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I. SOME BASIC PROPERTIES OF THE FUSION
RULE

There are several properties for the generally nontrivial
fusion rule α×β =

∑
δ

Nδ
αβδ in our gauged FSPT system,

where α, β, δ are all loop-like excitations, and the proofs
are the same as the bosonic case given in Ref1. The
properties are:

(1) For any fusion channel δ:

φδ = φα + φβ (1)

which means that different fusion channels only differ by
their attached charges.

(2) When a loop α is fused with a charge q, there is
exactly one fusion outcome:

q × α = α′ (2)

(3) The fusion multiplicity Nq
αα = 0, 1, where q is any

charge in the fusion channels of α and α.
(4) If φα′ = φα and φβ′ = φβ , then there exist charges

q1 and q2 such that α′ = α × q1, β′ = β × q2 and δ′ =
δ × q1 × q2.

II. SOME BASIC DEFINITIONS

Define: The fusion space V δαβ,c that fuses two loops
α, β into a single fusion channel δ with base loop c, is a
Hilbert space spanned by the set of orthogonal basis2,3:

{|αβ, c; δ, µ〉 |µ = 1, ..., N δ
αβ,c} (3)

which can be simplified as {|αβ, c; δ〉} as Nδ
αβ,c is always

1 in our theory. And the full Hilbert space for the fusion
of α, β with base loop c is:

Vαβ,c ∼= ⊕
δ
V δαβ,c (4)

Accordingly the spliting space for a single fusion chan-
nel δ is spanned by the dual basis:

{〈αβ, c; δ|} (5)

Define: Consider a local system involving only two
loops α, β both linked to a base loop γ, and their fu-
sion outcome δ is known. The Abelian R-symbol Rδαβ,c
that exchanges two loops α, β, during which their fusion
channel δ is fixed, is defined as a map2,3:

Rδαβ,c : V δαβ,c → V δβα,c (6)

|βα, c; δ〉 = Rδαβ,c |αβ, c; δ〉 (7)

which is a basis-dependent pure phase, as |αβ, c; δ〉 may
differ |βα, c; δ〉 by a gauge transformation. Specially, the
R-symbol Rδαα,c : V δαα,c → V δαα,c exchanging two identical
loops is basis-independent.

Define: The non-Abelian R-symbol Rαβ,c is defined as
a matrix:

Rαβ,c : ⊕
δ
V δαβ,c → ⊕

δ
V δβα,c (8)

which can be diagonalized by choosing a proper basis if
there is no other fusion process involved:

Rαβ,c =

 R
δ1
αβ,c 0

0 Rδ2αβ,c
. . .

 (9)

where δ1, δ2, ... are all the possible fusion channels of α
and β.

Example: For 2D Ising anyons2, which contain anyon
types {1, σ, ψ},

Rσσ = X e−iνπ/8
[

1 0
0 i

]
(10)

where X is the Frobenius-Schur indicator, and the Chern
number ν is odd (mod 16) for non-Abelian Ising anyons.

Define: For the same system above, similarly the
Abelian B-symbol Bδαβ,c that braids loop α around β
linked to a base loop γ is defined as:

Bδαβ,c = Rδβα,cR
δ
αβ,c : V δαβ,c → V δαβ,c (11)

which is basis-independent as it maps between the same
fusion space.

Define: The non-Abelian B-symbol Bαβ,c is defined as:

Bαβ,c : ⊕
δ
V δαβ,c → ⊕

δ
V δαβ,c (12)

which can be diagonalized by choosing a proper basis if
there is no other fusion process involved:

Bαβ,c =

 B
δ1
αβ,c 0

0 Bδ2αβ,c
. . .

 (13)

Example: For 2D Ising anyons,

Bσσ = e−iνπ/4
[

1 0
0 −1

]
(14)
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FIG. 1. The diagram expression of the standard basis.

Define: Consider a local system involving three loops
α, β, ε all linked to a base loop γ, whose total fusion out-
come η is known. The F -symbol F ηεαβ,c that maps be-
tween two different fusion ways, is defined as a generally
non-diagonalized matrix2,3:

F ηεαβ,c : ⊕
δ

(V δαβ,c ⊗ V
η
δε,c)→ ⊕

ρ
(V ρεα,c ⊗ V

η
ρβ,c) (15)

|ρβ, c; η〉 |αε, c; ρ〉 =
∑
δ

(F ηεαβ,c)
ρ
δ |δε, c; η〉 |αβ, c; δ〉 (16)

Example: For 2D Ising anyons,

Fσσσσ =
X√

2

[
1 1
1 −1

]
(17)

Define: Consider n loops α1, α2, ..., αn all linked to a
base loop γ, where the total fusion outcome η of the n

loops is known. Then we define a standard basis in the
total fusion space by specifying a particular fusion order3.
For example, firstly fusing α1 and α2, then fusing the
result with α3, then fusing the result with α4, and so on.
The total fusion space can therefore be decomposited as:

V ηα1,...,αn,c
∼= ⊕
β1,...,βn−2

V β1
α1α2,c ⊗ V

β2

β1α3,c
⊗ ...⊗ V ηβn−2αn,c

(18)
which is equivalently expressed by the diagram in Fig.1.

Define: Consider a local system involving three loops
α, β, ε all linked to a base loop γ, where the total fusion

outcome of the three loops η is known. The R̃-matrix

R̃ηεαβ,c that exchanges two loops α, β, while it is diago-
nalized in the fusion space of ε and α, is defined as a
generally non-diagonalized matrix4:

R̃ηεαβ,c : ⊕
δ

(V δεβ,c ⊗ V
η
δα,c)→ ⊕

ρ
(V ρεβ,c ⊗ V

η
ρα,c) (19)

R̃ηεαβ,c = F ηεβα,cRαβ,c(F
η
εαβ,c)

−1 (20)

Define: For the same system above, similarly the B̃-

matrix B̃ηεαβ,c that braids loop α around β, while it is
diagonalized in the fusion space of ε and α, is defined as
a generally non-diagonalized matrix:

B̃ηεαβ,c : ⊕
δ

(V δεα,c ⊗ V
η
δβ,c)→ ⊕

ρ
(V ρεα,c ⊗ V

η
ρβ,c) (21)

B̃ηεαβ,c = R̃βα,cR̃αβ,c = F ηεαβ,cRβα,c(F
η
εβα,c)

−1F ηεβα,cRαβ,c(F
η
εαβ,c)

−1 = F ηεαβ,cBαβ,c(F
η
εαβ,c)

−1 (22)

Example: For 2D Ising anyons,

B̃σσσσ : (V 1
σσ⊗V σ1σ)⊕(V ψσσ⊗V σψσ)→ (V 1

σσ⊗V σ1σ)⊕(V ψσσ⊗V σψσ)
(23)

B̃σσσσ = e−iνπ/4
[

0 1
1 0

]
(24)

Define: The fusion matrix for a loop α linked to a base
loop γ is defined as5,6:

N̂α,c = (Nδ
αβ,c : β, δ ∈M) (25)

whereM is a finite set called superselection sectors, which
is the set of all distinguishable particle types in a theory.

Define: The quantum dimension of a loop α linked to
a base loop γ is defined as the largest eigenvalue of the

fusion matrix N̂α,c, which can be understood thorugh a
key property2:

dα,cdβ,c =
∑
δ

Nδ
αβ,cdδ,c

which implies that the fusion matrix N̂α,c has an eigen-
vector v = (dδ,c : δ ∈ M) and the corresponding eigen-
value is dα,c. According to Perron-Frobenius theorem,

dα,c is the largest eigenvalue of N̂α,c. Intuitively, quan-
tum dimension is the intrinsic degree of freedom carried
by an anyon.

III. PROOF OF THE CONSTRAINTS

A. 3D ”Vertical” Fusion Rule

In order to prove some of the newly involved 3D con-
straints, we need to consider a new kind of ”vertical”
fusion in analogy to the original ”horizontal fusion”, as
shown in Fig.2 (a) and (b). Consider two Hopf-link sys-
tems, where the two loops in dfferent systems are in the
same type. Then the 3D ”vertical” fusion rule has the
form:

ξ1
µ,σ1
◦ ξ2

µ,σ2
= ξ′µ,(σ1+σ2) + ξ′′µ,(σ1+σ2) + ... (26)
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FIG. 2. T(a) The ”horizontal” fusion. (b) The ”vertical fu-
sion”.

FIG. 3. The ”vertical” fusion of two three-loop systems.

where the ”vertical” fusion is denoted as ”◦”. The fu-
sion outcomes have the same flux but different attached
charges Q, and the + in (σ1 + σ2) means only putting
two loops together, which applies when fusing the loops
or not does not matter as the charges attached on a base
loop do not affect the three-loop braiding process. And
this ”vertical” fusion rule can be understood in a way
that the two loops that are about to fuse annihilate at
a point (as particle and antiparticle) to vacuum or some
charge Q. And if the fusion outcome is a charge Q, it
will be attached to the loop after fusion.

First we would like to mention that the expression of
the topological invariant Θµν,σ can be further written as:

eiΘµν,σI = (Bξµξν ,eσ )N
µν

= (Bδξµξν ,eσ )N
µν

I (27)

where the fusion channel δ is arbitrary, as the result is
the same for all fusion channels7, and I is the identity
matrix in the fusion space ⊕

δ
V δξµξν ,c.

Then we consider two three-loop systems, where the
three loops in different systems are all in the same type as
shown in Fig.3. Specifically, before the ”vertical” fusions,
we choose to fix the fusion channel for each three-loop
system. Thereby the braiding operator for the whole
system before ”vertical” fusions are:

Bδ1ξ1µξ1ν ,e1σ
Bδ2ξ2µξ2ν ,e2σ

(28)

While after the ”vertical” fusions, the braiding opera-

tor is: 
Bδ
′

ξ′µξ
′
ν ,(e

1
σ+e2σ) 0

0 Bδ
′′

ξ′′µξ
′′
ν ,(e

1
σ+e2σ)

. . .

 (29)

where the vertical fusions ξ1
µ,σ1
◦ ξ2

µ,σ2
= ξ′µ,(σ1+σ2) +

ξ′′µ,(σ1+σ2)+... and ξ1
ν,σ1
◦ξ2
ν,σ2

= ξ′ν,(σ1+σ2)+ξ′′ν,(σ1+σ2)+...

both generally have multiple fusion outcomes. Accord-
ing to the 4th property in section I, the fusion outcomes
of the two loops after ”vertical” fusions ξµ,(σ1+σ2) and
ξν,(σ1+σ2) are also multiple. And we can choose a par-
ticular basis in the fusion space such that the braiding
operator is diagonalized.

Then we do the braiding processes for both cases (be-
fore and after ”vertical” fusions) forNµν times, we obtain
an equation:

(Bδ1ξ1µξ1ν ,e1σ
)N

µν

(Bδ2ξ2µξ2ν ,e2σ
)N

µν

= (Bδ
′

ξ′µξ
′
ν ,(e

1
σ+e2σ))

Nµν (30)

where Bδ
′

ξ′µξ
′
ν ,(e

1
σ+e2σ) is any of the diagonalized entry in

the matrix (29). The eqn. (30) is equivalent to the claim
that:

The Nµν times of braiding as a whole commutes with
the ”vertical” fusions.

The proof of eqn.(30) is given as the following: Firstly
the Nµν times of braiding can be equivalently viewed
as a successive braiding of Nµν identical loops. As the
Nµν times of braiding eliminates the difference between
different fusion channels, the Nµν loops as a whole is
actually an Abelian object, as shown in Fig.4. And the
remaining proof is similar as the Fig.6 in Ref8.

Notice that the whole argument does not violate the
conservation of anyon charge, as we have only specified
the fusion channels but not the total charge of the ini-
tial state. And the exchanging operator for a loop with
its anti-loop, i.e. the R-operator in the vacuum fusion
channel, has a similar property if we do the exchanging
processes for Ñµ times:

(R0

ξ1µξ
1
µ,e

1
σ

)Ñµ(R0

ξ2µξ
2
µ,e

2
σ

)Ñµ = (R0
ξ′µξ
′
µ,(e

1
σ+e2σ)

)Ñµ (31)

where although the fusion channels of the two ξ1
µ loops

or two ξ2
µ loops are both 0, the total fusion outcome of

the four loops may not be 0, i.e. generally the right-

hand side of (31) should be (Rδ
′

ξ′µξ
′
µ,(e

1
σ+e2σ)

)Ñµ . But as

(Rδ
′

ξ′µξ
′
µ,(e

1
σ+e2σ)

)Ñµ = (R0
ξ′µξ
′
µ,(e

1
σ+e2σ)

)Ñµ due to the Ñµ

times of exchanging, we can write (R0
ξ′µξ
′
µ,(e

1
σ+e2σ)

)Ñµ at

the right-hand side of (31) safely.

