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S1 Derivation of the invariant kernel

By using that

z(c, A,B, x1, x2) = z̃(c, A,B, x1, x2) + z̃(c,B,A, x2, x1), (1)

z̃(c, A,B, x1, x2) ∼ GP (0, κc(c, c
′)κd((A,B), (A′, B′))κx((x1, x2), (x′1, x

′
2))) ,

and that Cov [X,Y ] = E [XY ]− E [X]E [Y ] we have

Cov [z(c, A,B, x1, x2), z(c′, A′, B′, x′1, x
′
2)] = E [z(c, A,B, x1, x2)z(c′, A′, B′, x′1, x

′
2)] ,

since the GP has mean zero. Hence, by substituting in the sum formulation of z(c, A,B, x1, x2), and defining
the shorthands x := (x1, x2) and x̃ := (x2, x1) we obtain

E [(z̃(c, A,B,x) + z̃(c,B,A, x̃)) (z̃(c′, A′, B′,x′) + z̃(c′, B′, A′, x̃′))]

=E [z̃(c, A,B,x)z̃(c′, A′, B′,x′)] + E [z̃(c, A,B,x)z̃(c′, B′, A′, x̃′)]

+E [z̃(c,B,A, x̃)z̃(c′, A′, B′,x′)] + E [z̃(c,B,A, x̃)z̃(c′, B′, A′, x̃′)]

=Cov [z̃(c, A,B,x), z̃(c′, A′, B′,x′)] + Cov [z̃(c, A,B,x), z̃(c′, B′, A′, x̃′)]

+Cov [z̃(c,B,A, x̃), z̃(c′, A′, B′,x′)] + Cov [z̃(c,B,A, x̃), z̃(c′, B′, A′, x̃′)]

=κc(c, c
′) [κd((A,B), (A′, B′))κx(x,x′) + κd((B,A), (B′, A′))κx(x̃, x̃′) +

κd((A,B), (B′, A′))κx(x, x̃′) + κd((B,A), (A′, B′))κx(x̃,x′)] .

Furthermore, kx(x,x′) = kx(x̃, x̃′) and kx(x, x̃′) = kx(x̃,x′) due to the symmetric properties of the kernel
function and since reflection is a linear operator. Thus we can further simplify the kernel to

κc(c, c
′) [(κd((A,B), (A′, B′)) + κd((B,A), (B′, A′)))κx(x,x′) +

(κd((A,B), (B′, A′)) + κd((B,A), (A′, B′)))κx(x̃,x′)] .

If this kernel was further simplified, e.g. by insisting also that the covariance of the drug pairs could be
reflected such that the covariance of the pairs (A,B) and (B,A) were identical, the kernel would take the
form:

2κc(c, c
′)κd((A,B), (A′, B′)) [κx(x,x′) + κx(x̃,x′)] , (2)

and would enforce the restriction

z(c, A,B,x) = z(c, A,B, x̃).

That is, all dose-response surfaces would be forced to be symmmetric around the 45◦line. When constructing
the drug combination kernel, care must be taken to ensure that the two pairs (A,B) and (B,A) are considered
different entities, otherwise the kernel collapses to (2)
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S2 Proof of Proposition 1

In this section we prove Proposition 1 from the main paper. The proof hinges on some properties of matrices
that can be written in a specific way, namely as

S = (A+QAQ) + (QA+AQ), (3)

where Q is a symmetric permutation matrix and A a positive semi-definite (PSD) matrix. The following
lemma will be of use in the proof

Lemma 1. Define M1 = (A + QAQ), M2 = (QA + AQ) and S = M1 + M2, where Q is a symmetric
permutation matrix and A a positive semi-definite matrix. Then the following properties hold

i. M1 = QM2 = M2Q, M2 = QM1 = M1Q and QS = SQ.

ii. S, M1 and M2 have the same eigenvectors. Moreover, if v is an eigenvector with eigenvalue λ1 for M1

and λ2 for M2, it will have eigenvalue λ1 + λ2 for S.

iii. If v is an eigenvector with non-zero eigenvalues λ1 for M1 and λ2 for M2 then

λ1 = λ2 ⇐⇒ v = Qv.

iv. If v is an eigenvector with eigenvalue λ for S, and eigenvalues λ1 for M1 and λ2 for M2, then either:

• λ = 0, in which case λ1 = −λ2; or

• λ 6= 0, in which case λ1 = λ2.

v. S is PSD. Furthermore, let σ(S)+ denote the set of all positive eigenvalues of S, then

σ(S)+ = σ(2M2)+. (4)

Proof.

i) Trivial using properties of symmetric permutation matrices, Q = Q−1 = QT .

