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Learning the Hamiltonian of a quantum processor is important for controlling and certifying
quantum devices, but the state preparation and measurement used to probe it are themselves
imperfect. Even when exact data identify an interaction uniquely, identifiability alone does not
determine finite-data precision. Here we show, for n-qubit Markovian dynamics under geometric
regularity conditions, that the local uncertainty of a Hamiltonian coefficient scales either linearly or
as the square root of the entrywise error in the generator matrix in the readout gauge. Square-root
scaling occurs exactly when a gauge transformation moves the coefficient at first order while noise
positivity can be restored at second order, and real noise correlations drive this first-order change. As
a consequence, under suitable dynamical and readout conditions, square-root scaling forces uniformly
valid confidence intervals from N shots to have expected length Q(N - 1), even for adaptive local
experiments. Under a common generator norm bound, estimating this matrix attains this rate
up to logarithmic factors. Experiments on three superconducting processors show that additional
measurement bases increase the visibility of injected rotations at a matched number of shots. Whether
a coupling admits the usual N —1/2 scaling is therefore set by how noise correlations and positivity

constrain its gauge directions.

I. INTRODUCTION

Much of the trust placed in quantum processors and
simulators rests on knowing the dynamics they actually
implement. Learning their Hamiltonian and noise is there-
fore a basic task in controlling, benchmarking, and cer-
tifying quantum devices [1-3]. Coherent couplings are
a central example: they enable entangling operations [4—
6], and when unwanted they produce crosstalk, which
dedicated protocols aim to detect and characterize [7, 8].
Correlated errors induced by crosstalk are especially harm-
ful to quantum error correction [8]. Estimating a coupling,
however, requires separating its contribution to the mea-
sured dynamics from dissipation and calibration error,
because state preparation and measurement (SPAM) are
imperfectly calibrated. How precisely this separation can
be made therefore affects both how accurately an inter-
action can be controlled or compensated and how many
measurements a characterization experiment needs.

A wide range of learning methods addresses this task.
Hamiltonian learning extracts couplings from eigenstate
and thermal-state correlations, time traces, short-time
and continuous measurements, or trusted quantum simu-
lation [9-17], and reaches efficient or Heisenberg-limited
estimation [18-21]. Lindblad generators are learned from
steady states and from quench and digital-simulation
records [22-24], and Pauli-noise learning characterizes
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structured and correlated noise [25-30]. However, these
guarantees rest on calibration, control, and model as-
sumptions. For instance, Lindblad tomography calibrates
preparation and measurement with ideal fiducial rotations
before fitting a positive Lindblad matrix [31], while other
approaches use robust fitting, local time-series data, or ob-
servables that cancel SPAM errors [32-34]. When prepa-
ration and measurement are unknown, a prior question is
which parameters the data determine at all.

Unknown SPAM thus makes coupling estimation a
problem of physical identification as well as statistics.
System identification determines which dynamical pa-
rameters can be inferred from given controls and ob-
servations [35, 36]. Self-consistent tomography estimates
preparation, measurement, and gates together [37-39], op-
erational representations express predictions through ob-
servable probabilities [40], and in Pauli-noise learning only
gauge-invariant parameter combinations are learnable [41—
43]. In particular, with trusted single-qubit controls, exact
data leave a gauge freedom: gauge transformations that
commute with these controls rescale the subspaces of fixed
Pauli support without changing any outcome probability
(Sec. II). Recently, Flammia, Sinha, and Tong showed
that positivity can remove this freedom for a Hamiltonian
coefficient at the positivity boundary of an n-qubit Lind-
bladian’s Kossakowski matrix [44]. They asked how effi-
ciently such boundary invariants can be learned, and how
learning guarantees degrade away from the boundary. Ex-
act identification, however, does not settle precision: with
preparation and readout unknown within a prescribed er-
ror budget, finite data still permit nearby physical models
with different values of a canonical Hamiltonian coefficient.
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What determines how rapidly this ambiguity shrinks as
measurements become more precise?

Here, we answer this question by finding the gauge di-
rections that change the target coefficient and asking how
physical noise constrains them. The key observation is
that near the positivity boundary, a gauge transformation
can move the target at first order without changing the
block on the reference kernel at first order. A second-
order noise correction then restores positivity, so an error
0 in the matrix elements of the generator admits tar-
get changes of order v/§. Under geometric regularity
conditions on the reference model, we prove that such
a direction exists precisely when the target has square-
root stability, and that its stability is otherwise linear
(Sec. III). For these geometrically regular references, our
dichotomy answers the question of Ref. [44] about learn-
ing near the positivity boundary quantitatively, in terms
of local precision. In contrast, single-qubit coefficients
are gauge invariant and have exactly linear stability at
every reference. We derive a selection rule that traces
square-root stability to real correlations between anticom-
muting Pauli fluctuations with different supports whose
product is the target up to phase. Building on this rule,
we construct physical models with this behavior on two
qubits, on a pair embedded in a larger register, and for
every many-body target Z; - -- Z,,, w > 3, including zero
reference coupling in the many-body case (Sec. IV).

The same geometry sets the statistical cost and guides
measurement choice. Specifically, we show that square-
root stability forces uniformly valid confidence intervals
to have expected length Q(N~1/), including for adaptive
experiments at arbitrary interrogation times, whenever
the reference is mixing: unital, uniformly mixing under all
allowed controls, and with outcome probabilities bounded
below by a positive constant. Conversely, by estimating all
matrix elements of the generator under a common norm
bound, we attain this rate up to logarithmic factors and
obtain expected length O(N~'/2) on the linear branch,

where O suppresses logarithmic factors (Sec. V). While
boundary constraints and singular information are known
to change likelihood asymptotics [45-49], and continuity
moduli govern the length of uniformly valid confidence
intervals [50-52], here we find that positivity of the Kos-
sakowski matrix and gauge freedom determine which rate
applies. Finally, we show that measuring additional ma-
trix elements that constrain this gauge direction changes
the rate. In an explicit two-qubit family, four additional
matrix elements detect a noise correlation absent from
the original 23 and constrain the relevant gauge direction
at unchanged diagonal noise strengths and Kossakowski
rank. For fixed nonzero correlation 7, they give expected
length O(N~1/2) once the error in the matrix elements is
at most of order n? in the reference rate units (Sec. VI).
Moreover, for two-local generators these pair results are
independent of register size when the summed norms of
the terms acting on each qubit are bounded.

We test response selection on three superconducting
quantum processors (Sec. VII). For nine neighboring pairs,

our Ramsey experiments with the control prepared in
|0) or |1) resolve kilohertz conditional frequency shifts
while the target-qubit populations depend little on the
control preparation, and the dependence of the fitted
frequencies on processing shows why assigning a signal to
a Hamiltonian coefficient also requires physical constraints.
In experiments with injected rotations on three- and four-
qubit registers, we find that additional measurement bases
increase visibility at a matched number of shots and
that, under the specified preparation and rotation model,
signed responses recover the programmed angles across
66 estimates.

II. PHYSICAL MODEL AND INFERENCE
PROBLEM

This section fixes the dynamics, the allowed experi-
ments, and the notion of precision used throughout. We
first define the canonical target and the experiment class,
then identify what the measured data determine and how
confidence intervals are assessed.

A. Canonical dynamics and experimental resources

We consider n qubits, d = 2™, and use the canonical
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) repre-
sentation [53-55] in the unnormalized Hermitian Pauli
basis P,, a € {I,X,Y, Z}™:

L(X) = —i[H,X]+ Y Cap (PaX P, — H{P,Ps, X})
a,b#1
(1)

H=1Y hP,, C=C"x0.

a#l

Throughout, we assume time-independent Markovian dy-
namics. The distinction from dynamics with memory
is reviewed in Refs. [56, 57]. Identity jump labels are
excluded and H is traceless. These conventions make H
and the (4™ — 1) x (4™ — 1) Kossakowski matrix C' unique,
and we call its entries Cy;, Kossakowski coefficients. The
target is the canonical coefficient hp of a fixed nonidentity
Pauli label P in the effective Markovian generator, and
on two qubits it is hzz. Certifying hzz, for instance,
separates the coherent interaction, which unitary compen-
sation can cancel, from dissipative contributions that also
shift individual conditional-phase responses (Sec. II C).
Other Hamiltonian coefficients and complex off-diagonal
Kossakowski coefficients are allowed in the inference class.

We allow adaptive protocols with local control in which
every shot starts from a new preparation. A shot prepares
an ideal product state, passes it through a fixed unknown
preparation channel A, evolves under £ with any finite
sequence of instantaneous trusted single-qubit unitaries,
and passes through a fixed unknown readout channel B
before an ideal rank-one projective product measurement.



Trusted single-qubit controls are also available immedi-
ately after the preparation channel and before the readout
channel, and settings may depend on preceding shots. The
experiment class excludes intermediate measurement or
reset, coherent memory between shots, trusted entangling
control, and environment measurement.

The SPAM channels obey the unhalved diamond-norm
budget

IA—idlls + B —idllo <e, O<e<l. (2)

Both are completely positive and trace preserving
(CPTP), and invertible as linear maps. Their inverses
enter only algebraically. Bounds uniform in register size
below keep this global budget ¢ fixed. The exact data are
the complete set of exact outcome probabilities for the
allowed experiments, including zero-duration calibration
sequences. Note that equality of exact data is stronger
than agreement of one Ramsey trace.

We use three model classes. The unrestricted class (U)
contains every physical canonical generator, with arbitrary
Hamiltonian and complex Kossakowski matrix, together
with every pair of SPAM channels obeying Eq. (2). The
product class (P) has the same generators and restricts A
and B to tensor products over qubits. The two-local class
(L2) has SPAM channels as in (U) and two-local genera-
tors, that is, sums of physical single- and two-qubit GKSL
terms. In addition, upper bounds obtained from measure-
ments impose a common norm bound admitting the ref-
erence and the constructed physical paths (Appendix C).
Unless stated otherwise, results refer to class (U).

B. Observable responses and confidence intervals

Data from twirled experiments directly determine the
generator G in the readout gauge. For a map X on di-
mension d, its transfer matrix is X g = d~! Tr[RX(Q)],
and in particular L is the transfer matrix of £. Inde-
pendent physical twirling of preparation and readout by
single-qubit Cliffords gives twirled SPAM channels A, B,
which act as a scalar on each of the 2™ — 1 subspaces of
fixed nonempty Pauli support. Their gains ag, bg obey,
withl=1—¢,

[ < CLQ,bQ <1, qQ = CLQbQ > . (3)

These data determine

T(t) = Be'" A, G=T(0)T(0)"'=BLB™. (4)
The 4™ x 4™ matrix G is determined by the data, whereas
L is the canonical physical generator. Two models give
the same exact data exactly when they are related by a
gauge transformation (SLS~!, SA, BS™!), as in gate-set
tomography [38, 39] and Ref. [44]. Here S acts as a
positive scalar on each subspace of fixed Pauli support
and therefore commutes with the trusted single-qubit
controls. For product SPAM channels these scalars factor

over qubits. Appendix A proves the twirl, equivalence,
and positivity statements.

For N shots and 0 < o < 1, an interval Iy is uniformly
valid at confidence 1 — « over a specified physical class if

111\1/[f113wr{hp(M) eIy} >1-oa. (5)

Our risk is the expected length at a specified reference,
Eo|In|. Coverage is uniform over the class, and all rates
for confidence intervals below refer to this pointwise ex-
pected length. Finite-data analysis treats reference zeros
as boundary points within the class in Eq. (5), which also
includes nearby models with small positive rates. Table I
collects the notation and standing assumptions.

Two sets of conditions recur below. A reference is
geometrically reqular (regular for short) if it satisfies the
geometric conditions (i)—(iii) of Sec. III, and mizing if
its generator is unital, every allowed controlled reference
evolution of duration 7' contracts traceless operators in
Hilbert-Schmidt norm by e~ 97 for a common g > 0,
and every outcome has reference probability at least a
common g > 0 (Corollary 1). Rates refer to the shot

number N at fixed n and reference, and 5() suppresses
polylogarithmic factors in N.

C. From responses to physical attribution

A response frequency need not equal the canonical
coupling. For commuting two-qubit dephasing with
H = (wZI +wIZ + hZZ)/2 and Czr 1z = a + ib,
half of the signed difference between the two conditional
frequencies is h — 2b for one choice of probe qubit and
h 4 2b for the other. Their mean isolates h under that
model, and correlated-dephasing spectroscopy exploits
such relations [58]. Here, however, inference permits ar-
bitrary complex Kossakowski matrices and fixed SPAM
channels within the budget, so no such model-specific
relation is available.

Positivity can identify the target despite the gauge free-
dom. For example, a Kossakowski diagonal supported
entirely on local Pauli labels forces every other row to van-
ish and identifies the two-qubit interaction (Appendix A).
Exact identification fixes the target for identical exact
data. Local precision, in contrast, depends on how far the
targets can differ when the data are close, and Section 111
turns this question into a criterion.

III. A CRITERION FOR LOCAL PRECISION

We first identify the gauge directions that limit preci-
sion, then express their target motion in terms of physical
noise correlations.



TABLE I. Notation and standing assumptions. Upper bounds from finite-time measurements additionally use the applicable
norm bound.

Symbol Meaning

n; d; P Number of qubits; d = 2"; nonidentity target Pauli label

hp; h="hzz Canonical Hamiltonian coefficient of P in £, the inference target; its two-qubit case

C; ker C Canonical Kossakowski matrix, Eq. (1); its kernel

A,B; e Unknown SPAM channels; their diamond-norm budget, Eq. (2)

G dos, dar; Generator in the readout gauge, Eq. (4); two-qubit/pair maximum distance over the 15
nonidentity diagonal entries and both orientations of Eq. (13), or with Eq. (27) added; entrywise
error in G

N;1—o; In Number of shots; confidence level; uniformly valid confidence interval, Eq. (5)

Y; Veot Bound on the summed norms of the terms acting on each qubit (pair measurements); bound on
the completely bounded norm of the Heisenberg generator £ (estimation of all entries of G)

ho, \,m, k Reference coupling and Kossakowski coefficients, Eq. (14)

0; q Parameter of the gauge transformation Sp; strength of the depolarizing noise added to restore
positivity

n Reference correlation Crx yz of Sec. VI

P Programmed angle of injected rotations (Sec. VII)

Assumption Content

Experiment class

Model classes

Adaptive shots, each with a new product preparation, rank-one projective product measurement,
and trusted single-qubit unitaries at arbitrary times; settings may adapt to earlier outcomes

(U) canonical generators with complex Kossakowski matrix and fixed physical SPAM channels
obeying Eq. (2); (P) the same with product SPAM channels; (L2) sums of physical single- and

two-qubit terms
Coverage and risk

Coverage uniform over the model class; expected length at a specified reference

Geometrically — regular; Conditions (i)—(iii) of Sec. III; unital reference, uniform mixing under allowed controls, and
mixing outcome probabilities bounded below (Corollary 1)
Rates In N at fixed n and reference; O suppresses polylogarithmic factors

A. A local precision dichotomy

The precision law is governed by how gauge directions
meet the kernel of the Kossakowski matrix. To make this
precise, fix a reference My = (Lo, Ay, By) with canonical
Kossakowski matrix Cp, target hpo and generator
Gy = BOLOBal in the readout gauge. For z € R2"~1,
indexed by the nonempty qubit supports s, let W(z)
multiply every Pauli coordinate of support s by zs and
annihilate 7. The gauge transformation S, = e"V(®)
multiplies these coordinates by e”s and commutes with
all single-qubit controls.

We now expand the canonical Hamiltonian and Kos-
sakowski coefficients along these gauge transformations.
Directions with [W(z), L] = 0 leave Ly unchanged, and
we work on a fixed coinplemenﬁ V of them with the norm
|z| = max; |zs|. Let C(z) and hp(z) be the canonical Kos-
sakowski matrix and target of S, LoS; !, and let II project
onto ker Cy. Write C(x) = Co + Cy(z) + Ca(z) + O(|x]3),
with C linear and Cy quadratic, and let £p(x) be the first-
order target change. The kernel block D(z) = IICy (z)II
is linear in x, and the decisive conditions are

D(z) =0, lp(z) # 0. (6)

To state the second-order condition, define

B(z) = (I - I)Cy(2),
Qo(x) = IOy ()11 — B(x) Cy B(x). (7)

where Cf is the inverse on the range of Cp, extended
by zero on the kernel. We call a reference (Lo, Ao, Bo)
geometrically regular, or regular for short, if:

(i) When Eq. (6) has a solution, it has a solution u € V'
with |u| = 1 and a representative 4, differing from
u by a direction that leaves Ly unchanged, such
that SgzAg and BOse_al form an admissible pair for
0 < 0 < eadmv gadm > 0.

(ii) Lo is the only physical generator of the form SLyS~*
with S a gauge transformation whose scalars on the
subspaces of fixed Pauli support lie in [l,17'].

(iii) D(x) = 0 only when D(z) = 0, and every unit
u € ker D satisfies

SUP Amin [D(v) + Qa2 (w)] <0, (8)

with eigenvalues taken on ker Cy.

Each condition has a direct physical meaning. First,
condition (i) permits the gauge transformation within
the SPAM budget. Second, condition (ii) isolates the



entire generator, a stronger property than uniqueness of
hp, and it confines nearby compatible generators to the
local geometry. Finally, in (iii), v allows a curved path
z = Ou + 6%v: even after this adjustment, positivity is
lost at second order. In particular, when the kernel is
spanned by Pauli labels, the first part of (iii) is automatic,
and the second follows if B(u) # 0 for every nonzero
u € ker D (Appendix D). The following theorem shows
that, at regular references, the linear system D(z) = 0
and the derivative £p decide the precision law, and we
prove it in Appendix D.

Theorem 1 (Local precision dichotomy). Let P # I
and let the reference be regular in class (U). Let wp(d)
be the supremum of |hp(M) — hpg| over models M of
the class with |Gy — Gollmax < 0, where | X||lmax =
maxg g | Xrol- Then, as 6 — 0, wp(d) = O(VJ) if
Eq. (6) has a solution, and wp(d) = ©O(5) otherwise,
with constants depending on the reference and . Al-
ways wp(0) > 16; in the first case, for the wilness u of
(),

orl0) 2 5 e

with A > 1 and 0, > 0 given in Appendiz D. The same
conclusions hold in class (P), with x restricted to additive
directions x5 = c y; and conditions (i)-(iii) read on
that subspace.

0<d<4"A02,  (9)

In words, a regular reference has square-root stability
exactly when some gauge direction moves the target
at first order without a first-order change in the kernel
block. The Schur complement explains the two rates
(Appendix D). Specifically, along a direction in ker D,
a change of size 6 leaves the kernel block unchanged
at first order, but coupling ker Cy to the range of Cjy
can produce a negative eigenvalue at order #2. Adding
positive noise of that same order restores a physical
generator. The accompanying change of the SPAM
channels compensates the gauge transformation, leaving
an observable discrepancy of order §2 while the target
changes by 6¢p(u) + O(6?). Thus an entrywise error § in
G permits target changes of order v/d. Conversely, if £p
vanishes on ker D, the target has no first-order motion
along directions requiring a second-order correction, and
its variation is instead bounded by order §. In practice,
this gives a concrete use of the criterion: determine
ker Cp, solve the linear system D(z) = 0, and evaluate
the target derivative on its solutions. The global isolation
and second-order conditions certify that this local test
controls the full physical neighborhood. Single-qubit
targets need none of these conditions.

Proposition 1 (Single-qubit targets). If P has weight
one, then wp(d) =9 for every § > 0 at every reference in
class (U) or (P).

For a single-qubit label, every Pauli pair coupled by the
commutator with P joins two Pauli coordinates with the

same support, so hp is read directly from G, and the
perturbation Ly + dAp, with Ap the transfer matrix of
—i[P/2,], attains the bound (Appendix D).

B. Which noise correlations move the target

Theorem 1 reduces the precision law to the linear func-
tional £p, and a single family of noise correlations deter-
mines it. Call an unordered pair {a,b} of nonidentity
labels a P-pair if P, P, = i1, P with 74, = £1. Its labels
anticommute, and there are 4"~1 such pairs. For S C [n],
define the signed sum of real Kossakowski coefficients

Tg = Z Tab Re Cyp — Z Tab Re Cap, (10)

supp b=S supp a=S

with both sums over P-pairs, each counted once. Ex-
changing a and b reverses 74, and the two sums, so Y
does not depend on the orientation. The active pairs
of P are the 4"~! unordered pairs {Q, R} of Pauli la-
bels with {Pg, P} = 0 and Pr x PPg. We orient each
by (Ap)r,g = +1, where Ap is the transfer matrix of
—i[P/2,], and write Mrg = [(Lo)r,o + (Lo)g,r]/2 for
its symmetric part. The following proposition expresses
£p through these sums and is proved in Appendix E.