B. Linear Properties of the Topological Invariants

The linear properties of the braiding processes that are
useful in proving the newly involved 3D constraints are:

Θ(µ1◦µ2),(σ1+σ2) = Θµ1,σ1
+ Θµ2,σ2

(32)
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FIG. 4. TheNµν loops as a whole can be viewed as an Abelian
object.

Θ(µ1◦µ2)(ν1◦ν2),(σ1+σ2) = Θµ1ν1,σ1 + Θµ2ν2,σ2 (33)

Θ(µ1◦µ2)(ν1◦ν2)(λ1◦λ2),(σ1+σ2) = Θµ1ν1λ1,σ1
+ Θµ2ν2λ2,σ2

(34)
which means that all the topological invariants are linear
under ”vertical” fusions. We firstly prove (33) as the
following: The the right-hand side of (33) is:

ei(Θµ1ν1,σ1+Θµ2ν2,σ2 )I = (Bδ1

ξ1µξ
1
ν ,e

1
σ
)N

µν

(Bδ2ξ2µξ2ν ,e2σ
)N

µν

= (Bδ
′

ξ′µξ
′
ν ,(e

1
σ+e2σ))

Nµν (35)

where we have applied the eqn.(30), and Bδ
′

ξ′µξ
′
ν ,(e

1
σ+e2σ)

can be any of the diagonalized entry in the matrix after
fusion (29) introduced above. The left-hand side of (33)
is:

eiΘ(µ1◦µ2)(ν1◦ν2),(σ1+σ2)I = (Bδ
′′

(ξ1µ◦ξ2µ)(ξ1ν◦ξ2ν),(e1σ+e2σ))
Nµν

= (Bδ
′′

ξ′′µξ
′′
ν ,(e

1
σ+e2σ))

Nµν (36)

where Bδ
′′

ξµξν ,(e1σ+e2σ) can also be any of the entry in the

same diagonalized matrix. Then the difference between
Bδ
′

ξ′µξ
′
ν ,(e

1
σ+e2σ) and Bδ

′′

ξ′′µξ
′′
ν ,(e

1
σ+e2σ) can be eliminiated by the

Nµν times of braiding, which is shown in eqn.(15) of Ref1.
Then (32) and (34) can be proved similarly, as Θµ,σ

and Θµνλ,σ are also defined so as to eliminate the effect
caused by difference charge attachments.

C. Partial Proof of the Constraints

We can rigorously prove the constraints (??)(??)(??),
and we firstly prove (9) as the following: By the property
(33), we have:

eiNσΘµν,σI = ei(Θµ1ν1,σ1+...+ΘµNσνNσ ,σNσ
)I

= e
iΘ(µ1◦...◦µNσ )(ν1◦...◦νNσ ),(σ1+...+σNσ

)I

= (Bδξµξν )N
µν

= I (37)

where we realize the phase NσΘµν,σ by constructing Nσ
identical three-loop systems, and then applying the ”ver-
tical” fusions, by which the Nσ type-σ base loops all to-
gether vanish. And by (32) and (34), (??) and (??) can
be proved similarly.

IV. SOLVING THE CONSTRAINTS

A. Category (A)

The constraints that are related to 2D constraints by
dimension reduction are:

Θ000,0 = mΘ000,0 (38)

N0Θ00,0 = F(N0)Θ000,0 = mΘ000,0 (39)

Θ00,0 =

{
2Θ0,0, if m is even
4Θ0,0 + Θ000,0, if m is odd

(40)

{ m
2 Θ0,0 = 0, if m is even

mΘ0,0 + m2−1
8 Θ000,0 = 0, if m is odd

(41)

The newly involved 3D constraints are:

2Θ000,0 = 0⇒ Θ000,0 = 0 or π (42)

Θ0,0 = 0 (43)

We solve the constraints in two cases:

1. m is odd

By Θ0,0 = 0 and the constraint Θ00,0 = 4Θ0,0 +Θ000,0,
we have Θ00,0 = Θ000,0. Combining Θ00,0 = Θ000,0 and
N0Θ00,0 = mΘ000,0, we find Θ00,0 and Θ000,0 can only
both be 0. Hence

(Θ0,0,Θ00,0,Θ000,0) = (0, 0, 0) (44)

The classification is trivial.

2. m is even

By Θ0,0 = 0 and the constraint Θ00,0 = 2Θ0,0, we have
Θ00,0 = 0. And the constraint Θ000,0 = mΘ000,0 ensures
that Θ000,0 = 0. Hence

(Θ0,0,Θ00,0,Θ000,0) = (0, 0, 0) (45)

The classification is trivial.

B. Category (B)

For simplicity, we only consider symmetry groups with
order being power of 2.

The newly involved 3D constraints are:

Θi,i = 0 (46)
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N0Θi,0 = 0, NiΘ0,i = 0 (47)

N0Θ0i,0 = 0, NiΘ0i,i = 0 (48)

N0Θ00i,0 = 0, NiΘ00i,i = 0 (49)

Θ0i,i = −N
0i

Ñi
Θi,0, Θ0i,0 = −N

0i

Ñ0

Θ0,i (50)

Θ00i,i = Θ0ii,0 = Θ00i,0 = Θ000,i (51)

1. m is odd

For m is odd, we set m = 1 for simplicity, i.e. we only
consider the symmetry group Z2 × ZNi .

(1) If Ni
2 is odd (i.e. Zf2 ×Z2), invoking the known 2D

results and combining with the 3D constraints N0Θi,0 =
0, NiΘ0,i = 0, N0Θ0i,0 = 0, NiΘ0i,i = 0, N0Θ00i,0 = 0,
NiΘ00i,i = 0, the generating phases for the sets (B1),
(B2), and (B3) are:

Θ0,i =
2π

m
= 0 (52)

(Θi,0,Θ0i,0,Θ00i,0) = (
π

2Ni
,− π

N0i
, π)× 2Nia+ (0,

4π

N0i
, 0)

= (π, 0, 0)a (53)

(Θi,i,Θ0i,i,Θ00i,i) = (
π

2Ni
,∓ π

N0i
, π)× 0 + (0,

4π

N0i
, 0)

= (0, 0, 0) (54)

where a is an integer.
By the constraint Θ0i,i = −Θi,0, a = 0 (mod 2).

Hence in this case the classification is trivial.
(2) If Ni = 4 (mod 8), similarly, the generating phases

for the sets (B1), (B2), and (B3) are:

Θ0,i =
2π

m
= 0 (55)

(Θi,0,Θ0i,0,Θ00i,0) = (
π

Ni
,

2π

N0i
, π)×Nia+ (0,

2π

N0i
, π)× b

= (π, 0, 0)a+ (0, π, π)b (56)

(Θi,i,Θ0i,i,Θ00i,i) = (
π

Ni
,

2π

N0i
, π)× 0 + (0,

2π

N0i
, π)× c

= (0, π, π)c (57)

where a, b, c are all integers.
By the constraint Θ0i,0 = −NiΘ0,i, b = 0 (mod 2).

By the constraint Θ00i,i = Θ00i,0, c = 0 (mod 2). By the
constraint Θ0i,i = −Θi,0, a = 0 (mod 2). Hence in this
case the classification is trivial.

(3) If Ni = 0 (mod 8), the generating phases for the
sets (B1), (B2), and (B3) are:

Θ0,i =
2π

m
= 0 (58)

(Θi,0,Θ0i,0,Θ00i,0) = (
π

Ni
,

2π

N0i
, π)×Nia, (0,

4π

N0i
, π)× b

= (π, 0, 0)a+ (0, 0, π)b (59)

(Θi,i,Θ0i,i,Θ00i,i) = (
π

Ni
,

2π

N0i
, π)× 0 + (0,

4π

N0i
, π)× c

= (0, 0, π)c (60)

By Θ0,i = 0 and the constraint Θ00,i = 4Θ0,i + Θ000,i,
we have Θ00,i = Θ000,i. Combining Θ00,i = Θ000,i and
N0Θ00,i = mΘ000,i, we find Θ00,0 = Θ000,0 = 0. By
Θ000,i = 0 and the constraint Θ00i,i = Θ00i,0 = Θ000,i,
b = c = 0 (mod 2). By the constraint Θ0i,i = −Θi,0,
a = 0 (mod 2). Hence in this case the classification is
trivial.

2. m is even

(1) If Ni < N0 ≤ 4 (i.e. Zf4 × Z2), the generating
phases for the sets (B1), (B2), and (B3) are:

Θ0,i = 0 (61)

(Θi,0,Θ0i,0,Θ00i,0) = (
π

Ni
,

2π

N0i
, 0)× a+ (0,

4π

N0i
, 0)

= (
π

2
, π, 0)a (62)

(Θi,i,Θ0i,i,Θ00i,i) = (
π

Ni
,

2π

N0i
, 0)×0+(0,

4π

N0i
, 0) = (0, 0, 0)

(63)
By the constraint Θ0i,0 = −Θ0,i, a = 0, 2 (mod 4).

And the remaining generating phase is determined by
integer a. Hence in this case the classification is Z2, which
belongs to BSPT phases.

(2) If Ni < 4 < N0 (i.e. ZfN0
× Z2), the generating

phases for the sets (B1), (B2), and (B3) are:

Θ0,i =
4π

m
× m

4
a = πa (64)

(Θi,0,Θ0i,0,Θ00i,0) = (
π

Ni
,

2π

N0i
, 0)× b+ (0,

4π

N0i
, 0)× c

= (
π

2
, π, 0)b (65)

(Θi,i,Θ0i,i,Θ00i,i) = (
π

Ni
,

2π

N0i
, 0)×0+(0,

4π

N0i
, 0) = (0, 0, 0)

(66)
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By the constraint Θ0i,0 = −Θ0,i, b = −a (mod 4).
By the constraint Θ0i,i = −mΘi,0, 0 = −mπ

2 b, which
is always satisfied as in this case the smallest m is 4.
The generating phases are generated by integer b. Hence
in this case the classification is Z4, which is a Z2 com-
plex fermion layer absorbed into a Z2 BSPT layer as the
complex fermion layer indicator is Θfi,j = Θ0i,j = πb.

(3) If 4 ≤ Ni < N0, the generating phases for the sets
(B1), (B2), and (B3) are:

Θ0,i =

{ 4π
m a, if Ni > N0/4
8π
N0
× N0

4Ni
a = 2π

Ni
a, if Ni ≤ N0/4

(67)

(Θi,0,Θ0i,0,Θ00i,0) = (
π

Ni
,

2π

N0i
, 0)× b+ (0,

4π

N0i
, 0)× c

= (
π

Ni
b,

2π

Ni
b+

4π

Ni
c, 0) (68)

(Θi,i,Θ0i,i,Θ00i,i) = (
π

Ni
,

2π

N0i
, 0)× 0 + (0,

4π

N0i
, 0)× d

= (0,
4π

Ni
d, 0) (69)

By the constraint Θ0i,0 = −Θ0,i,{ 2π
Ni
b+ 4π

Ni
c = − 8π

N0
a, if Ni > N0/4

2π
Ni

(b+ 2c) = − 2π
Ni
a, if Ni ≤ N0/4

(70)

By the constraint Θ0i,i = −N0

Ni
Θi,0, 4π

Ni
d = −N0

Ni
π
Ni
b,

we have:{
b = − 4Ni

N0
d, if Ni > N0/4 and N0 < 2N2

i

d = − N0

4Ni
b, if Ni ≤ N0/4

(71)

Combining all the constraints:{
(b+ 2c) = −2a, b = −2d, if Ni = N0/2
(b+ 2c) = −a, d = − N0

4Ni
b, if Ni ≤ N0/4

(72)

The generating phases are determined by the integers:{
a (mod N0/4), b (mod 1

2 × 2Ni = Ni), if Ni = N0/2
c (mod Ni/2), b (mod 2Ni), if Ni ≤ N0/4

(73)

Hence in this case the classification is:{
ZNi × ZN0/4 = ZNi × ZNi/2 (BSPT), if Ni = N0/2
Z2Ni × ZNi/2 (a Z2 complex fermion layer absorbed into a ZNi × ZNi/2 BSPT layer), if Ni ≤ N0/4

(74)

where the indicators of the complex fermion layer are:{
Θfi,0 = Ni

2 Θ0i,0 = −2πa, Θfi,i = Ni
2 Θ0i,i = 0, if Ni = N0/2

Θfi,0 = Ni
2 Θ0i,0 = −πa, Θfi,i = Ni

2 Θ0i,i = 0, if Ni ≤ N0/4
(75)

(4) If 4 ≤ N0 ≤ Ni, the generating phases for the sets (B1), (B2), and (B3) are:

Θ0,i =

{
0, if N0 = 4
4π
m a, if N0 > 4

(76)

(Θi,0,Θ0i,0,Θ00i,0) = (
π

Ni
,

2π

N0i
, 0)× 2Ni

N0
b+ (0,

4π

N0i
, 0)× c = (

2π

N0
b,

4π

N0
(
Ni
N0

b+ c), 0) (77)

(Θi,i,Θ0i,i,Θ00i,i) = (
π

Ni
,

2π

N0i
, 0)× 0 + (0,

4π

N0i
, 0)× d = (0,

4π

N0
d, 0) (78)

By the constraint Θ0i,0 = −Ni
N0

Θ0,i,
4π
N0

(NiN0
b + c) = −Ni

N0

8π
N0
a, where when N0 = 4 or Ni ≥ N2

0 /4, the right-hand

side becomes 0 (mod 2π). Then we have:
4π
N0

(NiN0
b+ c) = 0, if N0 = 4

4π
N0

(NiN0
b+ c) = 0, if N0 > 4 and Ni ≥ N2

0 /4

(NiN0
b+ c) = − 2Ni

N0
a, if N0 > 4 and Ni < N2

0 /4

(79)

By the constraint Θ0i,i = −Θi,0, 4π
N0
d = − 2π

N0
b, b = −2d.



