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1 Learning procedures and regularization

The learning procedure involves the minimization of the Kullback-Leibler divergence, eq.9

in the main text, between the posterior probability and the variational autoregressive neural

networks. More precisely, the expression of the posterior can be factorized as a product over

nodes (individuals) and times, p (x|O) ∝
∏
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Since the factor ψti can be zero for some epidemic configuration x, for example when they

are forbidden by dynamical constraints, the gradient of the KL divergence, Eq.12 in the main

text, can diverge preventing the application of gradient descent algorithms. In these cases, the

diverging term logψti = −∞ can be replaced with a regularization term log ε with ε � 1. The

presence of large negatives values in the derivatives (e.g. due to log ε terms) reduces the ability

of gradient descent algorithms to explore all configurations compatible with the constraints. To
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overcome this issue, an annealing procedure is adopted, in which a fictitious inverse temperature

β is introduced in the computation the gradient of the KL divergence,

∇θD
β
KL(q|p) =

∑
x

qθ [−β log p+ log qθ]∇θ log qθ. (2)

The minimization procedure starts with β = 0, where all the configurations are allowed with

uniform probability, then the parameter β is slowly increased until it reaches β = 1, at which

the original expression of the loss function is recovered.

2 Neural network architecture

In the proposed approach, each conditional probability function pi(xi|x<i) has to be approx-

imated with a neural network qθii (xi|x<i). For monotonic models such as the SIR epidemic

model, the state-space representation of temporal trajectories as a sequence xi ∈ X T+1 of T +1

individual states is redundant, and it turns out to be more efficient to represent them by the time

instant tIi ∈ (0, T +1) at which individual i becomes infected and time instant tRi ∈ (0, T +1) at

which it recovers, the time T + 1 corresponding to the case of no infection or recovery occurred

for i in the interval [0, T ]. More precisely, the case
(
tIi = T + 1, tRi = T + 1

)
corresponds to in-

dividual i being susceptible at every time of the epidemic process, and
(
tIi 6= T + 1, tRi = T + 1

)
corresponds to individual i being infected but not recovering in the time interval [0, T ].

This parametrization reduces the state space that is explored by our method, decreasing the

number of incorrect time trajectories generated (for instances, time trajectory with transitions

from state I to S).

In order to compute the probability of a trajectory of a single individual, we employ two

neural networks, one for the time of infection, and one for the recovery time. Each of these

networks is given as input a subset of the time trajectories of individuals with lower sorting

index πi (see next section), and the one of the recovery time is also given as input the infection

2



time of the same individual. The input of the networks are the infection and recover times

of previous individuals, encoded in one hot scheme. Therefore, the (conditional) probability

distributions represented by the networks are, for each individual i, qθi,Ii

(
tIi |

{
tIj , t

R
j

}
πj<πi

)
for the infection times, and qθi,Ri

(
tRi |

{
tIj , t

R
j

}
πj<πi

, tIi

)
for the recovery times, where θi,I and

θi,R are the weights of each network.

In our implementation, each neural network is a multi-layer perceptron (MLP) composed of

three hidden layers plus one output layer; each layer is fully connected, and can be written as

Lk+1 = σ (WkLk + bk) where Lk is the input vector (output of layer k), Wk ∈ θ is the matrix

of the weights, bk ∈ θ is the bias vector, and σ is the activation function, which is Relu for the

hidden internal layers and Softmax for the last layer. The width of each layer (the number of

neurons) varies linearly from the input size of each network to the output size.

The size of the input and outputs of the neural networks used for each individual depends

on the observations and the contact graph in the following way: a) the input size depends on the

number of individuals with lower index that are considered (depending on the approximation

made, see section 2.1) and b) the observations made on an individual restrict the phase space

of the possible instants of infection (for example, if we observe individual i is in the infected

state at time tO, this means that his/her infection time tIi ≤ tO and the recovery time tRi > tO).

This last condition affects the size of the output of each network, but also the input size of

the networks for the individuals with higher index, whose network depends on it: for example,

if individual i is observed in state S at the final time (T ) with certainty, this implies that the

infection and recovery times are fixed, tIi = T + 1 and tRi = T + 1, and the network will

always give the same value for them. Thus, in this case, for all individuals j with πj > πi, the

dependency on i will effectively disappear.
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2.1 Graph approximations

We now discuss the approximation to the dependency of the conditional probabilities for the

individuals’ trajectories. The probability of a whole epidemic cascade can be written in the

following autoregressive expression:

qθ(x) =
∏
i

qθii (xi|x<i) , (3)

The dependencies in the factors qθii (xi|x<i) can be reduced, in the case of acyclic contact net-

works, to only those corresponding to the next-nearest neighbors with lower index (we relegate

the derivation to section 3), but in the general case of contact networks with cycles it is just an

approximation, which we employ for all contact networks analyzed in the present work.