Proposition 2 (Noise correlations and the target deriva-
tive). Let P # I, and let Lo be a canonical generator with
arbitrary Hamiltonian and complexr Kossakowski matriz
C, allowing nonunital dynamics. With wg = TsuppQ;

2z =0, and W(S) = 257&@ x33\$\5|(_1)|sﬂ5|,
4 4 P
lp(z) = 2 Z (wr —wq@)Mrq = el Z Tg w(S).
{Q,R} SCln]

(1)
(i) Lp vanishes identically on R?" =1 if and only if Y* = 0.
(i1) On additive directions x5 =3, yj, €p =3, y; TP
with Tf = —Tfij}. If wt P > 2, then Tf is the sum
of Tap Re Cyp over the P-pairs oriented so that a acts on
qubit 7 alone, and each such partner b has support supp P.
(iii) Forn =2 and P = ZZ, the P-pairs are (XI1,Y 7Z),
(YI,XZ), (IX,ZY), (IY,ZX) with r = (1, 1,1, 1),
and Eq. (11) becomes Eq. (12); in particular Y#% = Uy —
UQ and TQZZ = U3 — U4.

Equation (11) is a selection rule: only the signed
sums of real Kossakowski coefficients between different
supports change the target to first order. In particular,
coherent couplings, imaginary Kossakowski coeflicients,
correlations with another product, and correlations
within one support contribute no such motion. Hence,
single-qubit targets have no eligible pair. For product
gauge transformations, which act independently on
each qubit, these sums reduce to one signed sum of
Kossakowski coefficients per qubit.

However, at a regular reference, the branch is decided
by the restriction of £p to ker D. Eligible correlations



can cancel there, so their presence alone does not imply
square-root stability. The explicit constructions of Sec. IV
supply directions on which this restriction is nonzero. For
two qubits, the target derivative takes the form

E(W) = (U3 - U4) dg + (Ul - UZ) Bgv (12)

with Uy,...,Us the real Kossakowski coefficients on
(X1,YZ), YI,XZ),(IX,ZY), (IY,ZX) and &g, B, the
rates of the coordinates of Eq. (15). Thus, the coupling
moves to first order only if noise correlates a local trans-
verse fluctuation with a conditional one in a different
quadrature.

IV. PHYSICAL REALIZATIONS

We now show that the square-root branch occurs in
physical noise models. Section IV A constructs regu-
lar references for targets of every weight at least three,
and Sec. IV B gives a two-qubit reference with explicit
constants and matching statistical bounds.

A. Many-body interactions

The selection rule picks a correlation between X; and
Y125 -+ Z,,, coupling a local fluctuation to one spanning
the target support.

Proposition 3 (Many-body reference). Let n > w >
3, P = Zl"'Zw, a = Xl, and b = Y1Z2"'Zw. Let
Hy = hP/2, with h € R, and let Cy have diagonal A > 0
on each single-qubit label, diagonal mg > 0 on b, and
Cap = Cpq = k # 0, where Amg > k2; all other entries
vanish. For Ag = By = DT(-l) ®id, r = 1 —¢/3, the
reference is reqular in class (U) for every real h, and
wp(§) =0(V)  (810).

Here Dfal)(X) =rX + (1 —7r)Te(X)I/2 acts on qubit 1.
The direction qs = 1{1 € s} satisfies D(q) = 0 and
fp(q) =k.

Here the target itself acts on w qubits, and the corre-
lated noise spans those same qubits. The two selected
labels obey P, P, = iP: a local transverse fluctuation and
a conditional transverse fluctuation therefore contribute
to precisely the Hamiltonian sector being inferred. The
inequality Amg > k2 makes their Kossakowski block posi-
tive definite. Because the entire Kossakowski matrix is
real and positive semidefinite, its spectral factors give
Hermitian Lindblad jump operators, so the correlation is
part of a physical Markovian noise model.

Physically, the gauge direction ¢ rescales every Pauli
coordinate that involves qubit 1. Its target derivative is k,
so the amount and sign of the initial target motion are set
directly by the noise correlation. The depolarizing SPAM

channels on that qubit provide room for the compen-
sating change, while ker Cy makes the required positive
correction quadratic. The kernel of Cy and conditions
(i) and (ii) are proved in Appendix F. The construction
remains regular at h = 0: along ¢, the derivative of the
Kossakowski coefficient Cyz, z,...z, is ik/2, independent
of h. Since w > 3, Zs--- Z, lies in ker Cy while Z; lies
in its range. Hence, their nonzero first-order coupling
supplies the second-order positivity cost even when the
coherent reference interaction vanishes. Moreover, when
these references are also mixing, Corollary 1 converts
their square-root moduli into lower bounds Q(N~1/4)
on the expected confidence-interval length for adaptive
experiments.

B. An explicit pair and 23 matrix elements

A two-qubit reference realizes the square-root branch
with an explicit physical path and a matching upper
bound from 23 matrix elements of G. We first specify
the reference and show that the exact data identify its
coupling, then state the resulting bounds on confidence-
interval length and construct the path behind them. For
the two-qubit target, the finite-precision upper bound
uses 23 entries of G: the 15 nonidentity diagonal entries
and both orientations of

(Ri, Qi) = (YZ.XI),(XZ,YI),(2Y,IX),(ZX,IY).

(13)
Write da3(G, Gp) for their maximum absolute difference.
The diagonal entries recover all 15 diagonal Kossakowski
coefficients, and the entries with exchanged indices con-
strain the target Hamiltonian coefficient. These 23 entries
support the upper bound. In contrast, the lower bound
is established for the complete exact data, so it applies
to experiments beyond these entries.

We now specify the reference. On two qubits, set hy =
1/10 and Hy = hoZZ/2. The Kossakowski matrix has
diagonal A = 1/10 on all six single-qubit labels, diagonal
m =1/50 on Y Z, and a single real off-diagonal pair

(Co)xryz = (Co)yzxr =k =1/100. (14)

All other entries vanish, so Cy has rank seven and a
positive definite nonzero block. Rates in this reference
family use a fixed inverse-time unit, and times use its
reciprocal. The real off-diagonal entry describes correlated
XTI and YZ Hamiltonian fluctuations, while inference
still permits complex alternatives. Set Ag = By = D, =
rid+ (1 —r)D, where D(X) = Tr(X)I/4and r =1—¢/8.
These SPAM channels use at most €/2 of the diamond-
norm budget. Exact identification follows from positivity.
An exactly compatible generator is SLoS ™!, with positive
scalars s1, sg, S12 on the subspaces of fixed Pauli support.
For oy = log(s12/s1) and By = log(s12/s2), its gauge-



invariant diagonal Kossakowski coefficients and canonical
decomposition give

= 10 (cosha, + cosh B,) + ksinh 5,

ImC~'XX7yy = 7§Sinhag, (15)

ReCysxz = £ (coshay — cosh By) — 2 sinh 3.

Positivity forces rows with zero diagonal to vanish, hence
ay = fg = 0 since hg > 2k. Thus h = hy (Appendix G).

Theorem 2 (Confidence-interval length at an identifiable
reference). For the reference in Eq. (14), fized 0 < e < 1,
and the experiment class of Sec. II, the exact data iden-
tify hzz = hg. Nevertheless, for every adaptive protocol
and every interval uniformly valid over the surrounding
physical class,

3/4—2a { €
———— min{ —,
200 100

where 0 < a < 3/8 and Kgsay = 26.2144/e. Under a
common norm bound that admits this reference and its
constructed neighborhood, a uniformly valid procedure has

Eo‘IN| Z (8KstatN)71/4} i (16)

EolIn| = Ocpo (N"V4(log N)/4) . (17)

Here v is the local morm bound of Table I, with the
operator-norm convention of Appendix C; it controls re-
sponse derivatives and the target range when simultane-
ous estimation fails. These are pointwise bounds on the
expected length at the identifiable reference.

Thus, exact identification does not protect precision:
the exact data fix hyzz, yet the expected lengths of uni-
formly valid intervals cannot shrink faster than N—1/4 at
this reference, and under a common norm bound this rate
is attained up to logarithmic factors.

We build the path from a gauge transformation fol-
lowed by added depolarizing noise that restores positiv-
ity [Fig. 1(a)]. Let Sp multiply only IX,IY,IZ by ¢’
and leave the other Pauli labels fixed. Its compensated
generator is

Lo = SgLoS, ' +16gp(D —id),  gp = 0.016%. (18)
The target is

B 1+ coshf® sinh@
- 20 100

ho =ho— kO +0(6%). (19)
The gauge transformation couples the range of Cj to its
kernel, producing a negative eigenvalue —h26?/(16)) +
O(63). The positive correction goI15 restores positivity for
both signs throughout |#| < 0.01 (Appendix G). Complete
positivity is also imposed on the actual SPAM channels,

Ag = SyD,, By =D,S,; . (20)
For |0] < £/100, these are fixed physical channels obey-
ing the budget, and their product D? leaves zero-time
calibration unchanged.

Along this path, the target moves linearly while the
data change only quadratically [Fig. 1(b)]. After SPAM
compensation, the only observational change in Eq. (18) is
the added global depolarization. Moreover, it commutes
with every allowed local control and with the unital ref-
erence evolution. For any controlled sequence of total
duration T, its complete observed channel therefore obeys

Ry = Dy PyD,- 16457 Dy, (21)

where Py is the corresponding controlled refer-
ence evolution. Local Pauli noise gives a controlled
Hilbert—Schmidt mixing rate at least 1/5. Together
with the factor Te~T/5, it bounds every outcome change
uniformly in duration and controls:

Ipg — po| < 32K62, K =0.01. (22)
Finally, the positive lower bound /64 on outcome proba-
bilities yields per-shot relative entropy at most K. 0%,
and the adaptive chain rule (Appendix B) gives N Kia:0*.
Taking 0 o« N~1/% keeps the data close while separating
their targets, proving Eq. (16) (Appendix H).

For the upper bound, the 23 matrix elements give a
matching local statement:

sup [W(M) = ho| = ©-(V35) (510). (23)
M:da3(Gar,Go)<é

For the lower side, Eq. (21) implies exactly Gy — Gy =
—16K 6211y, where IIy = id—D, while the target moves lin-
early. For the upper side, recovering C,, from the diagonal
entries of G bounds each formerly zero diagonal coefficient
by 4. Positivity then bounds its off-diagonal Kossakowski
coefficient with a single-qubit label of nonzero diagonal by
/(0.1 + 9)4. Entries with exchanged indices constrain the
two unknown readout gain ratios and hence the canonical
target. Appendix I derives explicit inequalities over the
stated class with complex Kossakowski matrices. Finite-
time measurements (Sec. V) estimate these entries with

simultaneous error 5(N ~1/2) and the smallest interval
containing all compatible targets then yields Eq. (17).

A noise prior, moreover, can change precision, as
Fig. 1(c) shows. Requiring only ImCz; ;z = 0 in every
candidate already restores a linear modulus (Appendix J),
so a wholly real Kossakowski matrix is sufficient. Indeed,
the reference’s real correlation moves the target to
first order, while the allowed imaginary Kossakowski
coefficients in the alternatives let that motion remain
hidden to first order.

Remark 1 (Zero reference coupling). Keeping the same
Kossakowski matrix and SPAM channels but setting
ho = 0 preserves exact identification. Along Sy, how-
ever, the target is —ksinh # and the positivity defect is
—k26*/(16)) + O(6°). This gives lower bounds wyzz(d) =
Q(6M4) and Eo|In| = Q(N~8) for uniformly valid in-
tervals with 0 < @ < 1/2 (Appendix G 4). The second-
order condition fails here; the many-body references of
Proposition 3 remain regular at zero coupling.
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FIG. 1. Physical origin of square-root local uncertainty at the two-qubit reference. (a) A gauge transformation changes the
canonical coupling at first order and couples the range and kernel of Cy. Adding gel1s, with go = 0.0162, restores positivity of
C for |6] < 0.01. With compensating physical SPAM channels in the admissible range || < /100, the maximum entrywise
difference is da3(Gg, Go) = 0.160%. (b) Changes of the coupling and of the data for € = 0.1 along both signs of the physical path.
Filled circles and open triangles denote positive and negative 6, respectively. The coupling branches nearly coincide at this scale.
(c) Half-widths of deterministic outer intervals for the same reference and data, with candidates allowed complex Kossakowski
matrices or constrained to real ones. The fitted logarithmic slopes are 0.501 and 0.993, respectively. Appendix M 3 documents

the calculations.

These constructions fix the local geometry of the square-
root branch, and Section V turns it into statistical rates
at general references.

V. STATISTICAL BOUNDS AND
MEASUREMENT PROCEDURES

The stability criterion determines statistical precision
through two arguments. A physical path bounds the infor-
mation available to any allowed protocol, and estimating
the required entries of G gives a confidence interval.

A. A lower bound for adaptive experiments

To convert Theorem 1 from entrywise errors in G into
a bound in terms of the number of shots, the added noise
along the witness path must remain hard to detect for ev-
ery allowed protocol, including adaptive ones. The follow-
ing corollary shows that this holds at mixing references.

Corollary 1 (Expected confidence-interval length). In
the first case of Theorem 1, let Lo be unital, let every

allowed controlled reference evolution of duration T con-
tract traceless operators in Hilbert-Schmidt norm by e 97,
g > 0, and let every outcome have reference probability at
least p > 0. Then for 0 < a < 1/2, 7 =(1—2«a)/2 and

B _ 4nA||Bo||2*>2\/1 —2—n
n eg )

. [ (u\!
Oy = min\ 6., Q@L’(@%N> , (24)

every interval uniformly wvalid at level 1 — o over a
class containing the witness path of Appendiz D obeys
EolIn| > (1 — 2a)|tp(u)|0n/4 = QINTY4) under adap-
tive experiments.

Unitality lets the added depolarizing noise commute
through the controlled evolution, and mixing bounds its
effect uniformly in duration. The lower bound on outcome
probabilities then gives per-shot relative entropy of order
6* for target separation of order #. The adaptive chain
rule produces the N~/ scale (Appendix D).



B. Estimating the generator and confidence-interval
length

For the matching upper bound, we estimate the gen-
erator directly. We obtain bounded response estimators
from SPAM twirling, product preparations, and local
measurements. We estimate entries of G by polynomial
differentiation and zero-time normalization. Under a
known bound 7;o; on the completely bounded norm of
the Heisenberg generator £, we estimate 4" (4™ —1) poten-
tially nonzero entries of G and 4™ —1 calibration quantities,
for K, = 16™ — 1 estimated means in total. At fixed n,
these estimates have simultaneous error

0N = Ocaran (N2(10g N)Y2) . (25)

The norm bound controls differentiation bias and the
target range when simultaneous estimation fails, and
Hoeffding concentration controls sampling error [59]. Note
that all measurements count toward N.

The smallest interval containing all target values com-
patible with these estimates satisfies

EolIn| < 2wp(26N) + 270tlN, ¢y = min{a, N_(l}’)
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where wp is the full-G modulus of Theorem 1. Corol-
lary 3 in Appendix C proves coverage and bounds the
contribution when simultaneous estimation fails. There-
fore, the square-root and linear branches give expected
lengths O(N~4(log N)®/4) and O(N~'/?(log N)®/?). In
particular, at mixing references, the square-root upper
bound matches the lower exponent of Corollary 1 for any
common model class that satisfies the norm bound and
contains the constructed physical path.

C. DMeasuring a pair inside a larger register

We next embed the explicit pair in a larger register,
where the same bounds on confidence-interval length hold
at the lifted reference. Appendix L embeds the reference
on a pair A of n qubits, with arbitrary single- and two-
qubit dynamics on the spectators E and SPAM channels
D, ® Ag, D, ® Be, where r =1 —ea/8 and ||Ag —id||o +
|Be —id|le < & — en.

Corollary 2 (Lift to n qubits). Fizn > 2 and 0 < ep <
e < 1, and let ML2 be the n-qubit models with SPAM bud-
get € whose generators are sums of physical single- and
two-qubit terms. At the lifted reference, the 23 pair en-
tries of G identify hz ze1. = ho over ML2. Every adaptive
protocol and every interval uniformly valid over a class
containing the lifted reference and its physical path obey
Eq. (16) with € replaced by ep. Under an n-independent
bound v on the summed norms of the terms acting on
each qubit that admits the lifted reference and its path, for
instance any y > 6 that bounds the spectator terms, a uni-
formly valid procedure over the class satisfying this norm
bound attains Eq. (17). All constants are independent of
n; forn =2 and ep = ¢, this is Theorem 2.

For two-local generators, the canonical coefficient of
the reduced pair generator equals the global coefficient
hzzor. The 23 derivatives and 15 calibrations, or 27
derivatives for Sec. VI, can then be estimated with con-
stants independent of n under this local norm bound 7~y
(Appendix L). In addition, preparing and randomizing the
spectator qubits uses O(n) local operations per shot. The
interval-length bound uses the modulus for the measured
metric, dog or doy, and the contribution when simultane-
ous estimation fails is at most 4y(y. For computation,
Appendix M constructs outer intervals from necessary
physical constraints and proves that they contain every
compatible target whenever simultaneous estimation suc-
ceeds. Finally, known systematic and timing errors add
to the error bound on the entries of G (Appendix C).

VI. FOUR MATRIX ELEMENTS THAT
IMPROVE PRECISION

Having shown that the 23 matrix elements leave a
square-root modulus, we now ask which additional matrix
elements of GG restore linear precision at nonzero reference
correlation. We answer it with a second noise correlation
that fixes the relevant gauge direction [Fig. 2(a)]. To this
end, we add a real Kossakowski coefficient (Cy)rx,yz =
(Cp)yzrx =nto Eq. (14), with |n| < 0.01. The reference
remains rank seven, with exactly the same diagonal profile
and ZZ Hamiltonian. Its 23 matrix elements are identical
for every 7, because the new dissipator couples Pauli
labels whose product is proportional to Y'Y, although
higher-order finite-time responses may distinguish these
references. Here 1 indexes the reference models, whereas
inference uses the full surrounding class with complex
Kossakowski matrices and unknown SPAM channels. We
then add four ordered entries,

(YZ,IX), IX,YZ), (YX,12Z), IZ,YX), (27)

and write da7 for the maximum distance over all 27 entries.
Unlike the original 23 entries, these four shift with n
[Fig. 2(b)]. These entries are measured with product
preparations, local rotations and readout, signed parity
processing, and zero-time normalization (Sec. V).

The key step is that a combination of these four entries
isolates the sum of two imaginary Kossakowski coeffi-
cients. For every canonical two-qubit generator, including
nonunital ones, Pauli multiplication gives

®(L) :=Im Cxx,zz+ImCxz zx

= é(LYZ,IX +Lyx,z—Lixyz — Lizyx). (28)

This combination of four entries cancels unrelated canon-
ical contributions and probes correlations between direc-
tions in ker C,. Their diagonal Kossakowski coefficients
vanish at every C,. With an entrywise error bound 4, re-
covering C,, from the diagonal entries of G bounds these
four diagonal coefficients of a physical candidate by ¢§, and



positive two-by-two minors of C give |®(L)| < 26. An im-
balance in the readout gains of the entries with exchanged
indices would instead produce a term proportional to
times that imbalance. Deconvolving each candidate’s
unknown gains and comparing to the reference yields

|nsinh B,| < (2 + 21l) 0. (29)

Thus a nonzero correlation constrains the same gauge
direction that moved the ZZ target.

Theorem 3 (Correlation-dependent local crossover). At
fizred 0 < ep < € < 1, for the references C,, embedded
on a pair of n > 2 qubits as in Corollary 2 and the
unchanged surrounding class with complex Kossakowski
matrices 93?1;2, with h = hzzg1. and day evaluated on the
pair entries,

wp(6) := sup [h(M) — ho|

M: d27(G]VI7Gn)§(S

=0.., (min {\/5, sﬂ}) (30)

uniformly for |n| < 0.01 and sufficiently small §, with
constants independent of n. Interpret the second branch as
infinite at n = 0. The same order holds for the mazimum
distance over all entries of G; the 28 matriz elements
alone retain their square-root modulus. The lower-bound
construction applies throughout 0 < & < 9.6(ea/100)2.

We show the physical models behind the lower bound in
Fig. 2(c,d). The positive correction g, = 0.6(6% + |n6))
gives a maximum entrywise difference 16¢,¢ in G af-
ter SPAM compensation. The correlation creates Kos-
sakowski coefficients in the kernel of order nf, requiring a
linear contribution to the positive correction in addition
to the quadratic one. Since the target moves by order
|6], this yields both branches. Appendix K proves the
matching upper bound.

