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I. SOME BASIC PROPERTIES OF THE FUSION
RULE

There are several properties for the generally nontrivial
fusion rule a x 8 = ZNgﬁd in our gauged FSPT system,
s

where «, 3,0 are all loop-like excitations, and the proofs
are the same as the bosonic case given in Ref'. The
properties are:

(1) For any fusion channel §:

s = ¢o¢ + ¢B (1)

which means that different fusion channels only differ by
their attached charges.

(2) When a loop « is fused with a charge ¢, there is
exactly one fusion outcome:

gxa=ad (2)

(3) The fusion multiplicity NZ— = 0,1, where ¢ is any
charge in the fusion channels of o and @.

(4) If ¢pov = ¢ and ¢pr = Pp, then there exist charges
g1 and g9 such that o/ = a x g1, 8/ = 8 X ¢ and §' =
0 X q1 X qa.

II. SOME BASIC DEFINITIONS

Define: The fusion space Vo‘fﬁ’c that fuses two loops
«, B into a single fusion channel § with base loop ¢, is a
Hilbert space spanned by the set of orthogonal basis®?:

{laB,c;6,1) ln=1,....Nog .} 3)

which can be simplified as {|aS,¢;d)} as Ngﬁ’c is always
1 in our theory. And the full Hilbert space for the fusion
of o, B with base loop c is:

~J 6
Vaﬂ,c = ?Vaﬁ,c (4)

Accordingly the spliting space for a single fusion chan-
nel § is spanned by the dual basis:

{{ap, c; 0]} (5)

Define: Consider a local system involving only two
loops «, 8 both linked to a base loop <, and their fu-
sion outcome § is known. The Abelian R-symbol Riﬁ’c
that exchanges two loops «, 3, during which their fusion
channel § is fixed, is defined as a map?3:

Riﬁ,c : VO(LSB,C - Vga,c (6)

‘ﬂaac; 6> = Ri,@,c|aﬂvc; 5> (7)

which is a basis-dependent pure phase, as |af3, ¢; §) may
differ |Ba;, ¢; ) by a gauge transformation. Specially, the
R-symbol Rfm,c : Vo‘fmc — Vo‘fmc exchanging two identical
loops is basis-independent.

Define: The non-Abelian R-symbol Rqg,. is defined as

a matrix:

Ropc: OV . — OVS 8
B, 5 af,c 5 Ba,c ()

which can be diagonalized by choosing a proper basis if
there is no other fusion process involved:

RY;. 0
Rape=| 0 R

aB.c 9)

where 1, d9, ... are all the possible fusion channels of «
and .
Example: For 2D Ising anyons?, which contain anyon

types {1,0, ¢},
—ivn 10
Ry, = Xe /8[0 Z] (10)
where X is the Frobenius-Schur indicator, and the Chern
number v is odd (mod 16) for non-Abelian Ising anyons.
Define: For the same system above, similarly the
Abelian B-symbol Bgﬁﬁ, that braids loop « around g

C

linked to a base loop 7y is defined as:

Bgﬁ,c = Réa,cRiﬁ,c : V[sﬁ,c - Vo(jﬁ,c (11)

e

which is basis-independent as it maps between the same
fusion space.

Define: The non-Abelian B-symbol B, . is defined as:
Bag.e : ?vjﬂyc — ?Vjﬁ?c (12)

which can be diagonalized by choosing a proper basis if
there is no other fusion process involved:

Bly. 0
0 B

Bog,c = aBc (13)

Example: For 2D Ising anyons,

Bug =300 ] (14)
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FIG. 1. The diagram expression of the standard basis.

Define: Consider a local system involving three loops
a, 3, € all linked to a base loop ~y, whose total fusion out-
come 7 is known. The F-symbol F" that maps be-

eaf,c
tween two different fusion ways, is defined as a generally

non-diagonalized matrix??3:

Flape: (Vaﬁc Vazc)—>@(V£ ®Vype)  (15)

(&

D (F2 5 )% 66, csm) [aB, c;6) (16)

)

lpB, c;m) |ae, c; p) =

Example: For 2D Ising anyons,

s X J1 1
o= |1 4]

Define: Consider n loops aj, as, ...,y all linked to a
base loop v, where the total fusion outcome 7 of the n

J

(17)

loops is known. Then we define a standard basis in the
total fusion space by specifying a particular fusion order>.
For example, firstly fusing a; and aso, then fusing the
result with a3, then fusing the result with a4, and so on.
The total fusion space can therefore be decomposited as:

Vﬂ2

Bras,c

VBl

a1a2,C

® .. ®V”

1 — 20 ,C

(18)
which is equivalently expressed by the diagram in Fig.1.

Define: Consider a local system involving three loops
«, 3, € all linked to a base loop =y, where the total fusion
outcome of the three loops 7 is known. The R-matriz
R77 that exchanges two loops a, 8, while it is diago-
nahzed in the fusion space of ¢ and «, is defined as a
generally non-diagonalized matrix*:

Vv = 53]

aq Qp,C
o B, Bn—2

RZaB,c : (V;B c ‘/(SOL (') (‘/epﬁ c ® VpTZx c) (19)
RZaB c = F:ﬁa,CRaﬁvc(Fg}aﬁ,c)_l (20)

Define: For the same system above, similarly the B-
matric Bga@ . that braids loop a around 3, while it is
diagonalized in the fusion space of € and «, is defined as
a generally non-diagonalized matrix:

Blape: @(Vene ® Vipo) > 8Vl e © Vi) (21)
Bgaﬂ,c = Rﬁa,cRozﬁ,c = ea,B CRBO‘ F( efa, c)ilF:Ba,cRaﬁvc(Fgaﬁ,c)71 = FjaB,CBaﬁvc(Fgaﬂ,c)il (22)

Example: For 2D Ising anyons,

o'o’o’ . (Vl ®Vla) (Vw ®Vd)o')

—ivm/4 01
10

Define: The fusion matriz for a loop « linked to a base
loop 7 is defined as®®

(Vl ®VYIU) (Vw ®V¢U)
(23)

B, =¢

[ogegeon

(24)

Noyo=(NSy,: 8,6 €M) (25)
where M is a finite set called superselection sectors, which
is the set of all distinguishable particle types in a theory.

Define: The quantum dimension of a loop a linked to
a base loop v is defined as the largest eigenvalue of the
fusion matrix N, ., which can be understood thorugh a
key property?:

dacd,ﬁc—z

ﬁcdéc

(

which implies that the fusion matrix ]Va,c has an eigen-
vector v = (ds. : 6 € M) and the corresponding eigen-
value is dqo,.. According to Perron-Frobenius theorem,
dq,c is the largest eigenvalue of Na,c. Intuitively, quan-
tum dimension is the intrinsic degree of freedom carried
by an anyon.

III. PROOF OF THE CONSTRAINTS
A. 3D ”Vertical” Fusion Rule

In order to prove some of the newly involved 3D con-
straints, we need to consider a new kind of ”vertical”
fusion in analogy to the original ”horizontal fusion”, as
shown in Fig.2 (a) and (b). Consider two Hopf-link sys-
tems, where the two loops in dfferent systems are in the
same type. Then the 8D “wvertical” fusion rule has the
form:

Epiors © Enos (26)

:£H(01+0‘2 +§ 01+02)+"‘
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FIG. 2. T(a) The "horizontal” fusion. (b) The ”vertical fu-
sion”.
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FIG. 3. The ”vertical” fusion of two three-loop systems.

where the ”vertical” fusion is denoted as ”o”. The fu-
sion outcomes have the same flux but different attached
charges @, and the + in (07 + 02) means only putting
two loops together, which applies when fusing the loops
or not does not matter as the charges attached on a base
loop do not affect the three-loop braiding process. And
this ”vertical” fusion rule can be understood in a way
that the two loops that are about to fuse annihilate at
a point (as particle and antiparticle) to vacuum or some
charge . And if the fusion outcome is a charge @, it
will be attached to the loop after fusion.

First we would like to mention that the expression of
the topological invariant ©,, , can be further written as:

9ol = (Bee, )N = (BLe, o)V T (27)

where the fusion channel § is arbitrary, as the result is
the same for all fusion channels”, and I is the identity
matrix in the fusion space GBVE‘f € c

5 €k,

Then we consider two three-loop systems, where the
three loops in different systems are all in the same type as
shown in Fig.3. Specifically, before the ”vertical” fusions,
we choose to fix the fusion channel for each three-loop
system. Thereby the braiding operator for the whole
system before ”vertical” fusions are:

Bie aBie o (28)

While after the ”vertical” fusions, the braiding opera-

tor is:

B 0

6,
.60 (ex+e2)

)
0 Benen (e1+e2) (29)

"

where the vertical fusions f}hgl ) 5’02 = EL (61402) T

£Z7(01+02)+"' and é.3»(71 © 5,02 = 51//,(01—&-02)+£L/,(01+02)+"'
both generally have multiple fusion outcomes. Accord-
ing to the 4th property in section I, the fusion outcomes
of the two loops after ”vertical” fusions &, (5, 40,) and
§u,(01+0) are also multiple. And we can choose a par-
ticular basis in the fusion space such that the braiding
operator is diagonalized.

Then we do the braiding processes for both cases (be-
fore and after " vertical” fusions) for N*” times, we obtain
an equation:

2% v ’
(Bgi lll,eé)N (ng 12”6?7)]\] = (Bg;L L,(eé-‘rei))N

pnv

(30)

where Bgifin(e}, +e2) is any of the diagonalized entry in
the matrix (29). The eqn. (30) is equivalent to the claim
that:

The N*¥ times of braiding as a whole commutes with
the "vertical” fusions.

The proof of eqn.(30) is given as the following: Firstly
the N times of braiding can be equivalently viewed
as a successive braiding of N#¥ identical loops. As the
N" times of braiding eliminates the difference between
different fusion channels, the N*” loops as a whole is
actually an Abelian object, as shown in Fig.4. And the
remaining proof is similar as the Fig.6 in Ref®.

