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Abstract

Spectral bias is the phenomenon where neural networks learn the low-wavenumber content
of a target before its high-wavenumber content. We analyze the training dynamics of neural
operators on the discrete Poisson problem and find that the bias is a property of the eigenbasis
of the kernel that governs the training update, not of the wavenumber basis in which it is usually
reported. A model learning a discretized operator retains its error in the eigendirections of this
kernel with small eigenvalues, which are the rates at which training contracts the error along
those directions. Under smooth forcing, low variance is placed at high wavenumbers, and any
model, linear or nonlinear, has small eigenvalues along the eigenvectors with high-wavenumber
content. Under white forcing, the linear models learn the operator, while the nonlinear models
retain error in slow directions that depend on the coupling between training samples in the
kernel; for the GELU dense network they disappear entirely when that coupling is removed.
Modes that a model cannot represent at all contribute zero eigenvalues. The slow eigenvectors
decide which wavenumbers carry this error, through their projection onto the sine modes. For
the spectral operator and the linear Fourier neural operator these eigenvectors are close to
sine modes, so each wavenumber has its own rate and the error collects at high wavenumbers.
Delocalized models, such as the dense networks under either forcing, have error of nearly the
same magnitude at every wavenumber. The spectrum of the true solution decays with k& and
falls below this floor at some wavenumber, past which the relative error grows. No mode is
learned more slowly than another in this case; the growth comes from the decay of the target
spectrum. Spectral bias is usually reported by looking at this retained error in the sine basis,
and we use its projection onto the kernel’s eigendirections to explain the shape it has there.

1 Introduction

A neural network trained on a multiscale target fits some scales before others. In most reported
cases, the low-wavenumber content of the target is learned before the high-wavenumber content [1,
2, 3, 4], and this behavior is called spectral bias. In autoregressive emulators of turbulent flows,
the small scales that spectral bias leaves unlearned are amplified during time integration and make
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long-term emulation unstable [5]. Classical iterative solvers for elliptic equations are the inverse.
Jacobi and Gauss—Seidel iterations remove oscillatory error in a few sweeps, while smooth error is
reduced far more slowly [6].

The current explanations for spectral bias assume that each mode is learned at a rate that
decreases with wavenumber. In the neural tangent kernel picture, training converges fastest along
the kernel’s eigenfunctions with the largest eigenvalues [7]. In operator learning [8, 9, 10] we show
that the per-mode picture only works when the eigenvectors of the kernel driving the training
update are close to sine modes. For generic dense networks they are not. The trained error of
these networks is nearly flat across wavenumber, at a level determined by the eigenvalues of that
operator, and the relative error grows with wavenumber because the spectrum of the true solution
decays through this flat floor, not because the network learns high wavenumbers more slowly.

Several kernel descriptions of spectral bias in scientific machine learning precede this work.
Wang et al. [11, 12] derive the neural tangent kernel (NTK) of physics-informed neural networks [13],
show that it is constant during training in the infinite-width limit under gradient descent, and trace
training failure to different convergence rates of the loss components, determined by the eigenvalues
of that kernel. Wang, Wang and Perdikaris [14] identify spectral bias with a bias toward the
leading eigenvectors of the limiting NTK, and show that Fourier feature embeddings shift these
eigenvectors to higher frequencies. Seroussi et al. [15] analyze over-parameterized networks through
an equivalence with Gaussian process regression and describe spectral bias as a statement about
kernel-task alignment. Khodakarami et al. [16] report wavenumber-resolved error metrics across
physics-informed and operator-learning settings and find that spectral bias depends on the optimizer
as well as on the architecture. For neural operators, Khodakarami et al. [17] reduce it by scaling
the high-frequency components of the latent features. Xu et al. [18] review mitigation strategies,
mainly frequency shifting and scaling, that assume a low-wavenumber-first learning order. Wang
and Lai [19] remove the error plateau of regression and physics-informed networks, near 10~°, by
training successive networks on the residue of the previous one, whose content moves to higher
frequencies at each stage.

Our setup differs from this work in a few ways. The kernel we study is that of the Adam
update, with its diagonal preconditioner included (Section 4.1); with the preconditioner set to the
identity it reduces to the gradient-flow NTK [7, 11]. Due to minibatching, the kernel is averaged
over multiple samples. This is the cause of the cross terms in K, which capture the batch average
in the weight updates. In the dense networks, the trained error is held in slow eigendirections of
K that exist only because of these cross terms (Section 4.2); if each sample is treated separately,
these directions disappear. There is no infinite-width or fixed-kernel assumption, since outside the
lazy regime the kernel moves during training [20, 21, 22]. We measure the kernel over the last 100
steps and compare it with the error left at that point.

We work with the discrete Poisson problem and five operator models, from an ideal spectral
operator to unstructured dense networks (Section 2). In the linear case (Section 3) the update is
governed by the covariance of the training data, and its spectrum fixes the learning order exactly.
Section 4 covers the nonlinear models, where we use the stacked kernel of the Adam iteration. Any
model that does not learn the operator is left with error in the slow eigendirections of this kernel,
and those slow rates can come from the data, from the nonlinearity (through coupling between
training samples), or from the representation itself. Projecting the slow eigendirections onto the
sine modes then gives the profile of the retained error in wavenumber. When they are sine-aligned
this is a per-mode learning rate; for the delocalized eigendirections of the dense networks it is a
flat floor. We discuss these results in Section 5, and Appendix A works through scalar regression,
where the same statements can be made in closed form.



2 Operator learning for the Poisson problem

The operator of focus in this paper is the inverse of the one-dimensional discrete Poisson operator.
Using the forcing f € RV as input, we define the target u as

u=A"1feRV, (1)

where A € RV*V is the matrix form of the discrete Poisson operator. In scalar regression, spectral
bias is often studied with the Fourier coefficients of a single target function. As this is an operator,
we learn a linear map instead.