In terms of the number of shots, the same mixing argu-
ment applies for 0 < a < 1/2: for every adaptive protocol
and every interval uniformly valid over a class containing
the constructed alternatives, the expected length at the
reference is at least of order

min{ea, N~V4, N7/ |n|}, (31)

with constants depending only on €5 and a. With a
common norm bound fixed independently of n, IV, and
7, estimating 27 derivatives and 15 calibration quantities
gives matching upper bounds on the expected length up to
logarithmic factors. In the fixed model units of Eq. (14),
the crossover occurs at entry precision § =< 12, or number
of shots N = || =% up to constants and logarithmic factors,
when the transition lies inside the local domain.

VII. MEASUREMENT CHOICE AND
RECOVERY ON QUANTUM PROCESSORS

Calibration protocols and effective-Hamiltonian analy-
ses characterize coherent interactions in superconducting
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devices [60-62]. We use measurements on ibm_boston,
ibm_kingston, and ibm_pittsburgh to test how response
selection affects visibility and parameter recovery. Sec-
tion VII A asks whether target populations alone reveal a
conditional coupling, Sec. VII B whether additional mea-
surement bases improve visibility and the recovery of a
programmed parameter, and Sec. VII C what is needed to
assign a recovered response to a Hamiltonian coefficient.
Appendix N gives the acquisition and processing methods,
and Table II collects the sampling settings.

A. Idle evolution: target populations and Ramsey
response

The largest observed total-variation distance (TV) be-
tween the target’s outcome distributions for the two neigh-
bor preparations is 6.0 x 10~% across the 90 pair-time
comparisons [Fig. 3(c)]. For nine neighboring pairs se-
lected for resolvable coupling, we prepare the target in |0)
and measure it in Z after ten idle times between 0 and
47 ps, with its neighbor prepared in either computational
state [Fig. 3(a)]. A Ramsey experiment on the same pairs,
in contrast, resolves conditional frequency shifts of magni-
tude 3.871-7.243 kHz [Fig. 3(b)]. It prepares the target in
a superposition, with the control in |0) or |1), and records
X and Y responses. We analyze these data with postselec-
tion on the final control outcome matching its preparation
and with readout error mitigation (Appendix N).

B. Injected rotations: visibility and parameter
recovery

Injected rotations provide a controlled test of the rela-
tion between measurement choice and parameter recov-
ery at n = 3,4. The dependence of coherent-rotation
sign identification on the measured Pauli settings was
studied in Ref. [63]. Here, we apply single-qubit rota-
tions generated by Xy and X;, with j = 1 or 2, with
equal or opposite signs at a matched magnitude. For
the ideal diagonal input and these rotations on distinct
qubits, computational-basis populations are even in each
angle, whereas an additional YyY; or YyYs measurement
distinguishes the relative sign.

Additional bases increase visibility at a matched num-
ber of shots. Random subsamples within each preparation
match the number of shots in the additional basis to that
in the computational basis. Across all 18 combinations
of device, qubit number, rotation pair, and angle, the
median TV in the additional basis is 2.8-14.1 times that
in the computational basis [Fig. 4(a,b)].

The signed response, moreover, supports angle recovery.
Let ¢ denote the programmed angle. For the specified
diagonal preparation and rotations on distinct qubits,

(Zi)in =Y ru(—1)",
’ (32)

A<Y}> = _2<Zj>in sin ’L/}7
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constructions give the lower bound, and Theorem 3 provides the matching upper bound. Model units follow Eq. (14), and

Appendix M 3 gives the checks.

where A(Y}) subtracts the response for opposite-sign ro-
tations from that for same-sign rotations, and j labels
the qubit whose rotation is reversed. The preparation
weights r,, fix the nominal polarization (Z;)i,. Table III
gives its values and the sampling allocation. Inverting
this relation, we obtain 66 estimates across devices, qubit
numbers, rotation pairs, and angles. The pooled slope of
a weighted linear fit of sin ¢ against sin+ through the ori-
gin is 0.982 + 0.014 (one standard error), and the median
absolute angle error is 0.018 rad. Figure 4(c) shows all
66 angle errors grouped by acquisition.

C. Physical interpretation of the recovered response

However, assigning a recovered response to a Hamilto-
nian coefficient requires a processing and dynamical model,
and the frequency estimate depends on both. For exam-
ple, postselection on the final control outcome changes
fitted frequencies by approximately 0.25-1.48 kHz rela-
tive to using all shots across the nine pairs, exceeding the
bootstrap standard error on every pair. Moreover, joint
fits to probe and calibration counts give deviances above
those of all corresponding parametric-bootstrap refits, in-



12

a Same pairs; distinct preparations and observations

Control preparation: |c), c € {0, 1} * Same selected qubit pairs

R . t Cotnal |C> Idle. t - Postselected on
amsey experimen d i
Yy exp Target |+) ——| % final control
8,000 shots / basis / configuration
ot o) —— {7 }—
Target populations i Idle, ¢ z All shots,
get pop Target |0> ] target marginal

40,000 shots / configuration

b Ramsey resolves conditional shifts

C Populations barely depend on control

0.6
B1 - °] Bl
B2 - (o} B2 0.5
B3 A o] B3 o
04 S
K1 A o} K1 E
K2 - a K2 035
(]
K3 1 ] K3 Z
02 O
- o o
P1 P1 8
P2 4 f P2 0.1
P3 1 o P3
T T T 1 0.0
0 2 4 6 8 0 1 2 4 7 11 17 25 35 47

Frequency difference |f; — fo| (kHz)

Idle time (us)

FIG. 3. Population and Ramsey responses during idle evolution. (a) Protocols on the same selected pairs, with the control
prepared in either computational state. Preparations, measurement bases, and numbers of shots differ as shown. (b) Magnitudes
of conditional frequency shifts from Ramsey experiments. Bars show one bootstrap standard error (0.06-0.08 kHz, comparable
to the marker size) with the fitted readout mitigation and retained shot totals held fixed. B, K, and P denote Boston, Kingston,

and Pittsburgh, and indices identify the three pairs on each device. (c¢) The 90 observed total-variation distances |ﬁ§0)

between target-qubit Z-outcome distributions, where ﬁgc)
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is the fraction of target outcomes equal to 1 for control preparation

|c). These distances use all raw shots without postselection or readout error mitigation.

dicating mismatch with the tested model. Appendix O
presents these diagnostics.

For the restricted protocols of Appendix N 2, with con-
trol inputs diagonal in the computational basis and no
intermediate operations that create control coherence, the
dephasing evolution depends on h and b = ImCyzy 12
through h + 2b. Hence, at positive target dephasing, dis-
tinct physical couplings can share these restricted data,
whereas probes with the control in a superposition dis-
tinguish the constructed alternatives. The general theory
of Secs. IIT-VI identifies the additional calibration and
physical constraints needed to turn measured responses
into intervals for the canonical interaction coefficient.

VIII. DISCUSSION

We have shown that the precision of an identified Hamil-
tonian coefficient depends on how gauge freedom meets
the positivity boundary of C. At geometrically regular
n-qubit references, the kernel criterion distinguishes linear
from square-root dependence on the entrywise error in G,
and single-qubit coefficients have exactly linear stability at
every reference. For interactions, real noise correlations
determine the first-order change under gauge transfor-
mations, and the kernel condition determines whether
restoring positivity requires noise of first or second order.
Both can be evaluated from the reference generator and
target coefficient, and together they identify the gauge
directions that limit precision. On hardware, we found
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FIG. 4. Visibility and recovery of injected rotations. (a) Each point pairs the total-variation distance (TV) in the computational
basis with the median TV in the additional basis over random subsamples within each preparation. TV compares the outcome
distributions of equal- and opposite-sign rotations at the same magnitude. Shapes and colors identify devices, and the dashed
line denotes equal TV. (b) Median TV in the additional basis divided by TV in the computational basis, for all 18 comparisons.
Row labels give n, programmed angle v in radians, and rotation generators. Panels (a,b) use 1000 random subsamples with
matched totals of 25,000 shots per configuration at n = 3 and 50,000 at n = 4. (c) All 66 angle-estimation errors 1& — 1,
grouped by the six acquisitions in Table 111, with common axis scales. A/C and B/E are separate acquisitions with overlapping
programmed angles. Bars give one standard error from 4000 resamples within each preparation, conditional on the injection and
preparation model. Horizontal offsets of at most 0.004 rad distinguish devices, and the zero line denotes exact recovery.

that additional measurement bases increase the visibility
of injected rotations and permit angle recovery under
the specified preparation and rotation model. Moreover,
Ramsey experiments resolve conditional frequency shifts,
and their dependence on processing and on the tested
dynamical model shows that assigning a response to an
interaction requires physical constraints.

For regular references, our results answer the question
of Ref. [44] about learning near the positivity boundary in
terms of local precision. Specifically, at mixing references,
the square-root branch forces uniformly valid intervals

to have expected length Q(N~'/4), even for adaptive
local protocols, and generator estimation attains this
rate up to logarithmic factors, whereas the linear branch
attains 5(N ~1/2). Moreover, our explicit many-body
constructions show that the mechanism extends beyond
a single pair.

Our measurement principle is to identify the gauge di-
rections that change the target and to measure responses
that constrain them. Noise correlations enter both steps:
they cause the target derivative, but a correlation de-
tected by other entries of G can constrain the same gauge



direction, as our four additional matrix elements show.
Related methods already measure such correlations: noise
spectroscopy reconstructs cross correlations in dephas-
ing environments using tailored control sequences [64—66].
Our results suggest using these methods, together with
learning of sparse noise correlations and protocols using
single-qubit operations [58, 67], to measure the noise cor-
relations that constrain gauge directions changing the
target in self-consistent inference [42, 43].

These results point to several directions. First, posi-
tive noise backgrounds can remove exact identification:
adding £115 to the two-qubit reference Cy lets sufficiently
small gauge transformations remain physical without an
additional observable correction. For a fixed SPAM bud-
get and sufficiently small ¢ > 0, models with identical
exact data then differ in hzz by order /€, so no amount
of data distinguishes them (Appendix G 4). Which mini-
mal additional calibration or noise constraints suffice to
restore identification remains open. Second, at the two-
qubit reference with zero coupling, uniformly valid inter-
vals have expected length Q(N~1/8), and sharp precision
rates beyond regular references are yet to be classified. Fi-
nally, combining the criterion with learning of structured
noise [28, 29] could identify which of the 16™ — 1 quanti-
ties estimated by our full-generator acquisition suffice to
characterize couplings and crosstalk in large registers.
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Appendix A: Observation equivalence and canonical
quantities

We prove observation equivalence and canonical
inversion, and show how depolarizing noise restores
positivity. Appendix B gives statistical comparisons
and confidence intervals, and Appendix C estimates
the entries of G at finite times. Appendix D proves the
general classification and statistical lower bound, and
Appendices E and F give its physical interpretation and
many-body realization. Appendices G—J establish the
explicit pair, its local modulus and its SPAM channels.
The application with four additional matrix elements and
its embedding in larger registers appear in Appendices K
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and L. The remaining appendices document computed
intervals and processor analyses.

1. Equivalence of complete observation records

Let d=2", m=d?—1, Py=1I and Tr(P,P;) = déap,
and write a @ b for the phase-free product label and
Xa(Q) = %1 for P,PoP, = x.(Q)Pg. The states
(I+0)/2,0€{X,Y,Z}, span the single-qubit operators,
so product-state inputs and rank-one product effects span
the operator space. Thus equality of all their probabilities
is equality of the corresponding transfer maps. If (L, A, B)
and (L', A’, B') have identical exact data, zero-time,
control-only, and uncontrolled-evolution experiments give,
for every product-unitary channel U and ¢t > 0,

BA=DBA,
Bell A = Bletl A/,

BUA=BUA,
(A1)

The budget € < 1 makes each boundary invertible by the
Neumann series A~1 =", (id — A)*. Set S = B'~1B =
A’A~L. Cancellation and differentiation at zero show
A'=8SA, B'=BS™!, L'=SLS"', SU=US.
(A2)
The inverse of an invertible Hermiticity-preserving,
trace-preserving map has those same properties, so S is
real in the Hermitian basis and trace preserving.
Commutation with Pauli conjugations forces S to be
diagonal: for R # @, the label r @ ¢ has a nonidentity
factor at some qubit, and a single-qubit Pauli there that
anticommutes with this factor has different characters on
R and Q, SO (Xb(R) - Xb(Q))SR,Q =0 gives SR7Q = 0.
Single-qubit Cliffords permute X,Y, Z on each occupied
qubit up to sign and act transitively on the labels of each
support, which forces one scalar per support sector,

S(Pa) = Ssupp(a)Pa7 sg =1, (A3)
the last value by trace preservation. Conversely, every
such map commutes with all product unitaries, since those
preserve the identity and traceless spaces of each qubit
and hence every support sector.

Substitution of Eq. (A2) into every sequence cancels the
intermediate gauge transformations, so every fixed-setting
outcome probability agrees. For adaptive policies, con-
ditioning on a common history and induction over shots
give equal joint laws. This proves complete observational
equivalence whenever both endpoints are physical. The
map S is unital, though it need not be positive; its sector
scalars are positive, as proved below.

2. Boundary twirling and positive gains

Finite unitary designs and randomized noise tailor-
ing use group averages to simplify channel descrip-
tions [68, 69]. Here independent local averages act on the



preparation and readout channels. Choose independent
uniformly random single-qubit Cliffords on every qubit,
with product channels U, V. Preparing U~!(p) and ap-
plying trusted U immediately after A implements, on
average, A = EyzUAU . Applying trusted V immedi-
ately before B and rotating the rank-one product effect
implements B = EyV~'BV. The averaged experiment is
Bet A. Both averages are completely positive and com-
mute with all local Cliffords, so the commutant argument
makes them support scalars.

Write e4 = ||A — id||, and similarly for B. Convexity
and unitary invariance give ||A —id||, < e4. Applying
this to a Hermitian Pauli gives |1 — ag| < e4; trace-
norm contractivity of positive trace-preserving maps on
Hermitian operators gives lag| < 1. Thus1—e4 <ag <1
on each of the 2" —1 nonempty sectors, with the analogous
bound for bg, and

go=agbg > (1—c4x)(l—ep)>1—-e=1. (A4)
Consequently T(0) = BA is invertible and Eq. (4) is
observable. For equivalent models, twirling B’ = BS™!
gives b, = bg/sq. Both gains are positive, so sqg > 0.
For each candidate, the ratio bg/bg lies in [I,17!]. This
follows from the SPAM budget.

IfA= ®j Ajand B = ®j Bj are products over qubits,
independence of the local twirls gives A = @, A4;, and
each single-qubit twirl fixes I and has one gain on traceless
operators. Hence as = [, agjy and bs =[], bysy. For
two models with product SPAM channels, the readout
ratio B~ By, and in particular the gauge transformation
relating two equivalent models, therefore has logarithmic
sector scalars 3, y; with y; = log(bo,(;3/b(;1)-

3. Canonical projection, diagonal recovery, and
norm bounds

For nonidentity Pauli labels P, define the Hamiltonian
superoperator Ap = —i[P/2, ] and its real transfer matrix
Ap. Since { P, /\/d} is orthonormal, the Frobenius pairing
of transfer matrices equals the Hilbert—Schmidt pairing
of superoperators, and

2
T2

The Hamiltonian part of L is ) ,hqAg. Given the
first identity, the second follows for arbitrary complex
Kossakowski matrices if each canonical dissipator is or-
thogonal to Ap. For the left and right multiplication
superoperators Lp(X) = FX and Rg(X) = XG, the
superoperator trace obeys Trop(LrRa) = Tr(F) Tr(G).
Pairing Ap with a jump map Lp, Rp, gives zero because
both jump labels are traceless. The remaining anticom-
mutator map —3{T', -}, with I = >ap CanPoPa = rf
because C' = CT, is self-adjoint in Hilbert-Schmidt inner
product, whereas Ap is skew-adjoint. Their real transfer

d2
(Ap,Aq) = S opg,  hp=5(Ap.L).  (A)
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matrices are respectively symmetric and antisymmetric,
so their pairing vanishes.

Expanding the two commutators with Trop(Lp) =
Trop(Rp) = dTr F gives (Ap, Ag) = 1[2dTr(PQ) —
2Tr P Tr Q)], the first identity. This proves Eq. (A5) for
complex Kossakowski matrices and nonunital noise. An-
tisymmetric transfer entries can also contain dissipative
contributions.

The maps p — P,pP,, over all labels including I,
are d* pairwise orthogonal superoperators of squared
Hilbert-Schmidt norm Tr(P,P,) Tr(P,P,) = d?, hence
a basis. A Hermiticity-preserving, trace-annihilating map
X with transfer matrix X therefore has a unique ex-
pansion X(p) = >_, , NawPapPs, and comparing X(p)
with X(p") gives e = Tap. Put C = (Mab)a,b21,
I' = Za,b;ﬁ[ CuwPyP, and F = %’I}[[I + Za;éj Nal Py, S0
that X(p) = >_, st CopPypPy+Fp+pFT. Trace annihila-
tion gives Tr[(T'+ F +FT)p] = 0 for all p, so F+F! = —T
hence H = (F'' — F)/(2i) is Hermitian, traceless because
Tr F =dnyr/2isreal, and F = —T'/2—iH. Thisis Eq. (1)
with a Hermitian, possibly indefinite C.

Every canonical representation of X" is such an expan-
sion, so uniqueness of the coefficients makes (H, C) unique,
and the map generates a completely positive semigroup
exactly when C' = 0 [53, 54]. The canonical Kossakowski
matrix is the coefficient array on a,b # I.

As the maps Ko : p — P,pP, are self-adjoint and or-
thogonal with squared norm d?, 1q, = d~2 Trop (KapX) =
d=3 >0 Tr[RQP,X(Q)], and the expansion X (Q) =
> r XRr,R with cyclicity gives

1
CanCov(X)ay = — > Tr(P.RP,Q)Xr.q,
R,Q

a,b#1,

(A6)
and we write CanHp(X) = hp for its canonical Hamil-
tonian coefficient. Both maps are real-linear. For
fixed (a,b,Q) exactly one R gives a nonzero trace in
Eq. (A6), of modulus d, so |CanCov(X)ap| < || X |max =
maxp g | Xr,o|- Orthogonality of the basis gives || X||% =
d? Dab |nap|? for the full coefficient array 7, so, with
unsubscripted matrix norms denoting operator norms,

< I2E o

(A7)
the last step because X has d* entries. Half of all labels
anticommute with P, since multiplication by one anticom-
muting label exchanges the commuting and anticommut-
ing sets, and for an anticommuting @, Ap(Q) = —iPQ is
a signed Pauli. Thus Ap has d?/2 nonzero entries, each
+1, and Eq. (A5) gives

[[CanCov(X)|| < ||CanCov(X)|| r

|[CanHp (X)| < || X || max; CanHp(Ap) =1, (A8)

with absolute weights 2|(Ap)r,g|/d* summing to one.
Set ¢ = Cyqy for a # I. The Hamiltonian diagonal

vanishes by cyclicity, and d=! Tr(QP,QP,) = Xa(Q)dap

and (2d) ! Tr(Q{PyPs,Q}) = dap, so Pauli orthogonality



eliminates off-diagonal Kossakowski terms from diagonal
transfer entries:

Log =) ca(xa(@Q) — 1),
a#l

(A9)

where xq(Q) =1 for commuting labels and —1 otherwise.
Character orthogonality, ZQ Xa(Q)X5(Q) = d?54p since

XaXb = Xaob and D5 xe(Q) = 0 for e # I, then gives

=5 Y xQGag a#I  (Al)
Q

Here a diagonal gauge transformation leaves Gg,g =
Lq,q, and trace preservation gives Gy ; = 0. Each recov-
ered rate has error at most (1 —47")§ <§ if all 4" — 1
nonidentity diagonal entries have error at most §. The
identity Fourier coefficient is d=> )", Gg.0 = — Y41 Cas
it represents the sum of nonidentity rates rather than an
identity jump rate.

4. Restoring positivity and preserving product-label
sectors

With D(X) = Tr(X)I/d, the expansion X =
d™' Yo Tr(PeX)Py and the character sums give
Y uPaX P, =dTr(X)I, hence

> (PuXP, - X) =dTe(X)I - d*X = 4"(D — id)(X).

a#l

(A11)
Since Pa2 = I, for t > 0 the canonical generator with
Kossakowski matrix tI,,, and zero Hamiltonian is 4"¢(D —
id), whose transfer matrix is 4"t diag(0,—1,...,—1). It
commutes with every support scalar, which fixes I and
preserves trace. Replacing L by L + 4"t(D — id) at fixed
SPAM channels therefore replaces G by G + 4"t(D — id),
an entry change of exactly 4"¢. This holds for both unital
and nonunital generators.

