SUPPLEMENTARY MATERIAL

Appendix: Proof of Theorem 1

Let W; = (X, S14, S9;), where Wy, ..., W,, is a random sample from a probability dis-
tribution P on a measurable space (W, A) for W = {0,1} x R x R. To arrive at the
convergence in distribution result for 51,, — é\gr, we need to establish Hadamard differentia-
bility of élr — /0\2,.. To do so, we use the fact that under Conditions 1 and 2, both élr and 527«
are Hadamard differentiable (Jiang & Zhao||2015)). Hadamard differentiability of 01, — Bay
is implied by the definition of Hadamard differentiability (3.9.1, van der Vaart & Wellner
(1996)).

The influence function associated with @-T is L;(W) = H;, where H; = (X —Aj,)(Aj, —
6;r)/m4 and A, =1(S; > t;,), for j = 1,2. Applying the chain rule for influence functions,

we obtain the influence function for @\M — 52,, as L(W) = H; — Hy. Consequently,
\/ﬁ{(@r —0s) — (1, — 9%)}& N(0, Var(H, — H))

as n — 0o0. The required variance expression is obtained as Var(H,; — Hs) = Var(H;) +
Var(Hy)—2Cov(Hy, Hy). [Jiang & Zhao| (2015) already obtained the expression for Var(H;)

as
Hj (1 — er) A27,(1 — 7")’/“
AT 9T 9A I S
120+ 11— ejr)]

We now obtain Cov(H,, Hy). Using the law of total covariance, we have that:

Tt

Cov((X = Aw) (A — 01,) , (X — Agy) (Agr — 65,))
== E[COU( (X - Alr) (Alr - 017’) s (X - Agr) (AQT — QQT) | X)}
+ Cov(E[(X — A1) (A1 — 01y) | X],E[(X — Agy) (Ao — 02,) | X]).



For the first term we have that:

E[Cov((X = Ayy) (Aiy = 01,) . (X = Agy) (Agy = 0,) | X)]
=1y Cov((X = Ayy) (Ary — 01,) , (X = Agy) (A — 6,) | X =1)
+(1=m) Cov( (X = Ay) (A — 1), (X = Ag,) (Agy — 6,) | X =0)
=1y (1= Ay) (1= Ag,) Cov (Agy, Ay |X = 1) + (1= 1) (Ayy) (Aay) Cov (Ayy, Aoy | X = 0)
=7 (1= Ayp) (1= Agp) (Or2r — O1002,) + (1 — 74) (A1) (A2r) (010, — 01,65,)
where ¢/, = P(S; > t;,|-) for j € {1,2} and 0;,, = P(Sy > t1,,S2 > ta,]—). For the
second term we have:
Cov(E (X — Ay) (A — 01) | X], E[(X = Agy) (Azr — 0,) | XT)
= E(E[(X = M) (A1 = 01,) | X]- E[(X = Ag,) (A — 02) | X])
— (EE[(X = Aw) (A = 01p) | X]]) - (B [E[(X — Agy) (A2 — b)) | X]])
=1 —my)  E[(X —Ay) (A —01) | X =0]- E[(X = Ag,) (A2 — Oo,) [ X =0
—(1=m) E[(X = Ay) (Arp — 01p) | X =0]- (1 —74) E[(X — Agy) (Aop — 0) | X = 0]
= (my) (1 = 74) Ay Aoy (07, — 01) (65, — Oar) -

Thus,

1 / / /
Cov(Hy, Hs) = {M (1= Aup) (1= Agp) (12 — O1r02r) + (1 — ) (A1y) (Aar) (015, — 01,65,)

=
+ 7T+<1 - 7r+)A1TA2r (9/17" - 917’) (eér - QQT)}'

The expression in brackets can be expanded as a bivariate polynomial function of Ay, and

AQTZ



7T+(1 — Ay AQT)(012-T - 91r92r)

+ (AlT‘AQT){W-‘y-(@lQ'T‘ - 017‘027") + (1 - 7T+)(0/12~r - QIITQIQT)

(L= 7)) (0, — 00) (0, — ew}.
The coefficient of A;,As, is complicated but noticing that:
E[Cov(Aur, Asr| X)] = 14 (O12. — O1,03:) + (1 — 1) (015, — 01,65,)
and that:
Cov (E [Ar|X], E'[Az|X])
= EE[A,|X]- E[Ay[X]] = E[E[AL[X]] - E[E [Az|X]]
= b0z + (1 — 71) 01,05, — (7461 + (1 —my) 0),) (740, + (1 —74) 05,)

=Ty (1 - 7T+) (‘gir - 017") (9/27' - ‘927’>
implies that the coefficient of Ay, Ay, is E [Cov (Ayy, Aop| X)]+Cov (E [A1,| X], E [A2 | X]) =
OOU(Alr, AQT) = Y12 — 7"2.

Thus:
COU (Hl, HQ)

1

= 7_(__2 (7T+(012~r - 917“927”)(1 - Alr - A2T> + (712~r - TQ) AerQT)
+
(‘912-r - 91r92r) { (712.r - 7’2) A1 Aoy }

= 1—A, —Ay) + .

- A= A = e+ G = 810)
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