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The Elimination of Trace Arsenic via Hollow Fiber Supported Liquid Membrane: 

Experiment and Mathematical Model 

 

Sira Suren, Watcharapong Ampronpong, Ura Pancharoen and Kreangkrai Maneeintr 

 

Appendix A. 

 

Mathematical details: transport of arsenic ions across HFSLM 

 

In the feed phase, the conservation of mass of arsenic ions in each tiny segment (Δx) is 

defined as:   

            

𝑞!𝐶"#,!(𝑥%&', 𝑡) − 𝑞!𝐶"#,!(𝑥% , 𝑡) +
"!,#𝔇$%,#

△*
*𝐶"#,!(𝑥% , 𝑡) − 𝐶"#,!(𝑥%&', 𝑡)+ + 𝑟"#,+*(𝑥% , 𝑡)𝑉! =

𝑉!
,-$%,#(*&,/)

,/
                           (A.1) 

 

where 

𝐴1,! = 𝜋𝑟%2 

𝑉! = 𝜋𝑟%2∆𝑥 

∆𝑥 =
𝐿
𝑖 	 

 

ri and L refer to the inside radius and effective length of the hollow fibers, respectively. 
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The reaction rate of arsenic extraction, rAs,Ex(xi,t), in Eq. (A.1) is as follows:  

 

𝑟"#,+*(𝑥% , 𝑡) = −𝑘+*𝐶"#,!3 (𝑥% , 𝑡)           (A.2) 

 

By linearizing rAs,Ex (xi ,t) in Eq. (A.2), using the Taylor series, the following equation is 

obtained: 

 

𝑟"#,+*(𝑥% , 𝑡) = −6Ω𝐶"#,!(𝑥% , 𝑡) + 𝜓9                         (A.3) 

 

where 

Ω = 𝑚𝑘+*𝐶"#,!3&'(0,0)  

 𝜓 = (1 −𝑚)𝑘+*𝐶"#,!3 (0,0)   

 

CAs,F (0,0) stands for the concentration of arsenic ions in the inlet feed solution.   

 

Substituting Eq. (A.3) into (A.1) and then rearranging the equation yields: 

 

4#
5#

,-$%,#(*&,/)
,/

= *1 − "!,#𝔇$%,#
△*

+ 𝐶"#,!(𝑥%&', 𝑡) − *1 +
4#6
5#

− "!,#𝔇$%,#
△*

+𝐶"#,!(𝑥% , 𝑡) −
4#7
5#

     (A.4) 

 

The conservation of mass of arsenic ions in tiny segments 1, 2, 3, …, i based on Eq (A.4) 

is as follows: 
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4#
5#

,-$%,#(*',/)
,/

= *1 − "!,#𝔇$%,#
△*

+ 𝐶"#,!(𝑥8, 𝑡) − *1 +
4#6
5#

− "!,#𝔇$%,#
△*

+𝐶"#,!(𝑥', 𝑡) −
4#7
5#

          (A.5)  

4#
5#

,-$%,#(*(,/)
,/

= *1 − "!,#𝔇$%,#
△*

+ 𝐶"#,!(𝑥', 𝑡) − *1 +
4#6
5#

− "!,#𝔇$%,#
△*

+𝐶"#,!(𝑥2, 𝑡) −
4#7
5#

          (A.6) 

4#
5#

,-$%,#(*),/)
,/

= *1 − "!,#𝔇$%,#
△*

+ 𝐶"#,!(𝑥9, 𝑡) − *1 +
4#6
5#

− "!,#𝔇$%,#
△*

+𝐶"#,!(𝑥9, 𝑡) −
4#7
5#

          (A.7)     

. 

. 

. 

4#
5#

,-$%,#(*&,/)
,/

= *1 − "!,#𝔇$%,#
△*

+ 𝐶"#,!(𝑥%&', 𝑡) − *1 +
4#6
5#

− "!,#𝔇$%,#
△*

+𝐶"#,!(𝑥% , 𝑡) −
4#7
5#

        (A.8) 

 

The series of differential equations i.e. (A.5) to (A.8) can be solved using the concept of 

the Generating Function, which can be defined as in Eq. (A.9): 

 

𝒞"#(𝑧, 𝑡) = 𝒞"#,8𝑍8 + 𝒞"#,'𝑍' + 𝒞"#,2𝑍2 +⋯                   (A.9) 

 

where, 

𝒞"#(𝑧, 0) = 𝒞"#(𝑥8, 0)𝑍8 + 𝒞"#(𝑥', 0)𝑍' + 𝒞"#(𝑥2, 0)𝑍2 +⋯     

     = 𝒞"#(𝑥8, 0)𝑍8 = 𝒞"#(𝑥8, 0) = 𝒞"#(0,0)   

  

and Z is complex quantity.  

