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Supplemental Text
S1. Length and Benthic Surface Area Scaling With Increasing Watershed Area
The scaling of length and benthic surface area in the three theoretical channel networks (i.e., square, rectangular, and narrow, Supplementary Table 1) were similar to those in real networks. Cumulative length scaled nearly linearly with increasing watershed area in the three differently shaped river networks (length slope = 0.97, 1.0, 1.05 in square, rectangular, and narrow network shapes, respectively) and seven real river networks (mean length slope = 1.06, range 0.99-1.16 1) (Supplementary Figure S1A). In contrast, cumulative benthic surface area (BSA) scaled superlinearly with increasing watershed size using the parameters from the theoretical channel networks (BSA slope = 1.11-1.23, 1.14-1.27, 1.25-1.41 in square, rectangular, and narrow, respectively, with f in Equation 3 ranging from 0.4 to 0.6) and real river networks (mean BSA slope = 1.23, range 1.1 – 1.4, based on measured width vs. discharge relationships in 1) (Supplementary Figure S1B). Superlinearity is enhanced if the width versus discharge slope (f in w = eQf) is higher. For example, in the theoretical rectangular network, the slope for scaling BSA increases from 1.14 to 1.27 as f increases from 0.4 to 0.6 (typical range 2). Superlinearity of BSA occurs in all watersheds, but is enhanced in narrower networks because small streams are more likely to enter directly into larger streams, and in watersheds with greater increases in width as flow increases in the downstream direction.

S2. Effect of local biogeochemical reaction rate trending with increasing river size
Although there is little empirical evidence that first-order reaction rates, such as nutrient uptake, change systematically along the river continuum 3,4, theoretical considerations 5,6 and models 7,8 suggest that reaction rates could be a function of stream size (m.local not 0), similar to observations of GPP and ER 9. Varying m.local (from -0.1 to 0.1; f = f.1km2 Am.local, where f.1km2 is the normalization constant in Equation 2) did not affect the scaling of cumulative function with increasing watershed area at low flows (supply << potential demand) (mean d = 0.97) (Supplementary Figure S5). However, at high flow, cumulative processing becomes increasingly superlinear (mean d increases from 1.11 to 1.22) as m.local increases from -0.1 to 0.1. Thus, trends in process rates with increasing stream size influence the scaling relationship at higher flow conditions when greater fluxes occur, due to the distribution of network-scale demand relative to material supply.

S3. Effect of biogeochemical reaction rate magnitude on superlinearity across flow conditions
Superlinear scaling occurs over a broader range of flows (material supply) for processes with lower f (b in Equation 2) (Supplementary Supplementary Figure S6, Fig. 5). With higher reaction rates, shunting of material downstream requires higher flows, and implies a greater degree of source limitation in larger downstream ecosystems. Thus, the scaling of riverine biogeochemical function with increasing watershed size will depend on demand for the constituent of interest (NH4+, NO3–, PO4 3–, DOC, CO2), stoichiometric and energetic constraints on function, as well as flow conditions (the balance of material supply and demand). Processes with relatively slow reaction rates like bulk DOC mineralization or denitrification (typical values ~35 m yr-1) 10,11 are more likely to scale superlinearly compared to those with faster rates such as NH4+ uptake (Supplementary Supplementary Figure S6, Fig. 5). 

