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1 Supplementary table and figures

Supplementary Table 1: Average wall time within a loop. There are three major steps
in each loop: FEM calculation to obtain corresponding objective function values, DNN training,
and optimization which searches for the optimum based on DNN’s prediction. We give a very
rough estimate on our personal computer (CPU: Intel i7-8086K, GPU: NVidia RTX 2080 Super).
Italic numbers indicate GPU computing and the others are computed entirely on CPU. Actual
running time is sensitive to hardware environment, software packages, parameter setting and
so forth. Further, FEM calculation is approximately proportional to the number of additional
samples per loop; training time depends on existing training data obtained from previous loops;
optimization depends on the number of function evaluations. Similar to other SMBO methods,
our surrogate model introduces overhead computation. Although the overhead is comparable
with FEM calculation time, it is almost negligible considering the huge benefit of reducing FEM
calculations from 10° ~ 108 (see the table) to 10> ~ 10*. Besides, we chose relatively simple
problems and thus each calculation only cost < 0.5s for compliance problems and < 6s for fluid
problems; smaller portion of the overhead is expected for more complicated problems with higher
FEM computation time.

Problem Number of Wall time /s
additional samples | FEM Training Optimization (evaluations)
Compliance 5x5 100 40 35 70 (2 x 10°)
Compliance 11x11 1000 | 500 150 1000 (4 x 10°)
Fluid 20x8 (G) 10| 35 10 35 (1 x 10°)
Fluid 20x8 (R) 100 | 350 20 35 (1 x 10°)
Fluid 40x16 (G) 10| 60 25 140 (2 x 10%)
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Supplementary Fig. 1: Objective (energy) and prediction error of the compliance
minimization problem with 5x5 variables. a, Dimensionless energy as a function of nqs,.
For SOLO, the solid line denotes the best objective values and the squares denote E(p). b,
Energy prediction error of p.



a Nirain =100 E =0.439 b Nirain =200 E =0.343 C Nirain =300 FE =0.301

d Nirain =400 E =0.299 e Nirain =500 E =0.298 f Nirain =600 E =0.297

g Nirain =2000  E =0.296 h Nirain =6000 E =0.293 i Nirain =9000 E =0.293

Supplementary Fig. 2: Evolution of the solution from SOLO for the compliance
minimization problem with 5x5 variables. Each plot is the best among 7,4, accumulated
training data and the corresponding energy FE is marked. There is no obvious change after
hundreds of training samples.



a Nirain =1000  E =0.809 b Nirain =2000 E =0.424 C Nirain =4000  E =0.300

d Nirain =8000 E =0.233 e Nirain =15000 E =0.227  f Nirain =20000 E =0.227

g Nirain =40000 E =0.224  h Nirain =60000 E =0.223 i Nirain =80000 E =0.222

Supplementary Fig. 3: Evolution of the solution from SOLO for the compliance
minimization problem 11x11 variables. Each plot is the best among 7,4 accumulated
training data and the corresponding energy FE is marked. There is no obvious change after ten
thousand training samples.
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Supplementary Fig. 4: Evolution of the solution from SOLO-G for the fluid-structure
optimization problem with 20x8 mesh. Each plot is the best among n4,.4;, samples.
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Supplementary Fig. 5: Evolution of the solution from SOLO-G for the fluid-structure
optimization problem with 40x16 mesh. Each plot is the best among 7n;,4;, samples.
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Supplementary Fig. 6: Perturbation of the optimum from SOLO-G for the fluid-

structure optimization problem with 40x16 mesh. Intuitively the ramp should be smooth,

yet we observe two gaps in the optimum given by SOLO-G. We try filling the gaps. a, the

optimum from SOLO-G. b-i, one or two blocks (gray) are added to fill the gap, with higher P.
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2 Theory on convergence

In the main text, we presented a simplified version of convergence (Eq. (4)). In this section, we
give a detailed description of our theoretical result. We first present the main result (Theorem
1). Then, we introduce some preliminary definitions and knowledge used in the proof. At the
end, we approach the proof.

2.1 Formulation and theorem
The unknown object function is denoted as F(p), where p € RN We denote the domain of
{p]0<p;<1,1<i< N}as K. Wesuppose the global minimizer p* = argmin, F'(p).

