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1 Computation of a rotation matrix R for a particular segment
of a root system

For a segment Ri of the root system R, let v be the direction vector for Ri. A rotation
matrix Ri ∈ R3×3 can be computed, which by left multiplication rotates the vector e3 = (0, 0, 1)>

into the direction of Ri. We compute Ri for a given Ri using the formula of Rodrigues (1840)
as follows:

1. Normalised direction vector of the segment: v̂ = v
‖v‖ .

2. Normalised cross product of the segment: y = e3×v̂
‖e3×v̂‖ .

3. Angle between e3 and v̂ around the axis y: γ = cos−1 (e3 · v̂) ∈ [0, π].

4. Cross product matrix of y:

Y =

 0 −y3 y2

y3 0 −y1

−y2 y1 0

 .

5. Rotation matrix:

Ri =



I if v̂ = e3,

1 0 0

0 1 0

0 0 −1

 if v̂ = −e3,

I + sin(γ)Y + (1− cos(γ))Y 2 otherwise.

(1.1)
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2 Numerical method for simulations of empirical and PF models

The PF model is formulated as

∂t
(
η(x)θ(h)

)
−∇ ·

(
η(x)

(
η(x)I +H(ca;x)

)
Ksκ(h)∇(h+ x3)

)
= 0 in Ω× (0, T ]. (2.1)

with boundary and initial conditions

j · n = qin x ∈ Γ1, t ∈ (0, T ] ,

j · n = 0 x ∈ Γ2, t ∈ (0, T ] ,

h = 0 x ∈ Γ3, t ∈ (0, T ] ,

h (x, 0) = h0(x) x ∈ Ω,

(2.2)

where j = −η(x)
(
η(x)I +H(ca;x)

)
Ksκ(h)∇(h+ x3) and

θ (h) = θr +
θs − θr

(1 + |αh|n)m
, (2.3)

κ(h) =

(
θ (h)− θr
θs − θr

)l [
1−

(
1−

(
θ (h)− θr
θs − θr

) 1
m

)m]2

. (2.4)

The constant T > 0 is the final time being considered and Ω ⊂ R3 is the Lipschitz domain of
soil. See the main text for definitions of all other functions and constants included in (2.1)-(2.4).
To discretise in time, N ∈ N is set as the number of time steps and the step size is τ = T/N .
Then for n ∈ 1, ..., N with tn = τn and hn = h(·, tn), the time derivative is approximated using
the backward Euler method

∂tθ(h
n) ≈ θ(hn)− θ(hn−1)

τ
.

Applying the L-scheme, which exploits the Lipschitz continuity of θ, we write θ(hn) in the
following form

θ(hn,j) = θ(hn,j−1) + L(hn,j − hn,j−1) for j = 1, . . . J,

where J is the total number of iterations, hn,0 = hn−1, and L ≥ Lθ = suph≤0 |θ′(h)| (List and
Radu, 2016). The time discretised and linearised variational form of (2.1), (2.2) then reads as
follows: for n ∈ {1, ..., N} and j ∈ {1, ...J} find hn,j ∈W 1,2

Γ3
(Ω) such that〈

η(x)Lhn,j , φ
〉

+ τ
〈
η(x)[H(ca;x) + η(x)]Ksκε(h

n,j−1)
(
∇hn,j + e3

)
,∇φ

〉
=
〈
η(x)θ

(
hn−1

)
, φ
〉
−
〈
η(x)θ(hn,j−1), φ

〉
+
〈
η(x)Lhn,j−1, φ

〉
− τ 〈η(x) gin, φ〉Γ1

,
(2.5)

for all φ ∈W 1,2
Γ3

(Ω). Here we use the notation 〈φ1, φ2〉 =
∫

Ω φ1φ2dx and 〈φ1, φ2〉Γ1 =
∫

Γ1
φ1φ2dγx,

along with W 1,2
Γ3

(Ω) =
{
φ ∈ L2 (Ω) | ∂xiφ ∈ L2(Ω), for i = 1, 2, 3, φ = 0 on Γ3

}
, where L2(Ω) is

the space of all square integrable functions on Ω. The discretisation in space is achieved by
projecting (2.5) onto a first-order continuous Galerkin finite element space Vh. The space Vh is
defined by the decomposition of Ω into a finite family of disjoint simplexes {Ti}Nh

i=1 so that Vh ={
φ ∈W 1,2

Γ3
(Ω)|φ|Ti ∈ P(Ti), for i = 1, ..., Nh

}
, where P (Ti) is the space of first-order polynomi-

als on Ti, see e.g. (Thomée, 2006) for more details on continuous Galerkin finite element discreti-
sations. This numerical scheme was implemented in Python 3 using the FEniCS library (Alnæs
et al., 2015).
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In (2.5) we use a regularisation κε of (2.4) to satisfy conditions on θ and κ which ensure the
convergence of the numerical method used here (List and Radu, 2016). These conditions are as
follows:

(A1) The retention function θ(·) is non-decreasing and Lipschitz continuous.

