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1 Computation of a rotation matrix R for a particular segment
of a root system

For a segment $R; of the root system R, let v be the direction vector for R;. A rotation
matrix R; € R3*3 can be computed, which by left multiplication rotates the vector e = (0,0, 1)T
into the direction of ;. We compute R; for a given R; using the formula of Rodrigues (1840)
as follows:

v

1. Normalised direction vector of the segment: v = R

2. Normalised cross product of the segment: y = Hggigll'

3. Angle between e3 and v around the axis y: v = cos™! (e3 - ¥) € [0, 7).

4. Cross product matrix of y:

0 —ys w2
Y=y 0 -—-wun
-2 0
5. Rotation matrix:
( . ~
1 if v =eg,
1 0 0
Ri=<{]01 o0 if v = —es, (1.1)
00 —1
I +sin(y)Y + (1 —cos(y)) Y?  otherwise.
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2 Numerical method for simulations of empirical and PF models

The PF model is formulated as

O (n(x)0(h)) — V - (n(z)(n(@)I + H(ca; z)) Ksk(R)V (R4 23)) =0 in Q x (0,T]. (2.1)
with boundary and initial conditions

j-n=qpn xeFl,tE(O,T],

j-n=0 z €Ty, te(0,T], )
h=0 xeTls, te(0,T], '
h(z,0) = ho(x) x€Q,
where j = —n(z)(n(z)I + H(cq; 2)) Ksk(h)V (h + 3) and
0s — 0,
9 h :Gr LN 23
()= 0 T o™ (23)

0(h) - 0,\' o) —o,\+\"]"

h)=—~——T 1- (1 (2= . 2.4

The constant 7" > 0 is the final time being considered and € C R? is the Lipschitz domain of
soil. See the main text for definitions of all other functions and constants included in (2.1)-(2.4).
To discretise in time, N € IN is set as the number of time steps and the step size is 7 = T/N.

Then for n € 1,..., N with t,, = 7n and A" = h(-, t,), the time derivative is approximated using
the backward Euler method

6(h™) — 6(h" )

T

Applying the L-scheme, which exploits the Lipschitz continuity of 6, we write (h™) in the
following form

O(h™7) = G(h™I~Y) + L(h™F — pmI—1) for j=1,...J,

where J is the total number of iterations, h™? = h"~! and L > Ly = supj< |0'(h)| (List and
Radu, 2016). The time discretised and linearised variational form of (2.1), (2.2) then reads as
follows: for n € {1,..., N} and j € {1,...J} find "™/ € Wﬁf(ﬂ) such that

(n(@) LA™, ¢) + 1 (n(2)[H (ca; ) + (@) Kshe (A7) (VA" +e5) , V)
= (n(@)0 (h"71) . d) — (n(@)(W™71),¢) + (n(@) LK™~ 6) — 7 (() gin: D), »

forall ¢ € W;;Z(Q) Here we use the notation (¢1, ¢2) = [, ¢1¢2dx and (p1, d2)r, = fI‘1 @1Podyz,
along with W%f(Q) ={¢ e L*(Q)|0,,¢ € L*(Q), fori=1,2,3, ¢ =0 on I's}, where L*(Q) is
the space of all square integrable functions on ). The discretisation in space is achieved by
projecting (2.5) onto a first-order continuous Galerkin finite element space V},. The space V}, is
defined by the decomposition of €2 into a finite family of disjoint simplexes {7}}?211 so that Vj, =
{¢ € W1132(Q)| ¢7; € P(Ti), for i =1,..., N}, where P (T;) is the space of first-order polynomi-
als on 7;, see e.g. (Thomée, 2006) for more details on continuous Galerkin finite element discreti-

sations. This numerical scheme was implemented in Python 3 using the FEniCS library (Alnaes
et al., 2015).

(2.5)



In (2.5) we use a regularisation k. of (2.4) to satisfy conditions on # and x which ensure the
convergence of the numerical method used here (List and Radu, 2016). These conditions are as
follows:

(A1) The retention function é(-) is non-decreasing and Lipschitz continuous.

(A2) The function k(-) is Lipschitz continuous and there exist Kpin and Kpax such that 0 <
Fmin < £(h) < Kmax < 00, Vh € R.

For proof that 6(-) from (2.3) satisfies (A1) see Section 3. The exact formulation of the regular-
isation k. (h) and verification of (A2) can be found in Section 4. In addition to these conditions,
there exists 79 > 0 such that 0 < np < n(x) <1 for x € Q. Furthermore, for any root system R
and axial facilitation constant ¢, > 1, the flow-anisotropy matrix H(c,;z) in (2.1) is symmetric
and uniformly positive definite, see Section 5 for the proof.