Notice that the whole argument does not violate the
conservation of anyon charge, as we have only specified
the fusion channels but not the total charge of the ini-
tial state. And the exchanging operator for a loop with
its anti-loop, i.e. the R-operator in the vacuum fusion
channel, has a similar property if we do the exchanging
processes for IV, times:

N, (p0
)7 €28 e2

)N = (R AN CEY

0
(Reig €8 (el e2)

€1E, el
where although the fusion channels of the two 5; loops

or two 53 loops are both 0, the total fusion outcome of
the four loops may not be 0, i.e. generally the right-

. . 5 N,

hand side of (31) should be (RE{LZL(eS,Jre?,)) ». But as
s N, — 0 N, Y

Be e vy = Bgg (aey) " due to the Ny

times of exchanging, we can write (R? YNVe at

€& (ebte?)
the right-hand side of (31) safely.

B. Linear Properties of the Topological Invariants

The linear properties of the braiding processes that are
useful in proving the newly involved 3D constraints are:

9(#10#2),(014-02) = ®H1,01 + euz,dz (32)
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FIG. 4. The N*” loops as a whole can be viewed as an Abelian
object.

e(ulouz)(V10V2)7(U1+02) = 6#1V1701 + ®M2V2,(72 (33>

@(Hl0#2)(1/1OVz)(/\10>\2)a(01+02) = Ouvir,00 T Ousvorg,on

which means that all the topological invariants are linear
under ”vertical” fusions. We firstly prove (33) as the
following: The the right-hand side of (33) is:

i(Opqivy,01 TOugro,o _ NHY é. NHv
O m Ol I = (B o )V (BEe )
5 N
= (B ey (1 +e2)) (35)

where we have applied the eqn.(30), and Bf, € (el +e2)

can be any of the diagonalized entry in the matrix after
fusion (29) introduced above. The left-hand side of (33)
is:

€@ u1ona)(v10va) (o1 +02) [ = (B(glo{")(glog?) (e},Jreg))NMV
NBY
= (Bley (e +e2)) (36)
where BY

€, 51 (el4e2) CAN also be any of the entry in the
same dlagonahzed matrix. T hen the difference between

Bg, € (el e) and Bf,,g,, (el fe2) CAN be eliminiated by the

NH times of braiding, which is shown in eqn.(15) of Ref!.

Then (32) and (34) can be proved similarly, as ©, o
and O, . are also defined so as to eliminate the effect
caused by difference charge attachments.

C. Partial Proof of the Constraints

We can rigorously prove the constraints (?7)(??)(?7),
and we firstly prove (9) as the following: By the property
(33), we have:

eiNeOuvio [ — o1 Ouivy o+ AOuy vy, on, ) [

ei@(ulo...ouNa)(ulo...ouNU),(al+...+o-NU)I

— (Bgugv)NW =1 (37)

where we realize the phase N,0,, » by constructing N,
identical three-loop systems, and then applying the ”ver-
tical” fusions, by which the N, type-o base loops all to-
gether vanish. And by (32) and (34), (??) and (??) can
be proved similarly.

IV. SOLVING THE CONSTRAINTS
A. Category (A)

The constraints that are related to 2D constraints by
dimension reduction are:

B000,0 = MBOgoo,0 (38)
No©oo,0 = F(No)Oo00,0 = mBOo00.0 (39)
] 2099, if miseven

@00’0 o { 4@0,0 + @00070, if m is odd (40)

Opo =0, if m iseven

2 0, ’
{ if m is odd (41)
The newly involved 3D constraints are:

2@00070 =0= @00070 =0Qorm (42)
©0,0=0 (43)

We solve the constraints in two cases:

1. m is odd

By ©0,0 = 0 and the constraint ©gg o = 40,0+ O000,0,
we have @00,0 = @00070. Combining @0()70 = 90()0’() and
No@oo)o = m@OOQ)o, we find @00’0 and @000)0 can only
both be 0. Hence

(©0,0, ©00,0, ©000,0) = (0,0,0) (44)

The classification is trivial.

2. m s even

By ©¢,0 = 0 and the constraint ©gg,o = 20¢,9, we have
@0070 = 0. And the constraint @00070 = m@ooo’o ensures
that ©ggp,0 = 0. Hence

(©0,0,©00,0, ©000,0) = (0,0,0) (45)

The classification is trivial.

B. Category (B)

For simplicity, we only consider symmetry groups with
order being power of 2.
The newly involved 3D constraints are:

0, =0 (46)



No©io =0, N;Op; =0 (47)
No©oio =0, N;Bg;; =0 (48)
No©ooio0 =0, N;iOgois =0 (49)
Ooi,i = _Nngi’07 O0i,0 = _]\101 Oo,i (50)
N; 0
©004,i = ©0is,0 = ©00i,0 = Oooo,i (51)
1. m is odd

For m is odd, we set m = 1 for simplicity, i.e. we only
consider the symmetry group Zg X Zp;,.

(1) If & is odd (i.e. Zg X Zs), invoking the known 2D
results and combining with the 3D constraints No©; o =
0, N;©¢,; = 0, NyOp;,0 = 0, N;Og;; = 0, NoOgos,0 = 0,

N;Ogoi;; = 0, the generating phases for the sets (B1),
(B2), and (B3) are:
2
O = — =0 (52)
m
(01,0, 0010, O005.0) = (= =" 1) x 2N;a + (0, - o)
,0, <0i,0, ©00i,0) = 2Ni’ NOi’ﬂ- i ’Nof
= (7,0,0)a (53)
(0150015 O00is) = (—— F 1) x 0+ (0, T )
1,49 Y0,3y Y00%,i) — 2N1',’¥N01 Noz
=(0,0,0) (54)
where @ is an integer.
By the constraint ©¢;; = —0,0, a = 0 (mod 2).

Hence in this case the classification is trivial.
(2) If N; = 4 (mod 8), similarly, the generating phases

for the sets (B1), (B2), and (B3) are:
2
(“)0’1 l =0 (55)
m
(010,010, Ouoi0) = (~—, 2T 7y x Nia + (0, 2% ) x b
4,0, Y07,0, Y007,0) — Ni, NOi, [ 7NO7L7
= (m,0,0)a + (0,7, )b (56)
T 27 s
(©i,i,©0i,i, Oooi,i) = (ﬁi, Noi’ m) x 0+ (0, Noi’ ) X ¢
= (0,7, m)c (57)

where a, b, c are all integers.

By the constraint ©g; 0 = —N;0¢,, b = 0 (mod 2).
By the constraint @OOi,i = @00,’70, c=0 (HlOd 2) By the
constraint ©g; ; = —©; 0, a = 0 (mod 2). Hence in this
case the classification is trivial.

(3) If N; = 0 (mod 8), the generating phases for the

sets (B1), (B2), and (B3) are:
2

Oi=— =0 (58)

T 27 47
(04,0, 00,0, ©00i,0) = (ﬁz’ No m) X N;a, (0, ' Noy” m) X b
= (r,0,0)a + (0,0, 7)b (59)

T 27 47
(0:,4,00i,i,©00i,i) = (ﬁl, Ny’ ) x 0+ (0, Ny ) X ¢
= (0,0,7)c (60)

By @071' = 0 and the constraint @0071' = 4@071‘ + @00071‘,
we have Ogg; = ©Oggo,;- Combining Ggo; = Oggo,; and
NoOoo,; = mBqoo,i, we find Oggg0 = Ogoo,0 = 0. By
@00071‘ = 0 and the constraint @001‘71‘ = @001'70 = @00071‘,
b =c¢ =0 (mod 2). By the constraint ©¢,; = —0,,
a = 0 (mod 2). Hence in this case the classification is
trivial.

2. m 1is even

(1) If N; < Ny < 4 (ie. Z x Zy), the generating

phases for the sets (B1), (B2), and (B3) are:
B0,i =0 (61)
T 27 a7
(01,0, ©0i,0, ©00i,0) = (ﬁ; m,ﬂ) x a + (0, Moo ,0)
_ (g,w,())a (62)
(015,005, O001.1) = (==, 2% 0)x0+(0, <™ 0) = (0,0,0)
1,49 01,1y Y00i,0) — N NOZ Noi = , U,
(63)

By the constraint ©¢; 0 = —0¢,4, a = 0,2 (mod 4).
And the remaining generating phase is determined by
integer a. Hence in this case the classification is Zo, which
belongs to BSPT phases.

(2) If N; < 4 < Ny (i.e. Z§, x Zs), the generating
phases for the sets (B1), (B2), and (B3) are:

dTr  m
©o.; - X 4a Ta (64)
T 27 47
(©i,0,©0i,0, O00i,0) = (ﬁi, 7N0i,0) x b+ (0, N—OZ_,O) X ¢
- (g,w,o)b (65)
2 4
(©4.6 0016 O001i) = (-, =, 0)x0+(0, ——,0) = (0,0,0)

N;’ Noi’ No;



By the const.raint ©0i0 = =60, b = —a (mod 4) (04,0046, O00i i) = (17 ﬁ,o) x 0+ (0, Am ,0) x d
By the constraint ©g;; = —m©;0, 0 = —m7b, which N; " Noy; NOz
is always satisfied as in this case the smallest m is 4. — (0 4—7Td 0) (69)
The generating phases are generated by integer b. Hence S VUN; T

in this case the classification is Z4, which is a Zs com-
plex fermion layer absorbed into a Z, BSPT layer as the
complex fermion layer indicator is ©; ; = ©¢; ; = 7b.