(A2) The function κ(·) is Lipschitz continuous and there exist κmin and κmax such that 0 <
κmin ≤ κ(h) ≤ κmax <∞, ∀h ∈ R.

For proof that θ(·) from (2.3) satisfies (A1) see Section 3. The exact formulation of the regular-
isation κε(h) and verification of (A2) can be found in Section 4. In addition to these conditions,
there exists η0 > 0 such that 0 < η0 ≤ η(x) ≤ 1 for x ∈ Ω. Furthermore, for any root system R
and axial facilitation constant ca ≥ 1, the flow-anisotropy matrix H(ca;x) in (2.1) is symmetric
and uniformly positive definite, see Section 5 for the proof.

3 Lipschitz continuous nondecreasing retention function (A1)

From (2.3) it can be seen that

∣∣θ′ (h)
∣∣ =

(θs − θr)αmn |αh|n−1

(1 + |αh|n)m+1 =
(θs − θr)αmn |αh|n−1

(1 + |αh|n)2− 1
n

∀h ∈ R.

With the exact values for θr, θs, α and n stated in the parametrisation and calibration section
of the main text, it can be seen that 0 < (θs − θr)αmn < 1 and 2− 1

n > 1. It then follows that

∣∣θ′ (h)
∣∣ ≤ |αh|n−1

1 + |αh|n
≤ 1 ∀h ∈ R.

In order to show that the retention function is nondecreasing, the domain of θ is first restricted
to the physical situation upon which this paper focuses, namely an unsaturated soil. This
translates as nonpositive pressure head h ≤ 0 and it can then be seen from (2.3) that

θ′ (h) =
(θs − θr)αmn (−αh)n−1

(1 + (−αh)n)m+1 ≥ 0 ∀h ≤ 0.

4 Condition (A2) for the regularised κε

The function κ given in (2.4), is bounded above by 1 but it is not Lipschitz continuous in h nor
is it bounded below by a value greater than 0. In order to rectify this, a regularisation of κ was
constructed and denoted by κε, where 0 < ε < (θs − θr). The first step in this regularisation is
to define θε as follows:

θε (h) = θr +
θs − (θr + ε)

(1 + |αh|n)m
+
ε

2
∀h ≤ 0. (4.1)

It can be seen that θε is non-decreasing for h ≤ 0 and retains the Lipschitz continuity of θ.
However, unlike θ, θε exhibits the following limiting behaviour in h ≤ 0:

θε(h)→ θs −
ε

2
as h→ 0, θε(h)→ θr +

ε

2
as |h| → ∞.

Then κε is defined as

κε(h) =
(θε(h)− θr

θs − θr

)l[
1−

(
1−

(θε(h)− θr
θs − θr

) 1
m
)m]2

. (4.2)
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To show Lipschitz continuity of κε it can first be seen that |κ′ε (h)| = |ω1(h) + ω2(h)| for h ∈
(−∞, 0], where:

ω1(h) = l
(θε(h)− θr

θs − θr

)l−1[
1−

(
1−

(θε(h)− θr
θs − θr

) 1
m
)m]2

θ′ε(h),

ω2(h) = ω2a(h)ω2b(h)ω2c(h)ω2d(h)θ′ε (h) ,

ω2a(h) = 2
(θε(h)− θr

θs − θr

)l
, ω2b(h) = 1−

(
1−

(θε (h)− θr
θs − θr

) 1
m
)m

,

ω2c(h) =
(

1−
(θε(h)− θr

θs − θr

) 1
m
)m−1

, ω2d(h) =
(θε(h)− θr

θs − θr

) 1
m
−1
.

Direct calculations imply that for all h ∈ (−∞, 0]:∣∣∣l(θε(h)− θr
θs − θr

)l−1∣∣∣ ≤ l( ε

2(θs − θr)

)l−1
,∣∣∣1− (1−

(θε(h)− θr
θs − θr

) 1
m
)m∣∣∣ ≤ ∣∣∣1− (1−

(
1− ε

2(θs − θr)

) 1
m
)m∣∣∣,

|ω2a(h)| ≤ 2
(

1− ε

2(θs − θr)

)l
, |ω2b(h)| ≤ 1−

(
1−

(
1− ε

2(θs − θr)

) 1
m
)m

,

|ω2c(h)| ≤
(

1−
(

1− ε

2(θs − θr)

) 1
m
)m−1

, |ω2d(h)| ≤
(

1− ε

2(θs − θr)

) 1
m
−1
.