ii) Since both M1 and M2 are symmetric, they are diagonalizable, i.e. M1 = V1D1V
T
1 and M2 = V2D2V

T
2 ,

where Vi is the matrix whose columns are eigenvectors for Mi and Di is a diagonal matrix containing
the corresponding eigenvalues. Furthermore, it is easy to check that the matrices M1 and M2 commute,
i.e. M1M2 = M2M1 and hence they are simultaneously diagonalizable [1, Theorem 1.3.12]:

S = V (D1 +D2)V T ,

where V = V1 = V2. The result now follows.

iii) ”⇒”: Suppose λ1 = λ2 = λ and that λ 6= 0, then λv = M1v = M2v = QM1v = λQv, since M2 = QM1.
Dividing through by λ gives v = Qv.
”⇐”: Suppose v = Qv. Then λ1v = M1v = M2Qv = M2v = λ2v, and hence λ1 = λ2, noting that v 6= 0
since it is an eigenvector.

iv) Suppose λ = 0. Then by (ii) we have λ1 + λ2 = 0, and hence λ1 = −λ2 directly.

Suppose λ 6= 0. Since v is the corresponding eigenvector, Sv = λv and hence QSv = λQv. Using that
QS = SQ we obtain SQv = λQv, hence either Qv = 0 (ruled out since v is an eigenvector) or Qv
is an eigenvector of S with eigenvalue λ. Now, since both SQv = λQv and Sv = λv, we can write
S(Qv − v) = λ(Qv − v). Thus (M1 +M2)(Qv − v) = λ(Qv − v), and

λ(Qv − v) = (M1 +M2)(Qv − v)

= M1Qv −M1v +M2Qv −M2v

= M2v −M1v +M1v −M2v

= 0.

Since λ 6= 0 by assumption, this implies that Qv − v = 0. Now since M1 and M2 have the same null
space (since M1 = QM2), both λ1 and λ2 have to be non-zero, and hence by (iii) λ1 = λ2.
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v) Since S and M2 have common eigenvectors according to (ii), it suffices to show for any eigenvector v
how each corresponding eigenvalue of M2 is related to the corresponding eigenvalue of S. Let v denote
an eigenvector, with eigenvalue λ for S, λ1 for M1 and λ2 for M2. There are three cases to consider.

First, suppose that λ2 = 0 Then, since M2 and M1 have the same null space (since M1 = QM2), λ1 = 0
and from (ii) also λ = 0.

Next, suppose λ2 > 0. Then from (ii) and using that M1 is PSD, λ > 0. Now from (iv) λ1 = λ2 and
thus from (ii) λ = 2λ2

Finally, suppose λ2 < 0. If we now assume that λ 6= 0, then from (iv) we have λ2 = λ1 < 0, contrary to
M1 being PSD. Thus λ = 0.

Thus for any eigenvector v of S, the corresponding eigenvalue is either zero or 2λ2 if λ2 is positive, this
S is PSD and the result follows.

Proposition 1. Let Kc, Kd and Kx denote positive semi-definite matrices, while P and P̃ denote symmetric
permutation matrices. Furthermore, let σ(A)+ denote the collection of positive eigenvalues of the matrix A.
Then, the matrix

K = Kc ⊗
[
(Kd + PKdP )⊗Kx + (PKd +KdP )⊗ P̃Kx

]
,

is positive semi-definite (PSD) and

σ(K)+ = 2σ(Kc ⊗ (PKd +KdP )⊗ P̃Kx)+

Proof. First note that since the eigenvalues of a Kronecker product A ⊗ B is simply the product of all
eigenvalues of A by all eigenvalues of B, it suffices to prove that the eigenvalues of

S = (Kd + PKdP )⊗Kx + (PKd +KdP )⊗ P̃Kx (5)

are exactly the positive eigenvalues of (PKd +KdP )⊗ P̃Kx. Now, the proposition can be proved by simply
showing that S can be written such that Lemma 1 applies.

By using the mixed-product property of Kronecker products, (A⊗B)(C ⊗D) = (AC)⊗ (BD), and the
identities Kx = P̃KxP̃ and P̃Kx = KxP̃ (since κx(x̃,x′) is symmetric) we can rewrite

S = (Kd + PKdP )⊗Kx + (PKd +KdP )⊗ P̃Kx = (C +QCQ) + (QC + CQ), (6)

where Q = (P ⊗ P̃ ) is a symmetric permutation matrix and C = (Kd⊗Kx) is a positive semi-definite matrix.
Hence the result follows from Lemma 1(v).

