . S .
7 = P~ AR w1 - ) + (B~ WAk (1 - ) +Ak)

+ (1 + ua(t)) (g + d),
dS) 21
dTG = —p3 — Qrog — QsAr(H)(1 — ua(t))(1 — W};))

Ng — Ip))\5, S 1-— t S
(@ — gy NE IR S ) (A=) 64y () (s + d),
NgrlIgr Ny

dQ)
=T =—p+(1- uz (1)) vy (B3Sm (@1 — Q2) + B55r(2 — Q) + Qr(1 +us (1)) v

dt
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N (1 —ui(t))(Brlu + B21r)
H1 — NH ’

s and transversality conditions

Qi(tp)=0,i=1,2,...,7.

289

290

291

. (I—us(t)B3V

H2 —
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_ Balr .
R1 NR )

_ (I —ue(®)BsV
R2 K +V

K +V

(34)

Furthermore, the optimal control quintuple, u* = (u}, u}, v}, u}, uf) that minimizes,

J(U), over the control set ,U, are the respective solutions of following equations

OH OH OH OH OH
292 —_— = _— = _—= _— = 35
’ ouy Ous dus dug 7 Ous o ()
203 and this is given as
W) = (3 — ) (BuSH 1y + BQSHIR)
! ClNH
ey (B2SH(Q5 — Q) + BsSH(Q — QF))V
uz(t) = )
CQ(Kl + V)
204 ui(t) = M7 (36)
C3
uy(t) = —(Q5ARM) (1 — =75)Ng + (ur + d)(Q55k + Q5SR)),
C4 K(t)
Q* *
wi(y = LmeV
Cs

295

Considering the bounds of the control quintuple, we have

Q5 —
uj(t) = maw{O,min (1, 05

O0)(BLSIE + ﬁzsm;)) }

Q*) + ﬂ5SR(QG

up(t) = { <1, (P25 (% —

20 ui(t) = {O,mzn <17
up(t) = {O,mm <1 L(QsAR(1)(1 - Ng
us(t) = {O,mm <1, Q7mqu ) }

ClNH
Q;»v*) }
co(K1+V) ’

- Q) ’YIH) }

RN+ (i + OS5+ %57 ) }
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The optimality system comprises of equations (28), the adjoint system (33), initial
conditions at ¢t = 0, boundary conditions (34) and the characterisation of the opti-
mal control, (37). Thus, the optimal control can be computed using the optimality
system. Hence, using the fact that the second derivatives of the Lagrangian with
respect to uy, us, us, ug and us respectively are positive indicates that the optimal

problem is minimum at control uj, u3, u3, v and u.

Results and discussions of numerical simulations

The numerical simulations are implemented for the non-autonomous model and
optimal control model to study the dynamics of the Lassa virus with and without
control measures. The periodic functions, Ag(t) and K (t) are defined as

Arlt) = A[1 + asin (2”“;6))} K(t) = K [1 = 7 cos (%(t;b))} (38)

where 7y is the seasonality amplitude, b is the phase angle, p is the phase shift of
the periodic functions, Ag is the constant recruitment value for Ar(¢) and K is
the constant carrying capacity value for K (). The initial conditions for the state
variables are Sy (0) = 2 x 10® [3], Ex(0) = 40 [3], I5(0) = 49 [3], Ry (0) = 0,
Sr(0) =5 x 103, Ir(0) = 1 x 10® [3] and V(0) = 10. The parameter values for the
simulations are presented in Table 2 except where they are stated otherwise in the
simulations. The simulations in this work are performed using the results of the
sensitivity analysis.

Figure 4 shows the dynamics of the Lassa virus when Ry < 1 and Ry > 1. When
Ry > 1, the infected rodents increase and remain in the population at a periodic
interval (see Figure 4(b)). This causes an increase in the virus concentration that
peaks at about 3 x 10 and becomes periodic after 1000 days with a minimum am-
plitude. It also increases the number of infected humans in the population. Whereas
for Ry < 1, the population of infected humans (see Figure 4(a)), infected rodents
(see Figure 4(b)), and virus concentration reduces drastically within the commu-
nity (see Figure 4(c)). Also, the periodic occurrence of infected rodents and virus
concentration within the environment is stopped. This implies that the Lassa free
population will be achieved when Ry < 1.