Combining the results above with the boundedness of θ′ε shows that ∃Lκε > 0 such that |κ′ε(h)| ≤
Lκε for all h ≤ 0, thus showing the Lipschitz continuity of κε for h ≤ 0.
Due to the limiting behaviour of θε, it is the case that for all h ∈ (−∞, 0],

κε(h) ≤ κmax =
(

1− ε

2(θs − θr)

)l[
1−

(
1−

(
1− ε

2(θs − θr)

) 1
m
)m]2

,

κε(h) ≥ κmin =
( ε

2(θs − θr)

)l[
1−

(
1−

( ε

2(θs − θr)

) 1
m
)m]2

.

5 Properties of the flow-anisotropy matrix H

Proposition 5.1. For any axial facilitation constant ca ≥ 1, the flow-anisotropy matrix H(ca;x)
of any root system R is uniformly positive-definite i.e, there exists λ > 0 such that

ζ>H(ca;x)ζ ≥ λ |ζ|2 (5.1)

for all x ∈ Ω and all ζ ∈ R3.

Proof. The flow-anisotropy matrix has the form H(ca;x) =
NR∑
i=1

Hi(ca;x) where, for each seg-

ment Ri in the underlying root system, the associated matrix is Hi(ca;x) = ψi(x)RiAi(1, ca)R
−1
i .

Given a segment Ri, let ϑi ∈ [0, 2π) be the anti-clockwise angle of the segment from the pos-
itive x1 axis and ϕi ∈ [0, π] be the angle of Ri from the positive x3 axis. In this work it is
assumed that ϕi ∈

[
π
2 , π

]
for each segment in the root system. This means that in proving (5.1)

for Hi(ca;x), it is only necessary to consider case 1: ϕi ∈
[
π
2 , π

)
and case 2: ϕi = π.

Case 1, ϕi ∈
[
π
2 , π

)
: Completing the steps detailed in (1.1) yields the rotation matrix,

Ri =

 1− (1− cos(ϕi)) cos2(ϑi) −(1− cos(ϕi)) sin(ϑi) cos(ϑi) sin(ϕi) cos(ϑi)
−(1− cos(ϕi)) sin(ϑi) cos(ϑi) 1− (1− cos(ϕi)) sin2(ϑi) sin(ϕi) sin(ϑi)

− sin(ϕi) cos(ϑi) − sin(ϕi) sin(ϑi) cos(ϕi)

 .
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Using R−1
i = R>i , the matrix Hi(ca;x) = ψi(x)RiAi(ca)R

−1
i can be computed. For all ζ ∈ R3 it

is then the case that

ζ>Hi(ca;x)ζ =ψi(x)

[
ca
(
1 + Si

)[
cos(ϑi) sin(ϕi)ζ1 + sin(ϑi) sin(ϕi)ζ2 + cos(ϕi)ζ3

]2

+
(

sin2(ϑi) + cos2(ϑi) cos2(ϕi)
)
ζ2

1 − 2 sin(ϑi) cos(ϑi) sin2(ϕi)ζ1ζ2

− 2 cos(ϑi) sin(ϕi) cos(ϕi)ζ1ζ3 +
(

cos2(ϑi) + sin2(ϑi) cos2(ϕi)
)
ζ2

2

− 2 sin(ϑi) sin(ϕi) cos(ϕi)ζ2ζ3 + sin2(ϕi)ζ
2
3

]
≥ψi(x)

[[
cos(ϑi) sin(ϕi)ζ1 + sin(ϑi) sin(ϕi)ζ2 + cos(ϕi)ζ3

]2

+
(

sin2(ϑi) + cos2(ϑi) cos2(ϕi)
)
ζ2

1 − 2 sin(ϑi) cos(ϑi) sin2(ϕi)ζ1ζ2

− 2 cos(ϑi) sin(ϕi) cos(ϕi)ζ1ζ3 +
(

cos2(ϑi) + sin2(ϑi) cos2(ϕi)
)
ζ2

2

− 2 sin(ϑi) sin(ϕi) cos(ϕi)ζ2ζ3 + sin2(ϕi)ζ
2
3

]
=ψi(x) |ζ|2 ≥ ψ∗i |ζ|

2 ∀x ∈ Ω,

where ψ∗i = min
x∈Ω

ψi(x) > 0.