S3 Full model description for single experiment dose-response

In this section, we provide the full model description used to fit each individual experiment to the dose-
response model in section 2.1. The model is provided solely for reference, and we refer to the original paper
[2] for an extensive discussion of the model.

The bayesynergy model takes as takes as input cell viability measurements y = (y1, . . . , yn), measured at
a corresponding set of drug concentrations X = (x1, . . . ,xn). Typically, drug combination experiments are
performed on a grid of concentrations, and we could assume that X = X1 ×X2, where X1 = (x1, . . . , xn1

)
denote the n1 concentrations of drug 1 and X2 = (x2, . . . , xn2

) the n2 concentrations of drug 2. The
experiment may also include technical replicates, where cell viability have been measured multiple times
at each drug concentration. We can assume that the dataset contains nrep technical replicates, and thus
the measured viabilities can be denoted by yijr where i = 1, . . . , n1, j = 1, . . . , n2 and r = 1, . . . , nrep. A
heteroskedastic noise model is assumed, that depends on the value of the dose-response function f at the
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corresponding concentration, and the GP prior is given a Matérn-3/2 covariance function. The complete
model description is as follows

yijr ∼ N
(
f(xij), σ

2(f(xij) + λ)
)
, xij = (x1i, x2j)

i = 1, . . . , n1, j = 1, . . . , n2, r = 1, . . . , nrep,

σ ∼ Inv-Gamma (5, 1) , λ = 0.005.

f(xij) = p0(xij) + ∆(xij)I(10xij > 0)

p0(xij) = h1(x1i|l1, s1,m1) h2(x2j |l2, s2,m2).

hk(xki) = lk +
1− lk

1 + 10sk(xki−mk,)
k = 1, 2

lk ∼ Beta(1, 1.25), sk ∼ Gamma(1, 1)

mk ∼ N (θk, σ
2
mk

), k = 1, 2

θk ∼ N (0, 1), σ2
mk
∼ Inv-Gamma (3, 2) , k = 1, 2

∆(xij) = g(z(xij)), z(xij) ∼ GP(0, κ(xij ,xi′j′))

g(z(xij)) =
−p0(xij)

1 + exp
{
b1z(xij) + log

[
p0(xij)

1−p0(xij)

]}
+

1− p0(xij)

1 + exp
{
−b2z(xij)− log

[
p0(xij)

1−p0(xij)

]}
κ(xij ,xi′j′) = σ2

f

(
1 +

√
3‖xij − xi′j′‖

`

)
exp

{
−
√

3‖xij − xi′j′‖
`

}
,

σ2
f ∼ log-N (1, 1), ` ∼ Inv-Gamma(5, 5)

b1 ∼ N (1, 0.12), b2 ∼ N (1, 0.12).

(7)

Note that the implementation of this model in the bayesynergy R package does not need a complete grid
of observations, nor a complete set of replications. It takes as input a set of cell viability measurements y
and the corresponding drug concentrations X and provides samples from the posterior distribution of the
model at each drug concentration x in X.

We use this approach to fit each dose-response experiment, and draw samples from the posterior distri-
bution of the latent GP z(x), and the dose-response function f(x), at drug concentration x. If samples are
needed at a location x∗ not observed in the original dataset, z(x∗) and f(x∗) are sampled from the posterior
predictive distribution. From these samples, we compute posterior means and variances, which are used to
construct the matrices Z, S for the latent GP, and F and SF for the dose-response function.

Additionally, we use a simplified version of this model to estimate the individual monotherapies for each
drug on every cell line. These are used to construct the estimate p̂0∗ in equation (30) of the main text. Given
a monotherapy dataset of cell viabilities y = (y1, . . . , yn) measured at concentrations X = (x1, . . . , xn), we
estimate the following model

yir ∼ N
(
h(xi), σ

2(h(xi) + λ)
)
,

i = 1, . . . , n, r = 1, . . . , nrep,

σ ∼ Inv-Gamma (5, 1) , λ = 0.005.

h(xi) = l +
1− l

1 + 10s(xi−m,)

l ∼ Beta(1, 1.25), s ∼ Gamma(1, 1)

m ∼ N (θk, σ
2
mk

),

θ ∼ N (0, 1), σ2
m ∼ Inv-Gamma (3, 2) ,

(8)

for each drug combination on every cell line. For any two drugs on any cell line, we can then compute a
sample from the predictive posterior distribution of p0(x∗) by first sampling the individual monotherapy
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evaluations h1(x1∗) and h2(x2∗) from their individual posterior predictive distributions and constructing
p0(x∗) = h1(x1∗)h2(x2∗). The estimate p̂0∗ can then be computed by averaging across all samples.
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