7

The generating phases are determined by the integers:{
d (mod N0/2), if N0 = 4
a (mod N0/4), d (mod N0/2), if N0 > 4

(80)

Hence in this case the classification is{
ZN0/2 = Z2 (BSPT), if N0 = 4
ZN0/4 × ZN0/2 (BSPT), if N0 > 4

(81)

where the indicators of the complex fermion layer are:{
Θfi,0 = N0

2 Θ0i,0 = 0, Θfi,i = N0

2
4π
N0
d = 0, if N0 = 4

Θfi,0 = N0

2 Θ0i,0 = 0, Θfi,i = N0

2 Θ0i,i = 0, if N0 > 4
(82)

For m is even, combining the cases (1)(2) into (3)(4), in conclusion the classification is: ZNi × ZNi/2, if Ni = N0/2
Z2Ni × ZNi/2, if Ni < N0/2
ZN0/2 × ZN0/4, if N0 ≤ Ni

(83)

which means that the BSPT classification is Zmin{Ni,N0/2} × Zmin{Ni,N0/2}/2, and a Z2 complex fermion layer will be
absorbed in the BSPT layer when Ni < N0/2.

C. Category (C)

For simplicity, we only consider symmetry groups with order being power of 2. The newly involved constraints in
3D are:

NσΘµ,σ = 0 (84)

NσΘµν,σ = 0 (85)

NσΘµνλ,σ = 0 (86)

N0ij

N ij
Θij,0 +

N0ij

N0j
Θ0j,i +

N0ij

N0i
Θ0i,j = 0 (87)

Θij,i = −N
ij

Ñi
Θi,j , Θij,j = −N

ij

Ñj
Θj,i (88)

Θ0ij,0 = Θ00i,j = Θ0ii,j = −Θ0ij,i = −Θ00j,i = −Θ0jj,i = −Θ0ij,j (89)

1. m is odd

Similarly we also set m = 1, so that we only need to consider the symmetry group Z2 ×ZNi ×ZNj , and we assume
Ni ≤ Nj without loss of generality.

(1) If Ni
2 ,

Nj
2 are odd (i.e. Zf2 × Z2 × Z2), invoking the known 2D results and combining with the 3D constraints

NσΘµ,σ = 0, NσΘµν,σ = 0, NσΘµνλ,σ = 0, the generating phases for the sets (C1), (C2), (C3), (C4) and (C5) are:

(Θij,0,Θ0ij,0) = (
π

Nij
,

2π

N0ij
)× 2a+ (0,

4π

N0ij
) = (πa, 0) (90)
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(Θij,i,Θ0ij,i) = (
π

Nij
,

2π

N0ij
)× 2b+ (0,

4π

N0ij
) = (πb, 0) (91)

(Θij,j ,Θ0ij,j) = (
π

Nij
,

2π

N0ij
)× 2c+ (0,

4π

N0ij
) = (πc, 0) (92)

(Θi,j ,Θ0i,j ,Θ00i,j) = (
π

2Ni
,− π

N0i
, π)× 4d+ (0,

4π

N0i
, 0) = (π, 0, 0)d (93)

(Θj,i,Θ0j,i,Θ00j,i) = (
π

2Nj
,− π

N0j
, π)× 4e+ (0,

4π

N0j
, 0) = (π, 0, 0)e (94)

where a, b, c, d, e are integers.
By the constraint Θij,0 + Θoj,i + Θ0i,j = 0, a = 0 (mod 2).
By the constraint Θij,i = −Θi,j , b = −d (mod 2).
By the constraint Θij,j = −Θj,i, c = −e (mod 2).
Hence in this case the classification is Z2 × Z2, which belongs to BSPT.

(2) If Ni
2 is odd and

Nj
2 is even (i.e. Zf2 × Z2 × ZNj ), the generating phases for the sets (C1), (C2), (C3), (C4) and

(C5) are:

(Θij,0,Θ0ij,0) = (
2π

Nij
, 0)× a+ (0,

2π

N0ij
)× b = (πa, πb) (95)

(Θij,i,Θ0ij,i) = (
2π

Nij
, 0)× c+ (0,

2π

N0ij
)× d = (πc, πd) (96)

(Θij,j ,Θ0ij,j) = (
2π

Nij
, 0)× e+ (0,

2π

N0ij
)× f = (πe, πf) (97)

(Θi,j ,Θ0i,j ,Θ00i,j) =

{
( π

2Ni
,− π

N0i
, π)× 2g + (0, 4π

N0i
, 0) = (π2 ,−π, 0)g, if Nj = 4

( π
2Ni

,− π
N0i

, π)× g + (0, 4π
N0i

, 0) = (π4 ,−
π
2 , π)g, if Nj > 4

(98)

(Θj,i,Θ0j,i,Θ00j,i) =

{
( π
Nj
, 2π
N0j

, 0)× 4h+ (0, 2π
N0j

, π)× i = (πh, πi, πi), if Nj = 4

( π
Nj
, 2π
N0j

, 0)×Njh+ (0, 4π
N0j

, π)× i = (πh, 0, πi), if Nj > 4
(99)

By the constraint Θij,0 + Θoj,i +
Nj
2 Θ0i,j = 0,{
πa+ πi = 0, a = i (mod 2), if Nj = 4

πa+
Nj
2 (−π2 g) = 0, a = 0 (mod 2), if Nj > 4

(100)

By the constraint Θij,i = −Nj2 Θi,j ,
πc = −πg, c = −g (mod 4), if Nj = 4

πc = −Nj2 (π4 g), c = −g (mod 8), if Nj = 8

πc = −Nj2 (π4 g), c = 0 (mod 2), if Nj > 8

(101)

By the constraint Θij,j = −Θj,i, πe = −πh, e = −h (mod 2).
By the constraint Θ0ij,0 = Θ00i,j = −Θ0ij,i = −Θ00j,i = −Θ0ij,j ,{

b = d = f = i = 0 (mod 2), if Nj = 4
b = d = f = g = i (mod 2), if Nj > 4

(102)
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Combining all the constraints: a = b = d = f = i = 0 (mod 2), c = −g (mod 4), e = −h (mod 2), if Nj = 4
a = 0 (mod 2), b = d = f = g = i = −c (mod 8), e = −h (mod 2), if Nj = 8
a = 0 (mod 2), b = d = f = g = i (mod 8), c = 0 (mod 2), e = −h (mod 2), if Nj > 8

(103)

Hence in this case the classification is{
Z4 × Z2 (a Z2 complex fermion layer aborbed into a Z2 × Z2 BSPT layer), if Ni = 2, Nj = 4
Z8 × Z2 (a Z2 Kitaev-chain layer further aborbed into the Z4 × Z2 above), if Ni = 2, Nj > 4

(104)

where the indicator of the complex fermion layer is:{
Θfi,j = Θ0i,j = −πg, if Ni = 2, Nj = 4
Θfi,j = Θ0i,j = −π2 g, if Ni = 2, Nj > 4

(105)

(3) If Ni
2 ,

Nj
2 are even (i.e. Zf2 × ZNi × ZNj ) and let Ni ≤ Nj without loss of generality, the generating phases for

the sets (C1), (C2), (C3), (C4) and (C5) are:

(Θij,0,Θ0ij,0) = (
2π

Nij
, 0)× Nij

2
a+ (0,

2π

N0ij
)× N0ij

2
b = (πa, πb) (106)

(Θij,i,Θ0ij,i) = (
2π

Nij
, 0)× c+ (0,

2π

N0ij
)× d = (

2π

Ni
c, πd) (107)

(Θij,j ,Θ0ij,j) = (
2π

Nij
, 0)× e+ (0,

2π

N0ij
)× f = (

2π

Ni
e, πf) (108)

(Θi,j ,Θ0i,j ,Θ00i,j) =


( π
Ni
, 2π
N0i

, 0)× 2g + (0, 2π
N0i

, π)× h = (π2 g, πh, πh), if Ni = Nj = 4

( π
Ni
, 2π
N0i

, 0)× g + (0, 2π
N0i

, π)× h = (π4 g, π(g + h), πh), if Ni = 4, Nj = 8

( π
Ni
, 2π
N0i

, 0)× 2g + (0, 4π
N0i

, π)× h = ( 2π
Ni
g, 0, πh), if 8 ≤ Ni = Nj

( π
Ni
, 2π
N0i

, 0)× g + (0, 4π
N0i

, π)× h = ( π
Ni
g, πg, πh), if 8 ≤ Ni < Nj

(109)

(Θj,i,Θ0j,i,Θ00j,i) =


( π
Nj
, 2π
N0j

, 0)× 2l + (0, 2π
N0j

, π)×m = (π2 l, πm, πm), if Ni = Nj = 4

( π
Nj
, 2π
N0j

, 0)× 4l + (0, 4π
N0j

, π)×m = (π2 l, 0, πm), if Ni = 4, Nj = 8

( π
Nj
, 2π
N0j

, 0)× 2l + (0, 4π
N0j

, π)×m = ( 2π
Nj l, 0, πm), if 8 ≤ Ni = Nj

( π
Nj
, 2π
N0j

, 0)× 2Nj
Ni
l + (0, 4π

N0j
, π)×m = ( 2π

Ni
l, 0, πm), if 8 ≤ Ni < Nj

(110)

By the constraint Θij,0 + Θoj,i + Nj
Ni

Θ0i,j = 0,
πa+ πm+ πh = 0, if Ni = Nj = 4
πa+ π(g + h) = 0, if Ni = 4, Nj = 8
πa = 0, if 8 ≤ Ni = Nj
πa+ πg = 0, if 8 ≤ Ni < Nj

(111)

By the constraint Θij,i = −NjNi Θi,j ,
c = −g, if Ni = Nj = 4
c = −g, if Ni = 4, Nj = 8
c = −g, if 8 ≤ Ni = Nj
2π
Ni
c = 0, if 8 ≤ Ni < Nj and Nj ≥ 2N2

i

c = − Nj
2Ni

g, if 8 ≤ Ni < Nj and Nj < 2N2
i

(112)

By the constraint Θij,j = −Θj,i, e = −l.
By the constraint Θ0ij,0 = Θ00i,j = −Θ0ij,i = −Θ00j,i = −Θ0ij,j , b = d = f = h = m.
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Combine all the constraints:
a = 0, b = d = f = h = m (mod 2), c = −g (mod 4), e = −l (mod 4), if Ni = Nj = 4
a = g + h, b = d = f = h = m (mod 2), c = −g (mod 8), e = −l (mod 4), if Ni = 4, Nj = 8
a = 0, b = d = f = h = m (mod 2), c = −g (mod Ni), e = −l (mod Ni), if 8 ≤ Ni = Nj
a = g (mod 2Ni), b = d = f = h = m (mod 2), c = 0, e = −l (mod Ni), if 8 ≤ Ni < Nj and Nj ≥ 2N2

i

a = g (mod 2Ni), b = d = f = h = m (mod 2), c = − Nj
2Ni

g, e = −l (mod Ni), if 8 ≤ Ni < Nj and Nj < 2N2
i

(113)
Hence in this case the classification is

Z4 × Z4 × Z2 (a Z4 × Z4 BSPT, stacking with a Z2 ”Kitaev-chain layer absorbed in complex fermion layer”),
if Ni = Nj = 4
Z8 × Z4 × Z2 (a Z2 ”complex fermion layer abrobed in a Z4 × Z4 BSPT”,
stacking with a Z2 ”Kitaev-chain layer absorbed in comolex fermion layer”), if Ni = 4, Nj = 8
ZNi × ZNi × Z2 (a ZNi × ZNi BSPT, stacking with a Z2 Kitaev-chain layer), if 8 ≤ Ni = Nj
Z2Ni × ZNi × Z2 (a Z2 complex fermion layer abrobed in ZNi × ZNi BSPT, stacking with a Z2 Kitaev-chain layer),
if 8 ≤ Ni < Nj

(114)
where the complex fermion layer indicators are Θfi,j = Θ0i,j and Θfj,i = Θ0j,i. And the classification can be simplified
as: {

ZNi × ZNi × Z2, if Ni = Nj
Z2Ni × ZNi × Z2, if Ni 6= Nj

(115)

2. m is even

By the constraint mΘ00i,j = Θ00i,j , mΘ00j,i = Θ00j,i, we have Θ00i,j = 0, Θ00j,i = 0.
By the constraint Θ0ij,0 = Θ00i,j = −Θ0ij,i = −Θ00j,i = −Θ0ij,j , we have Θ0ij,0 = Θ0ij,i = Θ0ij,j = 0, which means

that there is no non-Abelian statistics in this case.
(1) If Ni

2 ,
Nj
2 are odd (i.e. ZfN0

× Z2 × Z2), the generating phases for the sets (C1), (C2), (C3), (C4) and (C5) are:

(Θij,0,Θ0ij,0) = (
2π

Nij
, 0)× a+ (0,

2π

N0ij
)× b = (πa, πb) (116)

(Θij,i,Θ0ij,i) = (
2π

Nij
, 0)× c+ (0,

2π

N0ij
)× d = (πc, πd) (117)

(Θij,j ,Θ0ij,j) = (
2π

Nij
, 0)× e+ (0,

2π

N0ij
)× f = (πe, πf) (118)

(Θi,j ,Θ0i,j ,Θ00i,j) = (
π

Ni
,

2π

N0i
, 0)× 2g + (0,

4π

N0i
, 0) = (π, 0, 0)g (119)

(Θj,i,Θ0j,i,Θ00j,i) = (
π

Nj
,

2π

N0j
, 0)× 2h+ (0,

4π

N0j
, 0) = (π, 0, 0)h (120)

By the constraint Θ0ij,0 = Θ0ij,i = Θ0ij,j = Θ00i,j = Θ00j,i = 0, b = d = f = 0 (mod 2).