2.1 Discrete Poisson problem and the target operator

The setting is the Poisson equation on (0, 1) with homogeneous Dirichlet boundary conditions,

—Ugz(x) = f(2), u(0) =u(1) = 0. (2)
Using a second-order finite-difference discretization on N interior grid points gives the linear system

Au = f, with

11-1 2 . 1
A:ﬁ 1 ,Where h:m (3)

-1 2

Let S € RYXN be the standard orthonormal discrete sine basis, with entries

2 . wik .
SJk_”N—l—lsm<N—|—1>’ jk=1,...,N, (4)

and columns vy, k=1,...,N. Then A = SA4ST with

4
Ay = diag(k1,...,kN), K = h28in2(2(]\7frlj—1)> . (5)

In the modal coordinates f = ST f and @& = STu the solution is

ﬁk:ifka (6)

Kk
so the target is diagonal in the sine basis. Its eigenvalues are g; = 1/x, for all k, with g; ~ 1/ (m2k?)
for k < N. This is why the inverse of the discrete Poisson operator is low-pass, as it damps the
high wavenumbers. This damping is an aspect of the target operator and is not studied here. The
focus of our analysis is on how this operator is learned.

Forcing ensembles. Fresh training data is created for each batch by sampling forcings with in-
dependent mean-zero modal coefficients, f =, fkvk with E[ fk. fj] = Uiékj. The forcing covariance
Y= E[f fT] is diagonal in the sine basis with eigenvalues a,%. Two forcing ensembles are used.
Smooth forcing has 0,3 = k4, so variance is concentrated at low k. White forcing has a,% =1 and

spreads variance across all modes equally.



Architecture hierarchy. We train five operator models. The ideal diagonal spectral operator
has only one trainable eigenvalue for each of its Kot = 32 retained sine modes. The two Fourier
neural operators [9, 10] combine per-mode spectral weights with pointwise channel mixing in each
layer; the nonlinear FNO applies a GELU [23] after each layer, except the last, and the linear FNO
does not. The GELU dense network is a multilayer perceptron on the grid values, and the deep
linear dense network is the same perceptron with the nonlinearities and biases removed. We refer to
the last four as the generic models and to the last two as the dense networks. All models are trained
with Adam [24] on the mean-squared error over freshly sampled forcing batches. Architecture and
training details are given in Appendix B.

2.2 A flat error floor

For a model ug = Fp(f) we define the RMS modal amplitude of the output over a validation set of

forcings indexed by p, (ST ul )%ﬁ/ ? and the spectrum of the true solutions,

Us = ((STu")i)/2. (7)
Figure 1 shows the trained hierarchy in physical space and in the sine basis. In physical space, the
trained outputs overlay the true solution up to a fine-scale residual in Fig. 1(c,d). In the sine basis,
each output tracks Ui up to a model-dependent mode. Beyond it, the generic models stay near an
error floor, flat for the dense networks and almost flat for the nonlinear FNO, while U, continues
to decay, and the ideal diagonal spectral operator drops to zero at its truncation in Fig. 1(e,f).
Under white forcing the linear FNO and the deep linear dense network track Uy over the whole
band. The mode number where the gap starts to grow depends on the architecture and dataset.
Training lowers the flat part of the error without changing its shape, so beyond the gap the error
relative to the target grows with k. This is the phenomenon usually reported as spectral bias.

We can also state this as an error spectrum. For a trained model we define the RMS modal
error over the validation set,

By = (ST (uly —u)) ), (8)

and the relative RMS modal error,

(5T —w)y),
Ek = 2

((STur)p),

9)

so that e, = Ey/Uy.

Figure 2 shows both error spectra at the end of training for all five models. Beyond a low-k
regime, the modal error Ej of the dense networks and of the nonlinear FNO is nearly flat in k for
both forcings in Fig. 2(a,b), at a level determined by the model and the forcing. The linear FNO is
flat at a low level under white forcing but rises with k£ under smooth forcing, and the ideal diagonal
spectral operator learns its retained modes exactly and increases after the truncation. Section 4.3
explains this range of shapes by the projection of the slow eigendirections of the training kernel
onto the sine basis. The relative modal error ¢ in Fig. 2(c,d) grows with k for every generic
model under smooth forcing, which is the well-known signature of spectral bias. The FNO models,
however, level off at high k. Under smooth forcing their eigenvectors are localized on one or a few
sine modes in Fig. 4(a,c), more cleanly than under white forcing in Fig. A4(a,c), so each mode
approximately keeps its own error, o times the error in the model’s response at that mode, which
falls with & in Fig. 2(a). The apparent severity of spectral bias decreases as the forcing places more
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Figure 1: Spectral bias in the trained hierarchy (smooth forcing left, white forcing right).
(a,b) Model outputs for one validation forcing at the first training step (¢ = 0) against the true
solution (black). (c,d) The same at the final training step (¢ = 12000). (e,f) RMS modal amplitude
of the trained outputs against the true solution spectrum Uy of Eq. (7). Vertical ticks mark the
mode at which each model departs from Uy, and the crossing, computed after a three-point median
filter on Ej, defines the gap mode kgap of Eq. (10). The spike of the linear FNO at the end of the
band in (f) is an input-independent offset at the highest odd modes (Appendix D).
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Figure 2: Final modal error spectra of the hierarchy (smooth forcing left, white forcing
right). (a,b) Modal error Ej of Eq. (8). (c,d) Relative modal error ¢, of Eq. (9). Slope triangles
mark ¢, o< k* (smooth) and k? (white), the growth predicted for a flat Ej and k < N.

energy in the high modes: ¢} grows much more slowly under white forcing in Fig. 2(d) than under
smooth forcing in Fig. 2(c), consistent with the linear analysis of Section 3.

The growth of € does not label a mode at which learning dynamics change. For the dense
networks and the nonlinear FNO, Ej is nearly constant in k£ beyond a model-dependent mode in
Fig. 2(a,b) (see also Section 4.3), so the growth of e, = Ej /Uy is the decay of its denominator.
There is a single error level and a mode beyond which the target falls below it. We call this crossing
the gap mode,

kgap := min {k : Ek > Uk} . (10)

For k > kgap the output at mode £ is dominated by error and stays at the floor regardless of the
true solution at that mode. When E} < Uy at every mode, as for the deep linear dense network
under white forcing, there is no gap. This is why the output spectra of Fig. 1(e,f) are flat in the
gap region while the target continues to decay. Section 4 traces the level of the floor to the operator



that governs the training update.