By the constraint ©g; 0 = —©g,

_ Trb+Nc——§;V—7;a, if N; > No/4
(3) If 4 < N; < Ny, the generating phases for the sets 2 (b +2¢) = %% if N; < No/4 (70)
(B1), (B2), and (B3) are: :
By the constraint ©g;; = —NO @Z 0, N = —%9 b,
4m 3 . K2 7
La, if N; > No/4 we have:
o= { 7 XS0, (67)
Sm o Nog _ 2m,  if N, < Np/4
N X ina = gra, i o/ b=—4Nid if N; > No/4 and Ny < 2N? 1)
d=—43b i N; < Ny /4
Combining all the constraints:
2 4 .
(©4,0,00i,0, ©00i,0) = (%, Ni70) x b+ (0, Niao) X c (b+2¢) = —2a, b= —2d, if N; = Ny/2 (72)
g 20i A 0: (b+20):—a,d———b if N; < Ny/4
T T T
= (ﬁib, ﬁib + ﬁic, 0) (68)
J
The generating phases are determined by the integers:
C (mod Nz/2); b (HlOd QNZ), if Ni < N0/4
Hence in this case the classification is:
ZNi XZN0/4:ZNi XZN,;/Q (BSPT), lfNZ:N0/2 (74)
ZanN, X L, 2 (a Zy complex fermion layer absorbed into a Zy, x Zy, 2 BSPT layer), if N; < Ny/4
where the indicators of the complex fermion layer are:
Ofi0 = MOgi0 = —2ma, Oy = MOy ; =0, if N; = No/2 (75)
Ofi0 = 50010 = —ma, Op;; = HO0g;; =0, if N; < No/4
(4) If 4 < Ny < N;, the generating phases for the sets (B1), (B2), and (B3) are:
[0, ifNy=4
o = { Ing, if No > 4 (76)
T 27 2N; 47 2w 4w N;
1,05 ©04,0, ©00i,0) = (5 > b y =, = b, — b+
(04,0, ©0i,0, O00i,0) (Ni No; 0) x N +(0 No; 0) x c (No No(No c),0) (77)
T 2w 47 4
®ii7@ii7® i) — 77730 0 07770 d= Oaidao 78
(©4,i, ©0i,i> O00ii) (Ni No, ) x 0+ ( o, ) xd=( No ) (78)

By the constraint ©g; 0 = —]]\%@0,1', %(ﬁob +c¢) = JIQ,[ ?V’Ta where when Ny = 4 or N; > N2 /4, the right-hand
side becomes 0 (mod 27). Then we have:

E(Rb+e) =0, if No=4
A (SEb+0)=0, if No>4and N; > NZ/4 ()

(§tb+c) = —2a, if No >4 and N; < Nj /4

By the constraint ©¢;; = —©; 0, %d = _12\77;1)’ b= —-2d.



The generating phases are determined by the integers:

a (mod Ny/4), d (mod Ny/2), if Ng >4
Hence in this case the classification is
Zinyj2 = Ly (BSPT), if Ng=4 (81)
ZN0/4 X ZN0/2 (BSPT), if Ng >4
where the indicators of the complex fermion layer are:
Ori0 = 20000 =0, O = 20424 =0, if Ng=14 (82)
Ofio=2000=0,0y; =20On,; =0, if Ng >4

For m is even, combining the cases (1)(2) into (3)(4), in conclusion the classification is:
Zn, X Ly, 2, it Ny = No/2
Z2N¢ XZNi/Qa if N1<N0/2 (83)
Zngj2 X Lingja,  if No < N

which means that the BSPT classification is Zwyin{n,,No/2} X Zmin{N:,No/2}/2, and a Zz complex fermion layer will be
absorbed in the BSPT layer when N; < Ny/2.

C. Category (C)

For simplicity, we only consider symmetry groups with order being power of 2. The newly involved constraints in
3D are:

Ny©uo=0 (84)
Ng@wjﬁ =0 (85)
No©pro =0 (86)
N0 N0 N0
N @ij,O + NOj G)OJEZ W@m’] 0 (87)
NY NY
Oiji = ——="0i;, ©4,;=—="6;; (88)
i J
00ij,0 = O00i,j = Ooii,j = —Ooiji = —O00j,s = —O0jj,i = —Ooij,; (89)
1. m is odd

Similarly we also set m = 1, so that we only need to consider the symmetry group Zz x Zy, X Zy,, and we assume
N; < Nj; without loss of generality.

Sk, =L are o i.e. X Zg X Z3), invoking the known results and combining with the constraints
1)1 Y dd (ie. 2 x Zy x Z king the k 2D results and comb h the 3D
Ny©uo =0, NyOup o =0, NoO,ur o =0, the generating phases for the sets (C1), (C2), (C3), (C4) and (C5) are:
T 2 47
(©i4,0,©045,0) = (> ) X 2a+ (0, —) = (7a,0) (90)

b
Nij " Noij Noij



T 27 T
O34, ©0iji) = (55— x 2b+ (0, —) = (b, 0
(154> O0iig) = (i ) x 26 + (0, 222-) = (e, 0)
ij,j» O0ij,j ,——) = (me,
3,51 ©0ij,j N, Noij Nos
(035,001, O00i.i) = (2, 7) x 4d + (0, - 0) = (,0,0)d
1,55 Y 04,55 Y007,7 2N NO’L NOi - s Uy
(01,0055 00014) = (——, — = 1) x de + (0, =T 0) = (,0,0)e
Jyiy 03,39 Y007,i) = 2Nj7 ]\70‘7 NOJ = (T, VU,

where a, b, ¢, d, e are integers.
By the constraint 0,50 + 0,;,; + ©o; ;
By the constraint 0;;;, = —0; ;, b = —d (mod 2).
By the constraint 0,;; ; = —©,;, ¢ = —e (mod 2).

=0, a =0 (mod 2).

Hence in this case the classification is Zy X Zs, which belongs to BSPT.
(2) If & is odd and % is even (i.e. Z] x Zy x 7., ), the generating phases for the sets (C1), (C2), (C3), (C4) and

(C5) are:
(0150, 0051.0) = (22.0) x a+ (0, 2) x b = (a, 7b)
17,0, Y0i5,0) — Nij’ NOU = \7Ta, T
2T 2
61”1’7@1“,1' =(—,0)xc+ (0, —) xd= (me,nd
(Ous:O0s) = (37-,0) x e (0. ) xd = (e, )
2T 2
@i”a@i" = 770 077 = )
(©ij,5: ©0ij,5) (Nij ) x e+ ( NOij)Xf (me, 7 f)
(5= ™) % 29+ (0, 4=,0) = (3,-m,0)g, if N; =4
@i've)i'a@ i,7) — 2 NOl ]7¥ s s . !
( I 00 OOJ) {(2Ni’ Nm )Xng(Oa;\L/O O) (Z 75371—)93 1fNj>4

(05,6004, Oooj,i) = { Egr]’

By the constraint ©;;,0 + O + %@Oi,j =0,

1\2[—;,0)><4h+(0,]\2,—%7
27 s
W’O) X Njh‘i' (0,]\77%7

) x i = (wh,mi,mi), if N;=4
7) X i = (mwh,0,mi), if N; >4

ma+mi=0,a=1(mod?2), if Nj=4
ma + %(—gg):(),a:() (mod 2), if N; >4

By the constraint ©;;; = —%91‘

3Jo
= —7g, c =
e =—(%9)
]6_7' iy
mc *7(19)

By the constraint ©;; ; =

—g (mod 4), if N;=4
,c=—g (mod 8), if N; =8
c

=0 (mod 2), if N, >8

—0;,;, e = —mh, e = —h (mod 2).

By the constraint ®0ij,0 = eooz‘,j = _G)Oij,i = —@oon' = _®0ij,j7

=0 (mod 2), if N; =4
i (mod 2), if N; >4

(95)

(96)

(100)

(101)

(102)



Combining all the constraints:

a=b=d g (mod 4), e
a=0 (m d2) = fzgzz':—c(modS)7
a =0 (mo =f=g=1i (mod8), ¢

Hence in this case the classification is

Z4 X Zs (a Zs complex fermion layer aborbed into a Zs x Zs BSPT layer), if N; =2, N, =4
Zg X Zs (a Zs Kitaev-chain layer further aborbed into the Z4 x Zo above),

where the indicator of the complex fermion layer is:

{ Oyi,;
Orij

= —h (mod 2), if N; =4
= —h (mod 2), if N; =8
=0 (mod 2), e

= —h (mod 2), if N; >8

) J

= 901’,]’ = —ng, if NZ = 27 Nj =4
= @07]7]' = —gg, if N; = 2, Nj >4

1fN1:2,NJ>4

(103)

(104)

(105)

(3) It %, % are even (i.e. Zg X Zn, X Zn;) and let N; < N; without loss of generality, the generating phases for

the sets (C1), (C2), (C3), (C4) and (C5) are:

2r Ni' 27 NOi'
(@ij’o’@Oij70):(NTj’0)x 2]a+(0,7N01_j x =2 p = (ra, 7b)
27 2w 27
<®i ’,i,eOi‘,i) = (7,0) X C+( ) X d= ( c, 7Td>
! ! Nij NO’L] Nz
T 27 2w
0;j.5,00i55) = (—=,0) xe+ (0, —) x f = (e, 7
( JsJ OJJ) (Nij ) ( NOz'j) f (Nz' f)
(ﬁ,ég,@)x2g+(o,2§—;,w)xh (Z2g,mh, Th), ifN-.:Nj:4
(@l(_)o’b @00i ): (161715702,0)Xg—’-(O,Ni:];,W)Xh:(%zg (g+h) 7Th) lsz:4,Nj:8
42 90i,55 J (N:i’lg;ﬂo)X29+(0’4]7Y‘7;’7T)Xh:(ﬁ7r 9,0, 7h), .1f8§N¢:Nj
(7 0) X g+ (0, 37-,m) x h = ({9, 7g,7h), if 8 < N; <N;
(% 7, 0) X 20+ (0, %, m) x m = (51, mm, mm), if N; = N; = 4
6 o 6 ) _ (Nlj,ﬁf )><4z+(0,;¢”_, m) xm=(%1,0,mm), if N;=4, N; =8
(8562 O0sii> Qo) = (% A, 0) x 20+ (0, o) xom = (351,0,mm), if 8 < N; = N;
(Nlj,%,O)x2J]\Zjl+(0,]3—”77r)xm:(?\;:LO,ﬂm), if § < N; < N;
By the constraint @UoJr@oj,nLN Ogs,; =0,
ma+mm+7mh =0, if Nyj=N;=4

ma+7m(g+h) =0,
7ra:(), lfSSNl:NJ
7m—|—7rg:0, 1f8§N1<N]

By the constraint ©;;; =

N

*eri,ja
c=—g, lfNZZN]:Zl
c=—g, lfN,L:4,Nj:8
c=—g, lfSSleNj

if N, =4,N; =8

2Tc =0, if 8 <N; < N; and N; > 2N?

N, =

c=—2lg, if 8 <N;<Njand N; < 2N?

By the constraint ©;; ; = —0;;, e = —I.