We consider the total iteration number to be T'. At iteration ¢(1 <t < T'), the DNN is denoted
as fi(-) and we denote the empirical minimizer of this DNN function to be p{*), i.e.

p!¥ = argmin f,(p). (S1)

p

Besides, we denote our DNN as a D-layer neural network which is formulated as follows:

flp) = Wpo(Wp_io(...o(Wip))),
where W = {W, | W), € R¥%—1xd | =1 ... D~ 1, Wp € R¥-1} dy = N(number of input

dimentions) and o(v) = [max{vy,0}, ..., max{vg, 0}]" is the ReLU! activation function for v € R?
. We further denote d = max{d;} and the function class of such neural networks as #.

At time step ¢, given the empirical optimal point p*~, the additional m training points is
generated through the following process:

Pl =D L €0 G —mt —m+ 1, mt —m +2,--- ,mt.

Here ¢ denotes random noise for perturbation. Hence throught the iterating process, the
sampled points are random variables. Since p®*) is the minimizer of f; and f; is neural network
trained on random variables, we also view p(*) as random variables in our theoretical analysis. At
time step ¢, we denote all the realizations of random training data points set as K; = {p¥ | i =
1,--+ ,mt}.

Now before we proceed, we need to impose some mild assumptions on the problem.

Assumption 1. We suppose that

1) the spectral norm of the matrices in DNNs are uniformly bounded, i.e., there exists By, > 0
s.t. [Welly, < Bw,Vk=1,---,D.
2) the target function is bounded, i.e., there exists Bp > 0 s.t. ||F| < Bp.

1) of Assumption 1 is a commmonly studied assumption in existing generalization theory litera-
ture on deep neural networks®*. 2) of Assumption 1 assumes F is bounded, which is standard
and intuitive since F' has a physical meaning.



Assumption 2. We assume that for any iteration ¢, U9 (j, = mt —m +1,--- ,mt) are i.i.d.
(independent and identically distributed) perturbation noise

The assumption of the i.i.d. properties of noise in Assumption 2 is common in optimization
literature®®. The difference is that in traditional optimization literature noise refers to the
difference between the true gradient and the stochastic gradient while the noise here denotes
perturbations to generate new samples in each iteration. Note that our Assumption 2 only needs
the i.i.d. property of noise, which is weaker than the standard assumptions for stochastic gradient
methods which require unbiased property and bounded variance®®.

Assumption 3. We suppose that for any iteration ¢, {p)|t = 1--- T} are mutually independent.
Since our fitting DNN f;s are continuously changing throughout iterations, it is reasonable for
us to assume their empirical minimizers p® to be independent for the ease of analysis.

We denote the distribution of samples {pt")|j; = mt—m~+1, mt—m+2,--- ,mt}as D;(1 <t <T),

with which we can introduce the following definition.

Definition 1. For a measurable function f, we denote

_ Z?:l EPNth(p) (82)

EDI:Tf(p) T )

where [E denotes expectation.

Assumption 4. For any t and f; € Hy,
IE = fill% = C()Epuny (F = fi),

where C(t) is a monotonely decreasing function w.r.t. iteration number ¢.

Assumption 4 basically describes that the Chebyshev distance of our DNN at time ¢ and F' is
bounded by a constant number(w.r.t. ¢) times the average true loss of (F — f;)? till time ¢. This
assumption is reasonable in that the the average true loss can be seen as a variant of Euclidean
distance between our DNN at time ¢ and F'.

Eventually we arrive at our main result.

Theorem 1. Under Assumptions 1, 2, 3 and 4, given iteration number 7" and any ¢ > 0, for

any trained DNN fr € H; with empirical MSE training error € at iteration 7', we have that with

probability at least 1 — § over the joint distribution of p™M, p3 ... pmT),

96 B
vmT

3
=)
3
S~—
|
3
S
N
=
A

2log?2 8
\/d2D10g(1 +8BBE DVmTd) +12B* 824 ° 4o :
mT mT

40(T) (

where B = max{Br, BL}.