By the constraint N0

2 Θij,0 + Θoj,i + Θ0i,j = 0, N0

2 πa = 0, which is always satisfied.
By the constraint Θij,i = −Θi,j , c = −g (mod 2).
By the constraint Θij,j = −Θj,i, e = −h (mod 2).
The generating phases are determined by integers a (mod 2), g (mod 2), h (mod 2). And the classification is

Z2 × Z2 × Z2 (BSPT).

(2) If Ni2 is odd and
Nj
2 is even (i.e. ZfN0

×Z2×ZNj ), the generating phases for the sets (C1), (C2), (C3), (C4) and
(C5) are:

(Θij,0,Θ0ij,0) = (
2π

Nij
, 0)× a+ (0,

2π

N0ij
)× 2b = (πa, 0) (121)
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(Θij,i,Θ0ij,i) = (
2π

Nij
, 0)× c+ (0,

2π

N0ij
)× 2d = (πc, 0) (122)

(Θij,j ,Θ0ij,j) = (
2π

Nij
, 0)× e+ (0,

2π

N0ij
)× 2f = (πe, 0) (123)

(Θi,j ,Θ0i,j ,Θ00i,j) = (
π

Ni
,

2π

N0i
, 0)× g + (0,

4π

N0i
, 0)× h = (

π

2
, π, 0)g (124)

(Θj,i,Θ0j,i,Θ00j,i) = (
π

Nj
,

2π

N0j
, 0)×Nj l + (0,

4π

N0j
, 0)× N0j

4
m = (πl, πm, 0) (125)

By the constraint
Θij,0 + Θoj,i +

Nj
N0

Θ0i,j = 0, πa+ πm+
Nj
N0

(πg) = 0, a = m (mod 2), if N0 < Nj
Θij,0 + Θoj,i + Θ0i,j = 0, πa+ πm+ πg = 0, if N0 = Nj
N0

Nj
Θij,0 + Θoj,i + Θ0i,j = 0, N0

Nj
πa+ πm+ πg = 0, m = g (mod 4) if Nj < N0

(126)

where g is chosen as a generating phase, only a,m need to be considered here.

By the constraint Θij,i = −Nj2 Θi,j , πc = −Nj2 (π2 g),{
πc = −πg, c = g (mod 4), if Nj = 4
πc = 0, c = 0 (mod 2), if Nj > 4

(127)

By the constraint Θij,j = −Θj,i, πe = −πl, e = l (mod 2).
Combine all the constraints:

a = m (mod 2), g (mod 4), c = 0 (mod 2), e = l(mod 2), if N0 < Nj
a (mod 2), c = g (mod 4), e = l (mod 2), if 4 = Nj = N0

a (mod 2), g = m = c(mod 4), e = l (mod 2), if 4 = Nj < N0

a (mod 2), g (mod 4), c = 0 (mod 2), e = l (mod 2),, if 4 < Nj = N0

a (mod 2), g = m (mod 4), c = 0 (mod 2), e = l (mod 2), if 4 < Nj < N0

(128)

where the generating phases are determined by:

a (mod 2), g (mod 4), l (mod 2), for all cases (129)

Hence in this case the classification is Z4×Z2×Z2 (a Z2 complex fermion layer absorbed into a Z2×Z2×Z2 BSPT
layer), and the complex layer indicators are:

Θfi,j = Θ0i,j = −πg, Θfj,i =
N0

2
Θ0j,i = 0, for all cases (130)

(3) If Ni
2 ,

Nj
2 are even (i.e. ZfN0

× ZNi × ZNj ) and Ni = Nj , the generating phases for the sets (C1), (C2), (C3),
(C4) and (C5) are:

(Θij,0,Θ0ij,0) =

{
( 2π
Nij

, 0)× a, (0, 2π
N0ij

)×N0ijb = ( 2π
Ni
a, 0), if N0 ≥ Ni

( 2π
Nij

, 0)× Nij
N0
a, (0, 2π

N0ij
)×N0ijb = ( 2π

N0
a, 0), if N0 ≤ Ni

(131)

which can be simplified as (as N0, Ni are powers of 2, N0i = min{N0, Ni}):

(Θij,0,Θ0ij,0) = (
2π

N0i
a, 0) (132)

(Θij,i,Θ0ij,i) = (
2π

Nij
, 0)× c+ (0,

2π

N0ij
)×N0ijd = (

2π

Ni
c, 0) (133)
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(Θij,j ,Θ0ij,j) = (
2π

Nij
, 0)× e+ (0,

2π

N0ij
)×N0ijf = (

2π

Ni
e, 0) (134)

Θi,j ,Θ0i,j ,Θ00i,j) = (
π

Ni
,

2π

N0i
, 0)× 2g + (0,

4π

N0i
, 0)× h = (

2π

Ni
g,

4π

N0i
g +

4π

N0i
h, 0) (135)

(Θj,i,Θ0j,i,Θ00j,i) = (
π

Ni
,

2π

N0i
, 0)× 2l + (0,

4π

N0i
, 0)×m = (

2π

Ni
l,

4π

N0i
l +

4π

N0i
m, 0) (136)

By the constraint:
Θij,0 + Θoj,i + Θ0i,j = 0, 2π

N0i
a+ 4π

N0i
l + 4π

N0i
m+ 4π

N0i
g + 4π

N0i
h = 0, if N0 ≤ Ni and N0/2 < Ni

N0

Ni
Θij,0 + Θoj,i + Θ0i,j = 0, 4π

Ni
a+ 4π

N0i
l + 4π

N0i
m+ 4π

N0i
g + 4π

N0i
h = 0, if N0 > Ni and N0/2 = Ni

N0

Ni
Θij,0 + Θoj,i + Θ0i,j = 0, N0

Ni
( 2π
Ni
a) + 4π

N0i
l + 4π

N0i
m+ 4π

N0i
g + 4π

N0i
h = 0, if N0 > Ni and N0/2 > Ni

(137)

where g, l are chosen as generating phases, only a, h,m need to be considered here.

By the constraint Θij,i = −Nj2 Θi,j ,
2π
Ni
c = πg, where the solution is:

c = 0,
Ni
2

(mod Ni) depending on g (mod Ni) (138)

By the constraint Θij,j = −Θj,i,
2π
Ni
e = − 2π

Ni
l, e = −l (mod Ni).

Combine all the constraints, the generating phases are: g (mod Ni), l (mod Ni), a or m (mod N0/2), h (mod N0i/2), if if N0 ≤ Ni and N0/2 < Ni
g (mod Ni), l (mod Ni), a (mod Ni), h (mod N0i/2), if N0 > Ni and N0/2 = Ni
g (mod Ni), l (mod Ni), a (mod Ni), h (mod N0i/2), if N0 > Ni and N0/2 > Ni

(139)

Hence the classification is ZNi × ZNi × Zmin{N0/2,Ni} × ZN0i/2 (BSPT).

(4) If Ni
2 ,

Nj
2 are even (i.e. ZfN0

× ZNi × ZNj ) and Ni < Nj , the generating phases for the sets (C1), (C2), (C3),
(C4) and (C5) are:

(Θij,0,Θ0ij,0) = (
2π

N0i
a, 0) (140)

(Θij,i,Θ0ij,i) = (
2π

Nij
, 0)× c+ (0,

2π

N0ij
)×N0ijd = (

2π

Ni
c, 0) (141)

(Θij,j ,Θ0ij,j) = (
2π

Nij
, 0)× e+ (0,

2π

N0ij
)×N0ijf = (

2π

Ni
e, 0) (142)

(Θi,j ,Θ0i,j ,Θ00i,j) = (
π

Ni
,

2π

N0i
, 0)× g + (0,

4π

N0i
, 0)× h = (

π

Ni
g,

2π

N0i
g +

4π

N0i
h, 0) (143)

(Θj,i,Θ0j,i,Θ00j,i) =


( π
Nj
, 2π
N0j

, 0)× 2Nj
Ni
l + (0, 4π

N0j
, 0)×m = ( 2π

Ni
l,

4πNj
N0Ni

l + 4π
N0
m, 0), if N0 ≤ Nj and N0/2 ≤ Ni

( π
Nj
, 2π
N0j

, 0)× 2Nj
Ni
l + (0, 4π

N0j
, 0)× N0

2Ni
m = ( 2π

Ni
l,

4πNj
N0Ni

l + 2π
Ni
m, 0), if N0 ≤ Nj and N0/2 > Ni

( π
Nj
, 2π
N0j

, 0)× 2Nj
Ni
l + (0, 4π

N0j
, 0)×m = ( 2π

Ni
l, 4π
Ni
l + 2π

Ni
m, 0), if Nj ≤ N0 and Nj/2 = Ni

( π
Nj
, 2π
N0j

, 0)× 2Nj
Ni
l + (0, 4π

N0j
, 0)× Nj

2Ni
m = ( 2π

Ni
l, 4π
Ni
l + 2π

Ni
m, 0), if Nj ≤ N0 and Nj/2 > Ni

(144)
By the constraint

Θij,0 + Θoj,i +
Nj
NoiΘ0i,j = 0, 2π

N0i
a+

4πNj
N0Ni

l + 4π
N0
m+

Nj
N0i (

2π
N0i

g + 4π
N0i

h) = 0, if N0 ≤ Nj and N0/2 ≤ Ni
Θij,0 + Θoj,i +

Nj
NoiΘ0i,j = 0, 2π

N0i
a+

4πNj
N0Ni

l + 2π
Ni
m+

Nj
N0i (

2π
N0i

g + 4π
N0i

h) = 0, if N0 ≤ Nj and N0/2 > Ni
N0

Nj
Θij,0 + Θoj,i + Θ0i,j = 0, N0

Nj
( 2π
Ni
a) + 4π

Ni
l + 2π

Ni
m+ 2π

Ni
g + 4π

Ni
h = 0, if Nj ≤ N0 and Nj/2 ≥ Ni

(145)
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where g, l are chosen as generating phases, only a,m, h need to be considered here.

By the constraint Θij,i = −Nj2 Θi,j ,
2π
Ni
c = −Nj2 ( π

Ni
g), written further as:{

2π
Ni
c = πg, c = 0, Ni2 (mod Ni) depending on g (mod 2Ni), if Nj = 2Ni

2π
Ni
c = −Nj2 ( π

Ni
g), c = 0 (mod Ni) and g (mod 2Ni), if Nj > 2Ni

(146)

By the constraint Θij,j = −Θj,i,
2π
Ni
e = − 2π

Ni
l, e = −l (mod Ni).

Combine all the constraints, the generating phases are:

g (mod 2Ni), l (mod Ni), h (mod N0i/2), m (mod min{N0/2, Ni}) (147)

Hence the classification is Z2Ni × ZNi × Zmin{N0/2,Ni} × ZN0i/2 (a Z2 complex fermion layer absorbed into a
ZNi × ZNi × Zmin{N0/2,Ni} × ZN0i/2 BSPT layer), where the complex fermion layer indicators are:

Θfi,j =
N0i

2
Θ0i,j = πg, Θfj,i =

N0j

2
Θ0j,i = 0 (148)

D. Category (D)

The newly involved constraints in 3D are:

NkΘij,k = 0, NiΘjk,i = 0, NjΘki,j = 0 (149)

NkΘ0ij,k = 0, NiΘ0jk,i = 0, NjΘ0ki,j = 0 (150)

N ijk

N ij
Θij,k +

N ijk

N jk
Θjk,i +

N ijk

Nki
Θki,j = 0 (151)

Θ0ij,k = Θijk,0 = Θ0jk,i = −Θ0ki,j (152)

Θijk,i = Θiij,k = Θijj,k = Θjjk,i = Θjkk,i = Θkki,j

(153)
where subset (D4) can be totally absorbed into (D1),
(D2) and (D3).