By the constraint ®Oij,0 = GOOi,j = _®Oij,i = —@0()j7¢ =

—0Ogijj, b=d=f=h=m.

(106)

(107)

(108)

(109)

(110)

(111)

(112)
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Combine all the constraints:

a=0,b=d=f=h=m (mod 2), c=—g (mod 4), e = —I (mod 4), if N;=N,=4

a=g+h b=d=f= h:m(mon)cffg(modS) =—l (mod 4), if N;=4,N;=38
a=0,b=d= f:h:m(mod2)7c:—g(modN)e——l(modNi), if 8 < N; = N;

a=g (mod 2N;),b=d=f=h=m (mod 2), c=0, e =— (mod N;), if 8<N; <N, and N; > 2N?

a =g (mod 2N;),b=d=f=h=m (mod 2), ¢ —évj\?ig,e:— (mod N;), if 8 < N; < N; and N; < 2N?

(113)
Hence in this case the classification is

7y X Ly X Lo (a Z4 X Zy BSPT, stacking with a Zy "Kitaev-chain layer absorbed in complex fermion layer”),

if Nj=N; =4

Zg X Ly X Lo (a Zs ”complex fermion layer abrobed in a Z4 x Z4 BSPT”,

stacking with a Z, ”Kitaev-chain layer absorbed in comolex fermion layer”), if N; =4, N; =38

Ly, X LN, X Ly (a Zn, x Zn, BSPT, stacking with a Z, Kitaev-chain layer), if 8 < N; = N;

Zon, X LN, X Lo (a Zy complex fermion layer abrobed in Zy, x Zy, BSPT, stacking with a Zy Kitaev-chain layer),

(114)
where the complex fermion layer indicators are ©; ; = ©g; ; and ©f; ; = Og;,;. And the classification can be simplified
as:

{ LZN; X Ln;i X Ly, if N; = N; (115)

ZQNi X ZNi X ZQ, if Nz' 7£ Nj

2. m 1is even

By the constraint m@o()iJ' = @001'7]', m@()ojﬂ‘ = @OOj,ia we have @002'7]' = O7 @00]',2' =0.

By the constraint @01@0 = @OOi,j = 7@0@'77; = 7@003'71' = 7@0”‘7]', we have @01']‘70 = 601']',1' = GOij,j = 0, which means
that there is no non-Abelian statistics in this case.

(1) 1f s & are odd (i.e. Z{VO X Zo X Z2), the generating phases for the sets (C1), (C2), (C3), (C4) and (C5) are:

2
(0410, O0ij0) = (—=,0) x a+ (0, ——) x b = (ra, 7b) (116)
Nij Noij
(©111,00151) = (25 0) x e+ (0, 2) x d = (e, xd) (117)
17,49 Y 0t3,2) — Nijv N()z] e, T
(15 O0is) = (=, 0) x e+ (0, =) x f = (we,f) (118)
15,0 2 0i5,5) — Nij’ € NOZ] e,
T 2T 47
(©i,5,00i,5,O00i,;) = (ﬁlv Tm’o) x 29 + (0, Noi’ ,0) = (m,0,0)g (119)
(04,0055, O0o0ss) = (- 2T 0) x 2h + (0, T 0) = (x,0,0)h (120)
7,4 F03,75 F005,i) — N NOJ NO] =\ U,

By the constraint @Oij,O = @Oij,i = 601']' j = @001 g = @00] i = 0 b=d= f =0 (mod 2)

By the constraint %GMO + 0yji + B0 =0, NO ma = 0, which is always satisfied.

By the constraint 0;;; = —©; ;, ¢ = —g (mod 2)

By the constraint ©;; ; = —©,;, e = —h (mod 2).

The generating phases are determined by integers a (mod 2), g (mod 2), h (mod 2). And the classification is
ZQ X ZQ X Zg (BSPT)

(2) If &% % is even (i.e. Z{VO X Ly x N, ), the generating phases for the sets (C1), (C2), (C3), (C4) and
(C5) are:
2 2
(@Z‘jg, ®Oij,0) = (Ni,()) X a—+ (0, N7) X 2b = (’R’CL,O) (121)

ij (V%]
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2 2
(Gij,ia GOij,i) = (Ni,()) X ¢+ (O N: ) X 2d = (71'6, 0) (122)
i ©j
T 2T
(©ijj Ooijj) = (77-,0) x e + (0, No, ——) x 2f = (me,0) (123)
) ij
(01,0015, O001.5) = (-, 2 0) % g+ (0, ) x b= (. 7,0) (124)
1,75 Y0i,55 Y00¢,5) — Ni,NOi’ g ’N0i7 - 277Ta g
2 4 N,
(04,004, O00j.i) = (%’TZ’O) x N;1+ (0, N: 0) x fﬂm (xl, 7m, 0) (125)
J ] ]

By the constraint

@ij,O + ®oj,i + %GOi,j =0, ma+m™m + %(ﬂ'g) =0,a=m (HlOd 2), if Ng < Nj
GiJ}O -+ @oj,i + GOM =0, ma+7mm+mwg =0, if Ng = Nj (126)
%@ij,O + BO,;,i +60i; =0, %TFCL +mm+7mg=0,m=g (mod 4) if N; <Ny

where g is chosen as a generating phase, only a, m need to be considered here.
By the constraint ©;;; = —%@i’j, me = —%(ggﬁ

mc=—ng,c=g (mod 4), if N;=4 (127)

mc=0,c=0 (mod 2), if N; >4

By the constraint 0;; ; = —©,;, me = —wl, e = [ (mod 2).

Combine all the constraints:
a=m (mod 2), g (mod 4), ¢ =0 (mod 2),e = l(mod 2), if Ny < N;

a (mod 2), c=g (mod 4), e =1 (mod 2), if4=N; =N,

a (mod 2),g =m = c¢(mod 4), e =1 (mod 2), if4=N; <Ny (128)
a (mod 2), g (mod 4), c=0 (mod 2), e =1 (mod 2),, if4 < N; =Ny

a (mod 2), g =m (mod 4), ¢ =0 (mod 2), e =1 (mod 2), if4<N; <Ny

where the generating phases are determined by:
a (mod 2), g (mod 4), ! (mod 2), for all cases (129)

Hence in this case the classification is Z4 X Za X Zy (a Zo complex fermion layer absorbed into a Zg x Zs X Zs BSPT
layer), and the complex layer indicators are:

N
O = Opij =—7g, Oji = 70@01',1' =0, for all cases (130)

(C( )) Ifd(cjg)j are even (i.e. Z‘]’i,o X Zn, x Zy;) and N; = Nj, the generating phases for the sets (C1), (C2), (C3),
an 5) are:

(2“A,0)><a(0, ) X Noijb = (3Fa,0), if No > N;
(350, oij0) = 15;7 ,0) x N No Noub 0), if No <N (131)
( ) a(’NO )X (%] *(Noaa )7 1 0> 1V4
which can be simplified as (as Ny, NV; are powers of 2, No; = min{ Ny, N; }):
2w
(845,0: Boi0) = (—a:0) (132)
0i
2 21 27
(©i5.45 Oo0iji) = (NT]-’O) x ¢+ (0, m) X Noijd = (ﬁicv 0) (133)
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by 21 2
(04j.5,6045,5) = (7sz’0) x e+ (0, 7N0ij) X Noijf = (Ee’o) (134)
T 27 47 2r 4w 47
©;:,00;:,000.i) = (=—,—,0 2 0,—,0 h=(—g, — —h,0 135
> ©0i5, ©00i,5) (Ni No. ) x 29+ ( No. ) X (Nig N9 T N, ) (135)
T 27 47 2 4w 47
©::,00i:,6000i:) = (=—,—,0 21 0,—,0 =(—=Il,—I1l4+ —m,0 136

By the constraint:

@ij70+@oj,i+@0i,j:0, %a+ﬁ,ﬂ—l+N m+N g+ 47Th_0 ifNogNiandNo/2<Ni
00+ Opji + O0ij =0, Fa+ 3=l + 3=m+ =g + .S ~h =0, if No > N; and No/2 = N; (137)
%@ij,O'i‘@oj,i"‘@Oi,j: 7%( )+;\177rl+N m+N g+ 4ﬂh—0 ifN0>NiandN0/2>Ni

where g, [ are chosen as generatlng phabes only a, h, m need to be considered here.

By the constraint ©;;; = J ©; 5, N T c = mg, where the solution is:
N; .
c=0, -5 (mod N;) depending on g (mod N;) (138)
By the constraint ©;; ; = —0;;, ]2\?6 = ——l e = —I (mod N;).

Combine all the constraints, the generatmg phases are:

g (HlOd Ni)7 l (mod N1)7 aorm (HlOd N0/2), h (mod N01/2), if if No < NZ and N0/2 < Nz
g (mod N;), I (mod N;), a (mod N;), h (mod Ny;/2), if No > N; and No/2 = N; (139)
g (mod N;), I (mod N;), a (mod N;), h (mod Ny;/2), if Ng > N; and Ny/2 > N;

Hence the classification is Zy, X Zn, X Zmin{N,/2,N:} X Lng, 2 (BSPT).

( ()) If & —( 2; are even (i.e. Z{VO X Zn, X Zn;) and N; < Nj, the generating phases for the sets (C1), (C2), (C3),
C4) and (C5) are:

2

(©ij.0, O0ij0) = (5 -a.0) (140)
0i
27 27 27
(©ij,i> Ooiji) = (E,O) x ¢+ (0, m) X Noijd = (5 0) (141)
s 27 2w
(©ij,5, Ooiji) = (NTJ-’O) x e+ (0, Wij) X Noij f = (ﬁie,O) (142)
T 27 4 s 21
7,79 R i) = \ X7 A7 h= y a9 h 14
(015+O015+B00iy) = (7 31 0) X 9 (0, 37, 0) X h = (-9, 1+ 1, 0) (143)
T 2w 2N w7 47N .
(75, 25,0) x 221+ (0, 32,0) x m = (351§l + 22m, 0),  if No < Nj and No/2 < N
(@@6 )_ (Nljvﬁgjvo)x2ijl+( ]377 )Xé}f\‘,’m (QWZ,;I\;Z)I]\(;Z+2WTTLO) ifNQSNjaDdN0/2>Ni
4,3y P04, P005,0) = (NL’I\QIQ—’O)X2JI+( 13 : )Xm—(%l 47rl_|_27rm 0) lfNJSNoande/2:N
(30 7, 0) x 21+ ( 137, 0) X gxim = (2”1 4’Tl+2”m 0), if N; < Npand N;/2 > N,
(144)
By the constraint
©ij,0 + Ooji + 74 O0ij = 0, Fa + Fptl + AEm+ N(Z;(NO +#5h) =0, if No < N; and No/2 < N;

Bij.0 + Ooji + 24 O00i; =0, 2 £y a+ j‘vﬂxf 1+ 2"m + (g + 2 iy 4Anp)y =0, if No<N; and No/2 > N;  (145)

%@ij,o+@aj7i+@0i7j:07%(]\] ) 4Trl+Nm+Ng+47rh—0 lfN SN(] ande/ZZNZ
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where g, [ are chosen as generating phases only a,m, h need to be considered here.