3 The data covariance governs the learning order in linear opera-
tor learning

Under a linear learning rule, the error e about the minimizer evolves as ¢ = —7 e, where T is the
symmetric operator representing the update. Expanding e in the eigenpairs (¢q, A\o) of T gives
e(t) = e ag(0)dar  aa(0) = pge(0). (11)

o

A discrete iteration with step size 1 contracts each coefficient by 1 — n\, per step, as in the scalar
models of Appendix A. The eigenvalues A\, set the learning rates, and they are themselves functions
of the update operator 7. Analysis in the sine basis then becomes a projection of the eigenvectors
¢, onto the sine modes.

Let the model be a single matrix, up = Mf with M € RYXN_ trained on the population
mean-squared error. With the operator error A := M — A~!, the loss is

L) = SEIMT - A7 P = JE[TATAf] = Su(ax,aT), (12)

where the last equality uses the cyclic property of the trace. The forcing distribution enters the
loss only through its covariance ¥y. The gradient is V)£ = AXy, and under gradient flow, the
operator error obeys

A=-A%;  A(t)=A0)e > (13)

In the eigenbasis of ¥y, each component of the operator error decays exponentially at a rate equal
to the corresponding eigenvalue. Writing

Yr=QA;Q", Ay =diag(ol,...,0%), (14)
with orthonormal eigenvectors g, and projecting onto gz,
At) gi = e 7F A(0) gi. (15)

In shallow linear operator learning, the forcing spectrum {U,%} sets the learning speed in each direc-
tion. The variance of the training data determines what decays quickly. High-variance directions
get excited often and their error decays fast, while low-variance directions are not often seen and
get penalized rarely in the loss. For this experiment, the covariances of the forcings in Section 2.1
are diagonal in the sine basis, g = v with vy the kth column of S, and Eq. (15) becomes

A(t) vy, = e~k A(0) vp. (16)

Under white forcing, the linear model learns every mode at the same rate, while under smooth
forcing it learns the low modes first.

Loss decomposition in the sine basis. This covariance dependence is clearest when the learned
operator is itself diagonal in the sine basis, (ST ug)r = gifrx- The per-sample modal error is then
(9 — 1/Kk) fr, and the population loss splits mode by mode,

1 N 1 2
_ 2
‘C_QE o <gk_/ik> : (17)

k=1



The squared eigenvalue error at mode k is weighted by that mode’s forcing variance a,%. Under
white forcing this weight is equal over all modes, whereas under smooth forcing high-mode errors
are weakly penalized. As a result, a model can have large error in its high modes compared to its
low modes and still have low loss.

Physical damping versus learning order. The eigenvalues g; ~ k=2 imply that, even under
white forcing, the true solution must carry less energy in the high wavenumbers than the forcing.
As in Section 2.1, low-pass behavior is an aspect of our chosen target operator and is separate
from the learning order. Low wavenumbers are learned first here because the training data place
more variance there, not because the Poisson operator smooths the optimization. Jacobi iteration
behaves differently again, with damping rates that are eigenvalues of an iteration matrix built from
A itself (Section 5). Figures 1 and 2 show the effect of the data directly: under white forcing the
linear models have lower error and no accuracy gap, even though white forcing excites every mode.
The deep linear dense network lies on the true solution in Fig. 1(d,f), and its modal error is at
machine epsilon in Fig. 2(b). This is the benchmark against which the nonlinear results of Section 4
should be compared. In the linear case the update operator is the data covariance, and spectral
bias is exactly the data spectrum. The forcing spectrum is the first of three sources of slow rates
identified in this paper. Section 4 adds the nonlinearity of the network and the truncation of the
representation.

4 Nonlinear operator learning

4.1 The stacked kernel of the Adam update

A neural operator is a map Fy : RN — RN, ug = Fy(f), with parameters # € R, Given a training
batch {(fH, ut) 5:1 with u#* = A~!f# and per-sample errors e*(0) = Fp(f*) — u* (sample indices
are superscripts on vectors and subscripts on matrices throughout), the batch gradient of the mean-
squared error, the mean over the BN entries of the batch, is 2y o JJe“ with J, 1= 0Fy(f*)/00.
The models are trained with Adam, which we model as gradient descent preconditioned by the

diagonal matrix
H:diag((si/z+6A)_1,...,(s}3/2+6A)_1), (18)

where s; is the running second-moment estimate of gradient coordinate ¢ and €4 is the stabilization
constant. We neglect the momentum average. Appendix B shows that this is valid for the slow
eigendirections that the analysis concerns. Under the preconditioned flow, the evolution of the
parameters is governed by

B
. 9 T
HZ—WHZJM e“, (19)
pn=1
and by the chain rule each sample’s error evolves as [7, 25]
. ; 2
e”zJyez—mZJVHJ[e#:—(Ke)”, Koy = g Jo I, (20)
o
where the B per-sample errors are stacked into one vector e = (e';...;e?) € RPN and the per-

sample Jacobians into J := (Ji;...;Jg) € RENXP We call K = % JIIJ T the “stacked kernel”.



Setting II = I recovers the gradient-flow NTK. Written out over the batch,

ol AT LTINS e AILTEN

q | e o | LIL]  BILJ - BILIL || €2
il |~ BNy | (21)

e'B . . . . e'B

JpILJ|  JpILJy --- JpILJ}
and the v-th row is 5 5

Vo 2 VH T v = Z/H T H . 22
é v Il e BN%;J gl e (22)

per-sample block

cross terms

The off-diagonal blocks J,,HJuT with v # p are the cross terms. Through the shared parameters,
these cross terms link each sample’s error to the errors on the other samples. The block-diagonal
kernel diagM(JMHJJ ), obtained by giving each sample its own copy of the parameters, does not
contain them, so any diagnostic built on the per-sample kernel alone misses them. Section 4.2
shows that dense networks have training error along the eigendirections through these cross terms.

