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SUPPLEMENTARY NOTE 1: MICROCOMB
PARAMETERS REPRODUCIBILITY

In terms of commercially available end-product devel-
opment for practical applications device characteristics
reproducibility and yield ratio are extremely important.
Concerning integrated microcomb or dual-comb source
considered here least reliable and most unpredictable el-
ement, responsible for device performance, is a photonic
chip with high-Q SiN microresonator. The process used
for photonic chip fabrication has some errors expressed
in the deviation of geometric parameters and variation
in the material refractive index. Despite such devia-
tions are extremely small in absolute values, it can lead
to significant variations in the microresonators’ param-
eters such as coupling rate, microresonator eigenmodes’
positions and dispersion characteristics. The microres-
onators’ parameters affect generated microcombs or even
significantly complicate its generation. In order to assess
the fabrication deviations impact on device performance
we examined 7 photonic chips with the same design from
different wafer areas. As a result, we successfully gener-
ated microcombs using every chip we had and have not
even notice significant difference in microcomb genera-
tion process from chip to chip. Spectrum of each mi-
crocomb was recorded using optical spectrum analyzer
(OSA) (Fig.1(a)) and also to distinguish coherent (soli-
ton) state low frequency noise of generated microcombs
was observed using electrical spectrum analyzer (ESA)
(Fig. 1(b)). Comparison was made for microcombs gen-
erated in 1THz microresonators. All generated micro-
combs feature similar envelope, which indicates to similar
dispersion landscape. The maximum observed deviation
between microcomb lines position corresponding to same
serial number is about 0.9 nm corresponding to ∼112
GHz (Fig. 1(a), inset). Such deviations are usually com-
pensated using powerful micro-heaters or piezo-elements
above microresonator, which allows to change its FSR
and shift eigenfrequency up to hundreds of GHz [1, 2].
However, micro-heaters used in this experiment enable
to shift eigenfrequencies only up to tens of GHz. With
regard to this fact, only several photonic chips from the
set enable microcombs matching to observe dual-comb
signal in RF range.

Thus, we have obtained microcomb generation with
photonic chips from different wafer areas and thereby
have demonstrated that fabrication process deviations do
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Figure 1. Soliton microcombs generated at different photonic
chips a. Optical spectra of the generated soliton microcombs
at 7 different chips with the same design and pumped with
laser diode. Inset: zoom-in of the microcombs central line
area. b. RF spectrum of the generated microcombs demon-
strating the absence of the low frequency noise

not lead to inability of microcombs generation in case
of using self-injection locked laser diode for pumping.
Also, using 1 THz FSR microresonator we have estimated
deviations of eigenfrequencies position across the wafer
and selected photonic chips which provide microcombs
matched to observe RF dual-comb signal.

SUPPLEMENTARY NOTE 2: LASER DIODES
COMPARISON

As a part of conducted experiment, we have compared
two different types of laser diodes (LDs), Fabry-Perot
(FP) and distributed feedback (DFB), in terms of prac-
tical use. Single mode multi-frequency FP diodes manu-
factured by Seminex Corp., USA, used in the experiment
features ∼ 35 GHz longitudinal mode spacing, 1535 nm
central wavelength and ∼ 200 mW peak output optical
power at 500 mA of the injection current. The single fre-
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quency DFB diodes have 1545 nm wavelength, side-mode
suppression ratio (SMSR) of ∼ -50 dB and peak optical
power of ∼ 100 mW at 400 mA. Each type of the LDs was
used in turn for microcomb generation using the same mi-
croresonators. The final results obtained for both types
of the LDs looks similar and there was no dramatic dif-
ferences in generated microcombs’ properties. However,
during the process of alignment and adjustments of the
experimental setup different types of LDs demonstrate
extremely different behaviour. Here we describe the fea-
tures of application for both types of the LDs, as well as
present comparative analysis in terms of practical appli-
cation, describing its advantages and drawbacks.

DFB features single frequency emission, that makes
the process of the alignment and microresonator’s mode
excitation is much more predictable and well managed.
Using FP one faces with modes competition and mode-
hopping effects, since a number of LD longitudinal mode
can be locked to several different microresonator eigen-
frequencies. Thus, microcomb generation process with
FP LD is much more sensitive to alignment. Any mi-
nor translation, which does not affect microcomb gener-
ation in case of DFB LD pumping, can cause significant
changes due to mode-hopping or even destroy microcomb
generation in case of FP LD use.