By the constraint ©;;; = J 0,5, N Te= —%(%g), written further as:
]QGTC =g, c =0, % (mod N;) depending on g (mod 2N;), if N; = 2N; (146)
JQ\ZC = 7N7(N g), ¢ =0 (mod N;) and ¢g (mod 2N;), if N; >2N;

By the constraint ©;; ; = —0;;, JQ\fe = ,75 e = —1 (mod N;).

Combine all the constraints, the generatlng phases are:
g (mod 2N;), I (mod N;), h (mod Ny;/2), m (mod min{Ny/2, N;}) (147)

Hence the classification is Zon, X ZN, X Zmin{n, 2,8} X LNy, j2 (& Zo complex fermion layer absorbed into a
ZN; X ZN; X Lnin{Ny/2,N,} X ZnN,, 2 BSPT layer), where the complex fermion layer indicators are:

No; No;
O = 0 90” g, Ofji = %eom =0 (148)
[
2w 47
D. Category (D) Oki iy O0ki.i 7T x 2¢ 4+ (0, —) = (e, 0
( ki,j> F0k J) <N]ﬂ NOk’L) ( ) NOki) ( (1756>)

The newly involved constraints in 3D are:

Ni©iju =0, Ni©jii=0, N;Ou,;=0  (149)
Ni©oije =0, NiOgjki =0, N;Ouk ;=0 (150)
o+ Mo+ Neu, —0 (151
@(]ij,k = @ijk,() = 90jk‘,i = _90162',]' (152)

Oijk,i = Ouijk = Oijjk = Ojjki = Ojkk,i = Ok
(153)

where subset (D4) can be totally absorbed into (D1),
(D2) and (D3).

1. m is odd

Set m = 1 (ie. Gy = Z§ x Zn, x Zn, x Zn,) and
assume N; < N; < N, without loss of generality.
(1) 1f Mo Bi Neare all odd (ie. Zf x Zo x Zo X Zs),

)
invoking the known 2D results and combining with the
3D constraints NyO, 5 = 0, NoOpp o = 0, NoOpr o =
0, the generating phases for the sets (D1), (D2) and (D3)

are:

T 2 T
ij.ks Qoij k) = 2 ~ )= )
(i Ouize) = (7 o) 20+ (0, 37) = (7a.0)
(154)
T 21 T
Ori,00iki) =(—,—) x2b+ (0, ——) = (7b,0
( jk, O]k7) (N]k: N()jk;) ( NOjk) ( )

(155)

where a, b, ¢ are integers.

By the constraint ©;;; + O;x,; + O ; =0, Ta + 7b +
mc = 0.

Hence in this case the classification is Zs X Zso, which
belongs to BSPT.

(2) It &i —J are odd and 2 is even (i.e. 75 X Ty x
Zy X ZNk) the generating phases for the sets (D1), (D2)
and (D3) are:

T 27 47 T

@i’ ,@i‘ =\ A7 07 =\54
( g,k OJ,k) (N'Lj NOzJ) X a+ ( NOzJ) (20’ Tra’)
(157)
2w i
(@jk,i7 @Ojk,i) = (7, 0) x b+ (O7 7) X c= (7Tb, 7TC)
Nk 0jk
(158)
27
(@kiaj’ @Okid) = ( 70) xd+ (Oa ) xXe= (’/Tda 7T€)
Ny Oki
(159)
By the constraint %sz,k +0;k,i+0Op,; =0, %%a—i—
b+ wd = 0.
By the constraint ®Oij,k = G)Ojk,i = _@Oki,j7 a=Cc=e¢e
(mod 4).

Combine the two constraints: a = ¢ =e (mod 4),b=d
orb=d+1 (mod 2).

Hence in this case the classification is Z4 X Zso, which
is a Zs non-Abelian complex fermion layer absorbed into
a Zo X Z9 BSPT layer

(3) If &t is odd and —, NT are even, or
all even (1.e. ngZg XZN; XL, or Z2 XN
the generating phases for the sets (D1), (D2)

are:

. N
i 5 N gpe

2 2
# XZNj XZNk),
and (D3)

2 2 2
T 0) xat (0, ) x b= (2

Oijk, Ooijk) = (57— ~
(©ij.k> Ooijik) (Nij Nou
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27 N, 2w 2w ;
0.:1:,00i1i) =(—,0 -J 0, —)xd = (==¢,7d 2. m s even
( Jk,i» P0jk, ) (N] )X Nz C+( NOjk)X (N{LC T )
(161) For symmetry group Z{VD X Zn; X ZLN; X LN, , the gen-
erating phases for the sets (D1), (D2) and (D3) are:
2w 2w Noii
Ok Ouiji) = (0 0, ) x 2Ly,
( g,k 0 ]7k) (Nz ) X a+ ( NO”) X NOka‘
21 27
=(=—a,—b 163
(Ni Noun ) (163)
2 N; 2 Ny
(©jk,i» Ovjk,i) = (iao) x —Lc+ (0, i) x =%k g
o 27 27 ’ ’ N; N; Nojr” Noijk
(Okij» Ookij) = (=5 0) x e+ (0, =—) x f = (e,7f)
Ny Noki N; _ (277TC 2m d) (164)
(162) N; Noije
27 27 Nops
. N, _ Ny 27 91"7@ ii) = 7,0 077
i By tzle constraint ngij,k"‘@jk,i‘f'@ki,j =0, W’;Nia—i- (Oki s> Ookij) (Nki ) x e+ ( Noki X NOijkf
e+ Fe=0. 2 27w
i i Y e 165
e f) (165)
. . N, _ Ny 27
By the constraint ©;; = Ogjri = —Oopij, b=d = f By the constraint W?@ij,k+@jk7i+@ki7j =0, N—’;ECL—F
(mod 2). %c +2%e = 0.

By thé constraint @()ij,k = @Ojk,i = _@Oki’j, b=d=
—f (mod Noijr)-

Combine the two constraints, the remaining three gen-
erating phases are: a (mod N;), ¢ (mod N;), b=d = f
(mod NOijk)'

Hence in this case the classification is Zy, X Zy, x
Z Ny, ;1> which is a Zy complex fermion layer absorbed into
a Zn, X ZN; X Lny,,;,j2 BSPT layer if the non-Abelian

Hence in this case the classification is Zn, X Zn, X Zs complex fermion layer indicator is Oy, = MmOosj i =
(or Zn,,;, X Zn,,, X Zz), which is a simple stacking of a  7b (mod 2), while it is simply a Zy, X Zn, X Znj,,, BSPT
Zn, x Zy, BSPT layer and a Zs non-Abelian complex  layer if the non-Abelian complex fermion layer indicator
fermion layer. is O yij.k = mOop;jk = 0.

Combine the two constraints, the remaining three gen-
erating phases are: a (mod N;), ¢ (mod N;), b=d=f
(mod 2).

V. CLASSIFICATION OF 3D FSPT PHASES WITH UNITARY FINITE ABELIAN G; USING
GENERAL GROUP SUPER-COHOMOLOGY THEORY

In this section, we will derive the classification of 3D FSPT with unitary finite Abelian G, using the general group
super-cohomology theory”? ''. We first give a short review of general group super-cohomology theory of FSPT phases
in section V A. Some useful group cohomology calculations and relations for cocycles are given in section V B. After
that, the detailed calculations are given in sections V C and V D for non-extended and extended unitary finite Abelian
Gy FSPT, respectively.

A. Review of general group super-cohomology theory

The general group super-cohomology theory for FSPT phases is developed in® !'!. The classification data for 3D
FSPT with unitary symmetry group Gy = Zg X, G 1s a triple of cochains (na,n3,v4). The data ny € H?(Gy, Zs)/T?
specifies the Majorana chain decorations to the intersection lines of Gp-domain walls. The ng3 data is a cochain in
C3(Gy, Zs) B3(Gy, 7o) /T3, specifying the complex fermion decorations to the intersection points of Gj-domain walls.
And the last vy € C*(Gy,U(1))/B3(Gy,U(1))/T'* is the usual bosonic SPT classification data. These classification



15

data satisfy the twisted cocycle equations:

dny = 0, (166)
dTL3 = Wy — Ng + Ng ~— N2, (167)
dvy = Os[ns], (168)

where the most general expression of the last obstruction function is
05 [n3](012345) — (_1)(w2vn3+n3v1n3+n3v2dn3)(012345)+w2(OlS)dn3(12345) (169)
% (_1)dn3(02345)dn3(01235)+w2(023)[dng(01245)+dn3(01235)+dn3(01234)]

« 4n3(01245)dn3(01234) (mod 2) (72‘)[dn3(12345)+dn3(02345)+dn3(01345)]dn3(01235) (mod 2)

All the classification data is defined modulo trivialization subgroup I'*. For state labelled by these data, we can
construct a symmetric gapped state without topological order on their boundary. Therefore, they are in fact trivial
FSPT states'?. For unitary Abelian G, the trivialization groups I'* can be calculated from

I'? = {wy — ng € H*(Gy, Zs)|no € H°(Gy,Z)}, (170)
= {UJQ — ni + (wg ~1 U.)Q) \_no/2J S H3(Gb,Z2)|n1 S Hl(Gb,Zz),no € HO(Gb7ZT)}, (171)
I = {(—1)w2—m2tne=n2 ¢ g4Y(Gy,, U(1))|ng € H*(Gy, Zo)}. (172)

In the rest of this section, we will use the above equations to derive a complete classification for unitary finite
Abelian G FSPT phases.