The stacked kernel is symmetric and positive semidefinite, since II is diagonal with positive
entries and K = & (JIIY2)(JIIY2)T. Tt therefore has an orthonormal eigenbasis {¢o} with
eigenvalues A\, > 0,

K=Y X ¢y, (23)
(6%
and while the kernel is frozen the stacked error evolves diagonally in this basis,

e(t) = Y e (94e(0)) b (24)

As in Section 3, each A, is the rate at which training contracts the component along ¢, with a
per-step factor 1 —n\, in the discrete iteration. We plot this per-step rate nA, at the learning rate
n of the sampled step. The eigenpairs (Aq, o) are the modal coordinates of the learning problem.
For two-layer networks in the kernel regime, Arora et al. [26] decompose the training error in the
same way, along the eigenvectors of the Gram matrix of the network at initialization; here the
kernel is that of the late-training Adam update.

Equation (24) holds when K is fixed. K is a function of # and the tracked Adam states.
Initialization tells us almost nothing due to the changing nature of the kernel. Thus, we evaluate
K late in training at the loss floor and where II is nearly stationary over the sampled window
(Appendix B). The decomposition of the trained error over the eigendirections of K in Section 4.2
uses K averaged over the final 100 steps, and the modal-kernel diagnostics of Section 4.3 use K at
the final step, with II taken from the optimizer state at each sampled step.

4.2 Error accumulates in the slow eigendirections of the kernel

Because {¢q} is orthonormal, the trained error at a given step decomposes exactly as
e= Zaagi)a, o = doe, le||? = Zai. (25)
[e% «

The coefficient a,, is the loading of the error on eigendirection a, and a2 is that direction’s share
of the squared error. We call the set of pairs {(\a,a2)} the error-loaded spectral measure. It



represents where on the rate axis the error resides. We summarize it by the cumulative error mass
below a rate A, in RMS units,

) 1/2
_ 2
(A = <BN Z %) ) (26)
a: Ag <A

which increases from 0 to the full RMS error E := |le|]|/V BN as X increases, where B is the
batch size and NN is the number of grid points. The measure is computed by error-loaded Lanczos
applied matrix-free to the late-training kernel, with the cross terms never dropped (Appendix B);
the pairs (\y,a?2) it returns are Ritz pairs of the kernel, which serve in place of the exact eigenpairs
throughout. We locate the bulk of the measure by the rate at which the cumulative error mass
reaches 95% of the RMS error,

A :=min{\:T(\) >0.95E}, (27)

so that 0.95% ~ 90% of the squared error resides below \*. The threshold of 95% is a convenience
for analyzing the figures, and the conclusions do not depend on its value.

The central result of this section is in Fig. 3, which shows the measure for the GELU dense
network under smooth and white forcing. For the full stacked kernel, the cumulative error mass
accumulates over multiple small eigenvalues and reaches the independently measured error E, the
dotted line in Fig. 3(a,b). When the cross terms are removed and K is replaced by its block-
diagonal part, the cumulative mass collapses, leaving less than 0.1% of the squared error below
nA a 8 x 10~° for either forcing. For this model, the slow eigendirections that retain the error exist
only through the coupling between samples. Panels (c¢,d) resolve the same eigensystem direction
by direction. Under both forcings, most of the trained error resides in the eigendirections of the
stacked kernel with small eigenvalues.

The same statement holds for every model that does not learn the operator, whatever the
source of the slow rates. Table 1 collects the ten cases, with the training loss of each from Fig. A5.
The deep linear dense network and the linear FNO under white forcing are the two cases whose
training loss reaches machine precision or is still descending at the end of training. In neither case
does the trained error reside in eigendirections with small eigenvalues. The residual of the linear
FNO occupies two eigendirections near \*, and the residual of the deep linear dense network is at
machine precision and lies mostly in the null space of the kernel, with the rest at the fast end of
its spectrum (Appendix C). The other eight cases plateau, and in every one of them the dominant
error shares lie below A\*.

The table identifies three sources of slow rates. First, the forcing spectrum provides them in the
smooth forcing case, for linear and nonlinear models alike. This is the result of Section 3, and it is
why the deep linear dense network retains its error under smooth forcing and is at machine precision
under white forcing. Second, the nonlinearity of the network provides them even when the data
excite every mode. This is why the nonlinear models plateau under white forcing while the linear
models learn the operator. For the GELU dense network these slow directions exist only through
the cross terms: the block-diagonal kernel retains none of its error below n\ = 10~°, against 60%
for the full kernel in Fig. 3(b), so an analysis that drops the cross terms cannot locate its error.
For the nonlinear FNO the cross terms also shape the slow tail: 90% of the squared error lies
below \* for the full kernel and 52% without the cross terms, and its slowest directions, n\ < 1077,
exist only through them; see Table 1 and Fig. A2(a). For every generic model, an analysis that
drops the cross terms misplaces the error on the rate axis. Third, the representation provides them
as the null space of the kernel, which is the truncation of the ideal diagonal spectral operator at
k = 32. The forcing spectrum affects the retained error in two ways. It decides which eigenvalues

10



Model Forcing Loss at the end Error-carrying directions Error below \* Fig.
without cross terms

GELU dense smooth plateau slow tail absent (0) 3(a,c)

GELU dense white  plateau slow tail absent (0.12) 3(b,d)

Nonlinear FNO smooth plateau slow tail present (0.49) A3(a,b)
Nonlinear FNO white  plateau slow tail present (0.53) A2(a,b)
Linear FNO smooth plateau slow tail present (0.13) A3(c,d)
Linear FNO white  descending two directions near \* 0.22 A2(c,d)
Deep linear dense smooth plateau slow tail absent (0.004) A3(e,f)
Deep linear dense white  machine epsilon null space and fast directions 1.0 A2(e,f)
Ideal diagonal spectral smooth truncation floor null space 1 (null space) A3(g,h)
Ideal diagonal spectral white  truncation floor null space 1 (null space) A2(g,h)

Table 1: The hierarchy under both forcings. Training loss is the end of training from Fig. A5. The
last two columns are from the error-loaded spectral measure in the figure listed: where the error
resides on the rate axis, and the share of the squared error that remains below A\* when the cross
terms are removed.

are small and therefore how much error remains. It also decides where the gap mode of Eq. (10)
falls, because the spectrum Uy of the true solution decreases faster with k under smooth forcing
than under white forcing, so the true solution drops below the error level at a lower wavenumber.
Appendix C discusses each model.