2.2 Preliminaries
Before showing the proof, we introduce some definitions and lemmas.
Lemma 1 (McDiarmid’s Inequality®). Let Xi,---,X,, € X™ be a set of m > 1 independent

random variables and assume that there exist ¢y, --- , ¢, > 0 such that f : XY™ — R satisfies the
following conditions:

|f(x17... s Lyt 7xm)_f(aj17... 7I;,"' 7an)| Scia

for all i € [m] and any points xy, -, T, 2 € X. Let f(S) denote f(X,---,X,,), then, for all
s > 0, the following inequality hold:

P{f(S) — E[f(S)] > s} < exp <Z_fsc2>’ (S3)
P{f(S) —E[f(S)] < —s} < exp (Z_,fiz) (S4)

where P denotes probability and E denotes expectation.

Definition 2 (Covering Number!?). Let (V,||-||) be a normed space, and ©® C V. Vector set
{Vi, € V[i = 1,--- ,N} is an e-covering of © if © C UY B(V;,¢) where B(V;,¢) denotes the
ball with center V; and radius ¢, equivalently, V8 € ©, 3i such that ||§ — V|| < e. The covering
number is defined as :

N (O, |||, €) :== min{n : Je-covering over O of size n}.
Definition 3 (Rademacher Complexity & Empirical Rademacher Complexity!®). Given a

sample S = {x1,29,--- ,2,} and a set of real-valued function H, the Empirical Rademacher
Complexity is defined as

E)A%n("H) R, (Hs) ——E supZaz ),

where sup denotes supremum and the expectation is over the Rademacher random variables
(01,09, -+ ,0,), which are i.i.d. (independent and identically distributed) with P(o; = 1) =
P(oy = —1) = 3. The Rademacher Complexity is defined as

1
R, (H) = EsR,(H|s) = —ESU supZa, (x;),
heH
which is the expectation of the Empirical Rademacher Complexity over sample S.
Lemma 2 (Dudley’s Entropy Integral Bound?). Given a sample S = {xy, 29, ,2,}, let H

be a real-valued function class taking values in [0, 7] for some constant r, and assume that zero
function 0 € H. Then we have

R, (H) < inf (40‘ 12 /M Viog N (M., )de).

a>0

10



where inf denotes infimum.

Lemma 3. (Covering number bound using volume ratio?) Let W = {W € R* : |[W||, <

A} be the set of matrices with bounded spectral norm and € be given. The covering number
N(W, ¢, ||l ») is upper bounded by

NV, e | lp) < <1 4 zmin{\/f’ \/B}A)a .

2.3 Proof

This subsection presents the complete proof of Theorem 1. We first introduce an auxilliary
lemma here.

Lemma 4. Under Assumptions 2 and 3, we have

1) the whole generated data points {p® | i = 1,2,--- ,mT} are mutually independent.
2) for any t, {p)|j; =mt —m +1,--- ,mt} are ii.d..

Lemma 4 is a straightforward result employing the assumptions.

Now we can approach the proof of Theorem 1.

Proof.

2 sup (FG™) — fr(0D) + frlp?) — F(p))?

freH;
(ii)
< s 2{[F(PT) — fr(3) + [fr(p") — F(p")]*}
TEH
<4 sup [|F — frl?,
freHy
(1) AC(T) sup ZthleDt(F(P) - fT(p))2. (S5)

freH; T

Here (i) comes from Eq. (S1), (ii) uses the fact that for any real number z and y, we have
(z +y)? < 2(z% + y?). (iii) arises from Assumption 4.

We further denote

®(Kr) = sup [Epy (F = o)} = Bier (F = o)?]. (S6)
TEHf

where I/FEKT(F —fr)? == ng(F(p(’)) — fr(p™)) corresponds to the empirical MSE loss when
training our neural network.