B. Cohomology groups, explicit cocycles and Bockstein homomorphism

There are many useful relations for cocycles of the cyclic group Zy. They can tremendously simplify the FSPT

calculations. In the following, we denote the cyclic group as Zy = {0,1,..., N — 1}, where the group multiplication
is given by the addition of integers mod N. We will use the notation = to mean equality up to mod n. Similarly, z

emphasizes an equality in the ring of integers. And " eans an equality up to Z,-valued coboundaries (a.k.a. they
belong to the same Z,-valued cohomology class). The symbol |z] is the floor function as the largest integer smaller
than or equal to . And [z]y is defined to be the mod N value of an integer x.

1. Zz-coefficient cohomology
The cohomology ring for Zyx (N even) with Zs coefficient is

Zy[n?2], it N 22,

Zolnt? m?] /{(n1?)%}, i N 2 0. 1)

H*(Zn,Z2) = {

So we can use the cup product of n?? € HY(Zy,Zs) and n5? € H?(Zy,Zs3) to obtain all cocycles. The superscript
Zo of nizz emphasizes that they are Zs-valued cocycles. As will shown later, the cocycle (n%?)2 = n%z — n?z has
different result for different N: (n%2)2 2 nZ2 if N £ 2 and (n%2)2 2 0 if N £ 0.

The explicit cocycles in H*(Zy,Z2) are also very useful in the calculations. The expressions of n?z and n%z are
(a, be ZN)I

n(a) Z [als, (174)
VHJ 2 at+b- [a+b]N'

[Iv

n§2 (a,b) (175)

N N

Other cocycles can be obtained from the cup products of n? and n?.
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2. Z-coefficient cohomology

The Z-coeflicient group cohomology for Zy is
H*(Zy,Z) = Z[n3]/{Nn3} = Zn[n3]. (176)

Again, the superscript Z of the generator 2-cocycle n% is to emphasize that it is Z-valued. In fact, the Zs-valued
cocycle n5? in Eq. (175) is the same as Z-valued cocycle n’:

n%(a,b)g \‘a]—i\;bJ z a—l—b—]\[fa—kb]N z (;fdn?zv> (a,b), (177)
where
i (a) & [aly (178)

is the generator of HY(Zy,Zxn) = Zn. So it is easy to see that

1 1
anZ 24 (Ndn%N> z ~dni Lo, (179)

from the fact d2 = 0. All other cocycles in H*(Zy,7Z) can be obtained from the addition and cup product of several

zZ
ngy.

Using the relations of Zs and Z-valued cocycles, we can show that

7 1 7z 1 ZNdTLZN z N zd N
(n¥?)? :=nt — pk2 = idn?" = idn?’v +dp, = 5 ]\17 +duy = ?ng +duy = Eng (180)
where we have defined a Z-valued 1-cochain (a € Zy):
1 z 6|2 — |a|N
pa(a) = 30—y a) 2 LN (1s1)
Since N is even, the right-hand-side of the above equation is indeed an integer. So we have
. 4
N 0 fN=0
(nfe)? = g T T (182)
2 ny?, f N =2
This is exactly the result claimed below Eq. (173). When N 4 0, we also know the explicit coboundary as
N
(n§2)? 2 —nf + dus £ dpa. (183)

2

8. Bockstein homomorphism

The notion of Bockstein homomorphism is very useful in checking whether a cocycle (—1)/* [f, € H*(Gy,Z5)] is a
U(1)-valued coboundary or not. It is defined as a mapping from H*(Gy,Z2) to H*FY(Gy, Z):

z dfy

Blfk) = =5 (184)

where fj, is a cocycle in H¥(Gy,Zs). The coboundary operator is defined with appropriate plus and minus signs in

integers. Because of dfy 2 0, the right-hand-side of Eq. (184) is always an integer. The Bockstein homomorphism is
the connecting isomorphism between H*(Gy, 7o) and H*+1(Gy, Z). So we have the useful relation

(—1)* € B¥(Gy,U(1)) <= B(fx) € B"(Gs, 2). (185)

We can use it to check whether (—1)7* is a U(1)-valued coboundary or not.
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When acting on the cup product of two cocycles, the Bockstein homomorphism reads

Bz —y) 2 Bx) — y+ (~1)%e@z — p(y), (186)

which is essentially the Leibniz’s rule for coboundary operators. When modulo two, the Bockstein homomorphism is
related to Steenrod square operation and higher cup product as

B(fi) 2 Sq' (fi) 2 fu —n-1 fi- (187)

There are also some useful equations for Steenrod squares:

Sq'(z) = a, (188)

Sq'(x) 3 0, if i > deg(x), (189)

Sq'(x) PN x, if i =deg(x), (190)

Sq"(x—y) = S S¢i(x) — 5S¢ (y). (191)
i+j=n

The last equation is called Cartan formula.
For the special case of cohomology for group Zy, the Bockstein homomorphism of the generator n%z € HX(Zy,7s) =
Zso can be shown to be zero:

1=

dnZ2 £ —a*n2 Lo, (192)

DN =

Sq'(n5) 2 pn) £

where we used d?2 = 0 in the last step.

C. Classification of FSPT with G; = Z} x HK Zn;,
The fermionic symmetry group G¢ = Zg X Hfil Zy;, is associated with bosonic symmetry group

K
— HZNw (193)
i=1

and trivial central extension wy = 0. It is known that, for a given positive integer N, we have a unique factorization
N = Hp p"™ (p is a prime number and n, is a positive integer in Z, ) and a group isomorphism Zy = Hp Zynp . For
prime number p > 2, the cohomology group H*(Zyr»,Zs) is trivial. Therefore, the symmetry group Hp>2 Zprp can
only protect bosonic SPT phases, and can only affect the FSPT classifications though adding some BSPT phases. To
understand genuine FSPT, we can assume

Ni=2k (1<i<K, keZy) (194)

in the bosonic symmetry group Gy, Eq. (193). Without loss of generality, we can also reorder the Abelian groups such
that

Ni<Niyn (1<i<K-—1). (195)

Using Kiinneth formula and universal coefficient theorem, the relevant cohomology groups with Zg and U(1) coef-
ficients for Eq. (193) (N; = 2k > 2, N; < N,,) are given by

1 2 .
H2(Gy Z2) =25 % = [ &) [ ¢nd), (196)
1<i<K 1<i<j<K
1 2 3
H Gy 22) = 25" R = [T ied) [T o7 nnd)y T adndni?), (197)
1<i<K 1<i<j<K 1<i<j<k<K
G, u)) = [] zd, I 7z, 11 LN (198)
1<i<j<K 1<i<j<k<K 1<i<j<k<I<K
HS(vaU(l)) Gb, H Ly, H Z?Vij H Zjl\/ijk H Z?\/ijk.l H ZNijklm,
1<i<K 1<i<j<K 1<i<j<k<K 1<i<j<k<I<K 1<i<j<k<l<m<K

= I @ I (e @i I 05 ng?) x .. (199)

1<i<K 1<i<j<K 1<i<j<k<K
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Here, Ci, = K!(Ii(fi)! is the binomial coefficient. We have listed the generators for the Zsy coefficient cohomology
groups, as well as the generators of some some relevant subgroups of Z coefficient cohomology groups. They are

expressed as cup products of ngi) and ngi) (1 <i < K), which are generating cocycles for the i-th Abelian group Zy,

in Gp. In the following, all n,(,i) are Zso-valued p-cocycles with the superscript Zo omitted.

1. Trivialization

Since wy = 0, we have the trivialization groups I'? = 0 and I'* = 0 according to Eqs. (170) and (171). So all
nontrivial obstruction-free ny and ns correspond to nontrivial FSPT states.

The trivialization group T'* is generated (—1)"2="2 = (—1)5¢°(n2) according to Eq. (172). We have two choices of
root 2-cocycle ny € H?(Gy,Zs) [see Eq. (196)]: ng = ng) and ng = n( )n(J) for some 1 <4 < j < K. For both of

them, one can show that 8(Sq?(n2)) Zd 0:

BSG(0y”) = B(nn”) = (s ns? +n2)ﬁ(n2 >—o, (200)
BSe(ni"nt)) = (S (nf”)Sq! (i) E A"y (n)?) =0, (201)
where we used Eq. (192) and B(( )2) Zid ( ) 1i — nli)ﬂ(nli ) % (ngi))g’ — (n(li))?’ = 0. Therefore, we have

(=1)n2—m2 41 for all ny € H?(GY,Zs). The trivialization group I'* is also trivial.

2. Obstruction

To solve the equations Egs. (167) and (168), we have to check that the right-hand-side of the equations are
coboundaries, otherwise there are no solutions. We need to check these obstructions layer by layer: we first solve
Eq. (167) for n3 with a given 2-cocycle no; after obtaining ng, we can solve Eq. (168) for v4 with this ng.

(1) Obstruction for ns.

The equation for ng is Eq. (167), i.e., dng 2 ny — ngy (recall that wy = 0). So the obstruction function for ns is
04[712] i N ~ Nay. (202)

Below we will check the obstructions for all possible no € H?(Gy, Zs). In fact, we only need to check the obstructions for
generators of na. All others can be obtained from the cohomology operation property: O4[ng +nb] 240, [n2] + O4[nf)].

(1.1) ny = n2) (1<i<K) [obstructed/

According to Eq. (173), (94[ ] ;) — ng‘) is always a nontrivial 4-cocycle in H*(Gj, Z3). So ng = ng‘) is
obstructed for a_ll 1<i< K.

(1.2) ng = nlz) @ (1 <i< j<K) [obstruction-free iff N; > 4].