The impact of the virus decay rate is examined in Figure 5. It is observed that
as the virus decay rate increases, there is a reduction in the virus concentration
within the environment which therefore reduces infected human and rodent pop-
ulations. However, it does not stop the periodic occurrence of the infected rodent
and virus concentration and the reduction in the number of infected humans is
not minimum as the case of Ry < 1 in Figure 4. This means that implementing
intervention strategies that increase virus decay rate is not enough to achieve a
Lassa virus-free population. It will be good to complement such efforts with other
interventions that also reduce direct contact with virus concentration by humans
and rodents, and eliminates the rodent population if it is possible. With the results
of Figures 4 and 5, we consider the simulations of optimal control model by solv-
ing the optimality system using forward and backward sweep of the Runge-Kutta
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method described in Lenhart et al. [25] and implement using Matlab. The weight
constants and the relative cost constants for the optimality system are assumed to
be p1 = 0.7, (p2, p3, p4) = 0.001, (c1,ca) = 1 x 10°, 3 = 200, ¢4 = 100 and c5 = 10.
Three scenarios are investigate in the presence of optimal use of personal protective
equipment (PPE), u; and early treatment, us.

A. Optimal use of three controls

Case 1. Personal protective equipment in caring for the sick and avoiding contact
with rodents + early treatment and isolation of infected persons + rodent control
through trapping and fumigation, (u; # 0,us = 0,usz # 0,us # 0,us = 0),

Case 2. Personal protective equipment in caring for the sick and avoiding contact
with rodents + early treatment and isolation of infected persons + cleaning and
disinfecting the environment, (u; # 0,us = 0,uz # 0,uq = 0,u5 # 0)

Case 3. Personal protective equipment in caring for the sick and avoiding contact
with rodents + early treatment and isolation of infected persons + proper handling
of food items/stuffs (u; # 0,uz # 0,us # 0,ug = 0,us = 0).

B. Optimal use of four controls

Case 4. Personal protective equipment in caring for the sick and avoiding con-
tact with rodents 4 early treatment and isolation of infected persons + proper
handling of food items/stuffs 4+ rodent control through trapping and fumigation,
(ur # 0,u2 # 0,us # 0,uq # 0,us = 0),

Case 5. Personal protective equipment in caring for the sick and avoiding contact
with rodents + early treatment and isolation of infected persons + proper handling
of food items/stuffs + cleaning and disinfecting the environment, (u; # 0,us #
O,U3 750,11,4 :O,U5 750),

Case 6. Personal protective equipment in caring for the sick and avoiding contact
with rodents + Early treatment and isolation of infected persons + rodent con-
trol through trapping and fumigation + cleaning and disinfecting the environment,
(up # 0,u2 = 0,u3 # 0,ug # 0,us # 0).

C. Optimal use of all the controls

Case 7. Personal protective equipment in caring for the sick and avoiding contact
with rodents + Early treatment and isolation of infected persons + proper handling
of food items/stuffs + rodent control through trapping and fumigation + cleaning
and disinfecting the environment, (u; # 0,uz # 0,us # 0,us # 0, u5 # 0).
Scenario A. Optimal use of three controls

In Figure 6, the implementation of Case 3 gives a better result when compared with
Cases 1 and 2. It reduces the number of infected humans (Figure 6(a)) and the virus
concentration in the environment (Figure 6(c)) drastically than Cases 1 and 2. But
for the infected rodent population, Case 1 has a lower number of infected rodents
which is similar to with Cases 2 and 3 (see Figure 6(b)). The implementation of
Case 2 initially increases the number of infected humans and virus concentration
before declining and remaining in the population while the number of infected ro-
dents rises and becomes stable within the population.
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Scenario B. Optimal use of four controls

This is displayed in Figure 7. Application of Case 4 gives a preferable result when
compared to Cases 5 and 6 as it lowers the number of infected humans (Figure 6(a))
and the virus concentration in the environment (Figure 6(c)) than other Cases 5 and
6. But for infected rodents, it is a different situation. Case 6 has a higher number
of infected rodents when compared to Cases 4 and 5. It (Case 6) increases initially
before a decline to a minimum after 500 days. For Cases 4 and 5, the number of
infected rodents reduce but Case 4 achieves a minimum after 2000 days while Case
5 remains in the community after the duration of implementing the controls.
Scenario C. Optimal use of all controls