An invertible support scalar S acts entrywise,
(SLS™YRr.g = (sr/sq)Lr,q. The trace in Eq. (A6) van-
ishes unless 7 @& ¢ = a ® b. A Hamiltonian term with label
p has transfer entries only where r & ¢ = p, and for a
jump pair (a’,") each of P,y QPy, Py PyQ and QPy P,
has label a’ ® b’ @ q. Transfer entries with r @ ¢ = p there-
fore depend only on h,,, for p # I, and on the Cy/y with
a’ ®b = p. Consequently CanCov(SLS™1),, depends
only on the canonical coefficients of L in the product-label
sector a®b, and CanHp(SLS™1) only on its sector-p data,
since every nonzero entry of Ap has r ® ¢ = p.

5. An exact attribution bound for a Hamiltonian
coefficient

For a pair (R,(Q) contributing to target P, that is,
(AP)R,Q #0,set K = (LR,Q—LQ’R)/2 and M = (LR,Q-F
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Lo r)/2. A gauge transformation with positive sector
scalars and A =log(sgr/sqg) gives

K’ = K cosh A + M sinh A,
M' = M cosh A + K sinh A,

K' — K = tanh(A/2)(M' + M). (A12)
Define
Ep = Z V/CaCamp- (A13)

a:{P,,P}=0

Each unordered pair occurs twice. On an active pair,
R, @ anticommute and RQ has product label P. The
Hamiltonian transfer matrix is antisymmetric and can-
cels in M, and anticommutator terms give zero trace
because {R,Q} = 0. A jump trace T,(R,Q) =
d~'Tr(RP,QP,) is nonzero only for a & b = p and
then has unit magnitude. As R x PQ, QP,PQ =
~Xa(Q)PoP and PQP,Q = x.(Q)PP, and P,P =
Xa(P)PPa give Tab(QaR) - *Xa(P)Tab(RaQ)a so M =
> (po,Py=0 CaampTla,aep(R, Q). Positivity gives [Cop| <
V€aCy, so [M| < Ep. Both physical endpoints have the
same diagonal profile by Eq. (A10).

For equivalent models sq = bq/b, € [I,I7"], hence
|A| < 2w, with w = —logl. Equations (A5) and (A12)
imply

|h'p — hp| < 2tanh(w)ép. (A14)
Indeed the absolute weights in the canonical Hamiltonian
projection sum to one. If the diagonal profile is supported
on single-qubit labels and P has weight at least two,
a single-qubit label a anticommuting with P sits on a
qubit of supp P, and a & p has the full support of P and
hence zero rate. Thus £p = 0 and the target is exactly
identified. Finite-shot rates also require the estimation
analysis below.

Appendix B: From response errors to confidence
intervals

The following lemmas bound the expected length of
confidence intervals for physical models using all entries
of G or a specified subset of them, with the corresponding
metric. Lemma 1 gives the lower bounds on the expected
length of Corollary 1 and Eq. (16) of Theorem 2, and
Lemma 2 the upper bounds of Eq. (17), Proposition 5,
and Corollary 3.

Lemma 1 (Adaptive comparison). For two models
My, M1, suppose every allowed setting has outcome laws
Ppo,p1 with prj > >0 and Y- (po; — p1,4)* < v*. For
any common adaptive policy using N shots, their joint
laws satisfy

125 — PN |y < 7,
(B1)

D (RMIPN) < No? /s,



where T = \/Nv2/(2u). If an interval covers the target
with probability at least 1 — « at each model, then

EolIn| = (1 =2a —7)4[h(My) — h(Mo)|,  (B2)
where (z)+ = max{z,0}; common randomization of the
returned interval is allowed.

Proof. The inequality log z < z — 1, summed against pg,
gives Dk (pollp1) < 32 ;(po,j — p1,4)*/p1; < v*/p, since
both probability vectors sum to one. Conditional on
a common history H;_1, the next-setting kernel m;(ds |
H;_1) is the same under both models. The chain rule
therefore gives

N N
Dy (PN || P™M)

N
=k / mi(ds | Hi_1) Dk (po(- | 8)|pa(- | 9))
< Nv?/p.

Shots with new preparations give these conditional out-
come laws. Pinsker’s inequality yields the stated total
variation, which cannot increase under a common output
kernel. Transferring the event h(M;) € Iy to Py and
intersecting it with h(My) € Iy gives probability at least
1—2a—7. On that event the interval contains both targets
and has length at least their separation; nonnegativity
gives Eq. (B2). O

Lemma 2 (Interval of compatible target values). Let a
model class MM have target bound |h(M)| < H. Suppose a
finite-valued response estimate g obeys Pras{d(g, g(M)) <
3} > 1 — ¢ uniformly over the class, where d is a metric.
Return the smallest closed interval containing

{h(M) : M €M, d(g(M),g) <6},

or [—H, H]| if the set is empty. This interval has coverage
at least 1 — ¢ throughout M. At a reference My € I, if
w(t) bounds |h(M) — h(Mpy)| for all class members with
d(g(M),g(My)) <t, then

EolI] < 2w(28) + 2H(. (B3)
Proof. The hull is contained in [—H, H|, and its end-
points are measurable because g takes finitely many val-
ues. When the estimate satisfies its error bound, the true
model is a candidate, proving coverage. At M, the trian-
gle inequality places each candidate within 2§ of g(Mp), so
every retained target lies in [h(My)—w(20), h(My)+w(20)].
The hull has length at most 2w(2J) on that event and
at most 2H otherwise. Splitting its expectation proves
the bound. A modulus over a larger model class also
bounds the retained targets and can be used in the
same inequality. O
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Appendix C: Estimating the matrix elements of the
generator at finite times

This appendix specifies the norm bound of Theorem 2
and constructs the finite-time estimator of the entries of
G behind its upper bound, Eq. (17), and behind Proposi-
tion 5. Appendix C 7 extends the estimator to all entries
of G (Theorem 4).

1. Physical assumptions and the pair observable

Let a time-independent global GKSL generator on n
qubits admit a decomposition into physical terms

L= Lz,
4

sup Y gz <,
v Z3i

|Z| S kloca

(C1)

where ETZ (I) = 0 and the induced observable operator

norm obeys ||£TZ ® idFp||cosoo < gz for every additional
register F'. The bound v > 0 on the summed norms of the
terms acting on each qubit is known before inference. The
explicit constants below use ko, = 2. Here k), denotes
support size, independently of the reference Kossakowski
coefficient £ = 0.01. We also assume that all nonzero
global canonical jump labels have Pauli weight at most
two. This support assumption preserves the target under
pair reduction, while Eq. (C1) controls physical strength.

Fix a target pair A and let E denote its spectators,
with dimensions 4 and dg = 2"~2. Write d = 2" and
Q) = Q ® Ie. After the prescribed boundary averages,
product-state preparations and local measurements give
the response

fralt) = “CET[u@E m)]. (©2)
It is the mean of a signed binary outcome obtained us-
ing product-state preparations and local measurements.
Write +(Q) = ®j Qj, and put 0; = Q; if Q; # I and
0; = Z otherwise. One explicit preparation chooses inde-
pendent uniform signs s; = +1, prepares @, [(+s;0;)/2],
measures the product Pauli R at the end, and multiplies
its outcome by the input sign product Hj:Qﬁg sj. By
independence, the signed input average is &),(Q;/2) =
1(Q)/d; every site with Q; = I, including all spectators, re-
ceives a maximally mixed input. The independent bound-
ary twirls supply the fixed scalar factors ag,br. Thus
this construction realizes Eq. (C2) using fresh product
preparations.

The n-qubit SPAM channels obey Eq. (2). By Ap-
pendix A, with [ = 1 — ¢, the twirled zero-time gains obey

1@ = fq.0(0) = agbg € [I,1],  agbr <1. (C3)
The entries of G restricted to the pair are
Gha = I7.0(0)/4q- (C4)



The SPAM channels, generator, and their gains are
fixed in time. Every shot independently redraws the
time index, product-input signs, and both boundary
randomizations. The mixture concentration argument
therefore uses fresh random settings across shots.

2. Why the reduced target is the global pair
coefficient

The derivative in Eq. (C4) comes from the global
channel. To relate it to a physical pair generator, define

SA(X) =X® IE/dE7
Ra(X) = Tre X,
LA = RALEA. (C5)

Expand global Paulis as F, ;s = P, ® S5, allowing the
identity indices a = 0,s = 0, and extend the global
Kossakowski matrix by a zero row and column for the
global identity. Orthogonality of spectator Paulis gives

Ra [Fa,sgA(X)Fb,t] = JstPaXva

Ra [{Fb,tFa’s, EA(X)}] = 6s¢{PyP,, X }. (C6)
Set Jap =, Cla,s),(b,s)- For each fixed s the summand is
a principal submatrix of the extended Kossakowski matrix;
consequently J > 0. With Ha = Trg H/dg, the reduced
generator has the dissipative expression with Kossakowski
matrix J and Hamiltonian Ha. The Jyy term vanishes.
The terms containing exactly one local identity obey

%(Jpo — Jop) [Py, X] = —i[Im Jop, Py, X]. (Cn)
Its canonical coefficients in traceless Pauli coordinates
are therefore

CA - (Jab)a,b;ﬁo = 07

HP™ = Hp + Z Im Jo, P,
p#0

(C8)

The positive Kossakowski matrix C* and the traceless
Hamiltonian in Eq. (C8) are canonical by the uniqueness
proof in Appendix A. Factoring CA into traceless
Lindblad jumps proves physicality.

For a pair Pauli P, of weight two,

hly = hip.o) +2Im Y Clo,0),(ps) = Pip.0)- (C9)

At s = 0 the first Kossakowski index is the excluded
global identity. At s # 0 the second label has weight
2 + wt(Ss) > 3, so the canonical-support assumption
makes that term zero. This proves the last equality. One-
body Hamiltonian corrections in Eq. (C8) are allowed
nuisance parameters and leave the pair target unchanged.

The actual marginal channel ®a(t) = Raet*En
satisfies ®a(0) = id and ®4(0) = La. Since
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(La)r,q = d™ ! Trlu(R)L(4(Q))], Eq. (C2) gives ff o(0) =
agbr(La)R,@, and zero-time division yields G’/}%’Q =
(br/bQ)(LA)ro. Thus GA = BaLABa , where Ba =
RaBEA acts as Ba(Q) = boQ and is invertible because
bg > . Its fifteen diagonals and the eight positions of

Eq. (13) obey the reciprocal and Kossakowski matrix
identities of Appendix I, with the target in Eq. (C9).

3. All-time derivative bounds from physical locality

Lemma 3 (Derivative bound from support growth). If
R has support at most two, then for every integer p > 1
and u >0,

P, ()] < M,

p—1
MP = ’Yp H [2 + j(kloc - 1)] (ClO)
j=0
For physical terms on at most two sites, M, = (p+ 1)1yP.

Proof of Lemma 3. Expand (L£7)P(1(R)) into ordered ap-
plications of local terms. Retain a separate support S
for each summand after j applications. A term disjoint
from S; annihilates that summand, because its adjoint
annihilates the identity. An intersecting term enlarges
the support by at most kioc — 1, so |5;] < 2+ j(kioe — 1).
At each branch of the expansion,

Z gz<zzgz

Z:ZNS; #9 i€S; Z31

2 +,7 kloc - )]’7 (Cll)

Each ETZ acts as KTZ ® idp on the remaining qubits, and
[t(R)||co = 1. The triangle inequality therefore gives

Z HgZ <Mp7

Z1,enZp =1

(LT ((R))]|oo < (C12)

where the sum runs over ordered branches with Z;,, N
S; # . The last inequality follows by summing over
Zypy Zp—1,...,Z1 in turn, using the preceding bound for
each §;. Counting a term several times when it meets
several sites only increases this bound; the branching sum
already counts the order of applications, so no further
permutation factor occurs.
Differentiating the global exponential at v > 0 gives

Fipw) = "L T [Q)e (LR (1)
The differentiated observable is Hermitian. The adjoint
of a CPTP map is unital and positive, hence contracts
its operator norm. Finally ||¢(Q)/d||s = 1 and agbr < 1,
giving Eq. (C10). At kjoc = 2 the product is 2-3---(p+
1) = (p+1)!. The global expansion controls the spectator
dynamics and all required higher derivatives, with bounds
independent of register size. O



4. Weighted endpoint differentiation and its bias
bound

Differentiating an interpolation polynomial expresses
a derivative as a weighted sum of function values [70].
We use this construction at zero time and bound its bias
using the physical derivative estimates above.

Choose distinct nodes 0 = tp < t; < -+ < t, =T
before collecting the inference sample, with integer p > 1.
Let

t—tm
G =1] —
m#j

w; = e;( )7
p
W= Z |wj‘?
j=0

dy = ijf(t])
j=0

Differentiating the Lagrange products at zero gives
N
m=1 tm
1 tm
w= ]I =
J m>1, m#j m J

The last product has j — 1 negative factors, so
sgn(w;) = (—1)7! for every j; no weight vanishes. In-
terpolation makes this functional exact for the derivative
at zero of every polynomial of degree at most p. Its
deterministic bias satisfies

|1/(0) = df| < By,
B, = pf;, H j

Jj=1

(C14)

G=1. (C15)

(ke = 2).  (C16)

To prove it, let f = Zj f(t;)¢; be the interpolant. For
0 < t < t1, the ordinary interpolation remainder and
Eq. (C10) imply

f(t);f(t)l < MPH' ﬁ“— ; (C17)

Since f(0) =
Eq. (C16).
For each shot of a given response, independently draw
J € {0,...,p} with probability |w;|/W, and acquire
the signed binary product outcome Y at time t;, with

f (0), taking the right limit at zero proves
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all other randomizations independently redrawn. Since
E[Y | J =j] = f(t;),
Z =sgn(wy)Y € {-1,1},
P
\ _ 4
Z f(tj) - W7
=0
Np
~ 1774 ~
dy = Zi, Ed; = dy. (C18)
ND i=1

For sp > 0, Hoeffding’s inequality for the independent
Z;, which lie in an interval of length two, gives [59]

ND 52D
2wz )
This concentrates the mixture estimator over all Np shots.
Equivalently, the count of Z; = 1 is exactly binomial with
success probability (1 + d¢/W)/2.

Acquire the 23 derivative responses and the fifteen zero-

time diagonal calibration means separately. For sp, so > 0
and 0 < «a < 1, sufficient counts per response are

Pr{|gffdf| >SD}§2€-Xp( (C19)

2 2
ND = ’7 w 10 76—‘ 5
5D
2 76
No = | —<log— |, C20
0 L% og a-‘ ( )
Niotal = 23Np + 15Ng. (C21)

Equation ECIE); bounds each derivative failure probability
by 2e198(76/@) = /38. Each calibration mean g av-
erages Ny independent signed outcomes in {—1,1} with
mean ¢q, so Hoeffding’s inequality gives Pr{|gg — qo| >
so} < 2¢—Nosi/2 < «/38. A union bound over these
38 estimates supplies a common event of probability at
least 1 — a on which all derivative errors relative to dy
are at most sp and all calibration errors are at most sg.
Zero-time draws in the derivative mixtures are included
in Np, and the calibration term counts additional prepa-
rations. There are at most 23(p + 1) + 15 response-time
settings, or p+ 1 distinct evolution times. Merging coinci-
dent zero-time response settings leaves 23(p + 1) distinct
response—time pairs. The separate calibration and deriva-
tive sample counts are retained even when such settings
coincide. These setting counts exclude the individual
realizations of the product signs and boundary twirls.

5. Calibration, Kossakowski bounds, and interval
inclusion

Clip the estimated diagonal calibration mean to gg €
[l,1] and set G/}?"Q = dy/qq. Projection onto this interval



cannot increase the error because qg € [I,1]. On the
common event, the decomposition
Ay £ _dp—1(0)
©Q 4 qQ
+ (o)L (C22)
49Q4Q
and My = 2v give
|é/§,Q - G/i\z,Q| < dg;
2
b= SD 0 2050 g

l 12

This decomposition holds on the common calibration and
derivative event, even when those events are dependent.
Its second term uses the true derivative.

Character inversion, Eq. (A10), of the fifteen estimated
generator diagonals gives

~ 1 A
Caq = 16 %Xa(Q)GQ7Q7

Ea — CaA| S %5@,

cf = max{0,¢, + é¢}, (C24)
where the identity diagonal is set to zero. Thus ¢ < ¢}
on the same event. The seven Kossakowski coordinates in
Eq. (I9) are bounded by the square roots of their paired
diagonal products, now bounded using ¢*. At the true
ratios, each empirical group scalar differs from its physical
value by at most eq = (I +171)dg /2, each Kossakowski
coordinate by at most e /2, and the canonical target by
at most eg.

One explicit outer interval retains all ratio pairs in
[1,171])? whose seven empirical Kossakowski coordinates
lie within those bounds enlarged by eg/2. Take the
smallest interval containing their empirical targets and
enlarge it by eg at each endpoint. The true ratios are
retained on the common event, so this interval contains
the true canonical pair coefficient. Equation (C9) gives
the same inclusion for the global pair coefficient. The
interval-arithmetic procedure in Appendix M preserves
this inclusion at any finite search budget, and enclosure
accuracy determines the width.

For a positive tolerance 7, a lower endpoint above zero
or an upper endpoint below zero certifies the correspond-
ing sign. Containment in [—7, 7] certifies |h| < 7; lying
wholly above 7 or below —7 certifies |h| > 7. An interval
crossing a decision boundary leaves the decision unre-
solved. Physical ambiguity is established by constructing
compatible models with distinct target values.

The mathematics also covers € = 0. Both SPAM chan-
nels and all gains are then identity, so r4 = rp = 1, and
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Eq. (19) at unit ratios gives h = £ 3, O'Z'(G%i’@i - Ggi,Ri)
with o = (1,—1,1,—1). On the common event,

h = o—i(GlA?ini - GAi,Ri)’

| = |
-

i=1

|h—h| < IGh o — Ghol < da. (C25)

(R.Q)

Q

where the sum runs over the eight positions of Eq. (13).
Thus [h — 8¢, h + d¢] supplies a direct interval. The
numerical gain search assumes 0 < ¢ < 1; Eq. (C25)
covers the endpoint € = 0.

6. Exact node constants and systematic errors

For the Chebyshev—Lobatto nodes

. |
= 111 costin/p)] = TsinQ(];;) R

(C26)
the two constants controlling the estimator are exactly

P B pT?
H tj - 4p—1’
j=1

_

W=

(C27)

For the product identity, put w = €’™/?. Evaluating the
polynomial 337" 2% = (22 —1)/(z—1) =[]} (2~ w)
at z = 1, where it equals 2p, and using |1 — w’/| =
2sin(j7/(2p)) gives [[}2" sin(jm/(2p)) = 2p/2%*~". Re-
flection about /2, whose sine is one, turns this into
H:;:l sin?(jw/(2p)) = p/4P~'. For the weight norm,
Eq. (C15) gives sgn(w;) = —(—1)7 for every j. Let T,
denote the Chebyshev polynomial, defined by T,(cos ¢) =
cos(p¢). Then

.2

2
=p-. (C28
$—0 cos¢p — 1 $—0 sin?(¢p/2) P (C28)
The degree-p polynomial T,(1—2t/T') therefore has nodal
values T,(cos(jm/p)) = (—1)7 and derivative —2p?/T at
zero. Polynomial exactness gives

(C29)

which proves the second identity, including p = 1.
At T =1/v, Egs. (C16) and (C27) yield

_Ap(p +2)y
Bp - Ta

W = 2yp*. (C30)



The error radii include known systematic and numeri-
cal errors. Suppose each shot at node ¢; uses a realized
time ¢ > 0 with [t/ — t;| < ten and has mean within
b of f(¢'). The mean value theorem and |f'| < M,
bound the node mean p; by |p; — f(t;)] < b+ Miter, so
WEZ — dg| < 5, [wsllit; — F(£)] < W(b+ Miter). For
fresh binary shots, Eq. (C19) holds about WEZ, and the
radius in Eq. (C23) gains W (b + Mjtey)/l. For the ideal
pair schedule the two parts are 2yp?b/l and 4v2p*te../I;
a calibration-mean bias by replaces sg by sg + bg. For
rounded rational nodes, use their actual Lagrange weights,
weight norm, and node product in the proof. At fixed
nodes these systematic contributions persist as the number
of shots increases.

The pair schedules in Appendices I and K have numbers
of shots independent of register size for a fixed pair and
fixed priors. Spectator preparation and randomization
use O(n) local operations per shot.