S4. Scaling of river network function with ecosystem size rather than watershed size
This paper emphasizes scaling of riverine biogeochemical function with watershed size rather than ecosystem size (i.e., defined by riverine surface area) because of the relevance of the former for understanding the role of river networks at broad spatial scales. Previous analyses of other aquatic ecosystems like estuaries and lakes 12,13 emphasized scaling with ecosystem size defined by the volume of the water body (V) or benthic surface area (BSA). For example, Nidzieko 13 found that in deeper estuaries, cumulative gross primary production (P) ~ V0.75 (similar to organisms) and P ~ BSA0.91, while in shallower estuaries, P ~ V0.90 and P ~ BSA0.94. These sublinear scaling relationships were attributed to transport limitation of required nutrients. Theoretical work on fractal transport networks predicts that the transport capability of the network should scale linearly with BSA for benthic systems and sublinearly with V for pelagic systems, consistent with the observations.
While water column processes can become important in some very large rivers, biogeochemical activity across most river sizes occurs in the benthos 14, so comparison with the benthic area scaling described in 13 is most relevant. When concentration is not a factor (i.e., zero-order kinetics), scaling of cumulative riverine function with BSA is merely a function of m.local (Equation 2, Fig. 1). Thus, the size scaling relationship in the zero-order scenario is not directly comparable to previous work. When first-order kinetics apply, our results demonstrate similar sublinear scaling of cumulative riverine function with increasing BSA during low flow (low supply) conditions. The scaling with BSA approaches linearity under high flow (high supply) conditions. For example across all scenarios run for a rectangular river network (Supplementary Table S3), the mean slope of cumulative riverine function vs. cumulative BSA increases from 0.85 to 0.98 as watershed runoff increases from 0.1 to 20 times the mean annual runoff, encompassing the values identified by 13 in estuaries for equilibrium conditions (i.e., mean annual flow). At low flows, river network processes in the larger downstream portion of the network are supply-limited because concentration (C) declines moving downstream (recall the reaction rate parameter f = U/C). At high flows, the BSA over the entire river network operates at its maximum because uptake processes in upstream portions of the network minimally reduce concentrations in the downstream direction. During high flows, surface water concentrations throughout the entire network are relatively unaltered from their input concentrations, and the network as a whole has minimal effect on export fluxes. Although the scaling exponent in our analyses is similar to previous work (e.g., linear scaling during high flow), we emphasize that the scaling relationships we identified here are derived based on a different set of assumptions about input, transport, and biological activity that are consistent with riverine systems. Finally, we emphasize that the model presented here addresses river channels only, and does not encompass other freshwater features within river networks (ponds, lakes, reservoirs, floodplains). These other components of aquatic networks must be considered to fully understand how scaling varies across flow conditions. 

S5. Comparison to the Metabolic Theory of Ecology
River networks are analogous to the fractal networks of organisms described by the metabolic theory of ecology (MTE) 15,16. However, transport processes in rivers differ fundamentally from organisms in ways that influence scaling. First, the MTE assumes that biological transport networks optimize efficiency of material transport to maximize metabolism. In contrast, river network structure optimizes water and sediment transport 17, while riverine biological communities develop longitudinally within this context to maximize energy capture along the upstream-downstream continuum 6. Second, the MTE assumes that a network’s primary function is to transport, rather than transform materials. River networks clearly differ in this respect, as substantial processing can occur during transport 10,18–20. Third, observed sublinear scaling in organisms is due to the three-dimensional, space-filling attribute of transport networks. In contrast, river networks are fractal in two dimensions. Fourth, whereas organismal transport networks are distributary, moving resources in concentrated forms from intake to cells, river networks aggregate resources from diffuse inputs throughout the full network. As a result, scaling relationships for river networks are likely to differ from those described by the MTE.
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Supplementary Table S1. Parameters used to define a range of river network characteristics in the scenarios to scale cumulative riverine biogeochemical function vs. watershed area. Watershed area in each scenario standardized at 6321 km2.
 