4.3 Misalignment with the sine basis and the accuracy gap

Because spectral bias is read off in the sine basis, the projection of the slow eigendirections onto
the sine modes fixes its profile. Slow eigendirections that are individual sine modes give a re-
tained error localized at particular wavenumbers, with a separate learning rate for each mode; slow
eigendirections delocalized over the sine modes give an error spread evenly over k. The ideal diag-
onal spectral operator is sine-aligned by construction, the FNOs are aligned to the extent that the
forcing separates their rates, and the dense networks are indistinguishable from random directions
in the sine basis under both forcings. For the dense networks the retained error is therefore flat in
k, and measured against the decaying target spectrum this flat error reproduces the accuracy gap
of Fig. 1.

Alignment statistics. The alignment is measured on the late-training batch-averaged kernel
K = %j OJ" € RV*N where J is the Jacobian of the batch-averaged network output on a
fixed diagnostic batch (Appendix B), normalized so that 9\, is the per-step rate at which an error
shared by every sample of the batch contracts. K is the N x N analogue of the per-sample block
JMHJJ with the batch average taken inside the Jacobian, and STKS is its modal kernel. For a
truly diagonal kernel in the sine basis, the error in each mode would reduce independently of all
others. This would be determined by each mode’s eigenvalue and would give a perfect per-mode
learning speed. For a unit eigenvector ¢, of K, let ¥y := v,jgba be its component on sine mode k,
so that >, wg o = 1. We call 1&,% ., the squared overlaps of eigenvector o with the sine modes and

summarize them by two statistics,

Fo=Y kol PR, = (Zﬁa)*l, (28)
k k

the frequency centroid and the participation ratio of eigendirection a. PR, = 1 means the direction
is a single sine mode. The sum ), wéa is the inverse participation ratio: it equals 1 for a single
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Figure 3: The error is retained in the slow eigendirections of the stacked kernel, which
for this model exist only through the cross terms (GELU dense network; smooth forcing
left, white forcing right). (a,b) Cumulative error mass I'(A) of Eq. (26) for the full stacked kernel
K (red) and for the block-diagonal kernel with the cross terms removed (grey dashed). The dotted
line marks the measured RMS error E and the vertical line marks n\*, with A* of Eq. (27) the rate
at which I' reaches 0.95 E, below which about 90% of the squared error resides. (c,d) Each Ritz
pair plotted at its per-step rate n\, against its error share a2 /|e|?.

sine mode and 1/n for a direction spread evenly over n modes. PR, > 1 means the single rate
Ao is shared across many sine modes at once, and PR, counts the effective number of modes over
which the direction is spread.

We plot in Fig. 4(a) the squared overlaps w,%a of Eq. (28), the fraction of each eigenvector ¢,
of K that lies along sine mode v}, under smooth forcing. For the ideal diagonal spectral operator
every eigenvector is a single sine mode, by construction. Each of its parameters controls one output
mode, its Jacobian columns are the scaled sine modes f,f v, and its modal kernel is diagonal
at every forcing. The diagonal entries of ST K S scale with ( fk)Q, the batch average of the forcing
coefficients, so under smooth forcing they follow oi = k=% and the rate falls with k in Fig. 4(b). The
non-retained modes span the null space of the kernel, so representational truncation is absorbed by
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Figure 4: Alignment of the kernel eigensystem with the sine basis (smooth forcing; late-
training batch-averaged kernel K of Section 4.3). (a) Squared overlaps 17, of Eq. (28) between the
eigenvectors of K and the sine modes, for the five models. Eigenvectors are sorted by eigenvalue,
except for the ideal diagonal spectral operator, whose retained eigenvectors are sorted by their
peak sine mode k; its non-retained modes span the null space, whose basis is arbitrary. (b) Per-
step rate n\, of each eigenvector against its frequency centroid ko. (c) Participation ratio PR,
of each eigenvector against its per-step rate. The dashed line marks a single sine mode, PR = 1.

The dotted line marks the expected participation ratio of a unit vector drawn uniformly at random
from the sphere in RY, (N 4 2)/3.

the same law as the A, — 0 limit. The linear FNO is sine-diagonal, with a single stripe of squared
overlaps equal to one ordered by rank. The nonlinear FNO is banded around a stripe, with each
eigenvector localized on a few sine modes within one parity sector by the selection rule discussed in
Appendix D. The GELU dense and deep linear dense networks show no sine structure at all. Each
of their eigenvectors spreads over many sine modes, so each rate is shared across many modes at
once.

Figure 4(b) plots each eigenvalue against the frequency centroid of its eigenvector. For the ideal
diagonal spectral operator and the FNOs, the rate falls as the centroid increases, by about five orders
of magnitude over the 32 retained modes of the ideal operator and by ten orders of magnitude from
0 to N for the FNOs. Error in eigendirections with more high-wavenumber content therefore decays
more slowly, which is spectral bias represented in the eigenbasis of the kernel.

The decrease of A\, with k, follows from the forcing spectrum a,% = k4, which appears in the

modal kernel through the Jacobian columns. Adam divides gradient coordinate ¢ by sg /2 + €a.

Where sil /2 > e this division cancels the scale of the gradient on parameter ¢ and would remove
the forcing spectrum from the kernel. By the end of training, the gradients on most parameters
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have decayed below €x: 53/2 < ea for between 93.5% and 99.9% of the parameters of the GELU
dense network and the nonlinear FNO under both forcings, and for all of the FNO spectral weights
on modes k > 64 under smooth forcing. On those parameters, 11;; ~ egl and the kernel reduces to
% 6K1J JT, in which the forcing spectrum appears through the Jacobian columns (Appendix C).
The ordering of the eigenvalues with k, is therefore not removed by the preconditioner. The kernel
makes high-wavenumber directions slow to the extent that the training data fail to excite them.

For the linear FNO, the eigenvectors are the sine modes and the rates follow the forcing spec-
trum, so its learning order is the data covariance through the kernel, as for the linear model of
Section 3. For the nonlinear FNO, the nonlinearity mixes neighboring modes, and the learning
order depends on the data through the kernel but is no longer the covariance alone. The dense
networks instead collapse to clusters near k, ~ N/2 with little spread in rate. The centroid of
a delocalized eigenvector is close to the middle of the band regardless of its rate, so the centroid
carries no information for these models. Figure 4(c) gives the participation ratios. Eigenvectors on
the random-vector line are statistically indistinguishable from random directions in the sine basis.
The dense networks lie on this line, the linear FNO at PR = 1 at every rate, and the nonlinear
FNO between 1 and about 10, with its largest values at its slowest rates.