11



Suppose K’ and K1 are two samples only different in the k-th point, namely K7 = {p®, ..., p®*) .. pm1)}
and K5 = {pW®, .. p®7" _ pmM" we have

®(KT) — D(Kr)| < sup [Eey (F — fr)* — By (F — fr)’|

fTer
o [ F) = Fro) (M) — Fr(p1)?
= sup _

fTEHf mT mT

882
a mT

then by Mcdiarmid’s Inequality (Eq.(S3) in Lemma 1), we get
—25?

leen any d > 0, by setting the right handside of (S7) to be , we have with probability at least
198

B(Kyp) < Exe, d(Ky) + 45| 21285 (S8
(Kr) < Eg, (K7 T )
Notice that
Er, ®(K7) = Ex;r { sup [EDLT(F — fr)? = Eg, (F - fT)Q] }
freHy
= Eg, { sup Eger [Erer (F — fr)? — B, (F — fT)Z]} : (59)
freHy

Here the second equality in Eq. (S9) is because:
s, [Exy (F — fr)?] =— ZE;« — fr(p)]?

1 ; ; <l ; j
T {; Eyonp,[F(07) = fr(0P 4+ D Byoup,[F(p™) = fr(p) + -

i=m-+1

. Ep<i)NDT[F<p<Z‘>>—fT<p<”>P}

i=mT—-T+1

(H)mlT[ Ep, (F — fr)* + mEp,(F — fr)*> + -+ + mEp,(F — fr)’]
:EDlzT(F_fT) :

Here (i) results from 1) of Lemma 4 and (ii) comes from 2) of Lemma 4.

12



Further we have

Ex, { sup Eg; [Exy (F — fr)? — Egep(F — fT)z}}
freHy

@) ~ ~
<Ex,x; sup [Exp (F = fr)? —Eg (F — fr)?]

fTEHf
mT
1 . . . .
—F . sup —— F p(l)/ —f p(l)' 2_(F p(z) —f p(Z) 2
oy s o 2P = Frlp) = (F(0) = frlo )Y
(i) 1 mT
= Eo x5 fsgg T Z%‘[(F(p(’)’) _ fT(P(z)/))Q _ (F(p(z)) — fT(p(Z)))2]
T=tf i=1
DB, sup o ST EG) — N + B s S (P — fr (0
— ) TfTGHfm i ’ TfTGHfm i1
mT
_ 1 0 ()2
= 2Borp sup —= > [0i(F(p™) = fr(p™))7; (S10)
fredy mI =

where o; are Rademacher variables (Definition 3), which are uniformly distributed independent
random variables taking values in {—1,+1}. Here (i) and (iii) hold due to the sub-additivity of
the supremum function (considering the convexity of supremum function, by Jensen’s Inequality,
we have for any function f, sup [ f(x) < [ sup f(z) holds). (ii) combines the definition of
Rademacher variable o; and the fact that the expectation is taken over both Kr and K.

For notational simplity, given any function fr € H;, we define the non-negative loss function
M(fr):p— (fr(p) — F(p))* and its function class Hy = {M(fr) : fr € Hs}.

Then combining (S9) and (S10) we obtain
B, ®(K7) < 2R (Har), (S11)

where Ry (Har) = Borep SUDpen, 7 S o (F(pD) = fr(p™))? is the Rademacher Complexity
(Definition 3) of H ;.

Now, we define the Empirical Rademacher Complexity of Hj; as

mT
. 1 . .
=B, sup —— 3 oi(F(p?) — fr(p))2
Recr (Har) figgf T 2 ai(F(p") — fr(p'"))

Again, suppose K’. and Kp are two samples only different in the k-th point, namely Kr =

13



{pW . p® L pt T and K7 = {pWM), ..., p®) . ptmD)Y | we have

Ry (Har) — R, (Foar)|

mT mT
1

1

_ L ST o (F D) — il )2 — IR o SR PR )Y
= B sup o X;OZ(F(p ) — fr(p™)) EafjtelgfmTE;m(F(p ) — fr(p'")?
< |FO = o) (F G — ()

frety mT mT

_ 8B
_mT

thel’l by MCdiaI‘mid’S Inequah‘y (Eq(s4) iIl Lemma 1), we get
I[ stl{T i[M ml M — — 882 .

Given any d > 0, by setting the right handside of Eq.(S12) to be , we have with probability at
least 1 — $

~ , [2log %
Ry (Har) < Ri,(Hu) +4B : (S13)
mT
Now combining (S8), (S11) and (S13), we get with probability at least 1 — ¢,
~ , |2log %
O(Kr) < 2R, (Har) + 1287\ [ — 52, (514)

here we use the fact that (S8) and (S13) hold with probability 1 — 2 respectively and that
(1-2)2>1-6.

