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Materials and Methods 

Deriving the closed form ecological equation of state 
 
To derive a closed form for the equation of state, we need to find an analytic approximation for 
the equation for the biomass, 𝐵	 = 	𝑆 ∑ ∫ 𝑛!" 	𝜀#/%𝑅(𝑛, 𝜀	|	𝑆, 𝑁, 𝐸)	𝑑𝜀. We will here use the 
methods from SI-E in (15) to derive this approximation. In the notation used there, they find 
approximations to equations of the form 𝐼	 = 	∑ ∫𝑛&!" 𝜀'𝑒()!"	(	)""! 	𝑑𝜀. The equation for B is of 
that form, with 𝜈 = 1 and 𝜎 = 4/3. Looking at Eq. E-10 there, the leading order terms for this 
integral with 𝜎 > 	𝜈 are 
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Approximating 𝑒()! ≈ 1	and substituting into the equation for B (Eq. 1), we get 
 

𝐵	 ≈
4.17	𝑆	

𝑍𝜆+
.
%
	F1 − 1.16𝛽

-
%G , (S2) 

 
where Z is the normalization and is approximately equal to ln (1/𝛽)/𝜆+, and 𝜆+is approximately 
S/E from the constraints (6).   Substituting these approximations into Eq. S2 gives 
 

𝐵 ≈
4.17	𝐸

#
%

𝑆
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-
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which is Eq. 2 in the main text, with an additional first order correction factor of 1 − 1.16𝛽-/%	. 
 
To see why the integral I gives this result, we here summarize the arguments in SI-E of (15). for 
this specific case, with 𝜈 = 1 and 𝜎 = 4/3. To make this approximation, we first take the sum 
and the integral to go to infinity rather than N and E, and then additionally approximate the sum 
over n as an integral. The first order correction for approximating a sum as an integral is half of 
the value of the function being summed over evaluated at the endpoints of the sum, that is 
∑ 	/
"	0	- 𝑓(𝑛) ≈ ∫ 	/

"0- 𝑓(𝑛)𝑑𝑛 + 1(-),1(/)
+

. In this case, this leads to a correction term 

∫ 		! 𝜀
#/%𝑒()!()"4 	𝑑𝜀/2, since the term at infinity is negligible. With these approximations, 
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The integral over 𝜀	in both terms can be recognized as the generalized exponential integral 
𝐸(#/%(𝜆+𝑛), with 𝑛 = 1	in the second term. The generalized exponential integral is defined as 
𝐸5(𝑧) 	= ∫ 	/

- 𝑒(67/𝑡5𝑑𝑡.	 In this case, we can take the first term from the expansion of this 
function using Eq. 8.19.10 from the Digital Library of Mathematical Functions (DLMF)1, 
𝐸5(𝑧) ≈ 𝑧5(-Γ(1 − 𝑝). This means we can use ∫ 	/

!0- 𝜀#/%𝑒()""4 	𝑑𝜀 ≈ 8(./%)
()"")'/$

. Note that this is 

only valid in this case because the exponent on 𝜀 is greater than that on n. This means that this 
approximation works well for large n, even though 𝜆+𝑛 is not small, because the subsequent 
integral over n has a factor of n4/3 in the denominator, and since that power is larger than 1 that 
integral can be approximated again in the same way. Using the approximation of the integral 
over 𝜀	gives us 
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The integral over n is another generalized exponential integral, 𝐸#/%(𝜆-), and we take the zeroth 
and first order terms from the same expansion as before (Eq. 8.19.10 from the DLMF). This 

gives us ∫ 	/
"0-

4%&!)		
"#/$

𝑑𝑛 ≈ 𝜆-
-/%Γ(−1/3) − -

-(#/%
= 3 + Γ(−1/3)𝜆-

-/%. Plugging this in gives 

our final approximation of the integral, 
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Note that we have used 𝛽	in place of 𝜆-	here as for most ranges of state variables 𝜆- ≈ 𝛽, but this 
also ensures that we can still use this approximation if 𝜆- < 0. Note also that the more careful 
derivation in SI-E of (15) obtains 𝛽 rather than 𝜆- here anyway. We can then plug this 
expression for I into the equation for B (Eq. 1 of main text) to get an analytic approximation for 
B. 
 