 

Equation (A.9) can be represented as: 

 

:𝒞$%(<,/)
:/

= 𝑍8 ,𝒞$%(**,/)
,/

+ 𝑍' ,𝒞$%(*',/)
,/

+ 𝑍2 ,𝒞$%(*(,/)
,/

+ 𝑍9 ,𝒞$%(*),/)
,/

+⋯               (A.10) 
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Multiplying Eqs. (A.5) to (A.8) by Z1, Z2, Z3, …, Zi and then summarizing them gives:  

 

𝑉!
𝑞!
A
𝑑𝐶"#,!(𝑥8, 𝑡)

𝑑𝑡 + 𝑍
𝑑𝐶"#,!(𝑥', 𝑡)

𝑑𝑡 + 𝑍2
𝑑𝐶"#,!(𝑥2, 𝑡)

𝑑𝑡 + 𝑍9
𝑑𝐶"#,!(𝑥9, 𝑡)

𝑑𝑡 + ⋯ C = 

𝑍[𝜔𝐶"#(𝑥8, 𝑡) + 𝑍𝜔𝐶"#(𝑥', 𝑡) + 𝑍2𝜔𝐶"#(𝑥2, 𝑡) + ⋯ ]	− 

𝜗[𝐶"#(𝑥8, 𝑡) + 𝑍𝐶"#(𝑥', 𝑡) + 𝑍2𝐶"#(𝑥2, 𝑡) + 𝑍9𝐶"#(𝑥9, 𝑡) + ⋯ ]	−	   

4#
5#
𝜓[𝑍 + 𝑍2 + 𝑍9 +⋯ ] + 𝜗𝐶"(𝑥8, 𝑡)                   (A.11) 

 

where  𝜔 = 1 − "!,#𝔇$%,#
△*

	 

𝜗 = 1 + 4#6
5#

− "!,#𝔇$%,#
△*

  

  

With regard to the definition of the Generating Function, Eq. (A.11) can be represented as: 

 

4#
5#

:𝒞$%,#(<,/)
:/

= 𝑍𝜔𝒞"#,!(𝑍, 𝑡) − 𝜗𝒞"#,!(𝑍, 𝑡) −
4#
5#
𝜓∑ 𝑍= + 𝜗𝒞"#,!(𝑥8, 𝑡)%

=>'    (A.12) 

 

Integrating Eq. (A.12) using the boundary condition in Eq. (A.9) obtains:  

 

𝒞"#,!(𝑧, 𝑡) = I?@𝒞$%,#(8,8)A
+,

-.#
/#

(?@&B)
−

4#7∑ ?0A
+,

-.#
/#&

01'

5#(?@&B)
J 𝑒&B

-.#
/# +

4#7∑ ?0&
01'

5#(?@&B)
− B𝒞$%,#(8,8)

(?@&B)
  (A.13) 
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By distributing the Z function in Eq. (A.13), into polynomial form, and using the method 

of undetermined coefficients, an equation for estimating the concentration of arsenic ions in the 

outlet feed solution, CAs,F (xi ,t), is obtained, as in Eq. (A.14): 

 

𝒞"#,!(𝑥% , 𝑡) = −𝒞"#,!(0,0)𝑒
&B-.#/# ∑ '

(%&D)!
*'
B
+
D
*/5#
4#
+
%&D

𝜔%%
D>' +

4#7A
23

-.#
/#

5#B
∑ '

(%&D)!
*/5#@

4#
+
%&D

%
D>' ∑ *@

B
+
F&'

D
F>' − 4#7∑ @&24&

41'
5#B&245'

+ 𝒞"#,!(0,0) *
@
B
+
%
       (A.14) 

 

For the strippant phase, the mass conservation of arsenic ions in each tiny segment (∆𝑥́) is 

defined as: 

 

𝑞G𝐶"#,G(𝑥́%&', 𝑡) − 𝑞G𝐶"#,G(𝑥́% , 𝑡) +
"!,6𝔇$%,6

△*́&
*𝐶"#,G(𝑥́% , 𝑡) − 𝐶"#,G(𝑥́%&', 𝑡)+ + 𝑟"#,G(𝑥́% , 𝑡)𝑉G =

𝑉G
,-$%,6(*́&,/)