7. Estimating all entries of G in the unrestricted
class

Let n > 2, d = 2", and let MY

n-qubit generators with ||£7|s—o0.cb < Ytot, for a known
Yot > 0, and CPTP SPAM channels obeying Eq. (2);
l =1—¢. Logarithms are natural.

consist of physical

Theorem 4 (Estimation of all entries of G). For 0 <

a<l1land N > K,, set
J=4"4" —1), K,=J+4"—1=16" —
ny = |N/K,], ¢y = min{a, N71},
pn = max{l, [logy N1},
sy = /210g(2K,, /¢ ) /n,

By = 4pNTYiot
N oy + 1)larn
2Yt0t D o
Sy = VeotPNSN + BN I Yt tSN. (C31)

l 12

The estimator below uses K,ny < N shots and obeys
PrM{HG G(M)||max < 0N} > 1= (N for every M €
Y - With By =log(2 - 16" max{N,a~'}),
60t 4™
12
< C.N~12(log N)*/2,
650t 4™ 1 2
1 ) 17 log(2- 167
2 ( +log2 \/ +log(2- 167 /a)
20
+ ’Ylt t.

Proof of Theorem 4. Fix R # I and any Q. Apply the
signed product-input construction preceding Eq. (C3) to
these labels on the full register. Its sign average is Pg/d,
independently of the support of @Q. The output parity for

)2 ﬂ 2%tot

<
0N < N | INZ

(1+1logy N

C, =

(C32)
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R, multiplied by the same input sign product, is binary.
Independent boundary twirls thus give its mean

fro(t) '(Pg)].

The gains obey qo = fg,0(0) = agbg € [l,1], so
fro(0)/aq = (br/bg)Lrq = Grq- The trace-
preserving twirls act as scalars on Pauli support sectors
and fix I, so q; = 1; trace preservation gives Grq = 0.
The unknown entries are the J entries with R # 1.

The assumed norm bound gives || £7]|co—00 < Vtot- The
operator X = (L1)?P(Pg) is Hermitian with || X || <
P .. The adjoint semigroup is positive and unital, so
it maps —|| X|lool < X < ||X||oo] to the same bounds.
Differentiation and Holder’s inequality give, for v > 0,

= T(t)R’Q = aQdeil TI‘[PQetL

_ wit
112, ()] < lagbrl d™ [ Palls €™ (X)lloo < 7ou-

Use the Chebyshev—Lobatto nodes with p = py and T' =
1/t in Egs. (C14) and (C27) and in the first expression
of Eq. (C16), whose proof holds with M, = 42", They
give W = 2y45¢p® and S, = 4pyeor/((p+1)!47) < 2910477,
since (p+ 1)!/p > 2; hence By < 2910t /N2.

Allocate ny shots to each of the J randomized deriva-
tive means of Eq. (C18) and to each of the 4™ —1 zero-time
calibrations qq, @) # I, redrawing nodes, signs, and twirls
independently. Equation (C19) at threshold Wsy and
Hoeffding’s inequality for the calibrations at threshold sy
each fail with probability at most 2e~"¥5%/2 = ¢y /K,;
the union bound over the K,, means gives a common event
of probability at least 1—(y. Clip the calibrations to [[, 1],
setqulandGRQ dRQ/QQfOI‘R#I andGleO
The split before Eq. (C23), with |f5 5(0)] < 7tot, bounds
every error by dy on this event.

For z > 1, |z| > x/2, so ny > N/(2K,) and sy <
2-4",/Bn/N, because 2K, /(x < 216" max{N,a !}.
With py < 14log, N, 2p3+1 < 3(1+log, N)?, and I < 1,
this gives the first bound in Eq. (C32). Since N > K,, >
15, log N > 1; hence By < [1 + log(2 - 16™/a)]log N,
1 + logs N < (1 + 1/log2)log N, and N—2 <

~1/2(log N)®/2 which give the second bound. The entry
count J enters the allocation through ny, and log K, =
log J + log(1 + 4~™) enters through the union bound. O

Corollary 3 (Expected width). For P # 1 and N > K,,,
let In be the smallest closed interval containing
MemY

{hp(M) : o [GM) =

clipped to [—Viot, Vtot], and the whole interval when this
set is empty or N < K,,. Then Iy is uniformly valid at
confidence 1 — o over MY and at every reference M
in this class,

é”max S 6N}a

€Yot

EolIn| < 2wp(20n) + 290t (C33)

with wp the modulus of Theorem 1 for all entries of
G at My. If My satisfies the hypotheses of Theorem 1,
that theorem supplies Cp,dp > 0 with wp(t) < Cpt™ for



0 <t <dp, where K =1/2 on the square-root branch and
k =1 on the linear branch; then for 26n < dp,

Eo|In| < 2Cp(2C,)"N~"/%(log N)*/? 4 2401 (. (C34)

If wt P =1, Proposition 1 gives Eo|In| < 40n + 2vi0tlN
for every N > K.

Proof of Corollary 3. Equation (A8) gives |hp| <
||L||max- Holder’s inequality and the norm bound give
|Lr.ol < d YL (Pr)||lsollPoll1 < Ytot- The finite-valued
estimator of Theorem 4 therefore meets Lemma 2 with
H = ;¢ and the full maximum-entry metric. The modu-
lus wp over the unrestricted class bounds the targets in
the class with bounded strength, proving Eq. (C33).
Substitution of Eq. (C32) and the two branches of
Theorem 1 gives Eq. (C34); for weight one, use wp(t) =t
from Proposition 1. O

The square-root branch matches the lower-bound power
under the width hypotheses of Corollary 1 at the same
reference, with its physical path in Y

€,%tot "

Appendix D: Proof of the local precision dichotomy

We prove Theorem 1, Corollary 1, and Proposition 1.
After the setup, the reduction bounds the modulus by a
positivity problem for the gauge-transformed reference,
localization confines its nearly positive points to small |z|,
and the Schur reduction rewrites near-positivity there as a
matrix inequality on ker Cy. First-order coercivity and the
second-order margin give the upper bounds and isolation,
the lower bound uses the direction of condition (i), and the
modulus step combines the two. The remaining steps treat
product SPAM channels, the lower bound on the expected
length, single-qubit targets, and the two-qubit instances.

Setup. Let d = 2", m = 4" — 1 and M = || Lo||max-
For each nonempty support s C {1,...,n} let W project
onto the Pauli labels of support s, and for z € R?"~!
put W(z) = > xW,, S, = V@) wp =0 and wy =
Tsupp r for R # 1. As W (z) is diagonal, (S, LoS; ) ro =
e"n"e(Lo)r,q and [W(z), Lolr,q = (wr —wQ)(Lo)r,q-
Let N = {z : [W(x), Ly] = 0}, fix a complement V', let 7y
project onto V along AV, and use the norm |z| = max; |z
on R?"~1 and its subspaces; below z,u,v,y,z € V.

For ng € N every nonzero (Lo)gr,q has wgr(ng) =
wg(no), so Sa;-;—noLoS;.&nO = S,LoS; t; since e” = 1 only
for real r = 0, S, LoS,; ' = Lo exactly when x € N. The
maps SI! are real, diagonal and fix I, so S,LoS; ! pre-
serves Hermiticity and annihilates the trace. Its canonical
Kossakowski matrix C'(z) and target hp(z) are therefore
defined. It is physical exactly when C (x) = 0. By linear-
ity of the canonical maps, C and h p are finite exponential
sums, hence continuous.

Put Cyi(z) = CanCov([W(z),Lo]), Ca2(x) =
1CanCov([W(z), [W(z),Lo]]) and  (p(x) =
CanHp([W (), Lo]). Since |wg —wg| < 2|z|, the scalar
bounds |e" —1—r—72/2| < el"l|r]3/6, |e"—1—r| < el"lr?/2
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and |e" — 1] < el"l|r|, applied entrywise, together with
Egs. (A7) and (A8) and 2" < m, give for |z| <1

6:CO+01+02+R37
EP:hP,O +/p + Ry,

|R3 ()| < cslr|?,

| By ()] < enl2f?,  (D1)

where ¢3 = 3e?mM, ¢, = 22 M. We also have ||Cy (z)|| <
2mM|al, | Ca ()| < 2mM]af?, |C(x) — Coll < Lelz| with
L. = 2e?mM, and |[(p(z)| < 2M|z|. Matrix norms are
operator norms.

Let K = kerCy, II its projector, II+ = I —II, Cff
the inverse of Cy on its range extended by zero, and,
if Cy # 0, a, the smallest positive eigenvalue of Cj.
Put D = HCJL B = HLC&H and Q2 = HCQH —
BTC{ B. The diagonal matrices W (v), W (w) commute,
so Q2(z) = q(z, x) for the symmetric bilinear q(v, w) =
11T CanCov ([W (v), [W (w), Lo]] + [W (w), [W (v), Lo]])IT —
1[B(v)TCy B(w) + B(w)'Cy B(v)], whose first part is the
compression of the canonical Kossakowski matrix of a
map with transfer entries % (wr(v) — wo(v))(wr(w) —
wo(w))(Lo)r,g; hence ||q(v,w)| < cqlv|lw| and, since
Q2(z +y) — Q2(2) = 2q(z,9) +a(y,y), [Q2( +y) —
Q2(2)|| < co2l2||ly|+|y|?) with cg = 2mM +4m?*M?/a.,
or cg = 2mM if Cy = 0.

The geometric conditions are:

(i) If £p does not vanish on ker D, there are u € ker D
with Ju| = 1 and £p(u) # 0, 4 € u+ N and Oagm, > 0
such that (Sgpq Ao, BOSG}}) is completely positive, trace
preserving and jointly within the budget for 0 < 6 < 0,41;
we write E, = {0u: 0 <6 < 0aqm}-

(ii) With the gauge box X, = my{q : |q| < log(1/1)},
(G): x € X, and 5(33) = 0 imply z = 0.

(iii) (H1) D(z) > 0 only if D(x) = 0, and (H2) f(u) =
Sup, Amin[D(v) + Q2(u)] < 0 for every unit u € ker D,
eigenvalues being those of operators on K.

The box X, is compact, as a continuous image of a
compact set, and contains {z € V : |z| < log(1/1)}, which
is a neighbourhood of 0 in V because ¢ > 0. Every
gauge transformation with sector scalars in [I,171] is S,
with |¢| < log(1/1), and S;LoS;' = SyLoS; " for its
projection = myq € X¢; so condition (ii) of Sec. III is
(G). The range [I,17!] contains every gain ratio bq /by of
two admissible readouts, so (G) implies uniqueness among
all gauge transformations relating admissible models. If
V # {0}, then K # {0}: otherwise C(z) > 0 near 0,
contradicting (G).

Reduction. Here M. denotes class (U); class (P) is
treated below. Let (L, A, B) € M. have |G —Go||max < 9.
The twirled readouts B, By are support scalars with gains
bg,bo,o € [I,1] and by = by = 1 (Appendix A), so
BBy = S, with g = log(bo s/bs), |g| < log(1/1), and
x =myq € X.. Since L = B~'GB and Gy = BOLOBal,
L= SxLOSga_l 4+ A’ with AIR’Q = (G — GO)R,QbQ/bR, SO
1A || max < 8/1; A preserves Hermiticity and annihilates
the trace, as a difference of two such maps. Positivity
of CanCov(L) = C(z) + CanCov(A’) and Egs. (A7) and
(AB) give AminC/(x) > —2"8/1 and |hp — hp(z)] < 8/1.



Conversely, let z = 6u € E,, t > 0 and \pinC(x) > —1,
and put § = 64, so that § — x € N. The generator
Ly = S3LoS; " +4™(D —id) = S,LoS; ' 4 4"(D —
id) has Kossakowski matrix C(x) + tI,, = 0 and target
hp(z) by Eq. (A11), so (L, S340, BoS; ') € Me by (i).
The support scalar S3 commutes with local unitaries, so
twirling gives the readout BOS(EI, and D —id, S; and
By are Pauli diagonal. Hence G = BoSq_lLtSQBO_l =
Go + 4™t(D — id), at entry distance 4™t; with ¢t = §/4"
this model lies within ¢ of the reference.

Finally, (Lo + l6Ap, Ao, By) changes only the Hamil-
tonian, so it is physical, with target hpgo + 16 by
Eq. (A8), and changes G by léBoApBal, whose en-
tries 16(Ap)r,gbo,r/bo,o are at most 6. With we(t; E) =
sup{|hp(z) — hpo| : © € E, AninC(z) > —t}, therefore,
for every § > 0,

max{wc(0/4"; E,), 10} <wp(d) <wc(276/1; Xe) +6/1,

(D2)
where the first term is included when condition (i)
supplies a direction.

Localization. Under (G), for every p > 0 there is tg > 0
such that = € X, and ApinC(z) > —to imply |z| < p. If
F, ={z € X, : |z| > p} is empty, take ¢y = 1. Otherwise
F, is compact, (G) makes the continuous function AwyinC
negative on it, and tg = —% maxp, )\miné > 0 works.

Schur reduction. Let K # {0}. If Cy # 0, put A, =
2mM, R. = 2mM + c3,

4A.R.+2R?  2A%(L.+1
+ + ( )

CEp = C3 s az )
Pl :min{l,%}, ty :min{LaZ*}; (D3)
if Cp = 0, put cg = c3 and py ty = 1. Then, for

|z] < p1 and 0 < ¢ < 1, AminC(x) > —t is equivalent to
M,(z) := D(x) + Qq(x) + tTII + E(z,t) = 0 on K, (D4)
with |[E(z,t)|| < ce(Jz]® + t|z|?). If Co =0, then Il = I,

B=0and C+tI =D+ Qy+tl + R3, so E = Rg.

Otherwise Cy # 0 gives M > 0, and on the range
of Cy the block A = II-(C(z) + tI)II- satisfies A =
(ar — Le|z| + )T+ = 24,01+, so [[A7Y]| < 2/a, and the
resolvent identity A~ — Cf = —A71(A — C)C gives
A~ — CF || < 2a;%(Le|x| +t). Since IICy = 0, IICTI =
D+TC,II+1IR3IT and I CII = B+.J with J = [T+ (Cy +
R3)II, where |B(z)|| < Ac|z| and || J|| < Re|z|?.

As A > 0, congruence with ((I) _A71§B+J)) shows that

C(z) +tI = 0 if and only if the Schur complement II(C +
tHII — (B + J)TA=1(B + J) is positive semidefinite on K.
This complement is M;(z) with E = IIR3IT — Bf (A~ —
CHB—BA~LJ — JIA71B — JTA=1J, and the bounds
above with |z| < 1 give || E|| < [e3 + (44.Re + 2R?)/a. +
2A%Lc/az]|z]® + 2A2at]a|* < cp (|2l + t]af?).
First-order coercivity. Write V.= ker D®V for a fixed
complement V|, x = z 4+ y accordingly, and let ¢, be the
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norm of the projection x — z; then D(z) = D(y), |2| <
crlz| and |z| < |z| + |y|. By (H1), D(y) is not positive
semidefinite for y € V) \ {0}; the continuous function
AminD(y) is negative on the compact unit sphere of V, ,
attains a maximum —cp < 0 there, and by homogeneity
AminD(y) < —eply| on Vi (take cp =1 if V, = {0}). By
(H1), also AminD(v) < 0 for every v.

Second-order margin. Let ker D # {0}. For fixed
v, Amin[D(v) + Qa(u)] changes by at most [|Q2(u) —
Q2(u)|| < eq(ul + |[v/|)|u — | when w is replaced by
u', by Weyl’s inequality; taking suprema, f obeys the
same bound and is continuous, and |f(u)| < cglu|® by
Weyl’s inequality and the choice v = 0. By (H2), f has a
maximum —x < 0 on the compact unit sphere of ker D.
Since D(v) + Q2(s2) = s?[D(v/s?) + Q2(2)] for s > 0,
f(sz) = s2f(2); hence Amin[D(y) + Q2(2)] < f(2) <
—k|z|? for z € ker D and every y. If ker D = {0}, take
k=1and ¢, = 0.

Upper bounds and isolation. With a = 1/cp, ¢4 =
co + 2cg and b = acy, put ¢5 = a + 8b(a® + 1), ¢g =
1+ 2cq(es + ¢2) + c(33 + 32a3), p2 = min{p1,1/(2 +
20),1/(1 + ¢z),k/(2¢6(1 4+ ¢z))} and to = t1. Let r =
Z| < p2, s =|z], 0 <t <ty and ApinC(z) > —t, so that
M;(z) = 0 and ||E| < 2cgr?. Weyl’s inequality gives
0 < AminMi(2) < —cply| +t + car?, so |y| < at + br.
As br < %, r<s+at+r/2, sor < 2s+ 2at and, by
(u+v)? <2u?+20% and t < 1, |y| < at + 8b(s? + a*t) <
cs(t+s%). Since s < epr < 1, 28|yl < 2e5(t+53) and |y|? <
22(t + 5%), 50 1Qa(2) — @a(2)]| < 2eqlcs + B)(t + %)
and (u + v)3 < 4(u? + v3) gives 73 < 32(s® + a3t) and
tr? < t. Combining Weyl’s inequality, the second-order
margin and the bound on F gives

0 < AminMy(z) < —ks® + [|Q2(x) — Q2(2)||
+t+[|E(z,t)

< —ks® 4 cg(t + s%). (D5)

As s < crpa < K/(2c6), 82 < 2c6t/k. Hence |z| < k. /1,
ly| < kyt and |2| < kvt with k, = (2¢6/k)Y?, k, =
cs(1+k2) and ki = k. +k,. By Eq. (D1), |hp(z)—hpo| <
2M |z|+cp|z|? < kov/t with ky = 14+2MFk; +c,k?, and, if
{p vanishes on ker D, |hp(z) —hpo| = |[€p(y) + Rp(z)| <
(2Mk, + cpk?)t < kot. At t = 0 these bounds give x = 0,
so 0 is isolated in {z : C(z) = 0}. The constants depend
only on Ly, the complements V, V| and the norm.

Lower bound. Let uw and 4 be asin (i), A = ||Q2(u)||+1,
and let 0 < 0, < Oaqm satisfy 0, < p1, AO? < tq, cp(f. +
A62) <1 and cpb, < |[€p(u)|/2, for example

. [t1 1
0. = {6 my M1y \[ 7 )
ming Vadm, P1 A 21+ cp)

1 [0p(u)l }
21+ cp) 2(L+cp) )

(D6)

For 0 < 0 < 6,, put x = fu and t = AG?. Then D(x) = 0,
Q2(x) = 0?Q2(u) = —0?(|Q2(u)[|TT, and M,(z) = 6?1 —
ce(0+ AG?)|IT = 0, so C(Ou) + AG*T = 0 by Eq. (D4);



and |hp(0u) — hpo| > [€p(u)]|0 — cr6? > |€p(u)|0/2. For
0 < & < 4"AH2, the choice § = (5/(4"A))*/? and Eq. (D2)
give Eq. (9).

Modulus. If V. = {0}, then C = Co, hp = hpy,
and Eq. (D2) gives 1§ < wp(d) < §/l. Otherwise
K # {0}; take p = po in the localization and &y =
min{1, !/ min{tg,?2}/2"}. For 0 < § < §p, every point
counted in we(2"0/1; X¢) has |x| < p2, so Eq. (D2) and
the upper bounds give wp(8) < ko(276/1)1/2? +6/1 <
(kay/27 /1 + 1/D)V5, and wp(8) < (27ky + 1)5/1 if £p
vanishes on ker D. If {p does not vanish on ker D,
Eq. (9) gives wp(8) > [€p(u)|v3/(2"H1VA) for 0 < 6 <
min{dp, 4" A0?}; always wp(§) > 15. Since C; and lp
vanish on N, a solution of Eq. (6) in R2"~! projects to
an element of ker D on which /p does not vanish, and
conversely. This proves Theorem 1 in class (U).

If Cy = 0, the reference is linear: canonical uniqueness
makes Lo a Hamiltonian generator with antisymmetric
transfer matrix, so [W(z), Lo] is symmetric for the sym-
metric W (x), its Frobenius pairing with the antisymmetric
Ap vanishes, and £p = 0.

Product SPAM channels. In class (P), let Ad = {Jy :
y € R"} with (Jy)s = ZJES yj; since (Jy)3 = vy, J
is injective and |Jy| is a norm on R™. Replace A/ by
N N Ad, V by a complement V!°¢ of it in Ad, X. by
Xlo¢ = my0e(Ad N {|g| < log(1/1)}), and read (i)-(iii)
on V'°¢ with 4 € Ad. The class enters the proof only
through the SPAM channels. In the reduction, product
readouts have b, = Hjes bgjy (Appendix A), so ¢ € Ad
and z € X°°. For ¢ = J§ € Ad, S5 = ®j F; with F; =
e¥%id + (1 — e%)D; and D; the single-qubit depolarizer,
as both sides scale each Pauli of support s by ed; so
S4Ao and BOSC;1 are tensor products of trace-preserving
single-qubit maps, and each factor is completely positive
because its normalized Choi matrix is a partial trace of
the normalized Choi matrix of the completely positive
product. The positive correction and the Hamiltonian
perturbation change only the generator. Every other step,
including the Taylor and Schur constants, uses the norm
|z] and remains valid on Ad.