3 Lipschitz continuous nondecreasing retention function (A1)

From (2.3) it can be seen that

(05 — 0,) amn|ah|"™" (05 — 0,) amn |oh|"
6 (h)] = plodl nel— vheR
(1 + [ah|™) (14 |ah|™)* =

With the exact values for 6,., 5, @ and n stated in the parametrisation and calibration section
of the main text, it can be seen that 0 < (s — 6,)amn < 1 and 2 — % > 1. It then follows that

h’n—l
| < JerT .
‘9 (h)|_1—|—‘ah\n_1 Vh € R

In order to show that the retention function is nondecreasing, the domain of @ is first restricted
to the physical situation upon which this paper focuses, namely an unsaturated soil. This
translates as nonpositive pressure head h < 0 and it can then be seen from (2.3) that

(05 — 0,) amn (—ah)"
(1 + (_ah)n)m-‘rl

>0 Vh <0.

0 (h) =

4 Condition (A2) for the regularised k.

The function k given in (2.4), is bounded above by 1 but it is not Lipschitz continuous in A nor
is it bounded below by a value greater than 0. In order to rectify this, a regularisation of xk was
constructed and denoted by ke, where 0 < € < (65 — 6,.). The first step in this regularisation is
to define 6. as follows:

Os— (0, +¢) ¢

O (h) =0+ ———om + 5
e (h) +(1—|—|ah|) +2

Vh < 0. (4.1)

It can be seen that 6. is non-decreasing for A < 0 and retains the Lipschitz continuity of 6.
However, unlike 6, 6. exhibits the following limiting behaviour in h < 0:

Qe(h)—ws—% as h— 0, 95(h)—>0r+% as |h| = co.

Then k. is defined as

(1) = (W)l[l (- (w)%)mf. (4.2)



To show Lipschitz continuity of k. it can first be seen that |k. (h)| = |wi(h) + wa(h)| for h €
(=00, 0], where:

=1 (552 - (- (C5R) ) T
wa(h) = waa(h)wap(h)wae(h)waa(h)EL (h),
w2alh) = Q(W)l wn(h) =1— (1- (W)m>m

6, — 6 05 — 0,
enth) = (1= (PG ) e = ()

Direct calculations imply that for all h € (—o0, 0]:
\“&X%QHYIW—((@ieﬁyﬁ’
_ 1im % m
1= (- (55" < - (- (= ) )
€

o] £2(1 - 5555 ). w%mﬂgl—(l_(y_%&iaay5m7
feaem] < (1= (1~ 2@58_97,))’2)%1, waa(h)] < (1~ M)i_l.

Combining the results above with the boundedness of 6. shows that 3L, > 0 such that |[k.(h)| <
L, for all h <0, thus showing the Lipschitz continuity of . for h < 0.
Due to the limiting behaviour of 6., it is the case that for all h € (—o0, 0],

o) <= (1= 555 [1= (1= (0= 3 55) )T
Ke(h) > Fmin = (2(086_&))1{1 B (1_ (M)m>m]2-

5 Properties of the flow-anisotropy matrix H

Proposition 5.1. For any azial facilitation constant ¢, > 1, the flow-anisotropy matrix H(cq; x)
of any root system R is uniformly positive-definite i.e, there exists X\ > 0 such that

¢ H(cas )¢ 2 A¢J (5.1)
for all x € Q and all ¢ € R3.

N
Proof. The flow-anisotropy matrix has the form H(c,;x) = Y H;(cq;x) where, for each seg-
i=1

ment R; in the underlying root system, the associated matrix is H;(cq; 2) = ¥i(x) R Ai(1, ca) R} L
Given a segment R, let 9J; € [0,27) be the anti-clockwise angle of the segment from the pos-
itive z1 axis and ¢; € [0,7] be the angle of R; from the positive z3 axis. In this work it is
assumed that p; € [2, ] for each segment in the root system. This means that in proving (5.1)
for H;(cq; x), it is only necessary to consider case 1: ¢; € [2 , 7T) and case 2: p; = T.

Case 1, ¢; € [5, 77): Completing the steps detailed in (1.1) yields the rotation matrix,

1— (1 —cos(g;))cos?(¥;)  —(1 — cos(e;))sin(v; )cos(19 ) sin(ep;) cos(;)
R; = | —(1 — cos(;)) sin(9;) cos(19;) 1 — (1 — cos(g;)) sin?(1%;) sin(y;) sin(9;)
— sin(yp;) cos(;) — sin(p;) sin(19;) cos(;)



Using R; ' = R/, the matrix H;(c,;x) = ¥;i(x)R;Ai(ca)R; " can be computed. For all ¢ € R it
is then the case that

(T Hi(ca; )¢ =thi(x) [Ca(l +5i) [COS(ﬁz‘) sin(;)C1 + sin(v;) sin(g;)Ca + COS(SOi)CIS} i

+ (sinz(ﬁi) + cosQ(ﬁi) 0082(%))@2 — 2sin(v;) cos(¥;) Sin2(<pi)C1C2
— 2cos(t;) sin(p;) cos(¢i)(1(3 + (COSQ(’l%') + sin2(19i) cos2(<pi))c22

— 2sin(¥;) sin(e;) cos(i)(2l3 + Sinz(%‘)@?]