Note that a Frobenius measure of diagonality, i.e., the fraction of the squared entries of the modal
kernel STKS that lie on the diagonal, does not detect this misalignment. The eigenvectors of a
matrix are determined by the size of its off-diagonal entries relative to the gaps between its diagonal
entries, so when many diagonal entries are nearly equal, off-diagonal entries that are negligible in
Frobenius norm are still large enough to mix the corresponding modes, and the eigenvectors become
arbitrary combinations of the near-degenerate sine modes. This is the situation for the GELU dense
network, whose kernel is close to a multiple of the identity matrix and is therefore nearly diagonal
in the sine basis by the Frobenius measure, even though its eigenvectors are indistinguishable from
random directions in that basis, as Fig. 4(c) shows. A per-mode learning rate exists only if the
eigenvectors are single sine modes (PR = 1) and the corresponding rates differ from mode to mode.
This holds for the ideal diagonal spectral operator and for the smooth-forcing linear FNO but not
for the other models. This is why the analysis of Section 4.2 uses the eigenbasis of the kernel rather
than the sine basis.

The flat floor is the projection of the slow eigendirections. We now return to the sine
basis, in which spectral bias is reported. Figure 5(a,b) shows the modal error Ej of the GELU
dense network at logarithmically spaced training steps under smooth and white forcing. For both
forcings, beyond a low-k regime, the trained spectrum is flat in k& and descends uniformly as training
proceeds, i.e., training lowers the error at all wavenumbers at the same rate. This is explained by
the kernel eigensystem. A slow, delocalized eigendirection contributes the same small residual to
every mode onto which it projects. Let A := {a : Ay < A*} be the set of slow eigendirections of
Eq. (27) and eglow 1= Y ,ca GaPa the part of the error they retain. For a stacked eigendirection
¢ € RPY with per-sample blocks ¢h, write 12, = ZM(UJQSZ)Z for its squared overlap with sine
mode k, which again sums to one, over all k. The trained modal error is then

1 €s] 2
B~ Y vacd ~ Lol 29
acA

where the factor 1/B is the average over the B samples in the RMS of Eq. (8), and the second
approximation uses 12, ~ 1/N for directions with PR, = O(N), as in Fig. 4(c), since a direction
spread over O(N) modes places weight of order 1/N on each of them. The result is independent
of k and, in particular, independent of the true solution at mode k. Against the decaying target
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Figure 5: The modal error of a delocalized neural operator is flat in £ and every mode
reaches its floor at the same time (smooth forcing left, white forcing right). (a,b) Modal error
E}, of the GELU dense network at logarithmically spaced training steps. The shaded band marks
the gap region (k > kgap). (c,d) Training step at which the error of each mode first reaches the
floor level, 3x the final gap-median error, for every model. Modes whose error lies below this level
from the first step are plotted at step 1.

spectrum Uy & o0y /ky, this flat floor produces the gap mode of Eq. (10) and the growing relative
error of Fig. 2, as shown in Section 2.2, with e, = Ey/U},  ky,/0), which grows as k% under smooth
forcing and as k? under white forcing for k¥ < N, as the slope triangles in Fig. 2(c,d) show. The
error in kgap is not evidence that the network fails to learn high wavenumbers. It is an error that
is the same at every wavenumber, measured against a target whose spectrum decays through it.
The smooth-forcing linear FNO has error that aligns with sine modes. Because of this, the
error on each sine mode decays independently at its own rate, as in Eq. (16), and the high modes,
which smooth forcing rarely excites, are learned last. Its error is jagged in Fig. 2(a) because each
eigendirection retains its error at its own wavenumber rather than spreading it by Eq. (29). The
deep linear dense network is delocalized as its eigenvectors are random in the sine basis, which
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causes the flat floor. This is shown in Figs. 4(c) and A4(c). The nonlinear FNO lies between them.
Its slowest eigendirections have PR of order ten and there are many of them across the band, so
their sum is almost flat (Fig. 2, pink).

Over a window in which the kernel is close to fixed, such as the closing window in which K is
sampled, the time evolution of the error follows from the same decomposition; it does not describe
the whole run of Fig. 5, over which the kernel changes. While the kernel is fixed, aq (t) = a4(0) e~ e
by Eq. (24), and substituting into Eq. (8) gives

E(t) = é > aa(0) ag(0) e PN " (07 0k) (] ). (30)
a,B M

The terms with a = 3 are
Z Xka 6—2)\0475’ Xka = 1/&%& ai(O), <31)
«

and the terms with o # 3 do not vanish, since the eigendirections are orthogonal in RZYN but their
projections onto a single sine mode are not orthogonal over the samples. At late times both sums are
dominated by the eigendirections with the smallest A\, that have nonzero weight on mode k. Note
that every mode couples weakly to some fast directions through the weights ., so an arithmetic
average of the eigenvalues acting on a mode is dominated by the fast end of the spectrum and does
not predict the final error. The eigenvalues must be exponentiated before they are averaged, and
the final error of a mode is governed by the slowest eigendirections to which it couples.

Synchronous floor times. Figure 5(c,d) restates the uniform descent of Fig. 5(a,b) mode by
mode. It shows the training step at which the error of each mode first reaches its floor level, under
smooth and white forcing. The dense networks, whose slow eigendirections are delocalized, reach
the floor at essentially the same step across all modes under both forcings. The FNOs are spread
over an order of magnitude in training step. All of this shows why mode-indifferent learning is a
property of the delocalized architectures, not of the problem or of the forcing.