Figure 8 shows the application of the five controls and without the control. Without
control results, a periodic population for the infected rodent(Figure 8(b)) causes
a periodic virus concentration after 1000 days (Figure 8(b)). It also increases the
number of infected humans in the population (Figure 8(c)). Whereas with the
implementation of Case 7, the number of infected humans, infected rodents and
virus concentration within the environment reduces to a minimum, that is the best
when compared to Cases 1 to 6. This is achieved when the proper handling of food
items/stuffs (u;) is maintained at 100% throughout the period of implementation
of the control while early treatment and isolation of infected human control (u3)
are kept at 30% for about 2000 days before increasing to 100% where it is main-
tained for next 1000 days and then decline to the lower bound. The controls, wuy
and us, gradually increase to 100% after 2000 days and are maintained for the
next 1000 days before a decline to their lower bound. Similar interpretation goes
for the control, u;. Based on the results of the seven cases, the implementation of
Case 7 which included all the five controls is the best strategy as it reduces the
burden of the Lassa virus in the population. When the only available resources are
the four controls, Case 4 should be implemented. For three control resources, Case
3 should be carried out. Apart from the presence of optimal PPE and avoiding
hunting of rodents ( u1), and early treatment and isolation of infected humans (us),
we notice that optimal proper handling of food items/stuffs, us, is common in these
combined controls (cases 3, 4 and 7). This highlights how the improper handling
of food contributes to the spread of the Lassa virus in the community. Hence, if
the food items/stuffs are handled well by storing food in rodent-proof containers,
stoppage of drying food along the roadside and cooking food thoroughly before eat-
ing, the spread of the Lassa virus within the population will be minimized. These
combined controls in this work are among the combined controls contained in the
WHO prevention and control guidelines [26] which is novel and different from other
works on Lassa virus [11, 3] as it focuses on virus concentration in the community
and how it affects the Lassa virus dynamics.

Conclusion

A mathematical model with periodic logistic growth rate is formulated for Lassa
fever transmission dynamics. The model has a periodic solution at equilibrium for
rodent population which exists when Ag > (ur+d). The autonomous system of the
model is analysed for stability analysis of equilibrium in terms of basic reproduc-
tion number, Rg. The model has three equilibria; unstable disease-free equilibrium
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when there is no rodent in the population, stable disease-free equilibrium when
Ro < 1 and Ap > (ur + d) and the endemic equilibrium that is stable when
Ro > 1 and ¥ = 0. The model also exhibits a forward bifurcation when ¥ = 0.
Through the implementation of Partial Rank Correlation Coefficient (PRCC) for
Ro, it is observed that reducing the parameters, oy, as, B3, 85, and increasing pi,, ur
reduces Lassa fever transmission within the population. The non-autonomous sys-
tem (1) is further analysed for the stability of disease-free periodic equilibrium if
the reproduction ratio, Ry, is less than unity otherwise it is unstable. The optimal
control model of system (1) is developed by considering the use of PPE and avoiding
hunting of rodents, u1, food handling, us, early treatment and isolation of infected
humans, ugz, rodent control, us and cleaning and disinfecting the environment, us
as control measures. The simulations of the non-autonomous indicate that when
Ry, < 1, Lassa fever will be eliminated within the population and the periodicity
of the rodent population will be stopped. Furthermore, increasing the decay rate
of virus concentration reduces the burden of Lassa fever. For the optimal control
model, implementation of five control measures reduces the Lassa virus. However,
when there are limited resources to implement the five control measures, combined
control measures, u1,usg, U3, Ug Or U1, Uz, u3 can be implemented for four or three
available control resources respectively. In all the combined control measures, it is
observed that proper handling of food items is beneficial in the reduction of the
spread of the Lassa virus within the population.
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Appendix A.
Using Centre manifold theory by Castillo [21], let 3 = min(fB1, B2, B3, B4, Bs) be a bifurcation parameter at
Ro = 1. The Jacobian matrix, J(Eo) of the model (1) at DFE, Ey, is given as

_ g0
w0 B %0 B _s5h
By
. ﬁSSH
0 - 0 0
f o B B2 i
0 o —g 0 0 0 0
J(Ep) = 0 0 -} 0 0 0 . (39)
B5S%
0 0 0 0 Ar+q —-ArR+2¢—Bs - 17
)
BsSh
0 0 0 0 0 - PR
Ba—q e
L 0 0 [P 0 0 (e %1 — Qv ]

The eigenvalues of J(Eq) are —pup, —h, —Ar + ¢ and the roots of the polynomial
M+ CiA2 4+ CaN? + C3N+Cy =0, (40)
where

Ci = f+g+pv+ql—R.),
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C> = quv(l—Rer — Rro) + (f +9)(ov +q(1 = Rer)) + f9(1 — Rhn),
Cs = gquv(l—Rrr — Rpo) + fopv (1 — Rpp — Rpo) + f99(1 — Rrr — Rip)
+  oB1Ba,
Cs = fgauv(l — D1+ Dg). (41)

with D1 = Ryy + Rrr + Rho + Rin » D2 = RerRpp + Rrow Rip + Ry Rer — Rpr Ryy. According to
Heffernan [27], the polynomial (40) has negative real part roots if C; > 0 fori = 1,2,3,4. C; > 0 when Ry < 1.
To show this, we express R of (22) as

(D1 +4/(D? — 4D2))
Ro = 5 .