It is straightforward that || M (fr)]|,, < 4B?, then Dudley’s Entropy (Lemma 2) gives us

R dov 12 4B%2V/mT
Fon (o) € bl [ flogN (e, [ )de

vmT mT [,
4oy 48 B?
< + log N'(Has, . 1]), S15

:vher(z N denotes the covering number. We pick a = \/%7, and combine (S5), (S14) and (S15)
o0 ge

sup (F(p) — F(p"))”

fTEHf
96 B2 1 2log?2 8
< 4C(T)(W logN(HM,W I]l.) + 128 mT5 +— + Eg, (F — fT)2>. (S16)

14



Next we need to compute the covering number N (H,y, \/%—T, -1l o0)-

Consider fr(p) = Who(Wp_10(...0c(Wip))) and fr(p) = W a(W},_,o(...0c(W/p))) with different
sets of weight matrices, we first notice that

IM(fr) — M(f7)]l = sp [(fr(p) = F(p))* = (f1(p) — F(p))?|
= sup [(fr(p) + fr(p) = 2F(p))(fr(p) — f1(p))]

<A4B||fr = frll

Next we get the bound based on weight matrices. Specifically, given two different sets of matrices
Wy,--- ,Wp and W{,--- W}, we have

Ifr = frlloo
< [Wo (W 1ooWip).
SHWDTU(WDAU(--~ (Wip)..
+ || WhH)To(Wp_i0(...0(
<[Wp = Wpli;lle(Wp-10
+ Wil le(Wp-10(...o

J) =W ) o(Wp_yo(...a(Wip).. ”2
) — (Wp)To(Wp_io(. Wlp ||2
Wip)...)) — (Wh)" <WD 0. O
a(Wip). ),

(-
(Wip)...)) —a(Wp_yo(. D, -

Note that we have
()
lo(Wp-10(.o(Wip)lly < [Wo10 (oo (Wip)...)l,
(ii) - (iii) -
< [Wopilly lo(..oWap)..)lly < Bl lpll, < By,

where (i) comes from the definition of the ReLU activation, (ii) comes from ||[W;||, < By and
recursion, and (iii) comes from the boundedness of p. Accordingly, we have

M (fr) = M(fp)llo < 4B | fr(p) — f7(p)|l s
<AB(By  [Wp = Wplly, + [[Whlly |e(Wp10(...)) = a(Wp_ia(-.))||,)
(i)
<AB(By ' [Wp — Wplly + Bw [[Wp10(...) = Wp_1a(...)|,)
(ii) D
<ABBRTYY Wi = W, (S17)
=1

where (i) comes from the fact that VA;, Ay € R ||o(A1) — o(As)|l, < [[A1 — Asl|,, and (ii)
comes from the recursion. We then derive the covering number of H,; by the Cartesian product

15



of the matrix covering of Wy, ..., Wp:

N#ue | ) < [V ( “ 155D ”2)

=

.
[y

G D
< -
(ii) 8BBE.D
£ ( f) (s18)
Here (i) utilizes the fact that if Vi =1,2,--- | D, matrix set
€
Vi =12, N (W, ———,]
{ iy = Hz)}
is a m—covering of set {W;|||W;||, < Bw}, then by (S17) we have function set
. € :
{VD,JD (Vp-1,jp0(.o(Vigp))) |1 < Ji < N( " IBBDD -l ) V1<i< D}

is an e—covering of H ;. (ii) comes from the fact that for any matrix W we have |[W||, < [|W |,
and (iii) employs Lemma 3. Plugging (S18) into (S16), we get

sup (F(p™) — F(p"))*

freHy
< 40(T) (%\/&Dbg(l +8BDBERNmTd) + 12B* % + % + B, (F — fT)Z).
(519)
Since we consider the empirical MSE training loss to be less than e, i.e.,
B, (F — fr)* <e (520)
so by plugging (S20) into (S19), we get the desired result. O
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