Case 2, ϕi = π: In this scenario the flow-anisotropy matrix associated to the segment is

Hi(ca;x) = ψi(x)RiAi(ca)R
−1
i =

ψi(x) 0 0
0 ψi(x) 0

0 0 ψi(x)ca(1 + Si)

 ,

and as a result ζ>Hi(ca;x)ζ ≥ ψ∗i |ζ|
2 ∀x ∈ Ω and ∀ζ ∈ R3. For any root segment Ri the ma-

trix Hi is therefore uniformly positive-definite. Since the sum of uniformly positive-definite ma-
trices is also uniformly positive-definite, there must then exist λ > 0 such that ζ>H(ca;x)ζ ≥ λ |ζ|2
for all x ∈ Ω, ζ ∈ R3 and ψ∗i > 0 with i = 1, . . . , NR.

6 Optimisation

Bayesian optimisation is based on Bayes theorem (Williams, 1991) and uses two components to
search for the minimiser of a cost function v : Z → R, where Z ⊂ Rd is the parameter space with
dimension d > 0. The first component is the surrogate probability modelM which is used as the
prior distribution for the value of a cost function v(z) evaluated at a parameter value z ∈ Rd.
Given n observations of the value of the cost function, D = {(z1, v(z1)) ... (zn, v(zn))}, the
surrogate M is conditioned on D using Bayes theorem. The second component of Bayesian op-
timisation is the acquisition function Λ : Rd → R, which is defined by the choice of surrogateM
and depends upon the current contents of the observation set D. This function Λ proposes the
best location z′ ∈ Z at which to evaluate v, so as to most efficiently find its minimiser z∗. The
proposed next evaluation location for any choice of acquisition function Λ is the value z′ which
maximises Λ(z′) (Brochu et al., 2010). The full Bayesian optimisation routine of Nfevs function
calls is given by Algorithm 1.
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Algorithm 1: Bayesian optimisation (Dewancker et al., 2016)

Inputs : v, M, Λ, Nfevs

Output: z∗ optimal value

1 D ← {(z1, v(z1)) ... (zn, v(zn))} initial data;
2 for i← 1 to Nfevs do
3 M(v|D)←condition surrogate model;
4 z′ ← argmax

z∈Z
Λ(z) acquisition function proposal location;

5 v(z′) evaluate at proposed location;
6 D ← D ∪ (z′, v(z′)) update observation set;

7 z∗ ← argmin
z∈D

v(z)

There are a number of options for the choice of surrogate model M and acquisition func-
tion Λ (Brochu et al., 2010), but in this work we opted for the combination of a Gaussian
process GP surrogate model and an expected improvement acquisition function:

M(v) = GP (µ, k) , (6.1)

Λ(z) = E(w(z)|D) =
(
v(z†)− µv|D(z)

)
Fv|D(v(z†)) + Σv|D(z)fv|D(v(z†)), (6.2)

where z† ∈ D is the best minimiser of v that has been observed so far and

w(z) = max(0, v(z†)− v(z))

is the so-called improvement function. The functions Fv|D and fv|D are the cumulative and
probability density functions of the conditioned distribution M(v|D) respectively. By the defi-
nition of a Gaussian process, any finite vector of n observations vn = (v(z1), ..., v(zn))> follows
a multivariate normal distribution N (µn,Σn) with mean vector µn = (µ(z1), ..., µ(zn))> and
covariance matrix Σn ∈ Rn×n, where Σn,ij = k(zi, zj) for i, j = 1, . . . , n. For a given set of
cost function evaluations D = {(z1, v(z1)), ..., (zn, v(zn))}, the structure of the Gaussian process
allows the formulation of the conditioned surrogate model

M(v|D) = N
(
µv|D,Σv|D

)
,

where the components of this distribution are

µv|D(z) = µ(z) + kn(z)Σ−1
n (vn − µn) ,

Σv|D(z) = k(z, z)− kn(z)Σ−1
n kn(z)T ,

with kn(z) = (k(z, z1), ..., k(z, zn)).
The first component of the weighted sum in (6.2) corresponds to the exploitation of low mean
values and the second component incorporates the exploration of regions of the parameter space
with high uncertainty regarding the value of the cost function v. It is common to add a tuning
parameter ξ into the acquisition function so that

Λ(z) =
(
v(z†)− µv|D(z)− ξ

)
Fv|D(v(z†)) + Σv|Df|D(v(z†)),

and increasing values of ξ lead to increased exploration by the algorithm. In our work we
use ξ = 0.01, which is the common default value (Brochu et al., 2010). For the mean function
µ in (6.1) we follow the usual convention of µ(z) ≡ 0 and for the covariance kernel k we choose
the popular Matérn function with ν = 1/2, see (Rasmussen, 2003) for information on many of
the available alternatives
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