In order to check this approximation, we have run several tests on the patient zero problem

(see main text for the definition), applied to the proximity random contact graphs. For this

purpose, we train the ANN either (a) considering the full dependencies on all nodes with lower

permutation index (we call this version full graph), (b) consider only the dependency on the first

and second neighbors (called next nearest neighbors approximation) with lower permutation

index, which is the approximation used in all the rest of this work, (c) considering only the first

neighbors (nearest neighbors) with lower permutation index, or (d) ignoring the dependency on

the rest of the graph (called mean field approximation).

Figure 1 shows how the accuracy in finding the patient zero is influenced by the approxima-

tion chosen, while in figure 2 the reduction of the number of parameters in the network, with

respect to the full graph case, is shown. We see that the next nearest neighbors approximation

gives estimates which are on par with the full graph case, while employing less parameters, thus

reducing the space and time needed for the training.
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Figure 1: Accuracy in finding the patient zero with different approximations of the dependen-
cies between individuals, compared with sib (Belief Propagation) method and random guessing
of the source among the infected. The ”full graph” case is when no approximation on the depen-
dencies is made. The average is made over 100 epidemic cascade on contacts network generated
from a proximity random graph (see main text) with N = 100 individuals. The epidemic pa-
rameters used fro the generation are λ = 0.03 and µ = 0.02, with T = 15 time instants. The
legend also shows the Area under each curve (AUC).

Figure 2: Percentage of parameters needed, on average, when considering the approximation of
the dependencies between individuals, with respect to the case of no approximation as described
in section 2.1. See figure 1 for the accuracy and generation details.
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2.2 Training procedure

To train the whole network, we do 10 000 steps of the annealing procedure described in the

main text (except for the hospital case where we do 20 000 steps), increasing β linearly from

0 to 1. At each step, we generate 10 000 epidemic cascades before updating the weights using

the ADAM optimizer [1] with learning rate lr = 0.001.

In the case of the risk inference problem, we also include a prior probability in the model,

with strength decreasing linearly with β. This prior is computed from the probabilities of each

individual being sampled as S, I or R at the last time instant t = T , and it is designed in such a

way that, when β = 0, the probabilities for the three states are equal.

The running time of the ANN algorithm on a single instance ranges from one hour to two

days on a single GPU (Nvidia TITAN RTX), depending on the structure of the observations O

and that of the underlying contact network. Our implementation using the PyTorch framework

[2] is publicly available in the repository [3]. The results presented in the main text and in SI

can be reproduced using the following repository [4].

3 Simplified Conditional probability on acyclic graph

In this section we show that in the case of epidemic spreading in a acyclic interaction networks,

it is possible to restrict the dependence of previous nodes in the conditional probabilities Eq.7,

to the second neighbors with lower index. Let us consider the configuration x of N variables,

a probability distribution p(x) = 1
Z

∏
a ψa (xa) factorized over a set of factors {a}. We first

demonstrate the following statements:

Lemma 1 (Markov blanket). Let p (x) = 1
Z

∏
a ψa (xa), and I ∪ J ∪ K = {1, . . . , N} be

disjoint and assume no factor depends on xI and xK simultaneously. Then p(xI , xK |xJ) =

p(xI |xJ)p(xK |xJ).
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Proof. Considering proportionality∝ with respect to xI only p (xI |xJ , xK) ∝ p (xI , xJ , xK) ∝∏
a ψa (xa) ∝

∏
a∈∂I ψa (xa) and p (xI |xJ) ∝ p (xI , xJ) ∝

∑
xK

∏
a ψa (xa) ∝

∏
a∈∂I ψa (xa).As

both distributions are normalized wrt xI , they must be equal. This implies that

p (xI , xK |xJ) = p (xI , xJ , xK) p (xJ)−1

= p (xI |xJ , xK) p (xJ , xK) p (xJ)−1

= p (xI |xJ) p (xK |xJ)

where the last line follows from the derivation above.