1. m is odd

Set m = 1 (i.e. Gf = Zf2 × ZNi × ZNj × ZNk) and
assume Ni ≤ Nj ≤ Nk without loss of generality.

(1) If Ni
2 ,

Nj
2 ,

Nk
2 are all odd (i.e. Zf2 × Z2 × Z2 × Z2),

invoking the known 2D results and combining with the
3D constraints NσΘµ,σ = 0, NσΘµν,σ = 0, NσΘµνλ,σ =
0, the generating phases for the sets (D1), (D2) and (D3)
are:

(Θij,k,Θ0ij,k) = (
π

Nij
,

2π

N0ij
)× 2a+ (0,

4π

N0ij
) = (πa, 0)

(154)

(Θjk,i,Θ0jk,i) = (
π

Njk
,

2π

N0jk
)× 2b+ (0,

4π

N0jk
) = (πb, 0)

(155)

(Θki,j ,Θ0ki,j) = (
π

Nki
,

2π

N0ki
)× 2c+ (0,

4π

N0ki
) = (πc, 0)

(156)
where a, b, c are integers.

By the constraint Θij,k + Θjk,i + Θki,j = 0, πa+ πb+
πc = 0.

Hence in this case the classification is Z2 × Z2, which
belongs to BSPT.

(2) If Ni
2 ,

Nj
2 are odd and Nk

2 is even (i.e. Zf2 × Z2 ×
Z2 ×ZNk), the generating phases for the sets (D1), (D2)
and (D3) are:

(Θij,k,Θ0ij,k) = (
π

Nij
,

2π

N0ij
)× a+ (0,

4π

N0ij
) = (

π

2
a, πa)

(157)

(Θjk,i,Θ0jk,i) = (
2π

Njk
, 0)× b+ (0,

2π

N0jk
)× c = (πb, πc)

(158)

(Θki,j ,Θ0ki,j) = (
2π

Nki
, 0)× d+ (0,

2π

N0ki
)× e = (πd, πe)

(159)
By the constraint Nk

2 Θij,k+Θjk,i+Θki,j = 0, Nk2
π
2 a+

πb+ πd = 0.
By the constraint Θ0ij,k = Θ0jk,i = −Θ0ki,j , a = c = e

(mod 4).
Combine the two constraints: a = c = e (mod 4), b = d

or b = d+ 1 (mod 2).
Hence in this case the classification is Z4 × Z2, which

is a Z2 non-Abelian complex fermion layer absorbed into
a Z2 × Z2 BSPT layer.

(3) If Ni2 is odd and
Nj
2 ,

Nk
2 are even, or Ni

2 ,
Nj
2 ,

Nk
2 are

all even (i.e. Zf2×Z2×ZNj×ZNk or Zf2×ZNi×ZNj×ZNk),
the generating phases for the sets (D1), (D2) and (D3)
are:

(Θij,k,Θ0ij,k) = (
2π

Nij
, 0)× a+ (0,

2π

N0ij
)× b = (

2π

Ni
a, πb)

(160)
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(Θjk,i,Θ0jk,i) = (
2π

Njk
, 0)×Nj

Ni
c+(0,

2π

N0jk
)×d = (

2π

Ni
c, πd)

(161)

(Θki,j ,Θ0ki,j) = (
2π

Nki
, 0)× e+ (0,

2π

N0ki
)×f = (

2π

Ni
e, πf)

(162)

By the constraint Nk
Nj

Θij,k+Θjk,i+Θki,j = 0, NkNj
2π
Ni
a+

2π
Ni
c+ 2π

Ni
e = 0.

By the constraint Θ0ij,k = Θ0jk,i = −Θ0ki,j , b = d = f
(mod 2).

Combine the two constraints, the remaining three gen-
erating phases are: a (mod Ni), c (mod Ni), b = d = f
(mod 2).

Hence in this case the classification is ZNi × ZNi × Z2

(or ZNijk × ZNijk × Z2), which is a simple stacking of a
ZNi × ZNi BSPT layer and a Z2 non-Abelian complex
fermion layer.

2. m is even

For symmetry group ZfN0
×ZNi ×ZNj ×ZNk , the gen-

erating phases for the sets (D1), (D2) and (D3) are:

(Θij,k,Θ0ij,k) = (
2π

Nij
, 0)× a+ (0,

2π

N0ij
)× N0ij

N0ijk
b

= (
2π

Ni
a,

2π

N0ijk
b) (163)

(Θjk,i,Θ0jk,i) = (
2π

Njk
, 0)× Nj

Ni
c+ (0,

2π

N0jk
)× N0jk

N0ijk
d

= (
2π

Ni
c,

2π

N0ijk
d) (164)

(Θki,j ,Θ0ki,j) = (
2π

Nki
, 0)× e+ (0,

2π

N0ki
)× N0ki

N0ijk
f

= (
2π

Ni
e,

2π

N0ijk
f) (165)

By the constraint Nk
Nj

Θij,k+Θjk,i+Θki,j = 0, NkNj
2π
Ni
a+

2π
Ni
c+ 2π

Ni
e = 0.

By the constraint Θ0ij,k = Θ0jk,i = −Θ0ki,j , b = d =
−f (mod N0ijk).

Combine the two constraints, the remaining three gen-
erating phases are: a (mod Ni), c (mod Ni), b = d = f
(mod N0ijk).

Hence in this case the classification is ZNi × ZNi ×
ZN0ijk

, which is a Z2 complex fermion layer absorbed into
a ZNi × ZNi × ZN0ijk/2 BSPT layer if the non-Abelian
complex fermion layer indicator is Θfij,k = mΘ0ij,k =
πb (mod 2), while it is simply a ZNi×ZNi×ZN0ijk

BSPT
layer if the non-Abelian complex fermion layer indicator
is Θfij,k = mΘ0ij,k = 0.

V. CLASSIFICATION OF 3D FSPT PHASES WITH UNITARY FINITE ABELIAN Gf USING
GENERAL GROUP SUPER-COHOMOLOGY THEORY

In this section, we will derive the classification of 3D FSPT with unitary finite Abelian Gf , using the general group
super-cohomology theory9–11. We first give a short review of general group super-cohomology theory of FSPT phases
in section V A. Some useful group cohomology calculations and relations for cocycles are given in section V B. After
that, the detailed calculations are given in sections V C and V D for non-extended and extended unitary finite Abelian
Gf FSPT, respectively.

A. Review of general group super-cohomology theory

The general group super-cohomology theory for FSPT phases is developed in9–11. The classification data for 3D

FSPT with unitary symmetry group Gf = Zf2×ω2
Gb is a triple of cochains (n2, n3, ν4). The data n2 ∈ H2(Gb,Z2)/Γ2

specifies the Majorana chain decorations to the intersection lines of Gb-domain walls. The n3 data is a cochain in
C3(Gb,Z2)/B3(Gb,Z2)/Γ3, specifying the complex fermion decorations to the intersection points of Gb-domain walls.
And the last ν4 ∈ C4(Gb, U(1))/B3(Gb, U(1))/Γ4 is the usual bosonic SPT classification data. These classification
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data satisfy the twisted cocycle equations:

dn2 = 0, (166)

dn3 = ω2 ^ n2 + n2 ^ n2, (167)

dν4 = O5[n3], (168)

where the most general expression of the last obstruction function is

O5[n3](012345) = (−1)(ω2^n3+n3^1n3+n3^2dn3)(012345)+ω2(013)dn3(12345) (169)

× (−1)dn3(02345)dn3(01235)+ω2(023)[dn3(01245)+dn3(01235)+dn3(01234)]

× idn3(01245)dn3(01234) (mod 2) × (−i)[dn3(12345)+dn3(02345)+dn3(01345)]dn3(01235) (mod 2).

All the classification data is defined modulo trivialization subgroup Γi. For state labelled by these data, we can
construct a symmetric gapped state without topological order on their boundary. Therefore, they are in fact trivial
FSPT states12. For unitary Abelian Gf , the trivialization groups Γi can be calculated from

Γ2 = {ω2 ^ n0 ∈ H2(Gb,Z2)|n0 ∈ H0(Gb,Z)}, (170)

Γ3 = {ω2 ^ n1 + (ω2 ^1 ω2) bn0/2c ∈ H3(Gb,Z2)|n1 ∈ H1(Gb,Z2), n0 ∈ H0(Gb,ZT )}, (171)

Γ4 = {(−1)ω2^n2+n2^n2 ∈ H4(Gb, U(1))|n2 ∈ H2(Gb,Z2)}. (172)

In the rest of this section, we will use the above equations to derive a complete classification for unitary finite
Abelian Gf FSPT phases.

B. Cohomology groups, explicit cocycles and Bockstein homomorphism

There are many useful relations for cocycles of the cyclic group ZN . They can tremendously simplify the FSPT
calculations. In the following, we denote the cyclic group as ZN = {0, 1, ..., N − 1}, where the group multiplication

is given by the addition of integers mod N . We will use the notation
n
= to mean equality up to mod n. Similarly,

Z
=

emphasizes an equality in the ring of integers. And
n,d
= means an equality up to Zn-valued coboundaries (a.k.a. they

belong to the same Zn-valued cohomology class). The symbol bxc is the floor function as the largest integer smaller
than or equal to x. And [x]N is defined to be the mod N value of an integer x.

1. Z2-coefficient cohomology

The cohomology ring for ZN (N even) with Z2 coefficient is

H∗(ZN ,Z2) =

{
Z2[nZ2

1 ], if N
4
= 2,

Z2[nZ2
1 , nZ2

2 ]/{(nZ2
1 )2}, if N

4
= 0.

(173)

So we can use the cup product of nZ2
1 ∈ H1(ZN ,Z2) and nZ2

2 ∈ H2(ZN ,Z2) to obtain all cocycles. The superscript

Z2 of nZ2
i emphasizes that they are Z2-valued cocycles. As will shown later, the cocycle (nZ2

1 )2 := nZ2
1 ^ nZ2

1 has

different result for different N : (nZ2
1 )2 2,d

= nZ2
2 if N

4
= 2, and (nZ2

1 )2 2,d
= 0 if N

4
= 0.

The explicit cocycles in H∗(ZN ,Z2) are also very useful in the calculations. The expressions of nZ2
1 and nZ2

2 are
(a, b ∈ ZN ):

nZ2
1 (a)

2
= [a]2, (174)

nZ2
2 (a, b)

2
=

⌊
a+ b

N

⌋
2
=
a+ b− [a+ b]N

N
. (175)

Other cocycles can be obtained from the cup products of nZ2
1 and nZ2

2 .
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2. Z-coefficient cohomology

The Z-coefficient group cohomology for ZN is

H∗(ZN ,Z) = Z[nZ2 ]/{NnZ2} = ZN [nZ2 ]. (176)

Again, the superscript Z of the generator 2-cocycle nZ2 is to emphasize that it is Z-valued. In fact, the Z2-valued

cocycle nZ2
2 in Eq. (175) is the same as Z-valued cocycle nZ2 :

nZ2 (a, b)
Z
=

⌊
a+ b

N

⌋
Z
=
a+ b− [a+ b]N

N

Z
=

(
1

N
dnZN1

)
(a, b), (177)

where

nZN1 (a)
N
= [a]N (178)

is the generator of H1(ZN ,ZN ) = ZN . So it is easy to see that

dnZ2
Z
= d

(
1

N
dnZN1

)
Z
=

1

N
d2nZN1

Z
= 0, (179)

from the fact d2 = 0. All other cocycles in H∗(ZN ,Z) can be obtained from the addition and cup product of several
nZ2 .

Using the relations of Z2 and Z-valued cocycles, we can show that

(nZ2
1 )2 := nZ2

1 ^ nZ2
1

Z
=

1

2
dnZ2

1
Z
=

1

2
dnZN1 + dµ1

Z
=
N

2

dnZN1

N
+ dµ1

Z
=
N

2
nZ2 + dµ1

Z,d
=

N

2
nZ2 . (180)

where we have defined a Z-valued 1-cochain (a ∈ ZN ):

µ1(a) :=
1

2
(nZ2

1 − n
ZN
1 )(a)

Z
=

[a]2 − [a]N
2

. (181)

Since N is even, the right-hand-side of the above equation is indeed an integer. So we have

(nZ2
1 )2 Z,d

=
N

2
nZ2

2,d
=

{
0, if N

4
= 0,

nZ2
2 , if N

4
= 2.