Error level and error shape are determined separately. The eigenvalues and eigenvectors
of the stacked kernel appear in Eq. (31) through different factors. The eigenvalues govern how much
error is retained during training, the error mass loaded below \* (Fig. 3; Figs. A2 and A3). The
squared overlaps 1/1% .. of Eq. (29) show where the error is projected over wavenumber k. Under white
forcing, the deep linear dense network and the linear FNO, one random in the sine basis and one
localized in Fig. A4(c), both learn the operator in Fig. A5(b) and have no accuracy gap in Fig. 1(f).
Under smooth forcing, the same deep linear dense network, with the same random projection in
Fig. 4(c), retains error in the slow tail, and a gap in accuracy is observed in Figs. A3(e,f) and 1(e).
The GELU dense network and the nonlinear FNO, random and localized in the same way, both
retain error in the slow tail under white forcing, and a gap in accuracy is observed. Under smooth
forcing, all four generic models retain error at comparable levels, with E = 3.6 x 10~° for the linear
FNO, 3.3 x 107 for the nonlinear FNO, 4.2 x 10~° for the GELU dense network and 2.6 x 10~% for
the deep linear dense network, and their spectra range from rising and jagged for the linear FNO
to flat for the dense networks according to their projection in Fig. 2(a). The projection onto the
sine basis decides its shape, either flat for delocalized directions, or dependent on eigenvalue for
sine-aligned error.
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5 Discussion

Under the linearized model for learning dynamics, Eq. (24), we can show that modal learning
depends on the spectrum of the unfrozen kernel. Any statement about error in a functional basis
(sine, in this paper) becomes a question about how that basis projects onto the kernel eigenvectors.
For shallow linear models, the kernel dynamics are entirely determined by the dataset, and thus
the forcing covariance determines the dynamics (Section 3). In nonlinear operator learning with
Adam, this stacked kernel depends on many factors, such as the architecture and the optimizer,
and how it projects onto the error is not clear until the network is trained (Section 4).

This theory resolves the apparent conflict with classical numerical analysis by providing a frame-
work that captures the learning dynamics. Weighted Jacobi iteration for this Poisson problem
damps high-frequency error fastest as a result of its update operator I — w diag(A)~'A, with
w = 2/3 [6]. Training a network, however, results in a more complex process that needs further
analysis. For the ideal diagonal spectral operator and the Fourier neural operators, the kernels
are somewhat aligned with the sine basis and have a spectrum that decreases with mode number.
These models demonstrate spectral bias in that they learn each mode at a rate set by the eigen-
spectrum of the stacked kernel of Eq. (22). The theory also explains why the MLP-based models
do not show true spectral bias—their error is flat in the sine basis—since their kernels have no
sine-aligned structure. This structure depends on many factors, and there does not seem to be a
way to determine the presence of spectral bias before training, because the structure of the stacked
kernel is hard to predict.

The analysis restricts what spectral bias can mean for generic architectures. There is now a link
between the residual vector and any chosen analysis basis. Spectral bias has the structure it does
for two reasons. In some architectures, the network actually learns some modes faster, as its stacked
kernel eigenvectors align with the chosen basis and, more importantly, this alignment corresponds
to a drop in eigenvalue as the frequency increases. In contrast, the MLP-based models have no
such alignment, so their eigenvalues carry no information about which sine modes are learned.
Regardless of eigenvector alignment, the eigenvalues of the stacked kernel have a notable impact
on the magnitude of the final error. Small eigenvalues trap error that is not removed over training,
and so spectral bias is in practice determined by how well the small-eigenvalue eigenvectors project
onto a chosen basis. Eigenvector alignment with the sine basis therefore cannot by itself predict
spectral bias. It predicts the form the error takes once the eigenvalues have fixed its size, and
spectral bias is a wavenumber-selective learning rule only when that projection is sine-aligned.
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A Spectral bias in scalar regression

In scalar regression, the definition of spectral bias is unclear on its own. It depends on the operator
being learned and how many coordinates it acts on in a target space.

A.1 Prescribed sine modes

Suppose the target is u*(z) = Y™, ¢xsin(kmz) and the model uses the same basis with trainable

amplitudes, ug(z) = > ;™ ajsin(knz). With the design matrix ® € R"*" &, = sin(kmz;), on
the training points @1,...,Zy,, the empirical loss is £(a) = 2(a — ¢)"®"® (a — ¢), and gradient

descent with step size 1 gives

at —c=(I-nG)(a" - ¢), G:=30'd. (32)

A.2 Orthogonal sampling
If the training grid makes the sine basis orthogonal on the sample points, then ®'® = I for some
~v > 0 and each coefficient evolves independently,

Gt e =(1-m)(af—a) k=1 (33)

All modes are learned at the same rate, which can be seen in Fig. Al(a).

A.3 Non-orthogonal sampling

If the sample points do not make the sine basis orthogonal, G is not diagonal and Eq. (32) mixes
the coefficients. With G = OAgOT, Ag = diag(j1, ..., ftn,,) and O orthogonal, the components
¢ := 0" (a" — c) evolve as

M = (1 —nuy) &f- (34)
These eigenvectors are not sine modes, and as a result individual sine modes are coupled to each
other and non-monotonic, as seen in Fig. Al(b). This is the same setup as Section 4, with the
stacked kernel in place of G.

B Architectures and training details

All experiments use the discrete Poisson problem of Section 2.1 with N = 128 interior grid points,
in double precision.
Ideal diagonal spectral operator. The model is

Ug :SAQ STf, Ag :diag(gl,...,gKret,O,...,O), (35)

with one trainable eigenvalue per retained sine mode and no other parameters, Kot = 32 retained
modes, and parameters initialized at zero. Its Jacobian columns are the scaled sine modes f,’; Vi
so its modal kernel is exactly diagonal in the sine basis.
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Figure Al: Fixed sine-basis model: spectral order is governed by the data geometry
through the Gram matrix. (a) Under orthogonal sampling, G is diagonal with modes that
decay at the same rate (Eq. 33). (b) Under non-orthogonal sampling, G couples the sine modes
(Eq. 32), so its coefficients are non-monotonic and the rates act on the eigenvectors of G (Eq. 34).