However, often it is easier to find and excite the mode
using exactly FP LD when it comes to microresonator
with large FSR, for example 1 THz. Also, as a rule, FP
LD in comparison with DFB LD features more output
power and higher power efficiency, that sometimes plays
a crucial role. Indeed, power is a critical parameter for
observing nonlinear effects, such as generation of an op-
tical comb, especially when it comes to complex optical
schemes with optical splitters. Moreover, powerful DFB
LDs in comparison with FP are much more expensive
and less available. In fact, the accessibility, price and
interchangeability of elements are very important in the
context of the commercial product development.

Thus, it is more expedient to use more affordable and
powerful FP diodes for commercial product development
and DFB diodes for research purposes on experimental
stands in laboratory. Both of these diodes allows "turn-
key" comb generation and applicable for packaged device.

SUPPLEMENTARY NOTE 3: SELF-INJECTION
LOCKING AND THERMAL EFFECTS

Most of the thermal effects are suppressed as the
laser frequency becomes locked to the microresonator and
laser-microresonator detuning becomes fixed. If the mi-
croresonator frequency is disturbed by the thermal ef-
fects, the generation frequency also changes, maintaining
the comb generation regime [3]. We repeat this important
derivation in more details. The frequency comb genera-
tion is described by the nonlinear equation of the form

ȧµ = −(1− iζ − idΣµ)aµ + iSµ + fδµ, (1)

where a is the microresonator mode field, dΣµ = d2µ
2 +

d3µ
3... is the integrated dispersion, ζ = 2(ωgen − ω0)/κ

is the normalized pump frequency detuning (ωgen is the
generation frequency, ω0 and κ are the pumped WGM
frequency and linewidth), Sµ is the nonlinear sum and f
is the normalized pump [4]. If we turn to the thermal-
influenced equations they are modified as following [5]:

ȧµ =− (1− iζ − iθ − idΣµ)aµ + iSµ + fδµ, (2)

θ̇ =κ̃θ (rθPa − θ) , (3)

where θ is normalized thermal frequency shift, κ̃θ and
rθ are the thermal to optical decay rate and nonlinearity
ratios and Pa =

∑
|aµ|2 is the total intracavity inten-

sity. Comparing equations (1) and (2) we can see that
the soliton generation is governed by the effective detun-
ing ζeff = ζ + θ. Note that negative thermorefraction
coefficient corresponds to negative rθ and, consequently
negative θ. In stationary regime θ = rθPa, so we can
see that the nonlinear resonance "tilts" to the lower fre-
quencies, while the soliton steps do not shift significantly
(the bigger shift, the more the soliton number) and can
become inaccessible [5].

In the SIL regime the system should be completed with
two more equation systems - for the backward wave am-
plitudes bµ (note that the thermal equation should also
be modified to have the full microresonator power as a
source) and for the laser amplitude al. To perform the
numerical modeling the laser medium gain model also
should be specified (we use the normalized carrier con-
centration Ng rate equations). The final system can be
written as following [3]

dNg
dτ

=
g

g0

f2

κ̃2
WGR

(κ̃l −Ng|al|2) + κ̃N (κ̃l −Ng), (4)

dal
dτ

=
(
−iξ0 − ivξτ + αcgNg − κ̃l

)
al −

K̃0

f
b0e

−iψs (5)

daµ
dτ

=− (1− idΣµ − iθ)aµ + iβbµ + iSaµ + fδµ0, (6)

dbµ
dτ

=− (1− idΣµ − iθ)bµ + iβ∗aµ + iSbµ (7)

dθ

dτ
=
κθ
κ

(rθ(Pa + Pb)− θ) , (8)

where the τ = κt/2 is normalized time, g/gl is the laser
gain to Kerr nonlinearity rate ratio, κ̃WGR is the coupling
of the microresonator normalized to the microresonator
mode linewidth, κ̃l and κ̃N are the laser field and carrier
relaxation rates normalized to the microresonator mode
linewidth, αcg = (1 + iαg) and αg is the Henry factor, ψs
is the locking phase, ξ0 is the initial laser detuning and
vξ = vf [Hz/s] 8π

κ2 is the scan speed in half-linewidth per
reversed half-linewidth, K̃0 = K0

2β
√

1+α2
g

is the resonator

to laser coupling coefficient, defined by the stabilization
coefficient, K0 = 8ηβκ̃do is the zero-detuning stabiliza-
tion coefficient, κ̃do is the ratio of the laser output mirror
coupling rate to the WGM linewidth, β is the normalized
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scattering rate in microresonator. It can be noted that
K0 also approximately equal to triple locking width in
units of WGM linewidth in linear regime. Solving these
equations numerically one may see that the generated
comb regime does not depend on the value of the ther-
mal nonlinearity up to significant values.