(182)

This is exactly the result claimed below Eq. (173). When N
4
= 0, we also know the explicit coboundary as

(nZ2
1 )2 Z

=
N

2
nZ2 + dµ1

2
= dµ1. (183)

3. Bockstein homomorphism

The notion of Bockstein homomorphism is very useful in checking whether a cocycle (−1)fk [fk ∈ Hk(Gb,Z2)] is a
U(1)-valued coboundary or not. It is defined as a mapping from Hk(Gb,Z2) to Hk+1(Gb,Z):

β(fk)
Z
=

dfk
2
, (184)

where fk is a cocycle in Hk(Gb,Z2). The coboundary operator is defined with appropriate plus and minus signs in

integers. Because of dfk
2
= 0, the right-hand-side of Eq. (184) is always an integer. The Bockstein homomorphism is

the connecting isomorphism between Hk(Gb,Z2) and Hk+1(Gb,Z). So we have the useful relation

(−1)fk ∈ Bk(Gb, U(1))⇐⇒ β(fk) ∈ Bk+1(Gb,Z). (185)

We can use it to check whether (−1)fk is a U(1)-valued coboundary or not.
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When acting on the cup product of two cocycles, the Bockstein homomorphism reads

β(x ^ y)
Z
= β(x) ^ y + (−1)deg(x)x ^ β(y), (186)

which is essentially the Leibniz’s rule for coboundary operators. When modulo two, the Bockstein homomorphism is
related to Steenrod square operation and higher cup product as

β(fk)
2
= Sq1(fk)

2
= fk ^k−1 fk. (187)

There are also some useful equations for Steenrod squares:

Sq0(x)
2,d
= x, (188)

Sqi(x)
2,d
= 0, if i > deg(x), (189)

Sqi(x)
2,d
= x ^ x, if i = deg(x), (190)

Sqn(x ^ y)
2,d
=

∑
i+j=n

Sqi(x) ^ Sqj(y). (191)

The last equation is called Cartan formula.
For the special case of cohomology for group ZN , the Bockstein homomorphism of the generator nZ2

2 ∈ H2(ZN ,Z2) =
Z2 can be shown to be zero:

Sq1(nZ2
2 )

2
= β(nZ2

2 )
Z
=

1

2
dnZ2

2
Z
=

1

2
d2nZ1

Z
= 0, (192)

where we used d2 = 0 in the last step.

C. Classification of FSPT with Gf = Zf2 ×
∏K
i=1 ZNi

The fermionic symmetry group Gf = Zf2 ×
∏K
i=1 ZNi is associated with bosonic symmetry group

Gb =

K∏
i=1

ZNi , (193)

and trivial central extension ω2 = 0. It is known that, for a given positive integer N , we have a unique factorization
N =

∏
p p

np (p is a prime number and np is a positive integer in Z+) and a group isomorphism ZN ∼=
∏
p Zpnp . For

prime number p > 2, the cohomology group H∗(Zpnp ,Z2) is trivial. Therefore, the symmetry group
∏
p>2 Zpnp can

only protect bosonic SPT phases, and can only affect the FSPT classifications though adding some BSPT phases. To
understand genuine FSPT, we can assume

Ni = 2ki (1 ≤ i ≤ K, ki ∈ Z+) (194)

in the bosonic symmetry group Gb Eq. (193). Without loss of generality, we can also reorder the Abelian groups such
that

Ni ≤ Ni+1 (1 ≤ i ≤ K − 1). (195)

Using Künneth formula and universal coefficient theorem, the relevant cohomology groups with Z2 and U(1) coef-
ficients for Eq. (193) (Ni = 2ki ≥ 2, Ni ≤ Ni+1) are given by

H2(Gb,Z2) = ZC
1
K+C2

K
2 =

∏
1≤i≤K

〈n(i)
2 〉

∏
1≤i<j≤K

〈n(i)
1 n

(j)
1 〉, (196)

H3(Gb,Z2) = ZC
1
K+2C2

K+C3
K

2 =
∏

1≤i≤K

〈n(i)
1 n

(i)
2 〉

∏
1≤i<j≤K

〈n(i)
1 n

(j)
2 , n

(i)
2 n

(j)
1 〉

∏
1≤i<j<k≤K

〈n(i)
1 n

(j)
1 n

(k)
1 〉, (197)

H4(Gb, U(1)) =
∏

1≤i<j≤K

Z2
Nij

∏
1≤i<j<k≤K

Z2
Nijk

∏
1≤i<j<k<l≤K

ZNijkl , (198)

H5(Gb, U(1)) = H6(Gb,Z) =
∏

1≤i≤K

ZNi
∏

1≤i<j≤K

Z2
Nij

∏
1≤i<j<k≤K

Z4
Nijk

∏
1≤i<j<k<l≤K

Z3
Nijkl

∏
1≤i<j<k<l<m≤K

ZNijklm

=
∏

1≤i≤K

〈(n(i)
2 )3〉

∏
1≤i<j≤K

〈(n(i)
2 )2n

(j)
2 , n

(i)
2 (n

(j)
2 )2〉

∏
1≤i<j<k≤K

〈n(i)
2 n

(j)
2 n

(k)
2 〉 × ... (199)
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Here, CiK = K!(K−i)!
i! is the binomial coefficient. We have listed the generators for the Z2 coefficient cohomology

groups, as well as the generators of some some relevant subgroups of Z coefficient cohomology groups. They are

expressed as cup products of n
(i)
1 and n

(i)
2 (1 ≤ i ≤ K), which are generating cocycles for the i-th Abelian group ZNi

in Gb. In the following, all n
(i)
p are Z2-valued p-cocycles with the superscript Z2 omitted.

1. Trivialization

Since ω2 = 0, we have the trivialization groups Γ2 = 0 and Γ3 = 0 according to Eqs. (170) and (171). So all
nontrivial obstruction-free n2 and n3 correspond to nontrivial FSPT states.

The trivialization group Γ4 is generated (−1)n2^n2 = (−1)Sq
2(n2) according to Eq. (172). We have two choices of

root 2-cocycle n2 ∈ H2(Gb,Z2) [see Eq. (196)]: n2 = n
(i)
2 and n2 = n

(i)
1 n

(j)
1 for some 1 ≤ i < j ≤ K. For both of

them, one can show that β(Sq2(n2))
Z,d
= 0:

β(Sq2(n
(i)
2 ))

Z,d
= β(n

(i)
2 n

(i)
2 )

Z,d
= β(n

(i)
2 )n

(i)
2 + n

(i)
2 β(n

(i)
2 )

Z
= 0, (200)

β(Sq2(n
(i)
1 n

(j)
1 ))

Z,d
= β(Sq1(n

(i)
1 )Sq1(n

(j)
1 ))

Z,d
= β((n

(i)
1 )2(n

(j)
1 )2)

Z,d
= 0, (201)

where we used Eq. (192) and β((n
(i)
1 )2)

Z,d
= β(n

(i)
1 )n

(i)
1 − n

(i)
1 β(n

(i)
1 )

Z,d
= (n

(i)
1 )3 − (n

(i)
1 )3 Z

= 0. Therefore, we have

(−1)n2^n2
d
= 1 for all n2 ∈ H2(Gb,Z2). The trivialization group Γ4 is also trivial.

2. Obstruction

To solve the equations Eqs. (167) and (168), we have to check that the right-hand-side of the equations are
coboundaries, otherwise there are no solutions. We need to check these obstructions layer by layer: we first solve
Eq. (167) for n3 with a given 2-cocycle n2; after obtaining n3, we can solve Eq. (168) for ν4 with this n3.

(1) Obstruction for n2.

The equation for n3 is Eq. (167), i.e., dn3
2
= n2 ^ n2 (recall that ω2 = 0). So the obstruction function for n2 is

O4[n2]
2
= n2 ^ n2. (202)

Below we will check the obstructions for all possible n2 ∈ H2(Gb,Z2). In fact, we only need to check the obstructions for

generators of n2. All others can be obtained from the cohomology operation property: O4[n2 +n′2]
2,d
= O4[n2]+O4[n′2].

(1.1) n2
2
= n

(i)
2 (1 ≤ i ≤ K) [obstructed].

According to Eq. (173), O4[n
(i)
2 ] = n

(i)
2 ^ n

(i)
2 is always a nontrivial 4-cocycle in H4(Gb,Z2). So n2 = n

(i)
2 is

obstructed for all 1 ≤ i ≤ K.

(1.2) n2
2
= n

(i)
1 n

(j)
1 (1 ≤ i < j ≤ K) [obstruction-free iff Nj ≥ 4].

For n2
2
= n

(i)
1 n

(j)
1 (1 ≤ i < j ≤ K), one can show that

O4[n2]
2
= n

(i)
1 n

(j)
1 n

(i)
1 n

(j)
1 (203)

2
= n

(i)
1

[
n

(i)
1 n

(j)
1 + d

(
n

(i)
1 ^1 n

(j)
1

)]
n

(j)
1 (204)

2
= (n

(i)
1 )2(n

(j)
1 )2 + d

[
n

(i)
1

(
n

(i)
1 ^1 n

(j)
1

)
n

(j)
1

]
, (205)

where we have used Steenrod’s higher cup product ^i
13. It can be used to switch the cup product of two cocycles as

d(np ^i nq)
2
= dnp ^i nq + np ^i dnq + np ^i−1 nq + nq ^i−1 np. (206)

From Eq. (182), we can further simplify O4[n2] as O4[n2]
2,d
= n

(i)
2 n

(j)
2 if Ni = Nj = 2, and O4[n2]

2,d
= 0, if Nj ≥ 4 (note

that we have assumed Ni ≤ Nj). For the latter case (Nj ≥ 4), we also have

O4[n2]
2
= (n

(i)
1 )2(n

(j)
1 )2 + d

[
n

(i)
1

(
n

(i)
1 ^1 n

(j)
1

)
n

(j)
1

]
(207)

2
= (n

(i)
1 )2dµ

(j)
1 + d

[
n

(i)
1

(
n

(i)
1 ^1 n

(j)
1

)
n

(j)
1

]
(208)

2
= d

[
(n

(i)
1 )2µ

(j)
1 + n

(i)
1

(
n

(i)
1 ^1 n

(j)
1

)
n

(j)
1

]
(209)
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where µ
(j)
1 is the cochain defined in Eq. (181) for the subgroup ZNj . So we can get a special solution of n3 as

n̄3
2
= (n

(i)
1 )2µ

(j)
1 + n

(i)
1

(
n

(i)
1 ^1 n

(j)
1

)
n

(j)
1 . (210)

In summary, n2
2
= n

(i)
1 n

(j)
1 (1 ≤ i < j ≤ K) is obstructed by O4[n2] iff Ni = Nj = 2. For other cases (i.e., Nj ≥ 4),

dn3
2
= n2 ^ n2 has a special n3 solution Eq. (210).

(2) Obstruction for n3.
After checked the obstruction function O4[n2], we now can check the obstruction function O5[n3]. There are two

cases we need to calculate. The first case (2.0) below is that n2 = n
(i)
1 n

(j)
1 for some 1 ≤ i < j ≤ K and Nj ≥ 4, and

n3 has a special solution n̄3 shown in Eq. (210). We then need to calculate the full complicated obstruction function

O5[n̄3] in Eq. (169). The second case (from 2.1 to 2.4) is associated with n2
2
= 0, and a 3-cocycle n3 in H3(Gb,Z2).

And the obstruction function in this case is merely

O5[n3]
∣∣
ω2

2
=0,n2

2
=0

= (−1)Sq
2(n3) = (−1)n3^1n3 , (211)

for dn3
2
= n2 ^ n2

2
= 0.

(2.0) n2
2
= n

(i)
1 n

(j)
1 (1 ≤ i < j ≤ K, Nj ≥ 4) and n3

2
= n̄3 [obstruction-free iff NiNj ≥ 16].

In this case, we should use the obstruction function O5[n̄3] in Eq. (169) which involves some non-higher-cup-product
terms. Therefore, we can use the complete U(1) cocyle invariants for unitary finite Abelian groups to check whether
O5[n̄3] is trivial or not. After some tedious calculations, the possibly nontrivial invariants associated with O5[n̄3] are

eiΩij = i−N
ij(Nij−1)Nj(Nj−1)/4, (212)

eiΩji = iN
ij(Nij−1)Ni(Ni−1)/4. (213)

For all the invariants to be trivial and n̄3 to be obstruction-free, we need N ijNi/4
4
= 0. Recall that Ni ≤ Nj , so the

obstruction-free condition reduces to

NiNj ≥ 16. (214)

In summary, the classification data (n2
2
= n

(i)
1 n

(j)
1 , n3

2
= n̄3) is obstruction-free (1 ≤ i < j ≤ K), iff the parameters

of the symmetry group satisfy NiNj ≥ 16. For Gb = Z2 × Z2, it is obstructed by O4[n2]. For Gb = Z2 × Z4, O5[n3]
is nontrivial although O4[n2] is trivial.

For the following cases, we have n2
2
= 0. So we can use the simpler obstruction function Eq. (211).