Fourier neural operators. The FNOs lift the grid signal to d. = 32 channels with a pointwise
linear layer, apply D = 3 FNO layers, and project back to one channel with a pointwise linear
layer. Each FNO layer sums a pointwise linear channel-mixing branch and a spectral branch that
transforms to sine coefficients, applies an independent trainable d. x d. weight to each retained
mode, and transforms back. The runs retain all 128 modes. The nonlinear FNO applies a GELU
after each layer and the linear FNO applies none. Spectral weights are initialized from a zero-mean
Gaussian with standard deviation 0.05. The lift, local, and projection layers carry biases, whose
spatially constant output underlies the parity selection rule of Appendix D.

Dense networks. The GELU dense network is a multilayer perceptron acting on the 128-
dimensional grid vector, of depth 4 and width 512, with GELU activations between layers. The
deep linear dense network has the same depth and width, no nonlinearities, and no bias terms, with
weights initialized from a zero-mean Gaussian with standard deviation 0.05. Its product of weight
matrices realizes a single linear operator.

Training. All models are trained with Adam (8 = 0.9, B2 = 0.999, ex = 107%) on the mean-
squared error, with batch size 512, freshly sampled forcings at every step, gradient-norm clipping at
1, and 12000 optimization steps. The learning rate is 1072 for the ideal diagonal spectral operator
and 5 x 107° for all other models, annealed by a cosine schedule to 1% of its initial value over the
run. Error spectra are computed on a fixed validation set of 4096 forcings per ensemble.

Kernel diagnostics. Unless stated otherwise, kernel statistics are averaged over the last 100
timesteps. The stacked kernel K = %J I1J " is applied using a Jacobian—vector product that con-
tains the cross terms. The terms in Eq. (26) are computed via error-loaded Lanczos [27, 28], which
is initialized at e with full reorthogonalization and run for m = 2000 steps. Where appropriate, all
metrics are averaged over 4 batches of size B = 2048. In Section 4.3, the modal kernel metrics are
computed using the batch-averaged kernel K = %j IIJT on a fixed batch of 32.
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Validity of the diagonal Adam model. Eq. (20) makes two approximations: it drops mo-
mentum and holds II fixed. Momentum averages the gradient over (1 — 5;)~! steps, so only the
fast modes with n\, = 1 — (1 are affected. As the error lies within only the slow modes, this
is not impactful. The preconditioner IT moves at a scale of (1 — 32)~! = 1000 steps, so the final
100-step average is effectively constant as well. Combined, the linearization holds provided the
error-carrying rates stay below n\* < 1.3 x 10~% and only the last 100 steps are used.

C The hierarchy under white and smooth forcing

Figure A2 shows the other models absent from Fig. 3. The nonlinear FNO plateaus above machine
epsilon and reproduces the structure of Section 4.2, while the linear models learn the operator and
so lack it.

Linear models. Unlike the nonlinear models, the linear models carry no slow tail. The deep
linear dense network trains to machine epsilon, leaving a numerical residual with 79% of its error in
the kernel’s null space (Fig. A2e,f); the ideal diagonal spectral operator likewise cannot represent
its truncated modes, so its residual sits in the null space (Fig. A2g,h). The linear FNO differs: its
error is a single slow direction near \* (Fig. A2¢,d) that the cross terms only redistribute.

Smooth forcing. Unlike white forcing, every model trained under smooth forcing retains slow-
mode error (Fig. A3). The deep linear dense network is no longer at machine epsilon and has error
in the high modes, as the nonlinear kernel theory predicts.

Alignment under white forcing. For white forcing (Fig. A4), the FNO eigenvectors lose the
alignment they had under smooth forcing and begin to resemble the GELU and deep linear dense
networks. This results in some of the expected channel mixing, though they are still more aligned
with the sine basis than those models.

Eigenvalue magnitudes and the optimizer state. The Adam preconditioner of Eq. (18)
causes the spectrum to grow as the loss falls, so the rate axes in Fig. A2 span different ranges. This
happens because the second-moment estimates decay, which pushes up the diagonal values of II.
The eigenvalues of K = %J IIJT therefore reflect both the Jacobian and the optimizer state. As
a result, the models’ absolute rates should not be compared directly; the measure should instead
be read relative to A*.

D A parity selection rule for the FNO kernels

The alternating banded structure of the FNO overlap matrices in Fig. 4(a) is a reflection symmetry
of the problem and the architecture. Let R € RV*Y be the reflection about the midpoint, (Rf) =
fN+1-j; the sine modes have alternating parity under R,

Ruy = (=1)" 1wy, (36)

so odd-k modes are reflection-even and even-k modes reflection-odd, and the discrete Poisson
operator commutes with R. The FNOs are reflection-equivariant at every parameter value: the
spectral weights, lift, projection, and pointwise nonlinearity all commute with R, and the channel
mixing acts identically at every grid point, so without biases or nonlinearity the FNO is diagonal in
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Figure A2: The error-loaded spectral measure of Fig. 3, repeated for the other four
models (white forcing; rows are nonlinear FNO (a,b), linear FNO (c,d), deep linear dense (e,f),
and ideal diagonal spectral (g,h)). Left column, cumulative error mass I'(A) of Eq. (26) for the full
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Figure A3: The error-loaded spectral measure of Fig. A2, repeated under smooth forc-
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spectral (g,h); the GELU dense network is shown in Fig. 3(a,c). Lines and markers as in Fig. A2.
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Figure A5: Training loss of the hierarchy under smooth (a) and white (b) forcing.

the sine basis. The only coupling in the linear FNO comes from its biases, which add a reflection-
even constant with content on odd modes only, so coupling acts within one parity sector. The
modal kernel is equivariant in expectation and for a reflection-symmetric batch, but per-sample
fluctuations break the symmetry, so its dominant eigenvectors concentrate in one parity sector
(wza ~ 0 for k of the wrong parity) and appear as bands rather than exact zeros. The dense
networks have no reflection symmetry and show no bands. The same biases account for the linear
FNO’s residual under white forcing. Its output at f = 0 lies on odd modes and carries 99.99% of
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the squared error, almost all at £ = 125 and k = 127, set by the spectral weights downstream of
the biases. The offset is the slowest direction of the kernel (Fig. A2(d)) and the only place its error
exceeds Uy, the isolated spike in Figs. 1(f) and 2(b,d); its mean square, about 10710 equals the
final training loss in Fig. A5(b). The residual is therefore an input-independent offset rather than
an error in the learned linear map.
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