Some more insight can be obtained using the tuning
curve approach [6]. We can see [3] that the resulting
tuning curve for ζeff coincides with the solution without
thermal influence. Using nonlinear shifts ζ̄ = ζeff + δζnl,
β̄2 = δβ2

nl +β2 and ξ̄ = ξ+ δζnl for the tuning curve over
the laser cavity detuning ξ we can obtain an implicit
expression[7]:

δβnl =
2αx − 1

2
|f |2 1 + (ζ̄ + δβnl)

2 − β2

(1 + β̄2 − ζ̄2)2 + 4ζ̄2
, (9)

ξ = ζeff +
K0

2

2ζ̄ cos ψ̄ + (1 + β̄2 − ζ̄2) sin ψ̄

(1 + β̄2 − ζ̄2)2 + 4ζ̄2
, (10)

ζeff = ζ̄ − 2αx + 1

2
|f |2 1 + (ζ̄ + δβnl)

2 + β2

(1 + β̄2 − ζ̄2)2 + 4ζ̄2
, (11)

where ψ̄ = ψ0(ωmτs) + κτs
2 ζ is the locking phase (τs is

the roundtrip time from the laser to the microresonator).
From the equations (10)-(11) we can see that exactly the
ζeff is the detuning that is stabilized, while the generation
detuning ζ will follow the temperature change. Further-
more, in the locked state this detuning becomes fixed to
the detuning near

ζ0
eff =

−
3
2f

2, f � 1

−3
(
f2

2

)1/3

+
(
f2

2

)−1/3

, f > 1
(12)

This expression is obtained for αx = 1, low β � 1
and ψ̄ = 0. We choose ζ̄ = 0, which guarantees it
being in the locked state. This is a good estimation
if the pump is not very high (f < 2), where the tun-
ing and resonance curves are more-or-less symmetric,
without self-intersections and good stabilization can be
achieved. The sample solutions of (10)-(11) for different
f are shown in Supplementary Fig. 2. It can be shown
that ζ0

eff always lies inside the soliton generation region
ζeff ∈ [−3(f/2)2/3 + (f/2)−2/3/4;−π2f2/8] [8, 9]. Un-
fortunately, the lower boundary of the soliton existence
region approximation is not very good near f = 1 as
they are based on the resonance curve bistability, which
appears only after f = 1.24.
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Figure 2. Sample solutions of (10)-(11) for different pump
amplitude f for parameters αx = 1, ψ̄ = 0, β = 0.11, K0 = 88
together with locked effective detunings (12) (red circles).

SUPPLEMENTARY NOTE 4: COMB ENVELOPE
APPROXIMATION AND POWER EFFICIENCY

The generated comb for single soliton can be calculated
as following [10]:

aµ =

√
d2

2
sech

(
πµ

2

√
d2

−ζeff

)
eiψ

sol

(13)

ψsol = arctan

√
−2π2f2ζeff − 16ζ2

eff

−4ζeff
. (14)

Note that the total comb (or soliton) power Psoliton =
2
√
−ζeffd2/π does not depend on the pump amplitude

f =

√
8g

κ3

√
ηκ

τWGM
Al|coupler =

√
8cn2Q2ηPcoupler

ωn2
gVeff

, (15)

meaning that the higher the pump, the lower the comb
generation efficiency. In the formula g is nonlinearity
rate, κ is the WGM linewidth, η = κc/κ is the normal-
ized coupling rate, τWGM is the WGM round-trip time,
Al|coupler and Pcoupler are the pump field amplitude and
power inside the coupler, n2 is the nonlinear index, Q is
the loaded quality factor, ng is the WGM group index,
Veff is the WGM mode volume. It is convenient to intro-
duce the parametric instability threshold power Pth, so
that f =

√
Pcoupler/Pth. Upon reaching this power the

nonlinear generation process starts. To turn to the out-
put comb amplitude we have to recall the nonlinearity
normalization

Aout
µ = −√ηκτWGMaµ

√
κ

2g
=

2η

f
aµAl|coupler. (16)

Using the threshold power we can write out a simple
expression for the output comb line power in the form
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P out
µ = 4η2|aµ|2Pth and the total power

P out
soliton =

8η2

π

√
−d2ζeffPth. (17)

This brings out an nontrivial fact that lowering the
threshold power also reduces the output comb power.