> (x) HCOSW@') sin(¢;)¢1 + sin(¥;) sin(w;) ¢ + cos(%‘)(&;} i

+ (sin2(19i) + cos?(9;) 0052(901-))@2 — 25sin(19;) cos(9;) sin? (v;) 1o
— 2 cos(t;) sin(p;) cos(¢;)(1¢3 + (cosQ(ﬁi) + sin2(19i) cos2(goi)) 22

— 2sin(d;) sin(p;) cos(i)C2(3 + SiHQ(%‘)Cz)?]
=vi(2)[¢1> = Y ¢ Yz eq,

where )} = glelg Yi(z) > 0.

Case 2, p; = 7: In this scenario the flow-anisotropy matrix associated to the segment is

wl($> 0 0
Hi(cg; ) = i(@)RiAi(ca) R = [ 0 i(z) o],
0 0 Yi(x)eq(1+S;)

and as a result ¢ H;(cq; )¢ > ¥} ]C\Q Va € Q and V¢ € R3. For any root segment 9R; the ma-
trix H; is therefore uniformly positive-definite. Since the sum of uniformly positive-definite ma-
trices is also uniformly positive-definite, there must then exist A > 0 such that ¢ " H(c,; )¢ > A|¢ \2
forall z € Q, ¢ € R3 and ¢ > 0 withi =1,..., Ng. O

6 Optimisation

Bayesian optimisation is based on Bayes theorem (Williams, 1991) and uses two components to
search for the minimiser of a cost function v : Z — R, where Z C R? is the parameter space with
dimension d > 0. The first component is the surrogate probability model M which is used as the
prior distribution for the value of a cost function v(z) evaluated at a parameter value z € RY.
Given n observations of the value of the cost function, D = {(z1,v(z1)) ... (2zn,v(2zy))}, the
surrogate M is conditioned on D using Bayes theorem. The second component of Bayesian op-
timisation is the acquisition function A : R — R, which is defined by the choice of surrogate M
and depends upon the current contents of the observation set D. This function A proposes the
best location z’ € Z at which to evaluate v, so as to most efficiently find its minimiser z*. The
proposed next evaluation location for any choice of acquisition function A is the value z’ which
maximises A(z") (Brochu et al., 2010). The full Bayesian optimisation routine of Nfeys function
calls is given by Algorithm 1.



Algorithm 1: Bayesian optimisation (Dewancker et al., 2016)
Inputs : v, M, A, Nieys
Output: z* optimal value
1 D« {(z1,v(21)) ... (Zn,v(z,))} initial data;
2 for i <~ 1 to Ny, do
3 M(v|D) «condition surrogate model;

4 7' + argmax A(z) acquisition function proposal location;
z€Z
5 v(z') evaluate at proposed location;

6 D «+ DU (Z',v(Z')) update observation set;

7 z* < argminv(z)
z€D

There are a number of options for the choice of surrogate model M and acquisition func-
tion A (Brochu et al., 2010), but in this work we opted for the combination of a Gaussian
process GP surrogate model and an expected improvement acquisition function:

M(v) = GP(u k), (6.1)
Az) = E(w(z)|D) = (v(z') = jup(2) Fyp(0(2")) + Syp(2) fup(v(zh),  (6.2)

where z' € D is the best minimiser of v that has been observed so far and
w(z) = max(0,v(z") — v(z))

is the so-called improvement function. The functions F,p and f,p are the cumulative and
probability density functions of the conditioned distribution M (v|D) respectively. By the defi-
oy . . . T
nition of a Gaussian process, any finite vector of n observations v,, = (v(2z1), ..., v(2z,)) follows
a multivariate normal distribution N (g, %y) with mean vector p,, = (u(21), ..., u(z,))" and
covariance matrix 3, € R"*", where ¥, ;; = k(z;,2;) for i,j = 1,...,n. For a given set of
cost function evaluations D = {(z1,v(21)), ..., (Zn, v(2,))}, the structure of the Gaussian process
allows the formulation of the conditioned surrogate model

M(U|D) = N(,U’U|'D7 Zv\D)a
where the components of this distribution are

pop(2) = 1(2) +kn(2)S," (Vo — 1) 4
Ev\’D(z) = k(z,z) — kn(z)zrjlkn(z)T’

with k,,(z) = (k(z,21), ..., k(z,2y)).

The first component of the weighted sum in (6.2) corresponds to the exploitation of low mean
values and the second component incorporates the exploration of regions of the parameter space
with high uncertainty regarding the value of the cost function v. It is common to add a tuning
parameter £ into the acquisition function so that

A(z) = (v(2") = pyp(2) = ) Fyp(v(2h) + Zypp fip (v(2h)),

and increasing values of £ lead to increased exploration by the algorithm. In our work we
use £ = 0.01, which is the common default value (Brochu et al., 2010). For the mean function
win (6.1) we follow the usual convention of u(z) = 0 and for the covariance kernel k£ we choose
the popular Matérn function with v = 1/2, see (Rasmussen, 2003) for information on many of
the available alternatives
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