Lower bound on the expected length. We now prove
Corollary 1. Let u, 4, A, 6, be as in the lower bound, and
for 0 < 6 < 0, let My = (Ly, Spa Ao, Bo S,y ) with t = A62,
an admissible model with target hp(fu) by the reduction
and lower bound.

Trace annihilation and unitality, Tr Lo(X) = 0 and
Lo(I) = 0, give DLy = LyD = 0, and support scalars
obey SD = DS = D, so S@ﬂLOS;ﬁl commutes with
D —id; D —id, Sy; and product unitaries also commute
pairwise. The two summands of L; therefore commute,
and e""P=id) — D __in,., with D. = cid + (1 — ¢)D,
gives each segment of duration r > 0 the form e"l* =
Spae” Lo S;ﬂlDe_w”. Multiplying segments and product
unitaries, cancelling the internal gauge transformations
and using D, Dy = Dy, each controlled evolution of My is
S’gﬁ’PoS;ﬁle ¢ = e 4" where P, is the same controlled
reference evolution of total duration 7, including controls
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immediately after preparation and before readout; as
Sa_achSga = D., the complete experiment is ByPoD.Ag.

For an input state p, 0 = Ap(p) is a density operator,
Y = (id — D)o = o — I/d is traceless with ||Y[|3 =
Tro?—1/d<1—-2"" and D.o —0 = —(1 —c)Y. The
terminal states therefore differ by Ac = —(1—¢)ByPo(Y),
and 1—c < 4™T and Te 97 < 1/(eg) give ||Ac|2 < B.62,
uniformly in 7" and in the setting.

For orthonormal rank-one projectors Ej, ||Ac —
> Tr(E;Ac)E;|)3 = | Acl3 =2 Tr(E;Ac)?, so the out-
come probabilities py ; of My obey, for Ap; = pg;j —po,; =
Tr(E;Ao), Zj(Apj)2 < 826 and each |Ap;| < 3,6°. For
6% < u/(2f,) every probability under My is therefore at
least /2, and Lemma 1, with probability bound x/2 and
v = B3,0%, bounds the adaptive N-shot relative entropy
by 2NB26*/p.

Since A > 1 and ||Bpll2s2 > 1 (the adjoint of
the trace-preserving By fixes I), B, and 6y are pos-
itive. The three terms defining 6y ensure admissibil-
ity, the probability bound, and total variation at most
7 = (1 — 2a)/2, respectively. The target separation
|hp(9N’u,) — hp,0| Z |€p(u)|91\//2 and Eq. (BQ) give
EolIn| > (1 — 2a)|¢p(u)|@n /4. This proves Corollary 1;
for fixed reference and a, Oy = O(N~/4). In class (P),
4 € Ad keeps My in the class.

Single-qubit targets. If P has weight one on qubit j,
a nonzero (Ap)pr,g needs @ to anticommute with P, so
Q; ¢ {I,P;}, and R & PQ then differs from @ only at
qubit j, where it is the third nonidentity Pauli; hence
supp R = supp Q. For every invertible support scalar S,
Eq. (A5) gives CanHp(SXS™1) = CanHp(X). Applied
to G = BLB™!, this gives hp = CanHp(G), so Eq. (A8)
gives |hp(M) — hpo| < ||Gm — Gollmax for every model.
The physical model (Lo +dAp, Ao, Bo) has target hpo+0
and Gy — Go = 6BOAp361 = dAp, whose entries are 0
and +4. This proves Proposition 1 for every § > 0; the
model keeps the reference SPAM channels, so the same
holds in class (P).

Kossakowski kernels in the Pauli basis. Diagonal gauge
transformations leave diagonal transfer entries unchanged,
and by Eq. (A10) these entries determine the Kossakowski
diagonal for every Hermitian Kossakowski matrix and
Hamiltonian. Hence Cyq(x) = (Cp)aq for all z, and Cy, Cs
have zero diagonal. If K = span{e, : a € Z} for a set Z
of Pauli labels, with e, the coordinate unit vector of label
a, then D(z) and IIC5(z)II are principal submatrices with
zero diagonal; a positive semidefinite matrix with zero
diagonal vanishes, so (H1) holds. If moreover B(u) # 0 for
every nonzero u € ker D, then for every unit u € ker(D|y )
and every v € V, tr[D(v) +Q2(u)] = — tr B(u)TC{ B(u) <
0, because C; is positive definite on the range of Cy,
which contains that of B(u). Hence Apyin[D(v) + Q2(u)] <
—|Z|7 tr B(w)'Cy B(u) uniformly in v, and (H2) holds.

Two-qubit instances. In the remainder of this appendix,
n = 2 and D, is the two-qubit SPAM channel of Sec. IV B.

Target derivative. Proposition 2(iii), proved in Ap-
pendix E, specializes the general derivative to Eq. (12) for
every complex Kossakowski matrix, with ay = z12 — 21



and By = x12 — z2. A local field term —i[%haPa, -], with
P, of weight one, sends a Pauli (Q to zero when they
commute and otherwise to a multiple of P,(Q); then @ is
nontrivial on the qubit of P,, so P,Q has the support of
Q. Such terms are block diagonal in the support sectors,
commute with every S, and W (z), and add neither Kos-

sakowski coefficients nor hyz; they leave C, h, Cy, Cy
and ¢ unchanged.

Structured references. Let Ly be the reference of
Eq. (14) with general \,m > 0, Am > k2, k # 0 and
|ho| > 2|k|, with arbitrary local fields and SPAM chan-
nels D,., r = 1—¢/8. Its Kossakowski matrix is supported
on the six single-qubit labels and Y Z, where it is positive
definite because A > 0 and Am > k?; the kernel has a
Pauli coordinate basis, and (H1) holds. By the preceding

derivative calculation, local fields leave C'(z) and h(z) un-
changed, so these are given by Eq. (G1) with g = z12—21
and B4 = x12 — x2. Its only coordinates within the kernel
block, v1 = —vy = —%sinh ag, give D(z) = 0 exactly
when x15 = 7. The common scaling 1 = (1,1, 1) lies in
N because W (1) =id — D commutes with the unital Lo,
so ker D is spanned by the class of e; = (0, 1,0) modulo
N, that is, by its projection to V, with W(es) = Wa,
l(e2) = —k # 0 and B(e2)yr,xz = ho/4 # 0. The kernel
criterion gives (H2), and Eq. (6) holds.

The identification argument of Appendix G uses only
these canonical coordinates and excludes every nonzero
(g, Bg), so (G) holds for every e. The SPAM channels
D, are interior: for z € R3, S, D, and D,.S; ! are Pauli
diagonal and trace preserving, with Pauli-mixture weights
continuous in x and positive at * = 0, and with joint
budget continuous in = and equal to 15¢/32 < € at = = 0;
and D, (o) = (1 — r)I/4 gives outcome probabilities at
least €/32.

Finally, subtracting ¢ = (A — k2/m)/2 from the six
single-qubit diagonals leaves a real positive semidefinite
Kossakowski matrix, since the (XI,Y Z) block then has
determinant (Am — k2)/2 > 0. As in Appendix H, the ex-
tracted local Pauli noise gives Re(X, Lo(X)) < —4c|| X |3
on traceless X, the Hermitian-jump remainder and the
Hamiltonian contributing at most zero, and local uni-
taries preserve || X||2. The reference therefore satisfies
conditions (i)—(iii) and is unital with mixing gap 4¢, and
Theorem 1 and Corollary 1 apply.

Appendix E: Target derivative from signed sums of
real Kossakowski coefficients

We prove Proposition 2: after character sums and active
pairs, the transfer-pair form gives the first equality in
Eq. (11), the symmetric parts and a grouping by support
give the second, and parts (i)—(iii) follow.

Let p be the label of P, let a & b denote the phase-free
product label, and define x,(Q) € {£1} by P,PoP, =
Xa(Q)Pg. Conjugation by P,P, equals conjugation by
Paab, 50 Xamb = XaXb; als0 Xa(Q) = xq(a).
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Character sums. For every label e, > 5 X.(Q) =
d*1{e = I}: the sum factorizes over qubits, and a qubit
contributes 4 where e actsas f and 1+1—-1-1=0
elsewhere. Inserting the indicator [1 — x,(Q)]/2 of
Ap ={Q : xp(Q) = —1} gives

2

> (@ =S (1{e=1) - 1{e=p)).

QEeA,

(E1)

For a support s, the same factorization over the qubits of
s, where a qubit outside supp e contributes 3 and a qubit
inside contributes 1—-1—1 = —1, gives Zsupr=s Xe(Q) =

3ls\suppel(_1)lstsuppel - Qince w; = 0 and wg = Tsupp Qs

Y xe(Quwq = @(suppe). (E2)
Q

Active pairs. By Eq. (E1) with e = I, |A,| = d*/2. The
map Q — p®Q preserves A, and has no fixed point, so A,
splits into 4"~1 unordered pairs {Q, R} with R =p & Q.
The map —i[P/2, ] annihilates Py for Q ¢ A, and sends
Py, Q € Ay, to —iPPgy = +Pg; thus (Ap)r,g = £1, and
(AP)QJ{ = _(AP)B;Q because (—i[P/Q,-])QPQ = —PQ.
With the orientation (Ap)r,g = +1 we have PPy = iPp,
hence PRPQ = —iP, PQPR =1iP, d=! TI'(PRPQP) = —1
and d~! Tr(PoPrP) = i.

Transfer-pair form. The map X = [W(z), Lo] preserves
Hermiticity because W (z) is a real diagonal map, and it
annihilates the trace because Tr oW (z) = 0 and TroLg =
0. Equation (A5) gives ¢p(x) = (2/d*)(Ap, X). Since
Xr,o = (wg —wgq)(Lo)r,q, an oriented pair contributes
Xrq — Xq.r = (wr —wQ)[(Lo)r.q + (Lo)q.r], Which
proves the first equality in Eq. (11).

Symmetric parts. Fix an oriented active pair. Every
dissipative anticommutator term vanishes at both en-
tries, because Tr(Pr{F, Pg}) = Tr({Pg, Pr}F) = 0. The
Hamiltonian part has antisymmetric transfer matrix, since
cyclicity gives Tr(Pg[H, Pg]) = — Tv(Pgr[H, Pg)), and
does not enter Mpqg. A jump term Cop P, () P, contributes
Copd™ ' Tr(PrP,PoPy) to (Lo)r,q, which vanishes unless
a®b = p because PrP,PgP, has label p®a®b. Then a #
b; write P, P, = wP with w € {£1,+i}. Using P,Pg =
Xa(Q)PQPa and x3(Q) = Xa(Q)pr(Q) = —Xa(Q@), the
terms (a,b) and (b, a), with Cp, = Cgp, contribute

_iXa(Q)(WCab - Fab) = 2x4(Q) Im(wCab)

to (Lo) r,q and, by the same steps with d=! Tr(Po PrP) =
i, —2Xa(R)Im(wCqp) to (Lo)g,r. Since p = a & b,
Xa(R) = Xa(P)Xa(Q) = Xa(b)Xa(Q). If Py, P, anticom-
mute, then w = i, xa(R) = —xa(Q@) and Im(wCyp) =
Tab Re Cap, S0 both entries receive 274, Re Copxo(Q). If
they commute, then w = 1, x.(R) = Xx4(Q), and the
two contributions cancel in Mpgg. The anticommuting
pairs with a ® b = p are the {a,a ® p} with a € A,
since xq(a ® p) = xo(p); neither endpoint is I or p, and
the involution a + a @ p shows that there are 47! of
them. These are the P-pairs. Index the oriented active

(E3)



pairs by ¢ and the P-pairs by j, and put m; = Mg,q,,
vj = Ta;b, Re Cojp; and Zij = Xa,(Q;). We have shown

m = 27v. (E4)
For e = a; @ ag, Xe(P) = Xa; (P)Xar (P) = 1, 50 Xe(Rs) =
Xe(Qi), and Eq. (E1) gives (Z72Z)5, = >, xe(Qi) =
3 2 0ea, Xe(Q) = 4" (1{e =1} — 1{e = p}). Here e =
I exactly when j = k, and e = p would give a; = b;, the
same pair. Hence Z"Z = 4"~']. For two qubits and P =
ZZ, with the active pairs ordered as in Eq. (13) and the
P-pairs as in part (iii), Z diag(7) is the matrix of Eq. (I7).

Grouping real Kossakowski coefficients by support. For
a P-pair, Xa(Ri) = —Xa(Q:) and XpXa = Xb, 50 Eq. (E2)
gives

ZXG(Qi)(wRi - in) = Z XG(Q)wQ

QeA,

5 2 (@@
Q

[@(supp b) — w(supp a)] .
(E5)

DN | =

Inserting Eq. (E4) into the transfer-pair form yields

4 —~ N
lp(x) = = Z Tab Re Cop [ (supp b) — w(supp a)],
P-pairs
(E6)
and grouping the terms by endpoint support gives the

second equality in Eq. (11). Only Re C' on P-pairs enters.

Part (i). Each P-pair contributes once with each sign,
s0 Y g YE =0, and YL = 0. Put Fyg = 3ls\5(—1)sn5|
for 5,5 C [n]. Ordering each membership bit as (0, 1),

F = B®" with B = (3 !,), and B* = 41, gives F? = 4" 1.

For s # @ the coefficient of x, in Eq. (11) is (4/d?)(FYT)s,
while (FY")g = >4 TE = 0. Hence {p = 0 exactly when
FYP =0, that is, when T* = 0.

Part (ii). Let vy = >, yj, and put gy = —1 for
ke S and g, =3 for k ¢ S. Writing s = {j} Ut with
t < [0\ {7},

o) => >y [lo= Zngj [[a+g). &

s jEs kEs J k#j

The factor 1+ g5 vanishes for k € S\ {j}, so w(S) = 0 for
|S| > 2 and w({j}) = —4"'y;. With Y5 =0, Eq. (11)
gives fp = — Zj ijfj}. If a P-pair has an endpoint a
acting on qubit j alone, then a anticommutes with P, so
j € supp P and a differs from p at j; its partner a ® p
carries the third Pauli at j and agrees with p elsewhere,
so it has support supp P. For wt P > 2 this partner
acts on more than one qubit, so each P-pair has at most
one such endpoint; orienting it first, the pair contributes
—Tap Re Cyp to Tfj}, and no other pair contributes. For
wt P = 1 the two labels of every P-pair agree off supp P
and are nonidentity on it, so they have equal supports
and Y¥ = 0.
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Part (iii). For P =Z7Z, XY =iZ and YX = —iZ
give 7 = (1,—1,1,—1) on the four listed pairs, which
exhaust the 4"~! = 4 P-pairs. Direct evaluation gives
1/17({1}) = —I +31’2 —3x12, 12)\({2}) = 31’1 ) —3$12 and
w({1,2}) = =21 — 2 + w12, s0o W({1,2}) —w({1}) = 45,
and W({1,2})—w({2}) = day with ay = z12—x71 and 8, =
x12 — m2. With 4/d? = 1/4, Eq. (E6) becomes ¢ = (U; —
U2)59+(U3—U4)C¥g, and T{le} = UQ—Ul, T{Z2Z} = U4—U3.

Contributing correlations.  Equation (E6) shows
that a pair can contribute only if its real Kossakowski
coefficient is nonzero and its supports differ. Distinct
pair contributions may cancel in the signed Kossakowski
sums for each support.

Appendix F: Many-body references

We prove Proposition 3 by verifying the hypotheses
of Theorem 1 for the many-body reference, using the
criterion proved in Appendix D: if ker Cjy is spanned by
Pauli coordinate vectors, then (H1) holds; if additionally
B is injective on ker(D]y ), then (H2) holds. With ¢ and
A defined below, the bound is

|k|\/6
§) > ve_
)2 Vi

Proof of Proposition 3. Write T' = Zy--- Zy,, y = Y1,
f=XiT and z = Z3, so P = 2T and b = yT. The
occupied labels are the 3n single-qubit labels and b; Cj
is positive definite on their span, since its only coupled
block (7 wlfo) is, and it vanishes elsewhere, so K has this
form. As P, and P, anticommute with P,P, = iP, the
anticommutator terms of the (a,b) correlation cancel, and

max{h?, 4k?}

A= 16\c2

(F1)

Lo = Lgiag + RAp + kJ1,
Jl(X) :PaXPb+PbXPa7

Ap = _Z[P/27]7
(F2)

with Lgiae the dissipator of the Kossakowski diagonal.
Each diagonal Pauli dissipator annihilates I, and
Ji(I) = {P.,, Py} = 0, so Lo(I) = 0. By Eq. (A10),
C(z) has the diagonal of Cp, and C,(z), Cy(x) have
zero diagonal. The canonical coefficients of Ly lie in the
identity sector and the sector p, so sector preservation
(Appendix A) gives Cypg(x) =0 for a # S with a® 8 #p
and hg(z) = 0 for @ # I, P; the same holds for the
canonical coefficients of [W(z), Lo].

(G). Let C(z) = 0. Unoccupied labels have zero
diagonal, so their rows vanish. Two single-qubit labels
have product of weight at most 2 < w, and the only
single-qubit label @ with a ® b = p is a, so {a,b} is
the only pair of distinct occupied labels in the sector
p- Hence the only off-diagonal entries are Cop = (
and Cpy = (. Put L(z) = S;LoS;'. As S, fixes I,
L(z)(I) = SyLo(I) = 0; the (a,b) correlation contributes
C[P., Py) + C[Py, P,] = —4Im(¢)P, and the other terms
annihilate I, so ¢ = k is real and L(z) = Laiag +hAp+kJy



by canonical uniqueness. Pauli multiplication gives
AP(Pa) = Pba AP(Pb) = _Paa -AP(Py) = _Pf7
AP(Pf) = Pyv Jl(Pa) = 2Pb7 Jl(Pb) = 2Pa7
J1(Py) = 2Py and J1(Py) = 2P,. The labels a, y have sup-
port {1} and b, f have support [w], so with g = e®lw]~#{1}
the four entries at (b,a), (y, f), (a,b), (f,y) give

h+ 2k = o(h +2k) = o~ (h + 2k),

—h+2k =0 *(2k — h) = o(2k — h). (F3)
Thus (¢ — o ")(h + 2k) = (0 — o ")(h — 2k) = 0;
subtracting gives 4k(0 — 0™') = 0, so ¢ = 1 since k # 0,
and then h = h, k = k. Hence S.LoS; 1 = Lo, every
nonzero entry has e¥?~%e = 1, and x € N. This
conclusion holds for arbitrary h.

Injectivity. Let D(x) = B(x) =0 and J = [W(x), Lo],
which preserves Hermiticity, annihilates the trace and
satisfies J(I) = 0. As Cy(z) is Hermitian, it is supported
on occupied labels; with zero diagonal and the sector
restriction, its only entries are at (a,b) and (b,a), and
J(I) = 0 makes them real, as above. Thus J = hAp+k.J;.
With A = ) — 2113, Jr,@ = (Wr —wq@)(Lo)r,q gives at
the same four entries i + 2k = A(h + 2k) = —A(h + 2k)
and —h+ 2k = —A(2k — h) = A(2k — h), so A(h+2k) =
A(h—2k:)=0,A:Oandh=k:0. Hence J = 0
and z € N. Conversely, z € N gives Ci(z) = 0. So
ker D Nker B = N, B is injective on ker(D|y ), and the
kernel criterion gives (H1) and (H2).