For ny = n(z)ngj) (1 <i<j<K), one can show that

Oulns] 2 n(l)n(J)n(l)n(J) (203)
2,0 [ (), ) +d( W, ngﬂ)} n (204)
2 (202 +d [0 (nf? <1 0f?) ], (205)

where we have used Steenrod’s higher cup product «—;'2. It can be used to switch the cup product of two cocycles as

d(np —i ng) 2 dny ~—; ng +np —; dng +np —i—1 Ng + Ng ~—i—1 Np. (206)
From Eq. (182), we can further simplify O4[nz] as Oy ]

na] 2 n{In{ if N; = N; =2, and Oulna) 2 0, if N; > 4 (note
that we have assumed N; < Nj;). For the latter case (IV; > 4),

>

we also have
Oulna] 2 (n?2(nf")2 + d [nf? (0 —1 0 n{?] (207)
2 7 j i % j j
2 ({724 +d [0 (0 <1 0" nf?] (208)

2 7 1 7 7 1 1
2 [ 4 ) (0 < ) ] (200
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where u(]) is the cochain defined in Eq. (181) for the subgroup Zy,. So we can get a special solution of n3 as
2, @ j i i j j
s 2 0 40 (9, ) 10

In summary, ny = n( )n(]) (1 <i<j<K)is obstructed by O4[no] iff N; = N; = 2. For other cases (i.e., N; > 4),

dns 2 ny — ng has a special ng solution Eq. (210).
(2) Obstruction for ns.
After checked the obstruction function O4[ns], we now can check the obstruction function Os[ns]. There are two

cases we need to calculate. The first case (2.0) below is that ny = ngi)ngj) for some 1 <i < j < K and N; > 4, and
n3 has a special solution fi3 shown in Eq. (210). We then need to calculate the full complicated obstruction function

Os[nis] in Eq. (169). The second case (from 2.1 to 2.4) is associated with ng 20, and a 3-cocycle ng in H3(Gy, Zs).
And the obstruction function in this case is merely

Os[ns)| = (-1 = (—pymens, (211)

méo,m%o
fordngingvngio

(2.0) n2 = n, n(]) (1<i<j<K,N;>4)andns 2 7 [obstruction-free iff N;N; > 16].

In this case, we should use the obstructlon function Os[ng] in Eq. (169) which involves some non-higher-cup-product
terms. Therefore, we can use the complete U(1) cocyle invariants for unitary finite Abelian groups to check whether
Os[7i3] is trivial or not. After some tedious calculations, the possibly nontrivial invariants associated with Oslfis] are

i = j=NY (N =DN;(N;=1)/4 (212)

i

i — fNU(NI-D)N(Ni=1)/4, (213)

For all the invariants to be trivial and 73 to be obstruction-free, we need NijNi/4 2 0. Recall that N; < Nj, so the
obstruction-free condition reduces to

N;N; > 16. (214)

In summary, the classification data (ne = ng )ng ), ng = ng) is obstruction-free (1 <i < j < K), iff the parameters

of the symmetry group satisfy N;N; > 16. For G, = Zy x Zs, it is obstructed by O4[ns]. For Gy = Za X Z4, Os[ns]
is nontrivial although O4[ns] is trivial.

For the following cases, we have ns 2 0. So we can use the simpler obstruction function Eq. (211).

(2.1) ng 2 ngi)ns) (1 <i< K) [obstructed].

Using Eq. (192) and the formulas Eqs. (188) and (191) related to Steenrod square, we have Sq?(n3) 2 qu(ngi)ngi)) =
n@ (néi))Q. We can use the Bockstein homomorphism of S¢?(n3) is

z iy, (21 Z (i e Zd Nio @
B1Sq*(ny)] £ B[t (ns)?] £ (i) ()2 = T (), (215)
which is the Hi-th nontrivial cocycle in H%(Zy,,Z) = Zy, = <(ng)) ). Song = ng) () is obstructed.
(2.2) ng = ny n(J) 1<i<j<K) [obstructed/
Similar to the previous case, we have S¢*(n ) Sq? ( n{ )) ( ) The Bockstein homomorphism is then
z i), ()21 Z g (i zd Ni ), (
BIS (n)] £ Bln” (ns)?) £ () (n5)* = Zinl) (n)2. (216)

The generator ngi) (néj))2 of Zn,, C H%(Zn, x Zn,,Z) [sce Eq. (199)] has order N;; = N; (note that N; < Nj).
Therefore, ﬁ[S’q (n3)] is a nontrivial cocycle in H%(Zy, x Zy,,Z), and ng 2 ngi)néj) is obstructed.
(2.3) ng n2 ngj) (1<i<j < K) [obstructzon -free iff N; < Nj].

In this case, we have S¢2(n3) = S¢®(nS'n{) 2 (n§?)2n'). Tts Bockstein homomorphism is

315¢*(n5)] Z ln§" 0] 2 (n (02 2 T (n)2n ). (217)
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The generator (n$))2nY of Zy,, C HS(Zy, x Zy;,,Z) [see Eq. (199)] also has order Ny; = N;. If N; = Nj, Eq. (217)
is a nontrivial cocycle. If N; < Nj, then Eq. (217) is a coboundary, since the coefficient N;/2 is a multiple of the
order N;.

(4),,(49) ;

In summary, n3 = n n is obstruction-free iff N; < N;. We can also derive the explicit vy.

(2.4) n3 = nl) @y (1 <i<j<k<K) [obstruction-free iff N, > 4].
In this case, we can show that

9 .
SqQ(nS) Sq [n )n(J)n( )} Z(n g)) (ngj))zngk)_'_(ng))Q (J)( (k )) +n()( (J)) ( g))z7 (218)

i Zd d 3N;N; N y
B[S (ns)] £ 3(n{)2(n) )2 (n{R)y2 2 2550 T (D, () ()

8
The generator ng )ngj 'n) in the subgroup Zy

SNNNk
8

(219)

n C H(Gy,Z) has order Ny, [see Eq. (199)]. So ng = 2 pDppe)

is obstruction-free iff € 7Z. Using the fact 2 < N; < N;j < Ny, the obstruction-free condition is reduced to

N > 4.

3. Summary

Note that all the obstruction functions are different for the above generators ng that are obstructed. Therefore,
the summation of several generators, as a generic 3-cocycle n3 € H3(GYy, Zs), is obstructed if one of the generator is
obstructed. To summarize, the obstruction-free classification data (ns,ns,v4) belongs to the groups:

Za, (N;N; > 16)
220

1<i<j<K
Z N; < N; Zo, (N >4
ng € H { 2, (NfNj)x H { 2 (Nka)fN72 7 (221)
1<i<j<K 0, (Ni=N) 1<i<j<k<K 0 (Ni = N; = N =2)
Va € H Z?Vu H Z?Vijk H ZNijkl' (222)
1<i<j<K 1<i<j<k<K 1<i<j<k<I<K

D. Classification of FSPT with Gy = ng X Hfil Zn;,
With the definition
Ny =2m, (223)

the fermionic symmetry group Gy = ng X Hfil Zpy, can be also written as Gy = Hfio Zn,. It is associated with
bosonic symmetry group

K K
Gy =Zm x [ Zn, = Ly po x [ [ Znv..- (224)
i=1 =1
and extension specified by
b
alant) 2 (e 2 | 200 (225)

Without loss of generality, we can assume m = 2* to be the k-th power of 2 (k > 1). Otherwise ng is isomorphic
to ng +1 X Ly j2x, and the latter subgroup can be absorbed to Zy, with ¢ > 0. We note that néo) is the nontrivial

Zy-valued 2-cocycle of Z,,, rather than that of Zy, = Za,,. This is different from ng) for1 <i<K.
Similar to the previous section, we assume

No =2 (ko >2), (226)
N;=2F (0<i<K, k;>1). (227)
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Without loss of generality, we can also reorder the Abelian groups such that
Ni<Niyy (I1<i<K-1). (228)

Using Kiinneth formula and universal coefficient theorem, the relevant cohomology groups with Zs and U(1) coef-
ficients for Eq. (224) are given by

2 _ 14205 +C% _ . (0) (1), (0), (%) (1),,(4)
H (G, L2) = Ly =(ny ") H (ny”,my ng”) H (niny’”), (229)
1<i<K 1<i<j<K
3 _ 7430k +3C%+C% _ , (0) (0) (@), (@) (0) () (), (0)
H*(Gy, Zs) = L =(ny 'ny ") H (ny'ny”,my Ny Ny )
1<i<K
N ) 0
% H <n§1)ng7)’nél)n(3) n( )n( )n(J)> H <n( )ngj) (k )>’ (230)
1<i<j<K 1<i<j<k<K
4 _ 2 2 2
H G UMW) = [ Zeammy 11 28 Zcaomnmvyy 11 ZhZecamngo 11 Zwaws
1<i<K 1<i<j<K 1<i<j<k<K 1<i<j<k<I<K
2 Ko (0,0),6) g ko (), (0, (0) 2 My OO () i Rty () (), ()
— H <€ T ged(m N " ,€ T ged(m, Ny M T2 > H <€ ,€
1<i<K 1<i<j<K
0 ( ko ), (), (i) Fijk () (]) (k) kikj (i k i)
« H <62ﬂ-zgcd(m”N) ( I (D) (J) 6271' g(‘d(m”N yn1 o Ny Mg > H <627r1 J 7e27r7,W‘]:n11)n§ )ng]
1<i<j<K 1<i<j<k<K
2mi ROk (0) () () () i ik () () ) (1)
% H <6 ged(m, Ny > H <6 Nijpr 1 M > (231)
1<i<j<k<K 1<i<j<k<I<K

We have also listed explicitly the “cononical” U(1)-valued cocycles, in terms of ngi) € HY(Zn,,Zn,) and ng) €
H?(Zxy,,7) [see Egs. (178) and (177) for their expressions]. The parameters k’s are integers modulo the corresponding
subgroup orders:

kOia kiO S gcd(m, Nl), kij; kji S Nij7 kOijv kOji S gcd(m, Nij); (232)
kijka kikj S Nijlm koijk S gcd(m, Nijk), kijkl € gcd(m, Nzgk) (233)

There cohomology results are essentially the same as the previous Eq. (196) to Eq. (198). The only difference is that
we have one more subgroup Zy, /2 = Zy, in G. The cohomology group of H 5(Gp,U(1)) can be similarly obtained.