We then test the accuracy of this analytic expression compared to the direct numerical 
calculation for B for different values of the state variables. Fig. S1 shows direct comparisons of 
the analytical approximation to the numerical calculation for a wide range of E and N with S held 
fixed at 50 (see caption), and both A) without the first order term (as Eq. 2 in the main text) and 
B) with the first order correction. The contours in this plot are calculated as the negative of log10 

 
1 NIST Digital Library of Mathematical Functions. http://dlmf.nist.gov/8.19.E25, Release 1.0.28 
of 2020-09-15. F. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier, B. I. Schneider, R. F. 
Boisvert, C. W. Clark, B. R. Miller, B. V. Saunders, H. S. Cohl, and M. A. McClain, eds. 



 
 

4 
 

of the percent difference between the analytic and numerical calculations, or 
− log-9 Z

:+,,-./(:012
:012

Z, where Bapprox is the biomass calculated using the analytic approximation, 

and Bnum is calculated numerically. This means that the different contours correspond to the 
number of decimal places the approximation is good to. For example, the contour of level 1 
corresponds to a 10% difference between the approximation and the numerical calculation, 2 
corresponds to 1%, and so on. We see that for the zeroth order approximation (without the 
1.16𝛽-/%) our approximation is good to within less than 10% for approximately N/S  > 200 and 
E/N  > 50. With the first order correction, the approximation is good to within less than 10% for 
approximately N/S > 5, and E/N > 10. 
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Fig. S1. Contour plots showing the accuracy of our analytic approximation for calculating 
biomass.  Contour plots showing the accuracy of our analytic approximation for calculating the 
biomass. The contour lines show the number of decimal places that are accurate between the (A) 
zeroth order and (B) first order approximations, and the exactly calculated numerical result. This 
is calculated as − log-9 Z

:+,,-./(:012
:012

Z, where Bapprox is the biomass calculated using the analytic 

approximation, and Bnum is calculated numerically. The axes correspond to varying E and N with 
S held constant at 50, and points correspond to the empirical data in Table 1. Note that S can be 
held constant because B/S depends only on E/S, and the constraints depend only on E/S and N/S, 
when S is large enough. However, for small S in this range, N can also be quite small, and we see 
the effects of the finite sum when calculating the constraints. This means that we must take S 
large enough that we do not see these effects, which in practice is about S = 50. We have 
therefore highlighted the data points where S < 50 by marking them with a downward triangle 
rather than a circle to show that the indicated accuracy of the approximation may not be correct 
for these points, though we note that in practice it is quite similar. 
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Data curation and processing 
 
We searched several databases for data representing censused, species-level information for 
organisms from a well-defined area, such as a plot or single tree canopy, and which included size 
of individuals and abundances. We selected data sources in which at least 10 species were 
represented, due to the prediction accuracy constraints within METE (15).  Datasets were further 
investigated through metadata and associated publications. Any datasets that had a recent history 
of major natural disturbance or human alterations such as logging and roadbuilding activities 
were excluded. After identifying suitable candidate datasets, all data were then processed in the 
R programming language using a similar workflow.  
 
For plant data, records were filtered to include only live individuals with size measurements.  
Where individual stem diameters were recorded, we grouped them by individual tree. Diameter 
at breast height (DBH) measurements were then combined using 𝐷𝐵𝐻"4; =

]𝐷𝐵𝐻-+ +⋯+ 𝐷𝐵𝐻"+. For plants, measurements of size such as DBH and leaf area are 

considered proxies for metabolic rates of those individuals. Plant data were processed such that 
the smallest individual metabolic rate measurement was rescaled to 𝜀<=" = 1, and 𝐵 =
∑ 𝑚𝑒𝑡𝑎𝑏𝑜𝑙𝑖𝑐	𝑟𝑎𝑡𝑒=,?4@ABC4D

#/%E
-  (for the main manuscript) or 𝐵 =

∑ 𝑚𝑒𝑡𝑎𝑏𝑜𝑙𝑖𝑐	𝑟𝑎𝑡𝑒=,?4@ABC4D
%/+E

-  (Supplementary Text: Appendix 3), depending on the scaling 
relationship being tested. 
 
One modification was made for calculating E for the Point Reyes datasets. For both plots, only 
the sizes of the largest individuals (trees) were measured. Because the value of E depends almost 
entirely on the large individuals, we estimated the size of the smallest individual from 
photographs for rescaling and, employed those values for subsequent calculations. 
 