Lemma 2 (Separated neighborhood). Let p (x) = 1
Z

∏
a ψa (xa), and G = (V ∪ A,E) be the

associated bipartite factor graph, with E = {(i, a) ∈ V × A : ψa depends on variable xi}. Let

I ∪ J ∪ K ⊆ {1, . . . , N} be disjoint and assume that every path from I to K in G must pass

through J (equivalently, removing vertices in J leave I andK separated). Then p(xI , xK |xJ) =

p(xI |xJ)p(xK |xJ), and p(xI |xJ∪K) = p(xI |xJ)

Proof. Let I ′ be the connected component of I inG\J andK ′ = V \(I ′∪J). As all paths from

I to K pass through J , no factors can depend on variables both in I ′ and in K ′. By Lemma 1,

p(xI′ , xK′|xJ) = p(xI′|xJ)p(xK′|xJ). Then p(xI , xK |xJ) =
∑

xI′\I

∑
xK′\K

p(xI′ , xK′ |xJ) =∑
xI′\I

p(xI′|xJ)
∑

xK′\K
p(xK′|xJ) = p(xI |xJ)p(xK |xJ). Then p(xI |xK , xJ) = p(xI , xK |xJ)p(xK |xJ)−1 =

p(xI |xJ).

Corollary 1 (Restricted autoregression). By calling I = {i}, J = {j < i : j ∈ ∂i} and

K = {j < i : j /∈ ∂i}, we obtain that for an ordering of nodes such that J separates i from K

we get p(xi|{xj : j ∈ ∂i, j < i}) = p(xi|{xj : j < i}).

The last corollary is defined for a single node i. In considering the problem of approximating

the posterior probability of an epidemic spreading process we distinguish two graphs: the first

one, the contact graph, the nodes are the time trajectory of the states xi of each individuals and
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the edges are the contacts between them. The second, the factor graph, has as nodes, again, the

time trajectory of individuals and as factors those ({Ψi}) in the equation 6 in the main text. If

the contact graph is acyclic and the nodes are topological ordered1 then, thanks to the corollary

1, the following identity holds:

P (x|O) =
∏
i

P (xi|x<i) =
∏
i

P (xi|x∂2<i) (4)

where x∂2<i define the sets of nodes up to the next nearest neighbors (in the contacts graph)

with index lower than i. The set of nodes x∂2<i in the contact graph correspond to the x∂<i

in the factor graph. To better visualize the two graphs, in Fig.3 we show two cases of con-

tact acyclic graphs. The first one represents a linear chain defined by the contacts among

individuals. The corresponding contact graph is acyclic but the factor graph contains cy-

cles. In this case, for instance, considering the conditional probability of node 7 we have that

P (x7|x<i) = P (x7|x∂2<i) = P (x7|x4, x6). The node 4, 6 separated the nodes 7 from the previ-

ous nodes in the factor graph, as the corollary 1 require. Similarly, the same concept apply to the

second case, where we consider a tree graph. In both cases the nodes are ordered topologically

so the equation (4) holds for each conditional probability.

4 Soft margin estimator

We also use the Soft Margin estimator from [6] for finding the patient zero. This is a Monte

Carlo based estimator, which applies Bayes formula to estimate the source probabilityP (s = i):

given an epidemic x(i) which is the result of the simulation, starting from individual i, and the

set of observation xO on the epidemic, the probability of node k being the source of the epi-

1A topological ordered graph is such that for each pair of nodes (i, j) with i < j, we have that di ≤ dj , where
di is the distance of node i from the node zero. In practice, defining a starting node (a root) we enumerate the
nodes according to the distance from the root (in a acyclic graph there is a unique path connecting each nodes) [5].
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contacts

Figure 3: Two example of acyclic contact graphs ordered topologically. The two cases represent
a linear chain on the left, and a tree on the right. The square represents the factor Ψi of the
posterior probability of the dynamical process we want approximate. The circle represents the
time trajectory of the states xi of each individuals. The dashed lines are the contacts among
individuals, and in both cases they generate a acyclic contact graph. Instead For instance the
nodes 7 is separated (in the factor graph) from the rest of graph containing the nodes with minor
index by the orange nodes.

demic is

P (s = k | xO) ∝ P (xO | s = k)P (i) (5)

We have extended the method to the SIR model. To evaluate P (xO | s = k), we run M Monte

Carlo simulations in which the source of the epidemic is k and compare the resulting epidemic

cascade xi with the observations. For this we use the Jaccard similarity function φX (xi,xO),

relating how many individuals are in state X (either infected, X = I or recovered, X = R) in

the generated cascade and the observations. Clearly, if no individuals are observed in state X ,

then φX = 1 regardless of the realization. The probability of observing a certain configuration,

given the source of the epidemic, can then be written as:

P (xO | s = k) =
1

M

M∑
i=1

exp

{
−(1− φI (xi,xO))2 + (1− φR (xi,xO))2

a2

}
(6)
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where the coefficient a regulates the sharpness of the peak around the case of perfect matching

of observations (φI = 1 and φR = 1), where the corresponding value in the sum is 1. For the

patient zero problems, we select the alpha values that give the betters results (retrospectively)

because good alpha values seem strong dependent on the contact graphs and the number of

samples considered.
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