(2.1) n3
2
= n

(i)
1 n

(i)
2 (1 ≤ i ≤ K) [obstructed].

Using Eq. (192) and the formulas Eqs. (188) and (191) related to Steenrod square, we have Sq2(n3)
2
= Sq2(n

(i)
1 n

(i)
2 )

2
=

n
(i)
1 (n

(i)
2 )2. We can use the Bockstein homomorphism of Sq2(n3) is

β[Sq2(n3)]
Z
= β[n

(i)
1 (n

(i)
2 )2]

Z
= (n

(i)
1 )2(n

(i)
2 )2 Z,d

=
Ni
2

(n
(i)
2 )3, (215)

which is the Ni
2 -th nontrivial cocycle in H6(ZNi ,Z) = ZNi = 〈(n(i)

2 )3〉. So n3
2
= n

(i)
1 n

(i)
2 is obstructed.

(2.2) n3
2
= n

(i)
1 n

(j)
2 (1 ≤ i < j ≤ K) [obstructed].

Similar to the previous case, we have Sq2(n3)
2
= Sq2(n

(i)
1 n

(j)
2 )

2
= n

(i)
1 (n

(j)
2 )2. The Bockstein homomorphism is then

β[Sq2(n3)]
Z
= β[n

(i)
1 (n

(j)
2 )2]

Z
= (n

(i)
1 )2(n

(j)
2 )2 Z,d

=
Ni
2
n

(i)
2 (n

(j)
2 )2. (216)

The generator n
(i)
2 (n

(j)
2 )2 of ZNij ⊂ H6(ZNi × ZNj ,Z) [see Eq. (199)] has order Nij = Ni (note that Ni ≤ Nj).

Therefore, β[Sq2(n3)] is a nontrivial cocycle in H6(ZNi × ZNj ,Z), and n3
2
= n

(i)
1 n

(j)
2 is obstructed.

(2.3) n3
2
= n

(i)
2 n

(j)
1 (1 ≤ i < j ≤ K) [obstruction-free iff Ni < Nj].

In this case, we have Sq2(n3)
2
= Sq2(n

(i)
2 n

(j)
1 )

2
= (n

(i)
2 )2n

(j)
1 . Its Bockstein homomorphism is

β[Sq2(n3)]
Z
= β[(n

(i)
2 )2n

(j)
1 ]

Z
= (n

(i)
2 )2(n

(j)
1 )2 Z,d

=
Nj
2

(n
(i)
2 )2n

(j)
2 . (217)
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The generator (n
(i)
2 )2n

(j)
2 of ZNij ⊂ H6(ZNi × ZNj ,Z) [see Eq. (199)] also has order Nij = Ni. If Ni = Nj , Eq. (217)

is a nontrivial cocycle. If Ni < Nj , then Eq. (217) is a coboundary, since the coefficient Nj/2 is a multiple of the
order Ni.

In summary, n3
2
= n

(i)
2 n

(j)
1 is obstruction-free iff Ni < Nj . We can also derive the explicit ν4.

(2.4) n3
2
= n

(i)
1 n

(j)
1 n

(k)
1 (1 ≤ i < j < k ≤ K) [obstruction-free iff Nk ≥ 4].

In this case, we can show that

Sq2(n3)
2
= Sq2[n

(i)
1 n

(j)
1 n

(k)
1 ]

2
= (n

(i)
1 )2(n

(j)
1 )2n

(k)
1 + (n

(i)
1 )2n

(j)
1 (n

(k)
1 )2 + n

(i)
1 (n

(j)
1 )2(n

(k)
1 )2, (218)

β[Sq2(n3)]
Z
= 3(n

(i)
1 )2(n

(j)
1 )2(n

(k)
1 )2 Z,d

=
3NiNjNk

8
n

(i)
2 n

(j)
2 n

(k)
2 . (219)

The generator n
(i)
2 n

(j)
2 n

(k)
2 in the subgroup ZNijk ⊂ H6(Gb,Z) has order Nijk [see Eq. (199)]. So n3

2
= n

(i)
1 n

(j)
1 n

(k)
1

is obstruction-free iff
3NiNjNk

8 ∈ Z. Using the fact 2 ≤ Ni ≤ Nj ≤ Nk, the obstruction-free condition is reduced to
Nk ≥ 4.

3. Summary

Note that all the obstruction functions are different for the above generators n3 that are obstructed. Therefore,
the summation of several generators, as a generic 3-cocycle n3 ∈ H3(Gb,Z2), is obstructed if one of the generator is
obstructed. To summarize, the obstruction-free classification data (n2, n3, ν4) belongs to the groups:

n2 ∈
∏

1≤i<j≤K

{
Z2, (NiNj ≥ 16)

0, (NiNj ≤ 8)
, (220)

n3 ∈
∏

1≤i<j≤K

{
Z2, (Ni < Nj)

0, (Ni = Nj)
×

∏
1≤i<j<k≤K

{
Z2, (Nk ≥ 4)

0, (Ni = Nj = Nk = 2)
, (221)

ν4 ∈
∏

1≤i<j≤K

Z2
Nij

∏
1≤i<j<k≤K

Z2
Nijk

∏
1≤i<j<k<l≤K

ZNijkl . (222)

D. Classification of FSPT with Gf = Zf2m ×
∏K
i=1 ZNi

With the definition

N0 = 2m, (223)

the fermionic symmetry group Gf = Zf2m ×
∏K
i=1 ZNi can be also written as Gf =

∏K
i=0 ZNi . It is associated with

bosonic symmetry group

Gb = Zm ×
K∏
i=1

ZNi = ZN0/2 ×
K∏
i=1

ZNi . (224)

and extension specified by

ω2(a, b)
2
= n

(0)
2 (a, b)

2
=

⌊
a0 + b0
m

⌋
. (225)

Without loss of generality, we can assume m = 2k to be the k-th power of 2 (k ≥ 1). Otherwise Zf2m is isomorphic

to Zf
2k+1 × Zm/2k , and the latter subgroup can be absorbed to ZNi with i > 0. We note that n

(0)
2 is the nontrivial

Z2-valued 2-cocycle of Zm, rather than that of ZN0
= Z2m. This is different from n

(i)
2 for 1 ≤ i ≤ K.

Similar to the previous section, we assume

N0 = 2k0 (k0 ≥ 2), (226)

Ni = 2ki (0 ≤ i ≤ K, ki ≥ 1). (227)
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Without loss of generality, we can also reorder the Abelian groups such that

Ni ≤ Ni+1 (1 ≤ i ≤ K − 1). (228)

Using Künneth formula and universal coefficient theorem, the relevant cohomology groups with Z2 and U(1) coef-
ficients for Eq. (224) are given by

H2(Gb,Z2) = Z1+2C1
K+C2

K
2 = 〈n(0)

2 〉
∏

1≤i≤K

〈n(i)
2 , n

(0)
1 n

(i)
1 〉

∏
1≤i<j≤K

〈n(i)
1 n

(j)
1 〉, (229)

H3(Gb,Z2) = Z1+3C1
K+3C2

K+C3
K

2 = 〈n(0)
1 n

(0)
2 〉

∏
1≤i≤K

〈n(i)
1 n

(i)
2 , n

(0)
1 n

(i)
2 , n

(i)
1 n

(0)
2 〉

×
∏

1≤i<j≤K

〈n(i)
1 n

(j)
2 , n

(i)
2 n

(j)
1 , n

(0)
1 n

(i)
1 n

(j)
1 〉

∏
1≤i<j<k≤K

〈n(i)
1 n

(j)
1 n

(k)
1 〉, (230)

H4(Gb, U(1)) =
∏

1≤i≤K

Z2
gcd(m,Ni)

∏
1≤i<j≤K

Z2
NijZ

2
gcd(m,Nij)

∏
1≤i<j<k≤K

Z2
Nijk

Zgcd(m,Nijk)

∏
1≤i<j<k<l≤K

ZNijkl ,

=
∏

1≤i≤K

〈e2πi
k0i

gcd(m,Ni)
n
(0)
1 n

(0)
2 n

(i)
1 , e

2πi
ki0

gcd(m,Ni)
n
(i)
1 n

(i)
2 n

(0)
1 〉

∏
1≤i<j≤K

〈e2πi
kij
Nij

n
(i)
1 n

(i)
2 n

(j)
1 , e

2πi
kji
Nij

n
(j)
1 n

(j)
2 n

(i)
1 〉

×
∏

1≤i<j≤K

〈e2πi
k0ij

gcd(m,Ni)
n
(0)
1 n

(i)
1 n

(j)
2 , e

2πi
k0ji

gcd(m,Nj)
n
(0)
1 n

(j)
1 n

(i)
2 〉

∏
1≤i<j<k≤K

〈e2πi
kijk
Nij

n
(i)
1 n

(j)
1 n

(k)
2 , e

2πi
kikj
Nik

n
(i)
1 n

(k)
1 n

(j)
2 〉

×
∏

1≤i<j<k≤K

〈e2πi
k0ijk

gcd(m,Nijk)
n
(0)
1 n

(i)
1 n

(j)
1 n

(k)
1 〉

∏
1≤i<j<k<l≤K

〈e2πi
kijkl
Nijkl

n
(i)
1 n

(j)
1 n

(k)
1 n

(l)
1 〉. (231)

We have also listed explicitly the “cononical” U(1)-valued cocycles, in terms of n
(i)
1 ∈ H1(ZNi ,ZNi) and n

(i)
2 ∈

H2(ZNi ,Z) [see Eqs. (178) and (177) for their expressions]. The parameters k’s are integers modulo the corresponding
subgroup orders:

k0i, ki0 ∈ gcd(m,Ni), kij , kji ∈ Nij , k0ij , k0ji ∈ gcd(m,Nij), (232)

kijk, kikj ∈ Nijk, k0ijk ∈ gcd(m,Nijk), kijkl ∈ gcd(m,Nijk). (233)

There cohomology results are essentially the same as the previous Eq. (196) to Eq. (198). The only difference is that
we have one more subgroup ZN0/2 = Zm in Gb. The cohomology group of H5(Gb, U(1)) can be similarly obtained.

1. Trivialization

Since ω2 = n
(0)
2 , we have the trivialization group

Γ2 = Z2 = 〈n(0)
2 〉, (234)

according to Eq. (170). As n
(0)
2 ^1 n

(0)
2

2,d
= Sq1(n

(0)
2 )

2,d
= 0, we have trivialization group

Γ3 = ZK+1
2 =

∏
0≤i≤K

〈n(0)
2 n

(i)
1 〉, (235)

according to Eq. (171).
The trivialization group Γ4 in Eq. (172) is much more complicated. We have several choices of n2 in Eq. (229). (1)

For n2
2
= n

(i)
2 (0 ≤ i ≤ K), the trivialization cocycle (−1)ω2n2+n2n2 = (−1)n

(0)
2 n

(i)
2 +n

(i)
2 n

(i)
2 is a U(1) coboundary. This

is because β(n
(0)
2 n

(i)
2 + n

(i)
2 n

(i)
2 )

Z
= 0, as β(n

(i)
2 )

Z
= 0 from Eq. (192). (2) For n2

2
= n

(0)
1 n

(i)
1 (1 ≤ i ≤ K), we have

(−1)ω2n2+n2n2 = (−1)n
(0)
2 n

(0)
1 n

(i)
1 +n

(0)
1 n

(i)
1 n

(0)
1 n

(i)
1

d
= (−1)n

(0)
2 n

(0)
1 n

(i)
1 +(n

(0)
1 )2(n

(i)
1 )2 (236)

d
= (−1)n

(0)
2 n

(0)
1 n

(i)
1 = e

2πi
gcd(m,Ni)/2

gcd(m,Ni)
n
(0)
2 n

(0)
1 n

(i)
1 (237)
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which is a nontrivial element in H5(Zm × ZNi , U(1)) compared to the explicit cocycles in Eq. (231). (3) For n2
2
=

n
(i)
1 n

(j)
1 , we can do similar calculations and find that

(−1)ω2n2+n2n2
d
= (−1)n

(0)
2 n

(i)
1 n

(j)
1 = e

2πi
Nij/2

Nij
n
(0)
2 n

(i)
1 n

(j)
1 . (238)

This cocycle is a coboundary in Zgcd(m,Nij) ⊂ H4(Zm×ZNi×ZNj , U(1)), iff Nij/2 ∈ gcd(m,Nij)Z, which is equivalent
to m < Nij . In summary, the trivialization group for BSPT 4-cocycles is

Γ4 = ZK2 ×
∏

1≤i<j≤K

{
Z2, (m ≥ Nij)
Z1, (m < Nij)

=
∏

1≤i≤K

〈(−1)n
(0)
2 n

(0)
1 n

(i)
1 〉

∏
1≤i<j≤K and m≥Nij

〈(−1)n
(0)
2 n

(i)
1 n

(j)
1 〉. (239)

We note that all the nontrivial elements in the trivialization group are of order two.