,/
                                    (A.15) 

 

where 

𝐴1,G =
√3
4 𝑑82 −

𝜋𝑟82

2  

𝑉G = 𝐴1,G∆𝑥́ 

∆𝑥́ = ∆𝑥 =
𝐿
𝑖 	 

 

ro is the outside radius and do is the outside diameter of the hollow fibers. 
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The reaction rate of arsenic ions stripping, rAs,S(xi,t), in Eq. (A.15), which is defined as in 

Eq. (4), can be linearized using the Taylor series. The linearized equation is shown below: 

 

𝑟"#,G(𝑥Í, 𝑡) = 𝜎𝐶"#,G(𝑥Í, 𝑡) + 𝛿                    (A.16) 

 

where 𝜎 = 𝑛𝑘G𝐶"#,GJ&'(0,0), and 𝛿 = (1 − 𝑛)𝑘G𝐶"#,G3 (0,0) 

 

Merging Eqs. (A.16) and (A.15) and rearranging the equation achieves: 

 

46
56

,-$%,6(*́&,/)
,/

= *1 − "!,6𝔇$%,6
△*́&

+𝐶"#,G(𝑥́%&', 𝑡) − *1 −
46K
56
− "!,6𝔇$%,6

△*́&
+ 𝐶"#,G(𝑥́% , 𝑡) +

46L
56

  (A.17) 

 

The conservation of mass of arsenic ions in tiny segments 1, 2, 3, …, i based on Eq. (A.17) 

is as follows: 

 

46
56

,-$%,6(*́',/)
,/

= *1 − "!,6𝔇$%,6
△*

+ 𝐶"#,G(𝑥́8, 𝑡) − *1 −
46K
56
− "!,6𝔇$%,6

△*́
+ 𝐶"#,G(𝑥́', 𝑡) +

46L
56

  (A.18) 

46
56

,-$%,6(*́(,/)
,/

= *1 − "!,6𝔇$%,6
△*

+ 𝐶"#,G(𝑥́', 𝑡) − *1 −
46K
56
− "!,6𝔇$%,6

△*́
+ 𝐶"#,G(𝑥́2, 𝑡) +

46L
56

  (A.19) 

46
56

,-$%,6(*́),/)
,/

= *1 − "!,6𝔇$%,6
△*

+ 𝐶"#,G(𝑥́2, 𝑡) − *1 −
46K
56
− "!,6𝔇$%,6

△*́
+ 𝐶"#,G(𝑥́9, 𝑡) +

46L
56

  (A.20) 

. 

. 

. 

46
56

,-$%,6(*́&,/)
,/

= *1 − "!,6𝔇$%,6
△*́

+𝐶"#,G(𝑥́%&', 𝑡) − *1 −
46K
56
− "!,6𝔇$%,6

△*́
+ 𝐶"#,G(𝑥́% , 𝑡) +

46L
56

  (A.21) 
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Solving the series of differential equations in Eqs. (A.18) to (A.21), using the same concept 

as described in Eqs. (A.5) to (A.14), yields the equation for determining the concentration of 

arsenic ions in the outlet strippant solution (𝐶"#,G(𝑥́% , 𝑡)), as shown below: 

 

𝐶"#,G(𝑥́% , 𝑡) = −𝒞"#,G(0,0)𝑒
&M-76/6 ∑ '

(%&D)!
*'
M
+
D
∙ */N6

46
+
%&D

𝜛%%
D>' −

L46A
28

/6
76

N6O
∑ '

(%&D)
*/N6P

46
+
%&D

%
D>' ∑ *P

M
+
F&'

D
F>' + L46

N6
∑ P&24

M&245'
%
D>' + 𝐶"#,G(0,0) *

P
M
+
%
       (A.22) 

 

where  𝜛 = 1 − "!,6𝔇$%,6
△*́

	 

    𝜁 = *1 − 46K
56
− "!,6𝔇$%,6

△*́
+  

 

CAs,S (0,0) is the concentration of arsenic ions in the strippant phase at time zero, which 

can be calculated by Eq. (A.23). 

 

𝐶"#,G(0,0) =
(D9QD:;)-$%,#(8,8)&(D9Q2D:;)-$%,#(*&,/)

D9
        (A.23) 

 

where km is the liquid-membrane mass-transfer coefficient, which can be estimated as follows: 

 

𝑘3 = R𝔇$%
S&TFJ(S*/S&)

                                 (A.24) 

 

where 𝜀 and 𝜏 refers to porosity and tortuosity of the hollow fibers, respectively.   