(42)

If Ro < 1, it implies that Dy + \/(Df — 4D3) < 2 which simplifies to D2 > D7 — 1. With the definition of R,
we have C; > 0,7 =1,2,3,4if Rg < 1. Hence, the Jacobean matrix, J(Ey), has a simple zero eigenvalues and
negative real part eigenvalues at Do = D; — 1 which occurs when Ry = 1.

Let w = (w1, w2, w3, wq, ws, Ws, W, wr) and v = (w1, wa, w3, w4, Ws, Ws, We, wr) be the left and right
eigenvectors of the J(Eg) at Rg = 1 such that v.w = 1. To get w, we multiply J(Ey) with w and equate to zero
to yield

hyba _ gb2

1
w1 = ———(B1b2g + B20 + Bzbi1o)we + , w2 = ——we, w3z = baws,
HHO hpm (43)
wy = L2wg, ws = —we,wr = biws
with b1 = (1 — Ryp) and by = Y (1 — Ry — Ruw).
Bs a2
For the right eigenvector, we multiply the transpose of J(FE() with v and equate to zero and this gives
o
vy =0,v2 = ?’037114 = 0,v5 = 0,v6 = bavz, v7 = bzvg, (44)

guv
azfs
Let Sy = z1,Eg = x2,Ilg =3, Ry = x4,Sr = x5,Ir = w6,V = x7 sothat Ng = x1 + z2 + 3 + x4
and Ngr = x5 + xg. The functions

where by = (1 — Rpn), bz = (1 — Rup — Rny) with b; >0, (i =1,2,3,4) at Ro = 1.
s

(B1zs + Baxz)z1 | Bazizr Bawsxze | Psrsxr
= — fxa, fo = —— + ———— —qzs
Ny Ky + x7 Ng Ky + x7

fa

are considered for the second partial derivatives at DFE, Ey, since v; = vq4 = v5 = 0.
The non-zero second partial derivatives of fo and fg at DFE, Ey, are given as

Of2(Bo) _ 2838y 9°f2(Bo) _ B 9°fe(Eo) _  2B55%
8x$ - K% ’ Oz1x7  Ki 81% - Kf ’
?fo(Eo) _ Bs  07fa(Eo) _ 1 92 f2(Bo) _ 1 ?f>(Bo) _ Sy (45)
dxsweT K’ 0B1x3 ’ OBawe ’ 0Bsxr Ky’
0°f2(Eo) _ | 9%f2(Fo) _ Sk
9Bazxe ’ OBsx7 K,
The bifurcation coefficients, a and b, that determine the bifurcation direction are given as
- 8% £;(0,0
a= Z v,v,ijk% =—(Q - wR)vswg,
i, k=1 TjTk
(46)

uJ 9% £:(0,0)
b= 37 wiws g, = Tusws
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where

(oﬁsé‘?{ + fb4553'?3) + Bs (@ + B2 + Bab1 + 5554)] ,
Kif HH o

bl 2b1
Q—z[

(47)

_ oBsbaby o by <as?,

T TR, T TR 7 +b43%>+%(fb4+0'(1+b2)).

A forward bifurcation exists if a < 0 and b > 0. So, a < 0 if ¢ = 0. Therefore, the endemic equilibrium is locally
asymptotically stable if Rg > 1 and ¢ = 0.

Figures

FIG1

Figure 1 A systematic diagram for the dynamics of Lassa fever.

FIG2

Figure 2 The Tornado plot for the 17 parameters of Rg.

FIG3

Figure 3 Monte Carlo simulations for the four parameters with the greatest significant PRCC
values, generated using the parameter values in Table 3. In each simulations run, 1000 simulations
of the randomly selected parameters were used.

FIG4

Figure 4 Simulation results for the infected classes, Iy (t), Ir(t) and V (t) when Ry < 1 and
Ro > 1. For Rg < 1, py = 0.429, B3 = 0.0005, 5 = 0.00145, a1 = 0.009, a2 = 0.001 while for
R > 1, the all parameter values of Table 3 are used.

FIG5

Figure 5 Simulation results for the infected classes, Ig(t), Ir(t) and V(t) when py is increasing.
All parameter values of Table 3 are used.

FIG6

Figure 6 Simulation results for the infected classes, Iy (t), Ir(t) and V(t) when Ry < 1 and
Ro > 1. For Ry < 1, py = 0.429, B3 = 0.0005, B35 = 0.00145, a1 = 0.009, a2 = 0.001 while for
R > 1, the all parameter values of Table 3 are used.

