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Appendix A.
Mathematical details: transport of arsenic ions across HFSLM

In the feed phase, the conservation of mass of arsenic ions in each tiny segment (Ax) is

defined as:
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F (A.1)
where
A ¢,F - T[T‘l-z

— 2
Vg = mriAx

Ax

ri and L refer to the inside radius and effective length of the hollow fibers, respectively.



The reaction rate of arsenic extraction, 74 £x(x;?), in Eq. (A.1) is as follows:
rAs,Ex (xi; t) = _kExC,;’l?;,F (xi; t) (A2)

By linearizing r4s £ (xi ,f) in Eq. (A.2), using the Taylor series, the following equation is

obtained:
Tas,ex (X, £) = —[QCas (1, ©) + Y] (A.3)

where
Q= mkExC;{’sl,}1 (0,0)

Yp=>0- m)kExCX;,F(O'O)
Cus,r (0,0) stands for the concentration of arsenic ions in the inlet feed solution.

Substituting Eq. (A.3) into (A.1) and then rearranging the equation yields:

QdCAs,F(xi,t) _ ( _ Ac,F:DAs,F) _ ( @ _ Ac,F:DAs,F) _ ﬂ
a dr 1 VR Casr(Xi—1,t) 1+ | ax Cas,r (X, t) ar (A.4)

The conservation of mass of arsenic ions in tiny segments 1, 2, 3, ..., i based on Eq (A.4)

1s as follows:
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The series of differential equations i.e. (A.5) to (A.8) can be solved using the concept of

the Generating Function, which can be defined as in Eq. (A.9):
CAS(Z) t) = CAS,OZO + CAs,IZ1 + CAs,ZZZ + (A9)
where,
CAS(Z’ O) = CAS (xO' O)ZO + CAS (x1, O)Zl + CAS (xz: O)ZZ +
= CAs(xOJ O)ZO = CAs(xO' 0) = CAS(OIO)
and Z is complex quantity.

Equation (A.9) can be represented as:

aCAS(ZIt) — ZO dCAS(x(]rt) + Zl dCAS(xllt) + ZZ chS(xZJt) + Z3 deAs(X3,t) + e (A,IO)
at dt dt dt dat




Multiplying Egs. (A.5) to (A.8) by Z!, 7%, Z°, ..., Z' and then summarizing them gives:

V= |dC Xq,t dc xq,t dcC X, t dc Xs, t
_F As,F( 0 ) + 7 As,F( 1 ) + ZZ As,F( 2 ) + Z3 As,F( 3 ) + ..
qr dt dt dt dt
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%1/)[2+Zz+Z3+---]+19€A(xo,t) (A.11)

AC,F:DAS,F
AX

where w =1 —

VEQ  AcrDasF
qr AX

9=1+

With regard to the definition of the Generating Function, Eq. (A.11) can be represented as:

VE 0Casr(z,)

V . .
= ZwCysp(Z,t) = 9Casr(Z,t) — =Y X'y Z7 + 9C5 p (%o, 1) (A.12)
qr ot qr

Integrating Eq. (A.12) using the boundary condition in Eq. (A.9) obtains:

t tqr
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(A.13)



By distributing the Z function in Eq. (A.13), into polynomial form, and using the method
of undetermined coefficients, an equation for estimating the concentration of arsenic ions in the

outlet feed solution, Cys r (x;,7), is obtained, as in Eq. (A.14):
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For the strippant phase, the mass conservation of arsenic ions in each tiny segment (Ax) is

defined as:

i ApsD , ,
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where
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7, 1s the outside radius and d, is the outside diameter of the hollow fibers.



The reaction rate of arsenic ions stripping, 7.4ss(x;?), in Eq. (A.15), which is defined as in

Eq. (4), can be linearized using the Taylor series. The linearized equation is shown below:
Tas,s(,t) = 0Css (%, ) + 6 (A.16)
where o = nksCz54(0,0), and § = (1 — n)ksCje 5(0,0)
Merging Eqgs. (A.16) and (A.15) and rearranging the equation achieves:

Vs dCassGiot) _ (1 AcsioAss) Caos(Fip, ) — ( _Vso _ “‘CS_DAss) Cas.s (i, ) + (A.17)

qs dt AX; qs AXj

The conservation of mass of arsenic ions in tiny segments 1, 2, 3, ..., i based on Eq. (A.17)

1s as follows:
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Vs dChss(%2,) _ ( . Ac,stAs,s) , _ ( _ Vso  AgsDus, s) Vsé
us  ar 1 e Cas,s (%1, t) o et Cps,s (X2, 1) + == us (A.19)
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T SLass — (1 -2 € (0, ) — (1 - 22 - 25 € (5, D + 22 (A2D)
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Solving the series of differential equations in Egs. (A.18) to (A.21), using the same concept
as described in Egs. (A.5) to (A.14), yields the equation for determining the concentration of

arsenic ions in the outlet strippant solution (Cys s(X;, t)), as shown below:

st k i-k
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Cus55(0,0) is the concentration of arsenic ions in the strippant phase at time zero, which

can be calculated by Eq. (A.23).

CAsS(O O) — (km+kEx)CAs,F(0:0);r(:m'i'ZkEx)CAs,F(xth) (A.23)

where ky is the liquid-membrane mass-transfer coefficient, which can be estimated as follows:

= D45 (A.24)

m T rin(re/ry)

where € and 7 refers to porosity and tortuosity of the hollow fibers, respectively.