1. Trivialization

Since wy = né ), we have the trivialization group

I? =7, = (n{"), (234)

according to Eq. (170). As ngo) —1 n(o) 3 Sql(n (0)) 0, we have trivialization group

=z = T 0, (235)
0<i<K

according to Eq. (171).
The trivialization group I'* in Eq. (172) is much more complicated. We have several choices of ny in Eq. (229). (1)
For ny = n(Q) (0 <i < K), the trivialization cocycle (—1)*2n2Fn2nz = (— 1)"(0) ng?+ny"ns? ig g U(1) coboundary. This

is because B(n QO)nS') + ng)ng)) 20, as B(néi)) Z 0 from Eq. (192). (2) For ny = ngo) () (1 <i<K), we have

nn )+ (0" (nf")?

(_1)w2n2+n2n2 _ (_l)n(zo)n(lo)ngi)+n(10)”(1i)”§0)”<1i) 4 (=)™ (236)
g (_1)"(20>”(10)n§i) _ 62 gzcclglmNN)éQ (0) (0> (1> (237)
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which is a nontrivial element in H®(Z, x Zy,,U(1)) compared to the explicit cocycles in Eq. (231). (3) For ny =
n( )ngj ). we can do similar calculations and find that
(L 1)yemtnans 4 (_Dngnnm o) ezm%fngnngnngn. (238)

This cocycle is a coboundary in Zgeq(m,n,,) C H*(Zn x Ly, % Zn,;,U(1)), iff Ni;/2 € ged(m, N;i;)Z, which is equivalent
to m < Nj;. In summary, the trivialization group for BSPT 4-cocycles is

> .. i i J
r=zfx ] {ZQ’ (m = Nij) _ 11 (—1)n"ni” iy 11 (—1)n"nini”y, (239)

Z m < Nj;
1<i<j<K L ( < ”) 1<i<K 1<i<j<K and m>N;;

We note that all the nontrivial elements in the trivialization group are of order two.

2. Obstruction
Now we check the obstructions for different choices of ns and ng shown in Egs. (229) and (230).
(1) Obstruction for ns.

From the equation of ng Eq. (167), the obstruction function for ns is

04[77,2] 2 Wy ~ Mg + N2 ~— Ng. (240)

™)
=N

)

Again, we need to check the obstructions for generators of ny. All others can be obtained from O4[ng + nb] =
O4no] + O4 [nﬂ

(1.1) ng = n2 [tmmalzzed]

Although ng = ngo) is obstruction-free, it is trivialized by I'? in Eq. (234).

(1.2) ny 20§ (1 <i < K) [obstructed].

The obstruction function Oy [ng)] = ngo)
is obstructed for all 1 <i<K.

(1.8) ny = nl (1 < i< K) [obstructed].
In this case, the obstructlon function is

— néi) + néi) — néi) is a nontrivial 4-cocycle in H*(Gy, Zs). So ng = néi)

i i i) 2,d i i
Ofnz) £ ny" it +ni¥ i nfni? 2 00 nf? 4 (nf?)2 (nf?)2. (241)
The first part n(o) ( ) (1) is always a nontrivial cocycle and can not be cancelled by the second. So ny = n( ) ( ) are
all obstructed for (1 <1< K).
(1.4) na = n; n(J) (1 <i<j<K) [obstructed).
Similar to the previous case, the obstruction function is
(94[n2] (0) (1) (J) Jrn(l)n(J)n(z)n(J) 2d (20)n§i)n(1j) + (ngi))z(n(lj))z. (242)

The first part is always nontrivial, and can not be cancelled by the second. So ns 2 ngl)ngj ) are all obstructed for
(1<i<j<K).

In summary, all nontrivial ny (even for the summation of some generators of ny discussed above) are either trivialized
or obstructed. So there is no Majorana chain decoration for FSPT with arbitrary unitary finite Abelian symmetry
group Gy, if the symmetry is extended by wa # 0. The only possibility is complex fermion decoration layer ng which
will be discussed below.

(2) Obstruction for ns.
Since all nontrivial ns are trivialized or obstructed, we only need to consider no 2 0. Then the obstruction function
Os[ns] in Eq. (169) becomes a simpler form

_ (_1)w2n3+5q2(n3) _ (_l)wzns-t-ns\/lns_ (243)

5 =
na =0

05 [’I’L3] |

(2.1) n3 2 ngo)néo) [trivialized].
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The complex fermion decoration data ng = ngo) () is trivialized by Eq. (235).
(2.2) ng Zn i)ng) (1 <i<K) [obstructed].

Since SqZ(ng) Sq? (nl (z)) 2 ngi) (ng))Q, we have obstruction function Eq. (243) as

05[n3] _ (_1)n;0)n§i)néi)+ngi)(néi))2 62.,”1\’ i/2 (0) ( ) ()+2mN /2 ()( (Zi))z. (244)
LHEMOTMO (1) ( ()
The second term 2™ % ™" (%) ig always a nontrivial element in H%(Zy,,U (1)) = Zy, = (e 2mign” (ng )2) And it
cannot be cancelled by the first term. Therefore, n3 = Z ngl)ng) is always obstructed.
(2.3) ng —nl ) (1<Z<K) [obstructzonfree iff m > N;].
In this case, we have Sq*(n3) = S2(n{"n$) 2 0V (n{)2, and
Os[ng] = (=1)8" ni" s +n(? (4 _ p2miifnln(nf) om0l (nf))?. (245)
The cohomology group of H®(Zy, x Zy,) has subgroups Z2 4, v,) = (€ 2mi o’ n{” ng) e%ii"m)(nmf). So Os[ns]

is a trivial cocycle iff m/2 € ged(m, N;)Z, which is equivalent to m > N;. Therefore, ng = n(o) (l) (1<i<K)is
obstruction—free iff m > N;.

(2.4) n3 = n2 (1 < i < K) [trivialized].

The complex fermlon decoration data n3 = néo)ngi) is trivialized by Eq. (235).

(2.5) ng = nlz)nm l1<i<j< K) [obstructed).

We have S¢*(n ) Sq? (n1 ngj)) 5”( é)) , and

2@ O n 4O ()2 _ eQT”N L2 0O (D) 2 N2 >(n<J>)z

Os[ns] = (-1) (246)

(O ng

2mi (J))2

()
The cohomology group H®(G.U(1)) has subgroups Lgcaim,Ny;) = (€ 2) and Zy,, = <62m*n (n ).
So Os[ns] is trivial iff N;/2 € ged(m, N;;)Z and N;/2 € N;;Z. This is 1mp0851ble since we have assumed N; < Nj.

Therefore, n3 = n( )n(J) (1 <i<j<K)is always obstructed.

(2.6) n3—n1 ) (1 <i<j<K) [obstruction-free iff N; < N,].

This case is Slm1lar to the above one with ¢ and j switched. So the conclusion is that, Os[ng] is trivial iff N;/2 €
ged(m, Ni;)Z and N;/2 € Ni;Z. These conditions are satisfied iff N; < N; (note that we have assumed N; < Nj).
Therefore, n3 = n(j)n(;) (1 <i<j < K) is obstruction-free iff N; < N;.

(2.7) n3 = ng ) (1) gj (1 <i<j<K) [obstructed].
Using the properties of Steenrod square, we have

Sq*(ns) 2 S [n{"n{"ni”] 2 (017)?(n{?)*n + ()P0l (n{)? + 0¥ (n{")? (n)?. (247)

The obstruction function is
Oslng] = (—1)m8 m”" " ni + (7)) 20+ (i) l? (n)* 4l (nf?)? (nf?))? (248)
= (=) ni”ni et ()2 i) o (ri/2dni” n? (n) 4l n? (n)?) (249)
1000 +(nf7)? (n{?)?n{ (250)

ged(m,N;;5)/2 (0) (0 ., (0 i j
2mi gty s g n g wi(ng?)? (nf?)n}

=e (251)
2i LT Ni /2 (0),, (0) (), ()

The first term e~ &0 N "2 "M s always a nontrivial cocycle in the subgroup Lgca(m,ny;) [of H>(Gy,U(1))]

QMOMOMN®

generated by e . Song = n( )n( )n(j) (1 <i<j<K)is always obstructed.

(2.8) ng = ng) @y (1 <i<j<k<K) [obstruction-free iff m < Nyji/.
Similar to the prev10us case, we have

i—2L _ _n
2mi ged(m,N; )

k 2 i ] k 7 j k 7 1 k
Sq*(n3) 2 S¢*[n{"nPn{) 2 ({2020 + ()20 (0{7)? + 0l ()2 ()2, (252)
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0)_(i) (), (k i j k i j k i j k
Onfing] = (1) n nE 402 + o0 22 00 ) )02 (253)
g (71)n§0)n§i)n(lj)ngk)+(n(1i))2(n§j))2n(lk> (254)
Niik/2 (0) (i i (k N NN /8 (3 i) (k
e (25)

The cohomology group H®(GY,

27 A}k né )né])n( )

erated by e

U(1)) has subgroups Zgeq(m,n.
. So Os[ng] is a trivial cocycle iff N;;i/2 € ged(m

271 N Tk ngo)ngz)ngj)ngk)

generated by e
szk)Z and NiNij/8 S Niij. Using

) and Zy,;, gen-

the fact 2 < N; < N; < Nk, these conditions are equivalent to m < N; and N]—Nk/S € Z. As m > 2, they can be

further simplified to m < N; only. In summary, ng =

= n( )n(J)n( ) (1 <i<j<k<K) is obstruction-free iff m < N;.

8. Summary

We note that all the obstruction functions are different for the above obstructed generating ns’s. So the summation
of several generators is obstructed if one of the generator is obstructed. In summary, the trivialization-free and
obstruction-free classification data (ne2 = 0,n3,v4) belongs to the groups:

Zg, m > Nz) ZQ, (]Vz < N]) ZQ, (m < Nijk) (256)
me ]] (m<Ny) II 1 (N, =N;) * I 1 (m > Nijp,)’
1<i<K =N <ici<k W i J 1<i<j<k<k U’ = “Vigk
ch(mN")/Zv (mZN’Lj)
vy € Zgca(m,Ni) Lged(m,N;) /2 X L3, Lgca(m,Nij;) % { gedhm T
ISEK 1§i1<_g[’§K ’ chd(m,NU)a (m < Nl])
x H Z%Viijng(mvNijk) X H ZNijkl' (257)
1<i<j<k<K 1<i<j<k<I<K
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