FIG7

Figure 7 Simulation results for the infected classes, I (t), Ir(t) and V (t) when Ry < 1 and
Ro > 1. For Rg < 1, py = 0.429, B3 = 0.0005, 85 = 0.00145, a1 = 0.009, a2 = 0.001 while for
R > 1, the all parameter values of Table 3 are used.
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562

[FIG8

Figure 8 Simulation results for the infected classes, I (t), Ir(t) and V (t) when Ry < 1 and
Rp > 1. For Ry < 1, py = 0.429, B3 = 0.0005, 85 = 0.00145, oy = 0.009, v = 0.001 while for

R > 1, the all parameter values of Table 3 are used.

Tables

Table 1 Sensitivity analysis of the optimal control model.
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Variable PRCC value P-value Significant?
W —0.59129915 0.000 TRUE
b1 0.02597055 4.419e-01 FALSE
B2 0.03220826 3.546e-01 FALSE
ot —0.10088111 1.990e-03 TRUE
B3 0.74302562 0.000 TRUE
Of —0.71416985 0.000 TRUE
Ba 0.16845065 1.545e-07 TRUE
o 0.07584152 2.102e-02 TRUE
P 0.02188902 4.929e-01 FALSE
Bs 0.26126815 0.000 TRUE
LR —0.23671852 7.759¢e-14 TRUE
[e2 0.90583527 0.000 TRUE
ay 0.37832219 0.000 TRUE
d2 —0.15512149 1.371e-06 TRUE
Ag 0.36875616 0.000 TRUE
wy —0.75207063 0.000 TRUE
Ky —0.22100090 3.314e-12 TRUE
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Table 2 Parameter estimates of the optimal control model.

Page 22 of 22

Parameter Baseline(Range) Units Sources
An 10000 Persons day! [32]

AR 0.2 - 13]

o 0.299 (0.1 - 0.5) Day! [8,29]
S 0.269 (0.1 - 0.4) Day! [8]

d 0.002 (0.0017 - 0.0172) Day’! Assumed
b 0.00578 (0.0035 - 0.03) Day! [8]

WH 0.00005 Day! [32]

KR 0.005 (0.00003 - 0.08) Day! [8,29]
wy 0.00429 (0.0172 - 0.05) Day Assumed
K 20000 (18000 - 22000) - Assumed
K 20000 - 3]

B1 0.275 (0.2 - 0.5) Day'! [8.33]

B2 0.0296 (0.01 - 0.09) Day'! [8]

B3 0.005 (0.002 - 0.007) Day! Assumed
Ba 0.007 (0.005 - 0.4) Day! [8,29]

Bs 0.0145 (0.01 - 0.1) Day! Assumed
vy 0.123 (0.1 - 0.5) Day! [28].

a1 0.09 (0.01 - 0.6) Day! Assumed
as 0.01 (0.001 - 0.05) Day! Assumed
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A systematic diagram for the dynamics of Lassa fever.
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Monte Carlo simulations for the four parameters with the greatest significant PRCC
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values, generated using the parameter values in Table 3. In each simulations run, 1000 simulations of the
randomly selected parameters were used.
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Figure 4

Simulation results for the infected classes, IH(t), IR(t) and V (t) when RO < 1 and

RO>1.ForRO< 1,V =0.429, 33 = 0.0005, 35 =0.00145, a1 = 0.009, a2 = 0.001 while for RO > 1, the all
parameter values of Table 3 are used.
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Simulation results for the infected classes, IH(t), IR(t) and V (t) when pV is increasing. All parameter
values of Table 3 are used.
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Simulation results for the infected classes, IH(t), IR(t) and V (t) when RO < 1 and

RO >1.ForR0O < 1, pV = 0.429, 33 = 0.0005, B5 = 0.00145, a1 = 0.009, a2 = 0.001 while for RO > 1, the all
parameter values of Table 3 are used.
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Figure 7

Simulation results for the infected classes, IH(t), IR(t) and V (t) when RO < 1 and

RO >1.ForR0O < 1, pV = 0.429, 33 = 0.0005, 85 = 0.00145, a1 = 0.009, a2 = 0.001 while for RO > 1, the all
parameter values of Table 3 are used.
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Figure 8

Simulation results for the infected classes, IH(t), IR(t) and V (t) when RO < 1 and



RO>1.ForRO< 1,V =0.429, 33 = 0.0005, 35 =0.00145, a1 = 0.009, a2 = 0.001 while for RO > 1, the all
parameter values of Table 3 are used.
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