The central line in the output light also interferes with
the background of nonlinear resonance curve

Aout
CW =

(
1− 2η

1− iζeff − ia2
CW

)
Al|coupler, (18)

and A2
CW is the squared absolute value of the stationary

nonlinear resonance. In our case we take the lower branch
of bistability region

a2
CW =− 2

3
ζeff −

2

3

√
ζ2
eff − 3×

cosh
1

3
arccosh

−2ζ3
eff − 18ζeff − 27f2

2(ζ2
eff − 3)3/2

(19)

The power efficiency can be calculated in two ways.
First is the "pump to total comb" or "pump to solitons"
(ηp2s) efficiency [11, 12], where the total comb power (17)
is divided by the pump power in the coupler Pcoupler. It is
usually used in theoretical calculations giving out more
tidy formulas. The second way can be referred to as
"pump to comb sidebands" or "pump to comb" (ηp2c),
when the central (pumped) line is excluded [13]:

ηp2c =
4η2

f2

(∑
|aµ|2 − |a0|2

)
=

4η2

f2

(
2

π

√
−d2ζeff −

d2

2

)
,

(20)

where the first summand is effectively "pump to solitons"
ηp2s efficiency and the subtracted term is the central line
power. This is convenient in experiment not to bother
with the interference with the pump. It can also be more
informative for those more interested in sideband power
than in the total comb power. In the main article we use
this variant. At maximum detuning ζmax = −π2f2/8 the
first summand of (20) is

ηmax
p2s ≈

4η2

f

√
d2

2
= η3/2

√
d2κn2

gVeff

cn2QPcoupler
, (21)

which coincides with expression for pump-to-soliton effi-
ciency in [11, 12]. We can see that even at maximum de-
tuning, that grows with the pump amplitude, the power
efficiency scales down. In the SIL regime the efficiency is
lower as the detuning is locked to lower value (12). Nev-
ertheless the high efficiency can be maintained due to the
possibility of lower pump power usage.

The self-injection locking usually leads to the multi-
soliton state, which also increases the pump-to-comb ef-
ficiency. To model the N -soliton comb we multiply the
(13) with

Φµ =

N∑
k=1

exp iµφk, (22)
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Figure 3. Pump to soliton (21) and pump to comb sidebands
(20) efficiency dependence on the soliton number for param-
eters, close to 1 THz chip. The former is shown with red
triangles, the latter – with blue asterisk. Vertical dashed and
dotted lines show the 5-width and maximum soliton number
respectively.

where φk is the k-soliton angle position on the circum-
ference. If the solitons are equidistant (so-called perfect
solitonic crystal [14]) the comb will have N -FSR spac-
ing. However, if the solitons have random angle dis-
tribution we get 1-FSR spaced comb and its sech2 en-
velope experience non-smooth modulation. The total
comb power (and the pump-to-comb efficiency) grows
linearly with the number of solitons until the mutual
distance between them is less than 5 soliton widths
(Nsat ≈ 2π/(10

√
−d2/ζeff arccosh

√
2)) [10]. Up to this

moment the pump-to-sidebands efficiency saturates (see
Supplementary Fig. 3). We should also note that this
number is usually inaccessible as the detuning is usually
scanned from red to blue side and the soliton formation
occurs at low ζ and their number does not grow. So the
practical estimation for maximum soliton number would
be Nmax ≈

√
1/d2 [14].

To sum up this section, the comb power does not de-
pend on the pump power directly. Though both the max-
imal and the locked detunings do depend on the pump
power, these dependencies are weaker than the linear one
and the pump-to-comb efficiency decreases with it. This
creates the illusion that using the low power laser and re-
ducing the threshold we can make a very energy-efficient
device. However, the second point is that the comb power
does depend on the nonlinearity threshold power. So, us-
ing the above strategy we end up with negligible output
signal. This brings us to rather counter-intuitive con-
clusion, that for best performance the threshold power
should be increased (meaning lower Q-factors or less non-
linearity, for example) and matched with the used laser
pump power. This immediately brings out a trade-off
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problem as the lower Q-factor means less stabilization
and wider beatnote. Another way to increase the pump-

to-comb efficiency is the second order dispersion coeffi-
cient increase. Unfortunately, this brings us to a trade-off
problem for the comb width.
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