	Variable
	Abbreviation
	Value
	Source

	
Network Geomorphology

	
Square
Rectangular
Narrow

	
Ra=4.7, Rb=4.1, Rl=2.2
Ra=5.1, Rb=4.6, Rl=2.5
Ra=7.4, Rb=6.0, Rl=4.4

	

Helton et al. (2017)


	
Channel Hydraulics

	
e 
f 
g (local w vs. Q slope)
	
4, 8, 12
0.4, 0.5, 0.6
0, 0.1, 0.2

	

Knighton (1998)


	Biogeochemical Rate Change with River Size 

· zero-order
 
· first-order

	



m.local (zero-order)

m.local (first-order)
	



-0.5, 0, 0.5

-0.1, 0, 0.1
	



Assumption, constrained by Finlay (2011)
Assumption






Supplementary Table S2. Empirical river networks and their river network geomorphological and hydraulic attributes estimated from river networks derived from digital elevation models, used to estimate length and benthic surface area scaling with increasing watershed area in Supplementary Supplementary Figure S1. A1 is the mean area at the outlet of a first order watershed. L1 is the mean length of a first order stream. RA is the area ratio. RB is the numbers ratio. RL is the length ratio. f is the width vs. discharge power slope in the downstream direction. All networks are from 1, except the Ipswich R. network 21 and the Merrimack R. network 22.

	River Network
	Biome
	Watershed Area (km2)
	A1
(km2)
	L1
(km)
	RA
	RL
	RB
	f

	Oksrukuyik Cr. (AK, USA)
	Tundra
	72.4
	0.93
	1.0
	4.2
	1.5
	3.8
	0.51

	Caribou Cr. (AK, USA) 
	Boreal
	103.6
	1.5
	1.1
	4.4
	2.7
	3.3
	0.51

	Kings Cr. 
(KS, USA)
	Prairie
	16.3
	0.15
	0.40
	5.0
	2.0
	4.0
	0.26

	Coweeta Cr. (NC, USA) 
	Temperate
	15.7
	0.03
	0.18
	6.2
	2.6
	4.3
	0.36

	R. Mameyes (PR, USA)
	Tropical
	22.6
	0.13
	0.38
	3.5
	1.7
	3.3
	0.4

	Ipswich R. (MA, USA)
	Temperate
	404
	0.52
	0.65
	4.9
	2.7
	4.5
	0.5

	Merrimack R. (NH, USA)
	Temperate
	13,031
	1.7
	1.6
	4.4
	2.1
	4.6
	0.58








Supplementary Table S3. Example of rectangular river network geomorphology assuming Ra = 5.1, Rb = 4.6 Rl = 2.5, A1= 1 km2, L1 = 1 km in a watershed area = 6321 km2. For this watershed size and set of network geomorphological parameters, only a partial 7th order network occurs, which is reflected in the scaled down 7th order length and number of 6th order tributaries. Direct inputs represent the proportion of total watershed inputs from the landscape where they first enter each stream order. 
	Stream Order
	Mean Length (km)
	Mean Area 
(km2)
	Numbers
	Direct Inputs
(proportion)

	1
	1.0
	1.0
	3403.4
	0.54

	2
	2.5
	5.1
	739.9
	0.22

	3
	6.3
	26.0
	160.8
	0.12

	4
	15.6
	132.7
	35.0
	0.06

	5
	39.1
	676.5
	7.6
	0.03

	6
	97.7
	3450.3
	1.7
	0.02

	7
	87.7
	6321.0
	1.0
	0.01






Supplementary Table S4. Example of flowpath probabilities for the rectangular river network shown in Supplementary Table S3. Each row adds up to 1, accounting for all smaller streams. 
	
	
	Receiving Stream Order

	
	
	1
	2
	3
	4
	5
	6
	7

	

Source Stream Order
	1
	-
	0.718
	0.142
	0.071
	0.037
	0.023
	0.009

	
	2
	
	-
	0.718
	0.143
	0.074
	0.046
	0.018

	
	3
	
	
	-
	0.721
	0.149
	0.093
	0.037

	
	4
	
	
	
	-
	0.737
	0.188
	0.074

	
	5
	
	
	
	
	-
	0.840
	0.160

	
	6
	
	
	
	
	
	-
	1

	
	7
	
	
	
	
	
	
	-





Supplementary Table S5. Regression parameters from the log-log relationship between uptake velocity and discharge (f = bQm.local) for different constituents in streams and rivers synthesized from the literature and presented in Supplementary Supplementary Figure S5. Q is used as a surrogate for A in the regressions.  DOC = dissolved organic carbon.  FPOM = fine particulate organic matter.  