Animal data processed similarly to plant data, with the change that measurements of mass are 
directly measuring biomass, and therefore the metabolic rates are the calculated quantities. The 
individual with the smallest mass was therefore rescaled to 𝜀<=" = 1; then all masses were 
rescaled using this convention. Rescaled masses were then summed to calculate B, and E was 
calculated using ¾ or 2/3 scaling, such that 𝐸 = ∑ 𝑚𝑎𝑠𝑠=,?4@ABC4D%/#E

-  or 𝐸 =
∑ 𝑚𝑎𝑠𝑠=,?4@ABC4D+/%E
- .  
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Supplementary Text 
 
 
Appendix 1: Pairwise correlations among state variables 
 
While the four-variable (S, N, E, B) ecological equation of state appears to reliably describe a 
variety of ecosystems (Eq. 2 and Fig. 1 of main text), the question naturally arises as to whether 
simpler relationships among the state variables are equally successful. 
 
Here we examine the pairwise comparisons among the observed values, or logarithms of 
observed values, of the four state variables and contrast the resulting regression coefficients with 
the regression coefficients obtained when observed species richness is compared with the value 
of species richness predicted by the Equation of State, or when observed logarithm of biomass is 
compared with the value of ln(B) predicted by the equation of state.   
 
Figures S2.a-f show the six possible pairwise comparisons between the logs of the observed 
values of the four state variables. Regression coefficients are summarized in Table S1. 
 
Of the six pairwise comparisons, that of ln(B) versus ln(E) has the highest R2 value (Fig. S2.f), 
which is expected because B and E are computed from the same data. We also note from Figs. 
S2.a-c, that comparing the three possible single-state variable predictors of ln(S), namely ln(N), 
ln(E) and ln(B), ln(N) has the highest explanatory power, although there is still much scatter 
around the regression line.  
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Fig. S2. The six (a, …, f) pairwise comparisons among the four state variables.  

a b

c d

e f
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  ln(N) ln(E) ln(B) 
ln(S) 0.319 0.138 0.109 
ln(N)  0.798 0.712 
ln(E)   0.987 

 

Table S1. Summary of the R2 values from pairwise comparisons among explanatory variables 

discussed above. 
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Appendix 2: Data sources and extended acknowledgements 

Data sources 

A. 

Data source and taxa Plot Year Area (ha) S N E B 

Tropical trees        

CSIRO permanent  
rainforest plots of North 
Queensland (Queensland, 
Australia) (18,19) EP3 1973 0.5 67 506 4074.955 11131.86 

 EP18 1975 0.5 79 452 3915.177 11332.63 

 EP19 1977 0.5 64 397 2482.458 6218.057 

 EP29 1981 0.5 49 487 2634.251 5684.631 

 EP30 1976 0.5 66 552 3737.412 9528.809 

 EP31 1978 0.5 47 236 2544.609 8096.39 

 EP32 1983 0.5 51 437 1887.393 4519.255 

 EP33 1990 0.5 43 307 4435.325 15840.59 

 EP34 1984 0.5 59 290 3040.91 9044.354 

 EP40 1998 0.5 48 477 3859.423 11095.37 

 EP41 1983 0.5 50 369 2775.138 6739.585 

 EP42 1977 0.5 58 243 2732.479 9317.053 

 EP43 1984 0.5 59 385 4151.287 12856.02 

 EP44 1990 0.5 58 443 3779.391 10811.51 

CTFS (Panama) BCI (20-22) 1982 50 307 235338 23944860 405723649 

 Cocoli (23) 1997 2 171 8290 1717206 29636476 

 
Sherman 
(23) 1997 5.96 225 24453 2325982 24937441 

Catuba (Acre,  
Brazil) (24) Catuba 1999 20 156 1009 17760.1 62397.22 

Atlantic Forest  
restinga (Espírito Santo, 
Brazil) (25) 6L1 2015 0.00125 15 22 102.7092 224.3061 

 6L3 2015 0.00125 14 20 169.6116 568.2694 

 5L1 2015 0.00125 13 25 135.3977 371.2233 

 5L2 2015 0.00125 13 20 195.7322 627.4894 

 5L3 2015 0.00125 15 25 70.73095 110.6893 

 5L5 2015 0.00125 18 27 329.9215 1383.537 
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B. 