A direction satisfying the criterion. Let E7 project onto
Pauli strings that act as I on qubit 1. Then W(q) = id —
Ey and Ssq = E1+e°(id—E4 ), which commutes with Lajag.
Put Jo(X) = PyXP; + P XP, and J3(X) = i(P.X Pp —
PrXP,); these are the dissipative maps of Cyy = Cf, =1
and of C,r =i, Cr, = —i, whose anticommutator terms
cancel because Py, Py anticommute and P,, Pr commute.
For an operator R on qubits 2,...,n, set Kg = —i[Pr, R]
and Nz = {Pr, R}. Pauli multiplication on qubit 1 gives

| Ap Ji Jz Js
IOR| 320 Kr Z@Kr —Z®Kr Z®Kg
Z@R| 319Kr —-I®Kr I®Kr I®Kg
X®R| i2Y®Nrg Y®Ng Y®Ng -Y®Ng
YOR|-3X®Ng X®Ngp X®Ngr X®Ng
(F4)

Conjugation by S, multiplies the image of the first row by
e® and of the second by e™* and leaves the last two rows
unchanged. Matching rows shows SSqLoSS_q1 = Lgiag +
g.AP + OtJl + ﬂJQ + ")/Jg with

g=2(1+ coshs)+ ksinhs,
o= %(1 + cosh s) + %SiDhS,
B=%(1—-coshs)— Zsinhs,
v = 2(coshs —1) + &sinhs, (F5)

since the four rows require g/2+«a — S+ =e€°(h/2+ k),
g/2—a+B+y=e5(h/2—k),g/2+a+B—v=h/2+k
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and —g/2 + a+ 4+~ =k — h/2. By canonical unique-
ness, hp(sq) = g, Cap = o, Cyy = B, Cor = iy, with
their conjugates, and the diagonal is unchanged. Dif-
ferentiating at s = 0 gives £p(q) = k and the only pos-
sibly nonzero entries C1(q)ay = h/4, Ci(q)yy = —h/4
and C1(q).r = ik/2, with conjugates. The labels f
and T, of weights w and w — 1 > 2 and different from
b, are unoccupied, while a,b,y, z are occupied. Hence
D(q) = 0 and B(g) = 2]y} (f] + %|2)(T| # 0. The
second derivatives give Ca2(q)ap = k/4, Ca(q)yr = —k/4
and Cy(q).r = ih/8, each with an occupied endpoint, so
IC,(g)Il = 0; with Cf ly) = A~'y) and Cff |2) = A7 [2),
Q2(q) = — 25 | /) {f| = EX|T)(T|. Forng € N, W (n) com-
mutes with W(z) and Lo, so Sz+nOLOS;in0 = S.LoS; Y,
and C;, Co, ¢p and Qy are constant along AN. As
lp(q) =k #0,q¢ N and ¢ = ||7yq|ls > 0. The vectors
u = myq/c and 4 = q/c satisfy u € ker(D|y), ||ullc = 1,
i —u € N, lp(u) = k/c and Qaz(u) = Q2(q)/c?, so
A =1+ max{h? 4k?}/(16)c?).

SPAM channels. For 0 < p < 1, D]E,l) =
3piq 4 Lo > oeix,v,zy Ado, is a Pauli channel. So is

D;f,l) ®id, with identity coefficient py = (1+3p)/4, and the
Pauli-channel diamond distance 2(1 — py) derived before
Eq. (H9) in Appendix H gives ||D,(91) ®id—id|l, = 2(1-p).
Now SyAg = D'tk @id and ByS;,! = D'V, @id. For
0 < s < log(1/r), both parameters lie in [r? 1], so
both maps are CPTP, with summed diamond distances
3(1—ref)+3(1—re*)=3(1—rcoshs) <3(1—7) =e.
As Sea = S(g/e)q, condition (i) holds with
Oadm = clog(l/r) > 0, positive because ¢ > 0.
The reference satisfies conditions (i)—(iii) with £p(u) # 0.
Theorem 1, with its lower bound Eq. (9) for sufficiently

small §, gives wp(§) = O(v/d) and Eq. (F1).

Appendix G: Full physical construction and exact
identification

We derive the canonical coefficients of every gauge
transformation of the reference in Eq. (14), prove that the
exact data identify its target, and construct the physical
path used in Theorem 2. The last subsection treats
Remark 1 and a positive noise background.

1. Canonical decomposition of the
gauge-transformed reference

For the structured reference, let h = hg, and define
agy = log(s12/s1), Bg = log(s12/s2). The only off-diagonal
transfer entries of Ly are the four reciprocal pairs in
Eq. (13). Their antisymmetric parts are h(1,—1,1,—1)
and their symmetric parts are 2k(1,1,1,—1). Apply the
hyperbolic transformation in Eq. (A12) to the first two
pairs with oy and to the last two with .



Write the real Kossakowski coordinates as uw; =
Re _ Re _ Re _ Re
CXI,YZ? Uz = CYI,XZ? U3z = CIX,ZY? Ug = CIY,ZX> and
: : : _ Im _ Im
the imaginary coordinates as vo = C} 17, v1 = C¥x yy
vy = C'®,1 . The complete canonical inverse is

h= %(cosh ag + cosh fg) + ksinh 5,
up = %(cosh ag + cosh By) + % sinh 3,
us = £(cosha, — cosh B,) — % sinh By,
uz = 2sinhay, uy = —%sinhay, (G1)
v = %(cosh B, — coshay) + £ sinh 3y,
v = fg sinh ayg, Vg = g sinh ay.
The Kossakowski diagonal is unchanged; all other

off-diagonal Kossakowski and Hamiltonian coefficients
are zero. Every displayed real pair has anticommuting
jump labels, every imaginary pair has commuting jump
labels, and all their phase-free products equal ZZ. These
dissipators and the Hamiltonian term hZZ/2 vanish
on inputs commuting with ZZ and contribute only to
the eight active entries. With the pairs ordered as in
Eq. (13), they give

K =h(1,-1,1,-1) — 2v9(1, -1, —1,1)
—201(1,1,1,1) 4+ 209(1,1, -1, —1),

M =2uy(1,1,1,—1) 4 2ug(1,1,-1,1)
+2u3(1,—1,1,1) + 2uy(—1,1,1,1).

Both coefficient matrices have orthogonal columns, so
these relations invert uniquely, and the hyperbolic trans-
formsof K = h(1,—1,1,—1) and M = 2k(1,1,1, —1) yield
Eq. (G1). Together with the unchanged diagonal dissipa-
tor, this reconstructs all 256 transfer entries. Canonical
uniqueness, which extends to indefinite Hermitian Kos-
sakowski matrices (Appendix A), therefore fixes the re-
maining Kossakowski and Hamiltonian coefficients at zero.

A real Kossakowski matrix Cy can be factored as
> zjij, with Hermitian jumps V; = > (2j)aPa. Its
dissipator is —1 >;Vi [Vi, ]l Equivalently, average
unitary evolution with Stratonovich Hamiltonian incre-
ments Hydt + Za P, o dW, and real Wiener covariance
E[dW,dW,] = (Co)apdt. The 1td form dp = —i[Hy, p]dt —
3 2a.5(C0)ab[Pas [Py, plJdt — i 32, [Pa, pldW, contains ex-
actly that double commutator; the Itd integral of the
bounded integrand has zero mean, so Ep obeys the refer-
ence GKSL equation. This realizes the reference as corre-
lated local and two-qubit Hamiltonian fluctuations. The
class of Kossakowski matrices for alternatives is specified
independently of this realization.

2. Global identification at the reference

The kernel of the Kossakowski matrix is spanned by
XX, XY XZYX)YY, ZX,ZY, ZZ. Exact-record equiv-
alence preserves all diagonal rates. In a positive semidef-
inite matrix, Cpq = 0 implies |Cyp|? < CuaChp = 0 for
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every b. Thus v; = v9 = ug = 0 in every physical equiva-
lent model. For k # 0, Eq. (G1) first forces ay = 0. The
remaining constraint factors as

0= %(1 — cosh 3y) — %sinhﬁg

= —1sinh(B,/2) (2ksinh(B,/2) + hcosh(5,/2)) .
(G2)

For |h| > 2|k|, the nonzero root would require
tanh(3,/2) = —h/(2k), which is impossible for finite real
Bg. Therefore ay = 3, = 0 and the canonical generator is
unchanged. A common scaling of all nonidentity sectors
commutes with this unital generator and also changes no
coefficient. This proves identification over the full phys-
ical class, with the support of the Kossakowski matrix
determined by the exact observed record.

The sufficient identification condition is |h| > 2|k|. For
k =0, the zero rows also force uz = uz = 0, that is,
hsinh g = hsinh B, = 0, so again h = h. For 0 < |h| <
2|k|, the nonzero root gives h = 0, u; = k, and vy =
—h/2, with the other off-diagonal coordinates zero. This
Kossakowski matrix can be positive when |h| < 2\, and
sufficiently small roots can be absorbed by interior SPAM
channels: if A, B have positive-definite Choi matrices
and satisfy Eq. (2) strictly, then with s; = s;2 = 1 and
sy = e P9 SA and BS™' remain completely positive,
trace preserving, and within budget for small |3,| by
continuity, and Eq. (A2) gives the same exact data.

3. Restoring positivity with a quadratic correction

For the gauge transformation that scales only the sector
supported on the second qubit, (ay, 8y) = (0,—6). Set
¢ =cosh @, s =sinhf. Only
(I1+¢)— %s,
(c—1)—4s.

up = us = E(1—¢)+ &s,

IN I~ T

Vo =

(G3)

remain off diagonal. Apart from nonnegative singletons,
the Kossakowski matrix before correction consists of three
disjoint blocks:

(X1,Y2Z) A

Uy m
(YI,XZ) UAQ 7“62 (G4)
(Z1,17) < A wo).

—ivg A

Its block on the kernel of the reference Kossakowski matrix
is zero. Locally, adding u2/\ at XZ, or that amount
on the entire diagonal, makes the middle block positive
semidefinite. Its sole negative eigenvalue before correction
is

A= VA AU VA? + 4uj = _L292 +0(6°)
5 .

16 (G5)



The other two blocks remain positive by continuity and
Am > k2.

For explicit constants at Eq. (14), throughout |6] < 0.01
use |sinh@d| < 1.001|¢] and 0 < coshf — 1 < 0.50162.
They imply

lui| < 0.0103, |uz| < 0.0251]6], |vo| < 0.000052.
(G6)

The first and third blocks of Eq. (G4) are positive definite.

Adding gy = 0.0162 to all diagonal entries makes the

middle determinant at least

(0.1 4 go)go — u2 > 0.000369990% + g2 > 0.  (GT7)

Every remaining diagonal is nonnegative. The corrected
matrix is positive semidefinite at zero and positive
definite away from zero. The added depolarizing noise is
the diagonal map 16¢s(D —id) of Eq. (A11) at n = 2 and
changes no canonical Hamiltonian coefficient. Moreover,

lhg — ho| > 0.01]6] — 0.025056 > 0.0097]6].  (G8)

Scaling only the sector supported on the first qubit gives
(ag, Bg) = (—0,0), zero target derivative, and kernel-block
eigenvalues +|ksinh §|/2. This first-order defect persists
under a quadratic positive correction. This direction fails
both conditions in Eq. (6).

For two qubits all canonical jump labels have weight at
most two. The constructed path has a uniform finite norm
bound. Factor Cp = 3_; zjz; and set V; = > (25)aPa-
Then [|[V;[12, < IV;llfis = 41125113 For every ancilla, each
adjoint jump term VjTXVj - %{VJTVJ-,X} has co — oo
norm at most 2||V;[|2,, and the Hamiltonian term at most
2||Hgllop = |he|. Treating the register as one term gives
strength at most

|ho| + 8 Tr Cy, (G9)

uniformly finite on the displayed interval. The pair up-
per bounds use a prescribed common bound on the
summed norms of the physical single- and two-qubit
terms acting on each qubit throughout the inference class
(Appendix C).

4. Zero coupling and a positive noise background

For Remark 1, keep A\, m, k and the SPAM channels of
Eq. (14) but set hg = 0. The zero Kossakowski rows in
Eq. (G1) force v1 = 0, hence oy = 0, and then up = k(1 —
cosh By)/2 = 0, hence 3, = 0. Thus the exact data still
identify the generator. On ker D = {a, = 0} modulo the
common scaling, however, B = 0 and IIC5II = 0: the first
derivative of us vanishes, and vy connects two occupied
directions. Consequently Q2 = 0 and the supremum in
Eq. (8) is zero, attained at v = 0.

Along (ag, Bg) = (0, —0), the three blocks in Eq. (G4)
have

E(1+ cosh®),

ko
—5 sinh 6,

up = £(1 — cosh),

h = —ksinh 6.

Uy

Vo (G10)
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The first and third blocks stay positive definite
near zero. The middle block has negative eigenvalue
—k26*/(16\)+0(05). Adding tpI;5 with tg = u2/\ makes
its determinant (A+tg)tg—u3 = t2 > 0. This gives a physi-
cal generator Ly = SgLOSe_1+16t9(D—id). The boundary
proof in Appendix H is independent of hg, so the same
Ay, By are admissible for sufficiently small |8] < ¢/100.
Their compensation leaves entry distance 16ty9. Choosing
this distance to equal d gives, for sufficiently small 6 > 0,

wra(0) > (VRS +20/4) 7 2 (2008 (G

Removing the reference Hamiltonian leaves the mixing
proof of Eq. (H13) unchanged, with rate 1/5. Equa-
tions (H15)—(H16) apply with gg replaced by ty = O(64),
giving outcome differences O(#*) uniformly over all al-
lowed controls and durations. The boundary probabil-
ity floor €/64 also remains valid. Lemma 1 therefore
bounds the adaptive relative entropy by O.(N@®). For
fixed 0 < a < 1/2, choosing § = cN~/8 with sufficiently
small ¢ > 0 and using |h| > |k|0 in Eq. (B2) proves
Eo|In| = Q(N~/8) for intervals uniformly valid over a
class containing this path.

For the positive-background claim, return to hg = 0.1
and set Cy ¢ = Co+EI15, £ > 0,50 Lo ¢ = Lo+16£(D—id).
Since the depolarizer commutes with Sp, the gauge-
transformed generator has Kossakowski matrix C'(6)+£145.
The quadratic repair above shows that this is at least
5115 /2 at

8 = min{e/200, v/¢/(2K)}, K =001 (G12)
Pairing Sy, L07§SQ_£ ! with the admissible SPAM channels

Ag,, Bp, gives the same exact data as (Lo, Dy, D;) by
Eq. (A2). The target separation is at least 0.00976c.
Thus, for fixed € and sufficiently small £, the exact ambi-
guity is at least of order /&; Eq. (B2) with 7 = 0 gives an
expected-width lower bound (1 — 2)0.00976¢ for every
N whenever both models belong to the coverage class.

Appendix H: Expected confidence-interval length at
the reference model

We prove the lower bound Eq. (16) of Theorem 2 along
the physical path of Appendix G: we establish the ad-
missibility of its SPAM channels, bound every outcome
change uniformly in duration, and convert this bound into
a bound on the expected length with Lemma 1. Through-
out this appendix the reference acts on two qubits, and
D and D, denote its two-qubit depolarizers. We use the
observation model of Sec. II and Table I. Here shot dura-
tions and control-sequence lengths are finite but have no
common upper bound. Let 91, denote the surrounding
physical class, and a possibly randomized interval is uni-
formly valid if it obeys Eq. (5) over this class. The lower
bound below requires 1. to contain the explicit path of
Appendix G. The upper bound additionally imposes a
common norm bound that admits this path (Appendix C).



1. The physical path and its SPAM channels

The reference is Eq. (14). Let Sy multiply the trans-
fer coordinates IX,IY,IZ by e’ and leave all other co-
ordinates unchanged. Put D(X) = Tv(X)I/4, D, =
aid+(1—a)D, and K = 1/100. The physical construction
in Appendix G gives

qo = K62,
Lo = SpLoS, " + 16g¢(D — id), (H1)
1+ coshf sinh@
h pr— —_— . H2
o 20 100 (H2)

These formulas hold for |§] < 1072. By Eq. (All) at
n = 2, an identity Kossakowski matrix on the fifteen
traceless two-qubit Paulis represents 16(D — id). The
added Kossakowski term ggl15 makes the generator phys-
ical and leaves its canonical Hamiltonian unchanged. For
the positive alternatives used below,

0<6<1072

|hg — hol = (H3)

0
= 200’
Indeed, Eq. (G8) gives |hgy — hg| > 0.00976 > 6/200 on
this interval.
Set

r=1-¢/8,
Ag = S¢Dy,

Omax = /100,

By =D,S;". (H4)

Both SPAM channels are fixed across settings. To ver-
ify complete positivity, write x.(p) € {—1,1} for the
commutation character of Pauli labels a,p. A Pauli-
diagonal trace-preserving map with eigenvalues ), has
Pauli-mixture coefficients

1
Pa= 15 Xp:xa(p)kp

For D,., each nonidentity coefficient is (1 —r)/16 = ¢/128.
Only three eigenvalues change in each map in Eq. (H4).

(H5)

Since |e*? — 1| < 2|0| for the allowed 6,
3r 3e
< H
pal®) —pa(0) < 1= 1)< 2 (ag)

Thus every coefficient, including the larger identity coeffi-
cient, is at least

€ 3e 13 €

128 800 _ 3200 ~ 256

The coefficients sum to one, proving that both maps are
unital CPTP channels for either sign of 6.

For a Pauli channel, the unhalved diamond distance
to identity is 2(1 — pr). The upper bound follows by
the triangle inequality for its Pauli mixture; a maximally
entangled input gives the matching trace distance between
the orthogonal Pauli Choi states. Here

(H7)

+ 1+ 127 + 3re®?

D7 16 (HS)
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and consequently

149 —idllo + || Bo —idl|o = 4 — 2(p7 +p7)
15e  3r

=———(co

ho—1) <
32 4\ )<

(H9)
The zero-time calibration is constant along the path:

ByAy = (H10)

2. Uniform comparison over arbitrary finite
durations

Subtracting 1/20 from all six single-qubit diagonals of
Cy leaves a real positive semidefinite Kossakowski ma-
trix. Its only coupled block has diagonal (1/20,1/50),
off-diagonal 1/100, and determinant

11 LY 9
20 50 100/ 10000 =
The residual Kossakowski matrix therefore factors into

Hermitian jump operators. For a Hermitian jump V and
any operator X,

ReTr[ TVXV - 4{v2 X})]
= —3lv. X]|I3 <o0.

(H11)

(H12)

The Hamiltonian commutator contributes zero to this real
quadratic form. The extracted local Pauli noise has eigen-
value —w/5 on a Pauli of weight w. Thus, on traceless
operators, Re(X, Lo(X)) < —|X||3/5. Differentiating
the squared norm and integrating gives contraction by
e~ /5 for each reference evolution segment. Local-unitary
conjugations preserve the Hilbert—Schmidt norm, so any
controlled reference evolution Py of total duration 7" obeys

[Po(X)ll2 < e ™| X[l, TrX=0.  (H1)

The Kossakowski matrix is real, so Ly is unital. Its
trace preservation and the gauge transformation Sy satisfy
the commutation hypotheses of the width proof in Ap-
pendix D. Applying its segment factorization with n = 2
and depolarizing coefficient gy gives

£t = Spet 0 S D, 164gt. (H14)

The same cancellation against the SPAM channels in
Eq. (H4) yields, for total duration T,

Ry := ByPpAp = D PoD,-1647D;-. (H15)
For a density operator p, ||p — I/4]|3 = Trp? —1/4 < 3/4.

Using Eq. (H13), the two factors r <1, and 1 —e™* < z,
we obtain

—16qu)e—T/5§
2

—T/5£

IRa(p) = Ro(p)lla < (1 —e

< 16K0°*Te

40f

A0V g < 32K60*  (H16)



The last step uses suppsoTe~7/®> = 5/e. This bound is
uniform in the input, total duration, number of intervals,
and all local controls. A terminal rank-one product
projector has Hilbert—Schmidt norm one. Each of its
outcome probabilities therefore changes by at most D62,
where D = 32K.

3. Conditional information and the interval lower
bound

Equation (H7) gives a uniform lower bound on the
outcome probabilities. For every density operator o,

9

13
By(o) = %56 ;Paap =—1.

o (H17)

The input to By is a density operator because both the

preparation and the intervening evolution are physical.

All four terminal probabilities are therefore at least p =

£/64 under both hypotheses, for every allowed setting.

For their probability vectors, the bound |pg ; —pe,;| < D6?
gives Y1, (poj — pej)? < 4D%0*. Lemma 1 therefore
gives

Kyt := 4D? /1 = 262144K? /e = 26.2144 /¢,
(H18)

D (PSYV | PSY) < NEgard™. (H19)
This applies uniformly to every allowed adaptive setting
policy.

The following theorem is Eq. (16) of Theorem 2; the two
forms agree because 8 Kty = 209.7152/¢ by Eq. (H18).

Theorem 5 (Expected interval length at the reference).

For 0 < a < 3/8, every protocol described above and every
interval satisfying Eq. (5) obey

3/4 -2«
EolIn| > ——
olIvl = =555
€ € 1/4
ing —, ( ———— . H2
x mm{ 100° (209.7152]\1) } (H20)
Proof of Theorem 5. Choose
On = min{fmax, (SKstat N) "/}, (H21)

Equation (H19) bounds the relative entropy by 1/8, so
Lemma 1 gives total variation at most 1/4 and expected
length at least (3/4 — 2a)|hg, — ho|- Substituting the
separation |hg, — ho| > 0x/200 from Eq. (H3) proves
Eq. (H20). O

For each fixed positive €, the asymptotic lower rate is
N—1/4_ Tts constants and the onset of this regime depend
on the SPAM budget: O, tends to zero as e does.
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Appendix I: Identification and the sharp local
modulus

We prove the exact identification in Theorem 2, the
square-root modulus of Eq. (23), and the upper bound
Eq. (17).