	Constituent
	n
	Median
(m/yr)
	b
 (log-log)
	m.local   (log-log)
	p
	R2
	Sources

	Gas exchange - all
	711
	1536
	3.27
	-0.08
	0.003
	0.01
	23 a

	Gas exchange -mountain
	54
	51082
	5.25
	0.70
	2E-16
	0.76
	23 b

	NO3 Non-isotope
	233
	946
	3.26
	0.236
	1.3E-4
	0.06
	4

	NO3-Total isotope
	67
	223
	3.33
	0.482
	4.8E-5
	0.21
	10

	NO3-Denit Isotope
	47
	25
	2.53
	0.604
	2.1E-4
	0.24
	10

	NH4
	280
	2084
	3.43
	0.069
	0.052
	0.01
	4

	DOC
	98
	1198
	3.19
	0.083
	0.134
	0.01
	24

	FPOM
	18
	7569
	3.62
	-0.19
	0.062
	0.13
	25,26


a. Preexisting data compiled in 23
b. New data collected in 23
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Supplementary Figure S1. Cumulative upstream river length (A), and benthic surface area (B) vs. increasing watershed area. Red dashed line in both panels depicts slope = 1 for cumulative variable vs. watershed area. A) dotted black lines are from observed networks from a variety of biomes (Supplementary Table S2), while solid blue lines are for three types of theoretical channel networks (square, rectangular, narrow: Supplementary Table S1 27). B) dotted black lines are for the observed networks with measured f  1, while solid blue lines depict the three theoretical channel networks with a range of width vs. discharge relationships described by w = eQf based on the literature (Supplementary Table S1). The constants for all cumulative length and benthic surface area power relationships are normalized to be identical across all networks to emphasize comparison of changes with watershed size. 
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Supplementary Figure S2. Empirical estimates of annual riverine A) GPP and B) ER per unit benthic surface area vs. watershed area of measurement location, synthesized in 9. Only “unimpacted” streams are included. Annual GPP increases faster than ER with increasing stream size, but all streams are net heterotrophic. 
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Supplementary Figure S3. Cumulative CO2 derived from riverine metabolism (cumulative ER - cumulative GPP, normalized to watershed area) in narrow, rectangular, and square river networks at mean annual flow (500 mm yr-1). The relationships of local areal GPP and ER vs. watershed size applied in these scenarios are shown in Supplementary Figure S2. Each line represents the median from 9 model scenarios that reflect potential variation in hydraulic dimensions (Supplementary Table S1).  
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Supplementary Figure S4. Synthesis of uptake velocities for different constituents in streams and rivers, plotted vs. discharge, which is used as a surrogate for watershed size. See Supplementary Table S5 for literature sources of the data and statistical relationships.
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Supplementary Figure S5. Scaling exponent, d, of cumulative network-scale biogeochemical function vs. watershed runoff for A) rectangular, B) narrow and C) square river networks. Dashed line shows slope of cumulative river network inputs from the landscape (based on length) versus watershed area, while shaded area indicates range in slope of cumulative benthic area vs. watershed area given variation in hydraulic parameters (varying e, f, g, Supplementary Table S1). Each point shows mean and range from 27 hydraulic scenarios for the rectangular river network, assuming a constant f = 500 m yr-1, typical of nitrate uptake. 
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Supplementary Figure S6. Scaling exponent, d, of cumulative network-scale biogeochemical function vs. runoff for a rectangular river network for different reaction rates (f) representative of a range of nutrient forms and processes. Dashed line shows slope of cumulative river network loading (Supplementary Table S3) versus watershed area for the rectangular network, while shaded area indicates range in slope of cumulative benthic area vs. watershed area given potential variation in hydraulic parameters (Supplementary Table S1). Each point shows the mean from all scenarios for the rectangular river network, assuming constant f throughout the network.
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