2. Obstruction

Now we check the obstructions for different choices of n2 and n3 shown in Eqs. (229) and (230).
(1) Obstruction for n2.
From the equation of n3 Eq. (167), the obstruction function for n2 is

O4[n2]
2
= ω2 ^ n2 + n2 ^ n2. (240)

Again, we need to check the obstructions for generators of n2. All others can be obtained from O4[n2 + n′2]
2,d
=

O4[n2] +O4[n′2].

(1.1) n2
2
= n

(0)
2 [trivialized].

Although n2
2
= n

(0)
2 is obstruction-free, it is trivialized by Γ2 in Eq. (234).

(1.2) n2
2
= n

(i)
2 (1 ≤ i ≤ K) [obstructed].

The obstruction function O4[n
(i)
2 ]

2
= n

(0)
2 ^ n

(i)
2 + n

(i)
2 ^ n

(i)
2 is a nontrivial 4-cocycle in H4(Gb,Z2). So n2 = n

(i)
2

is obstructed for all 1 ≤ i ≤ K.

(1.3) n2
2
= n

(0)
1 n

(i)
1 (1 ≤ i ≤ K) [obstructed].

In this case, the obstruction function is

O4[n2]
2
= n

(0)
2 n

(0)
1 n

(i)
1 + n

(0)
1 n

(i)
1 n

(0)
1 n

(i)
1

2,d
= n

(0)
2 n

(0)
1 n

(i)
1 + (n

(0)
1 )2(n

(i)
1 )2. (241)

The first part n
(0)
2 n

(0)
1 n

(i)
1 is always a nontrivial cocycle and can not be cancelled by the second. So n2

2
= n

(0)
1 n

(i)
1 are

all obstructed for (1 ≤ i ≤ K).

(1.4) n2
2
= n

(i)
1 n

(j)
1 (1 ≤ i < j ≤ K) [obstructed].

Similar to the previous case, the obstruction function is

O4[n2]
2
= n

(0)
2 n

(i)
1 n

(j)
1 + n

(i)
1 n

(j)
1 n

(i)
1 n

(j)
1

2,d
= n

(0)
2 n

(i)
1 n

(j)
1 + (n

(i)
1 )2(n

(j)
1 )2. (242)

The first part is always nontrivial, and can not be cancelled by the second. So n2
2
= n

(i)
1 n

(j)
1 are all obstructed for

(1 ≤ i < j ≤ K).
In summary, all nontrivial n2 (even for the summation of some generators of n2 discussed above) are either trivialized

or obstructed. So there is no Majorana chain decoration for FSPT with arbitrary unitary finite Abelian symmetry
group Gf , if the symmetry is extended by ω2 6= 0. The only possibility is complex fermion decoration layer n3 which
will be discussed below.

(2) Obstruction for n3.

Since all nontrivial n2 are trivialized or obstructed, we only need to consider n2
2
= 0. Then the obstruction function

O5[n3] in Eq. (169) becomes a simpler form

O5[n3]
∣∣
n2

2
=0

= (−1)ω2n3+Sq2(n3) = (−1)ω2n3+n3^1n3 . (243)

(2.1) n3
2
= n

(0)
1 n

(0)
2 [trivialized].
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The complex fermion decoration data n3
2
= n

(0)
1 n

(0)
2 is trivialized by Eq. (235).

(2.2) n3
2
= n

(i)
1 n

(i)
2 (1 ≤ i ≤ K) [obstructed].

Since Sq2(n3)
2
= Sq2(n

(i)
1 n

(i)
2 )

2
= n

(i)
1 (n

(i)
2 )2, we have obstruction function Eq. (243) as

O5[n3] = (−1)n
(0)
2 n

(i)
1 n

(i)
2 +n

(i)
1 (n

(i)
2 )2 = e

2πi
Ni/2

Ni
n
(0)
2 n

(i)
1 n

(i)
2 +2πi

Ni/2

Ni
n
(i)
1 (n

(i)
2 )2

. (244)

The second term e
2πi

Ni/2

Ni
n
(i)
1 (n

(i)
2 )2

is always a nontrivial element in H5(ZNi , U(1)) = ZNi = 〈e2πi 1
Ni
n
(i)
1 (n

(i)
2 )2〉. And it

cannot be cancelled by the first term. Therefore, n3
2
= n

(i)
1 n

(i)
2 is always obstructed.

(2.3) n3
2
= n

(0)
1 n

(i)
2 (1 ≤ i ≤ K) [obstruction-free iff m > Ni].

In this case, we have Sq2(n3)
2
= Sq2(n

(0)
1 n

(i)
2 )

2
= n

(0)
1 (n

(i)
2 )2, and

O5[n3] = (−1)n
(0)
2 n

(0)
1 n

(i)
2 +n

(0)
1 (n

(i)
2 )2 = e2πi

m/2
m n

(0)
2 n

(0)
1 n

(i)
2 +2πi

m/2
m n

(0)
1 (n

(i)
2 )2 . (245)

The cohomology group of H5(Zm × ZNi) has subgroups Z2
gcd(m,Ni)

= 〈e2πi 1
mn

(0)
2 n

(0)
1 n

(i)
2 , e2πi 1

mn
(0)
1 (n

(i)
2 )2〉. So O5[n3]

is a trivial cocycle iff m/2 ∈ gcd(m,Ni)Z, which is equivalent to m > Ni. Therefore, n3
2
= n

(0)
1 n

(i)
2 (1 ≤ i ≤ K) is

obstruction-free iff m > Ni.

(2.4) n3
2
= n

(0)
2 n

(i)
1 (1 ≤ i ≤ K) [trivialized].

The complex fermion decoration data n3
2
= n

(0)
2 n

(i)
1 is trivialized by Eq. (235).

(2.5) n3
2
= n

(i)
1 n

(j)
2 (1 ≤ i < j ≤ K) [obstructed].

We have Sq2(n3)
2
= Sq2(n

(i)
1 n

(j)
2 )

2
= n

(i)
1 (n

(j)
2 )2, and

O5[n3] = (−1)n
(0)
2 n

(i)
1 n

(j)
2 +n

(i)
1 (n

(j)
2 )2 = e

2πi
Ni/2

Ni
n
(0)
2 n

(i)
1 n

(j)
2 +2πi

Ni/2

Ni
n
(i)
1 (n

(j)
2 )2

. (246)

The cohomology group H5(G,U(1)) has subgroups Zgcd(m,Nij) = 〈e2πi 1
Ni
n
(0)
2 n

(i)
1 n

(j)
2 〉 and ZNij = 〈e2πi 1

Ni
n
(i)
1 (n

(j)
2 )2〉.

So O5[n3] is trivial iff Ni/2 ∈ gcd(m,Nij)Z and Ni/2 ∈ NijZ. This is impossible since we have assumed Ni ≤ Nj .

Therefore, n3
2
= n

(i)
1 n

(j)
2 (1 ≤ i < j ≤ K) is always obstructed.

(2.6) n3
2
= n

(j)
1 n

(i)
2 (1 ≤ i < j ≤ K) [obstruction-free iff Ni < Nj].

This case is similar to the above one with i and j switched. So the conclusion is that, O5[n3] is trivial iff Nj/2 ∈
gcd(m,Nij)Z and Nj/2 ∈ NijZ. These conditions are satisfied iff Ni < Nj (note that we have assumed Ni ≤ Nj).

Therefore, n3
2
= n

(j)
1 n

(i)
2 (1 ≤ i < j ≤ K) is obstruction-free iff Ni < Nj .

(2.7) n3
2
= n

(0)
1 n

(i)
1 n

(j)
1 (1 ≤ i < j ≤ K) [obstructed].

Using the properties of Steenrod square, we have

Sq2(n3)
2
= Sq2[n

(0)
1 n

(i)
1 n

(j)
1 ]

2
= (n

(0)
1 )2(n

(i)
1 )2n

(j)
1 + (n

(0)
1 )2n

(i)
1 (n

(j)
1 )2 + n

(0)
1 (n

(i)
1 )2(n

(j)
1 )2. (247)

The obstruction function is

O5[n3] = (−1)n
(0)
2 n

(0)
1 n

(i)
1 n

(j)
1 +(n

(0)
1 )2(n

(i)
1 )2n

(j)
1 +(n

(0)
1 )2n

(i)
1 (n

(j)
1 )2+n

(0)
1 (n

(i)
1 )2(n

(j)
1 )2 (248)

= (−1)n
(0)
2 n

(0)
1 n

(i)
1 n

(j)
1 +(n

(0)
1 )2(n

(i)
1 )2n

(j)
1 × e(πi/2)d[n

(0)
1 n

(i)
1 (n

(j)
1 )2+n

(0)
1 n

(i)
1 (n

(j)
1 )2] (249)

d
= (−1)n

(0)
2 n

(0)
1 n

(i)
1 n

(j)
1 +(n

(0)
1 )2(n

(i)
1 )2n

(j)
1 (250)

= e
2πi

gcd(m,Nij)/2

gcd(m,Nij)
n
(0)
2 n

(0)
1 n

(i)
1 n

(j)
1 +πi(n

(0)
1 )2(n

(i)
1 )2n

(j)
1 . (251)

The first term e
2πi

gcd(m,Nij)/2

gcd(m,Nij)
n
(0)
2 n

(0)
1 n

(i)
1 n

(j)
1 is always a nontrivial cocycle in the subgroup Zgcd(m,Nij) [of H5(Gb, U(1))]

generated by e
2πi 1

gcd(m,Nij)
n
(0)
2 n

(0)
1 n

(i)
1 n

(j)
1 . So n3

2
= n

(0)
1 n

(i)
1 n

(j)
1 (1 ≤ i < j ≤ K) is always obstructed.

(2.8) n3
2
= n

(i)
1 n

(j)
1 n

(k)
1 (1 ≤ i < j < k ≤ K) [obstruction-free iff m < Nijk].

Similar to the previous case, we have

Sq2(n3)
2
= Sq2[n

(i)
1 n

(j)
1 n

(k)
1 ]

2
= (n

(i)
1 )2(n

(j)
1 )2n

(k)
1 + (n

(i)
1 )2n

(j)
1 (n

(k)
1 )2 + n

(i)
1 (n

(j)
1 )2(n

(k)
1 )2. (252)
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The obstruction function is

O5[n3] = (−1)n
(0)
2 n

(i)
1 n

(j)
1 n

(k)
1 +(n

(i)
1 )2(n

(j)
1 )2n

(k)
1 +(n

(i)
1 )2n

(j)
1 (n

(k)
1 )2+n

(i)
1 (n

(j)
1 )2(n

(k)
1 )2 (253)

d
= (−1)n

(0)
2 n

(i)
1 n

(j)
1 n

(k)
1 +(n

(i)
1 )2(n

(j)
1 )2n

(k)
1 (254)

= e
2πi

Nijk/2

Nijk
n
(0)
2 n

(i)
1 n

(j)
1 n

(k)
1 +2πi

NiNjNk/8

Nk
n
(i)
2 n

(j)
2 n

(k)
1 . (255)

The cohomology group H5(Gb, U(1)) has subgroups Zgcd(m,Nijk) generated by e
2πi 1

Nijk
n
(0)
2 n

(i)
1 n

(j)
1 n

(k)
1 and ZNijk gen-

erated by e
2πi 1

Nk
n
(i)
2 n

(j)
2 n

(k)
1 . So O5[n3] is a trivial cocycle iff Nijk/2 ∈ gcd(m,Nijk)Z and NiNjNk/8 ∈ NijkZ. Using

the fact 2 ≤ Ni ≤ Nj ≤ Nk, these conditions are equivalent to m < Ni and NjNk/8 ∈ Z. As m ≥ 2, they can be

further simplified to m < Ni only. In summary, n3
2
= n

(i)
1 n

(j)
1 n

(k)
1 (1 ≤ i < j < k ≤ K) is obstruction-free iff m < Ni.

3. Summary

We note that all the obstruction functions are different for the above obstructed generating n3’s. So the summation
of several generators is obstructed if one of the generator is obstructed. In summary, the trivialization-free and
obstruction-free classification data (n2 = 0, n3, ν4) belongs to the groups:

n3 ∈
∏

1≤i≤K

{
Z2, (m > Ni)

0, (m ≤ Ni)
×

∏
1≤i<j≤K

{
Z2, (Ni < Nj)

0, (Ni = Nj)
×

∏
1≤i<j<k≤K

{
Z2, (m < Nijk)

0, (m ≥ Nijk)
, (256)

ν4 ∈
∏

1≤i≤K

Zgcd(m,Ni)Zgcd(m,Ni)/2 ×
∏

1≤i<j≤K

Z2
NijZgcd(m,Nij) ×

{
Zgcd(m,Nij)/2, (m ≥ Nij)
Zgcd(m,Nij), (m < Nij)

×
∏

1≤i<j<k≤K

Z2
Nijk

Zgcd(m,Nijk) ×
∏

1≤i<j<k<l≤K

ZNijkl . (257)
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