Data source and taxa Plot Year Area (ha) S N E B 

Temperate trees        
Harvard Forest  
(Massachusetts, USA)  EMS Tower (26) 1993 1.26 15 759 4953.7 10880.94 

 

 
Lyford mapped 
tree plot (27) 1969 2.88 24 3696 141101 655151.6 

Hubbard Brook Experimental  
Forest (New Hampshire, 
USA) (28) Watershed 6 2017 13.23 16 10230 55324 117597.1 

Kellogg Biological Station  
(Michigan, USA) (29) Deciduous Forest 1 2018 0.81 (*) 18 259 11105 57231.16 

 Deciduous Forest 2 2018 0.5 (*) 10 172 8115.8 43636.65 

 Deciduous Forest 3 2018 0.35 (*) 13 136 2820.1 10936.14 

SCBI Large Forest Dynamics  
Plot (Virginia, USA) (30) Front Royal 2012 25.6 68 29986 11102334 153035741 
 
Ordway Swisher Forest 
Dynamics Plot (Florida, USA) 
(31) unburned 2019 17.6 11 7714 2185400 18386158 

Traunstein Forest Dynamics  
Plot (Germany) (32) CTFS 2016 25 29 15758 425994 1679991 
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C. 

Data source and taxa Plot Year Area (ha) S N E B 

Temperate forest communities       
UC Santa Cruz  
(California, USA) 
(33) FERC 2006 6 31 8370 10046216 223493837 

Point Reyes National 
Seashore Bishop Pines 
(California, USA) 
(34) Mt. Vision 2012 0.0256 27 1844 2223879 (*) 123940275 

 Bayview 2012 0.0256 16 486 1585384 (*) 38793345 

Subalpine meadow vascular plants       

Rocky Mountain 
Biological Laboratory 
(Colorado, USA) (35) Belleview 2012 0.0064 31 877 917872 17532137 

 

 

D. 

Site Plot Year S N B E 
Tropical island 
arthropods  
Hawaii, USA (36) Volcano (200 y) 1997 167 1909 424260.2 83121.76 

 Lanai (1500 y) 1997 156 2253 165838.1 41210.11 

 Kohala (150 ky) 1997 240 6048 339471.8 87168.36 

 Molokai (1.2 My) 1997 227 3865 413508.2 102189.2 

 Kauai (4My) 1997 158 1922 137916.7 35818.52 

 

Table S2. Sources of data and empirical values of state variables for the data used to test the 
Ecological Equation of State. Tables show values associated with Tropical trees (A), Temperate 
trees (B), Vascular plant communities (C), and Tropical island arthropods (D). “Year” denotes 
year the survey was started. Area is reported in hectares (ha). For Hawaii arthropods, the 
geologic age of each site is given in parentheses and sampling was carried out by fumigating tree 
canopies of varying areas. Plant size data were converted to metabolic rates and rescaled such 
that 𝜺𝒎𝒊𝒏 = 𝟏; rescaled metabolic rate measurements of individuals were summed to calculate E; 
and 𝑩 = ∑ 𝒎𝒆𝒕𝒂𝒃𝒐𝒍𝒊𝒄	𝒓𝒂𝒕𝒆𝒊,𝒓𝒆𝒔𝒄𝒂𝒍𝒆𝒅

𝟒/𝟑𝑵
𝟏 . For animal data, mass measurements directly 

measure biomass, and therefore the metabolic rates are the calculated quantities. The individual 
with the smallest mass was therefore rescaled to 𝜺𝒎𝒊𝒏 = 𝟏; and rescaled masses were then 
summed to calculate B, and E was calculated as 𝑬 = ∑ 𝒎𝒂𝒔𝒔𝒊,𝒓𝒆𝒔𝒄𝒂𝒍𝒆𝒅𝟑/𝟒𝑵

𝟏 . The symbol (*) 
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indicates an estimated value. All reference numbers in the Table refer to the Main Text reference 
list. 
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Appendix 3: Sensitivity of the accuracy of the equation of state to the metabolic scaling law 
 
In the main text, the ecological equation of state is derived under the assumption that the 
metabolic rate of individual organisms scale as mass to the 3/4 power. Although there is 
considerable evidence for such a relationship, alternative scaling exponents ranging from as low 
as 2/3 to 1 or higher have been proposed, depending upon type of taxonomic group and age of a 
cohort. The value 2/3 is motivated by a simple surface-to-volume argument.  
 
Here we investigate the sensitivity of the equation of state to the choice of scaling exponent. As 
in Materials and Methods, we let 𝜎 be the inverse of the scaling exponent and then using 𝐵 =
𝑆∑ ∫𝑑𝜀	𝑛𝜀'𝑅(𝑛, 𝜀|𝑆, 𝑁, 𝐸)" , for 𝜎 > 1	we derive:  

 

𝐵 ≈
Γ(𝜎 + 2)
2(𝜎 − 1)

𝐸'

𝑆'(- ln F1𝛽G
										(𝜎 > 1) (S7) 

 
where 𝛽 is calculated from 𝛽ln(1 𝛽) ≈ 𝑆/𝑁⁄ . For the special case of 𝜎 = 1 we derive:  

 
𝐵 = 𝐸						(𝜎 = 1). (S8) 

 
That B = E if 𝜎 = 1 can be seen from the fact that one of the METE constraint conditions is 𝐸 =
𝑆∑ ∫𝑑𝜀	𝑛𝜀	𝑅(𝑛, 𝜀|𝑆, 𝑁, 𝐸)."   
 
Because both mass and metabolic rate of all individuals are rarely measured, comparison of the 
above predictions with empirical data, requires estimating observed metabolic rate from 
measured mass, or vice versa. If masses are measured, then metabolic rates are calculated from 
𝜀~𝑚- '⁄ ,	while if metabolic rate is measured, then mass is computed using 𝑚	~𝜀' . For trees, we 
will continue to assume that metabolic rate scales isometrically with basal area.  
 
We first observe that if 𝜎 = 1 is assumed, then the equation of state, B = E, is an identity and the 
observed B will always equal the predicted B. To see this, assume that metabolic rate is measured 
and the empirical mass of each individual is calculated, using 𝜎 = 1, to be equal to the metabolic 
rate. Or equivalently, if mass is measured, then the empirical metabolic rate of each individual is 
calculated to equal its mass. In both cases, B = E.  Parenthetically, we note that another trivial 
result, this time holding for any 𝜎, is that if all individuals have the same measured metabolic 
rate, then in our units the metabolic rate values are 1 for all individuals, resulting again in a B = E 
equation of state.  
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We next compare the validity of the equation of state for the two scaling exponents 2/3 and 3/4. 
Comparing the same style figures in the main text, the prediction of B value by the 3/4 law is 
more accurate than the 2/3 law (Fig. S3 and Fig. 1). We also note that the 3/4 law predicts more 
of the variance in the ratio of 𝐸: 𝐵- '⁄  than does the 2/3 law (Fig. S4 and Fig. 2). In both results, 
the R2 values of the simple regression of the 2/3 case are smaller than those of the 3/4 case.  
 
Although the equation of state becomes an identity if 𝜎 = 1, it was not assured that the equation 
of state with a 3/4 scaling rule would outperform that with a 2/3 scaling rule under the 
assumption that our METE starting point is correct. If the true scaling exponent was exactly 2/3, 
then the equation of state derived under that condition might have outperformed the 3/4 result. 
For the data sets considered here, and under the assumption that the METE structure function, R, 
is valid, it thus appears more plausible to choose 3/4, rather than 2/3, metabolic scaling of 
biomass for both practical and empirical reasons: it predicts an equation of state relationship 
among the four state variables with high accuracy and is consistent with a model of the 
physiological features of the vascular system of plants and animals.  
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Fig. S3. Comparing observed and predicted values of B of each site. The same style plots as 
Fig. 1 in the main text is shown but here different scaling relationship is used between metabolic 
rate 𝜺 and biomass 𝒎 of an individual, 𝜺~𝒎𝟐 𝟑⁄ , namely 𝝈 = 𝟑/𝟐. Lighter color corresponds to 
higher species richness. 
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Fig. S4. Comparing observed and predicted values of the ratio of E and 𝑩𝟏/𝝈 of each site. The 
same style plots as Fig. 2 in the main text is shown but here different scaling relationship is used 
between metabolic rate 𝜺 and biomass 𝒎 of an individual, 𝜺~𝒎𝟐 𝟑⁄ , namely 𝝈 = 𝟑/𝟐. Lighter 
color corresponds to higher species richness. 
 

 

 
 
 
 
 
 
 