1. The 23 observable entries and canonical inversion

For each candidate model, twirling its own SPAM chan-
nels gives the generator in the readout gauge of Eq. (4),

G=BLB ', (1)
so the preparation cancels and Gg,g = Lg.q, even for
complex Kossakowski matrices and nonunital alternatives.
By Appendix A, the readout gains bg lie in [, 1], so the
support ratios obey

_buy
by
_bpy
by
TA,TB € [l,lil]. (12)

The upper bounds use this box as an outer bound on the
admissible gain ratios.

The measured index set J consists of all fifteen (Q, Q)
with @ # I, together with both orientations of the four
pairs (R;,Q;) of Eq. (13). Measure the error on these
entries by

G-G = max |G —(G . 13

| ollz (R,Q)ej' rQ — (Go)rql-  (I3)
The identity diagonal G;; = 0 is known from trace
preservation.

By Eq. (A10), the fifteen measured diagonals determine
all canonical diagonal rates ¢, = Cyq. If Eq. (I3) is at
most d, each rate changes by at most 156/16 < J.

Write x; = Gg,,g, and y; = G, r,. For the consecu-
tive groups A = (1,2) and B = (3,4) define, with (4, j)
the group’s indices,

ag = (z; — x;)/2,
by = (y; — vi)/2,
ug = (i + ;) /2,
vg = (Yi +y5)/2- (14)

Since x; = ryLg, @, and y; = Lg, r,/T4, the physical
signed and unsigned group coordinates are

kg =

mg:

o
+
Nl= D= D= N[



The superscript + denotes an unsigned combination, not
a derivative.

To obtain the Kossakowski coordinates entering this
inverse, define

Ui =ReCxryz,
Uy =ReCyr xz7,
Us =ReCrx,zv,
Uy =ReCly,zx,

Vo=ImCz1 127,
Vi=ImCxxyy,
V2 = Im CXy,yx. (16)

At the physical generator let K; = (Lg,,0,—Lq,,r,;)/2 and
M; = (Lg, g,+Lq, r,)/2. Collect these as column vectors
K, M, and similarly collect Uy,...,U, and Vp, V1, V5 as
U,V. With ¢ = (1,—1,1,—1)T, the matrices relating
these coordinates in the target sector are

1 1 1 -1
mM-2|t Py (17)
1 -1 1 1
-1 1 1 1
-1 -1 1
K-no+2| P 11|y (I8)
1 -1 -1
-1 -1 -1

Here and below h = hzz. To check that these matri-
ces contain every term, recall from the symmetric-part
computation leading to Eq. (E4) in Appendix E that the
dissipative anticommutator contributes nothing at these
positions and that a jump-pair trace can be nonzero only
if the two labels have phase-free product ZZ. The seven
unordered nonidentity pairs with this product are exactly
the four U pairs and three V pairs above. For the ordered
labels (a,b) set z;(a,b) = Tr(R; P,Q;Py)/4. Combining
the two conjugate jump terms gives 2Re Cy, Re 2z; in M;
and —2Im CypImz; in K;. Using XY =iZ,YZ = iX,
and ZX =14Y, the U traces are the real matrix in Eq. (I7);
the V traces are —i times the real matrix in Eq. (I8).
For example, 21(XI,YZ) =1 and 21(ZI,1Z) =i. The
only Hamiltonian label contributing is ZZ, with signs
(1,—1,1,—1). These matrices hold for arbitrary remaining
complex Kossakowski coefficients and Hamiltonian terms.

Taking group sums and differences and inverting gives

Uy = (m} +mp)/4,

Uy = (my —mp)/4,
Us = (mp +ma)/4,
Us = (mp —ma)/4,
Vo = (kp — ka)/4,

Vi=—(kj+kp)/4,
Vo = (kj —kp)/4,
h=(ka+kg)/2. (19)
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2. Exact identification from observable zero rows

At the reference the detector is D,., and Ly is unital,
so Gy = Lg. The group data and the corresponding
functions of a candidate ratio are

(a,b,u,v)% = (0.1,0.1,0.02,0.02),

(a,b,u,v)% = (0.12,0.08,0,0), (110)
ES(r) = 0.05(r= " +7),
m%(r) = 0.05(r—1 —r),
(m})°(r) = 0.01(r~ + 1),
k% (r) = 0.06/r + 0.04r,
m%(r) = 0.06/r — 0.04r,

(mp)°(r) = 0. (I11)

Any model with the same exact data has these same
23 entries. Equation (A10) fixes its entire Kossakowski
diagonal. For a positive semidefinite Kossakowski matrix,

‘Oab|2 < CaaCbb~ (112)
The zero reference diagonals at XZ, ZX, ZY thus force
their entire complex rows and columns to vanish in every
compatible model. In particular Uy = U3 = Uy = 0. The
last two equations imply m4 = 0, so 1"21 —r4q =0 and
positivity gives r4 = 1. Then U, = 0 implies mp =
(m)°(1) = 0.02, or

0.06 —1)(2 3
096 _ ) 0arp —0.02 = rB=DCre+3) - gy
B 507”3

Its only positive root is rg = 1. Equation (I9) now

gives h = 0.1 for every compatible physical model, with
unknown SPAM channels and complex Kossakowski
matrices allowed. The zero rows follow from the exact
observable profile.

3. A quantitative square-root modulus

Suppose a physical candidate satisfies |G — Gyl 7 < 6.
Define
ue = 3(1+17"),
es5 = Ug0,
ss = /(0.1 + (5)(5,
da(d) =20(4ss + 265),
dp(5) = 25{0.01(1 +1")d4(J)

+4s5 + 265}. (114)

Rate inversion and Eq. (I12) bound |Us|, |Us|, |Us4| by ss:
the relevant local diagonals are at most 0.1 + d, and the
diagonals at XZ, ZX, ZY are at most 6. Each coordinate



in Eq. (14) changes by at most 6. At any fixed ratio in
[1,171], each coordinate in Eq. (I5) therefore changes by
at most (1 +r71)§/2 < es.

Next, subtracting 4Us = mE—O—mA and 4U, = ng, —ma
gives [ma| < 4ss. Hence [mY(ra)| < 4ss+es < 455+ 2es.
Because m% (1) = 0 and

d
%mg(r) = 0.05(1 +7r72) > 0.05, (I15)
the mean value theorem yields |rq — 1| < da(d). The
remaining Kossakowski bound gives
Im%(rg) — (m3)%(ra)| < 4ss5 + 2es. (116)
Since (m})°(1) = m% (1) = 0.02 and
d 1o -2
—(m})°(r)] <0.01(1+17%),
dr
d o -2
amB(T) = 0.04 4+ 0.06r"= > 0.04, (I17)

another application of the mean value theorem proves
lrg — 1| < dp(d). Finally, [(k9)’] < 0.05(1 +172) and
|(K%)'| <0.04 4 0.06/72 on the ratio box. Including the
entry perturbation in h = (k4 + kp)/2 gives the explicit
bound

|h = ho| < F¢(0),
F.(6) := £{0.05(1 +172)d.a(d)

+(0.04 +0.060*)dp ()} +es.  (I18)
In particular F.(6) = O.(v/§). These inequalities hold
for every physical candidate, so they bound the target
range over the physical class.

It remains to show that the physical path attains the
same local exponent in this metric. Let IIy be the transfer-
space projector onto the fifteen nonidentity Paulis. Using
the SPAM channels in Eq. (H4) in the normalization
Eq. (I1) gives exactly

Gy = Gy — 16 K611,

|Go — Goll7 = 16K6>. (119)
Indeed the gauge transformation cancels, and D, com-

mutes with the unital reference generator and with IIj.
For 0 < § < 16K (£/100)?, take 6 = \/§/(16K). Then

|ho — ho| > ﬁ

- (120)

Thus the supremum of |h — hg| over physical candidates
in the d-neighborhood is bounded below by v/§/80 and
above by F.(9). Its local Holder exponent is exactly 1/2
at each fixed positive SPAM budget.
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4. A uniformly valid interval from estimated entries
of G

For physical terms acting on at most two sites, im-
pose the bound of Appendix C on the summed norms of
the terms acting on each qubit throughout the inference
class. Denote the known bound by v and the resulting
class by M. . Every relevant physical transfer entry
has magnitude at most 27. Equation (AS8) then gives
|h| < H, := 2. Estimate @N on J with simultaneous er-
ror bound Jy and failure probability (x < min{a, N~}
uniformly over this class. Apply Lemma 2 with ¢ = G| 7,
the maximum-entry metric, and H = H,. The finite shot
outcomes and randomized node choices give finitely many
possible estimates. Using Eq. (I18) as the modulus bound
yields an interval uniformly valid at level 1 — o with

EolIn| < 2F.(20n) + 2H. (N - (121)

The following allocation gives explicit numbers of shots
and logarithmic factors. For IV > 46 choose

pn = max{6, [logy N}, By =log(76/¢n),

Np = | N/46|, Ny = |N/30],
4 +2
Wy =2k, Oy = NI N(ZZPVN o, (122)

Use the Chebyshev—Lobatto estimation procedure of
Appendix C on [0,1/7]. The total number of prepara-
tions is 23Np + 156Ny < N, including calibration. Its
simultaneous radius is

Sy = Wn+/2BN/Np + BN
N l

2y

+ 52 V2Bn/No. (123)
Taking ¢y = min{a, N~1} gives, for fixed ¢, 7, «,
On = Oc o (N2 (log N)/2),
Eo|In| = Ocpy o (N7 4(log N)*/*) + O, (N7Y).  (124)

For smaller NV the whole bounded interval is a uniformly
valid procedure. An outer numerical enclosure can replace
the physical set if it preserves inclusion and its excess
width tends to zero at the required rate in Eq. (124).

If the invertible SPAM channels are known, their in-
verse removes the gauge transformation in Eq. (I1); h
is then a fixed linear functional of the acquired entries.
With the same norm bound, the interval construction
has expected length O. - (N "1/2(log N)*/2) + O, (N71),
with constants also depending on the known inverse gains.

Appendix J: Linear stability under a Kossakowski
constraint

Under one Kossakowski constraint, the square-root
modulus bound of Appendix I improves to a linear bound.



Impose ImCz; 1z = 0 on every admissible alternative,
keeping the reference, SPAM budget, and observations.
Wholly real Kossakowski matrices satisfy this condition
and admit the classical white Hamiltonian-noise realiza-
tion of Appendix G. Equation (19) gives k4 = h—2V; with
Vo=ImCgz;r 17,50 h =ka. At its ratio 4 the physical
k4 differs from k9 (r4) by at most es. The identity
ES(ra) —0.1=10.05(ra —1)%/ra (J1)
together with r4 > land |[ra—1| < da(6) from Appendix I
gives, using s7 = 0.16 + 62 and e5 = u.d in Eq. (I14),

0.05
|h — ho| < R.(9) := es + TczA((s)2

- (u + 372>5+OE(53/2). (J2)
Restricting the confidence set to this class preserves uni-
form validity over it, and the 2§y argument with R,
in place of F. gives Eg|Iy| < 2R.(20y) + 2H.(n =
O. . (N~1/2(log N)P/2) + O, (N 1),

Conversely, (Lo+0Azz, D, D,) keeps the Kossakowski
matrix real, moves the target by J, and changes G by
DT(SAZZDT_l = 0Agzz, since D, is the scalar r on the
traceless operators that Az preserves; its nonzero entries
are =6 on the target pairs; so the linear entry modulus is
exact in this class.

Appendix K: A correlation-dependent crossover and
four additional responses

We prove Theorem 3 and the corresponding confidence
bounds. A second real noise correlation leaves the original
23 entries of G unchanged, but four additional entries
with exchanged indices reveal a positivity constraint. The
inference class stays fixed while 7 indexes the references.

1. Model, reference family, and record metric

We use the conventions of Sec. I, with

A=0.1, m=0.02 Fk=0.0l,

] < no = 0.01.

ho =0.1
0 ) (Kl)

The reference generator L,
(Cp)yzix = n to Eq. (14).
(XI,IX,YZ) is

adds (Cn)[X)YZ =
Its occupied block on

k
n| =0, Am>k 497 (K2)
m

T O >
I > O

Since A > 0, this block is positive definite exactly when
m — (k* +1?)/X > 0; here that Schur complement is
at least 0.018. The labels YI,ZI 1Y, IZ contribute Aly,
and the remaining eight labels have zero rows. Thus C,
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has rank seven and the same kernel throughout the closed
interval in Eq. (K1):

K =span{XX, XY, XZ YX, K3
YY,ZX,ZY,ZZ}. (K3)
Since C,, is real symmetric and [P,, P;] is antisymmetric
in (a,b), Ly(I) = >, ,(Cp)ap[Pa, Po] = 0: the reference
is unital.

The reference SPAM channels are Ag = By = D,
with » =1 — ¢/8, as in Appendix H. Candidate models
range over the common class M. of Appendix H (Ta-
ble I): arbitrary complex physical Kossakowski matrices,
other Hamiltonian coefficients, possibly nonunital genera-
tors, and fixed CPTP SPAM channels within the budget.
Twirling gives the generator G of Eq. (4) with gains in
[Z,1] (Appendix A). At the reference, D, acts as a scalar on
each Pauli support sector, so twirling leaves it unchanged.
Trace preservation and unitality give DL, = £,D = 0.
Hence DL, = L, D, =1L, and G, = L,,.

Let &3 contain the fifteen nonidentity diagonal
positions and both orientations of Eq. (13), and let
Ey7 add the four entries of Eq. (27). For a matrix X,
| X |lmax,e is the maximum absolute entry on €. The
local target modulus is

wy(0) = sup{|hzz(M) — ho| : M € M., (K1)
HG(M) - GnHmax,£27 S 5}
Theorem 6 (Uniform local crossover). For each fized

0 < € < 1, there are positive c.,C., 6y, independent of
In] <0.01, such that, for 0 < § < d,

wy(8) > ccmin{/8,6/[nl},
wy(8) < C.min{V/8,6/[n]}.

Here and below x/|n| = +o00 at n = 0 for x > 0. FEvery
reference exactly identifies hzz = 0.1 from Esz, and hence
from the exact data. The orders in Eq. (K5) also hold for
the maximum over all transfer entries. For the Eo3 record,
the modulus remains @E(\ﬁ) for every reference in this
family, in the same surrounding class.

2. Canonical coefficients under gauge
transformations

Let S fix IT and multiply the three nonidentity support
sectors by positive scalars s1, s3, s12. To distinguish gauge
coordinates from the confidence level used below, write

a =log(s12/51), b =log(s12/52),

- K6
Lyap=SL,S™". (K6)

At n = 0, the full canonical inverse is Eq. (G1), with

(ag, Bg) = (a,b) and h = hg. In particular,

hzz = 5o (cosha + cosh b) + ksinhb. (K7)



The diagonal Kossakowski coefficients are unchanged. The
additional coefficients produced by 7 are as follows.
The additional correlation contributes 1), where

VO)=IXO0YZ+YZOIX. (K8)

Its anticommutators cancel because IX and Y Z anticom-
mute. More generally, write PQ = xp(Q)QP for Pauli
labels. A Kossakowski pair C4p = Cp4 that is real with
{A, B} =0, or imaginary with [A, B] = 0, has cancelling
anticommutator terms and contributes

Q+— Cap[xa(Q) — x5(Q)] QAB. (K9)

For V, IXYZ = —iYY and x;xXxyz = Xyy, SO V(Q)
vanishes unless () anticommutes with Y'Y, and then it is
proportional to QYY. At Q = XI,Z1,1X,1Z it gives
V(Q) =22Y,-2XY,2Y Z,2Y X. The other four inputs
give the reverse entries, which are equal because V is
Hilbert—Schmidt self-adjoint. The nonzero transfer pairs
are therefore

(R.Q) |Vro =Vo.r
(ZY, X1I) 2
(XY, ZI) 9 (K10)
(YZ,1X) 2
(YX,12) 2

Under S(-)S~! an entry (R, Q) is multiplied by sr/sq,
so the first two pairs acquire factors e*® and the last
two acquire e*®. Their complete additional canonical
coefficients are

Aﬁyy = —psinha,

Aépgyz = 2(cosha + coshb),
Aélz,YX = 2(coshb — cosha),
Aé]xy] = —%7 sinh a,

ACXX,ZZ = %Sinhlﬁ

AGXZ,ZX = %Slnhb (Kll)

Include the conjugate Kossakowski coefficients; all other
added coefficients vanish. Each listed Kossakowski pair
has AB « YY and is real anticommuting or imaginary
commuting. By Eq. (K9), these pairs and the Y'Y Hamil-
tonian term act only on inputs anticommuting with Y'Y,
mapping each to its partner in Eq. (K10). Let A be the
transfer matrix of these added terms, and for the jth
listed pair (R;, Q;) put A;‘L = (Agr,,@, £Aq, r,)/2. Write
Ko, k1, ke for the added YY, (IX,YZ), and (IZ,YX)
coefficients and iks, ikq4, ik5 for the three imaginary Kos-
sakowski coefficients, in the order displayed. Evaluating
Eq. (K9) and the commutator gives

At = 2(k1 — Ko, Ko — K1, K1 + K2, K1 + K2),
A" = (—kKo — 2K3 + 2K4 — 2Ks5,

Ko + 2Kk3 + 2K4 — 2Ks5,

— Ko + 2K3 + 2K4 + 2Ks5,

Ko — 2K3 + 2K4 + 2K35).

(K12)
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Equation (K11) gives AT =
2n(cosh a, — cosh a, cosh b, cosh b) and A =
2n(sinh a, — sinh a, sinh b, sinh b), precisely the scaled
entries of 7SVS~!. The canonical decomposition is
linear and unique, so these are the complete additional
coefficients; with Eq. (G1) they give the whole gauge
transformation. _
In particular, hzz in Eq. (K7) is independent of . The

entire block of C inside K has zero diagonal and only

éxxvyy = 7% Sinha,

6XY,YX = % sinha,

5}(}(722 = %’sinhb,

éXZ,ZX = %’sinh b, (K13)

and their conjugates. The extra response sector is Y'Y,

while the reference entries on &3 are independent of 7.

3. A universal four-entry physical constraint

Lemma 4 (Four-entry canonical functional). For any
complex, possibly nonunital two-qubit generator in the
canonical convention of Eq. (1),

®(L):=ImCxx,zz +ImCxzzx

=1(Lyzix + Lyx.1z (K14)
—Lixyz —Lizyx).
For the transformed reference, @(Zn,a,b) = nsinh b.
Proof. Specializing Eq. (A6) to d = 4 gives
mCup =g > ImT(P.RP,Q)Lrq,  (K15)

R,QeP

where P = {I, X, Y, Z}®*? includes II. Transfer entries
are real for a Hermiticity-preserving map.  With
PR = xp(R)RP, the products XX ZZ = —-YY and
XZZX =YY give

Te (XX RZZ Q)+ Tr(XZRZX Q)
= [xzx(R) = xzz(R)] Tx(YY RQ).

This vanishes unless R & @ =YY, is real
when R commutes with YY, and has zero pref-

(K16)

actor when R commutes with ZX ZZ o IY.
Imaginary contributions therefore occur only at
RQ) = YZIX),(YX,1Z),(IX,YZ),(IZYX),

where the sum equals 8i, 8¢, —8i, —8i. Their coefficients
are respectively 1/8,1/8,—1/8,—1/8.  This proves
Eq. (K14) over all 256 transfer positions, including the
identity input column, and covers nonunital generators.
Equation (K11) gives the final assertion. O



Next, for any candidate in Eq. (K4), undo its own
detector gauge transformation with S = B~!. Put r4 =
blg/bl, rp = blg/bg. Then

rA, TR € [l,l_l},

(K17)
a=—logra,

b= —logrg.

The candidate physical transfer matrix and L, o5 differ
on each of the required off-diagonal entries by at most
0/l. Diagonal entries are unchanged by the gauge trans-
formation, and Walsh inversion, Eq. (A10), also holds
for nonunital generators because trace preservation fixes
Lir,rr = 0. Thus the error in each diagonal Kossakowski
coefficient is at most 156/16 < 4.

The four diagonal Kossakowski coefficients
XX, ZZ XZ, ZX vanish at the reference. They
therefore lie between zero and ¢ in a physical candidate.
Positivity of its two-by-two minors gives

|®(L)| < \/Cxx.xxCzz22+/CxzxzCzrx zx
< 2.

(K18)

The four coefficients in Eq. (K14) contribute at most §/(21)
error. Hence, with A, =2+ 1/(20) and |sinhb| > [b],
[psinhd| < A6,
bl < A6/Inl - (n#0).
This necessary inequality holds for every compatible com-

plex physical model. The construction below supplies the
matching lower bound.

(K19)

4. Exact identification and an upper bound on the
modulus

The reference €53 entries and all recovered diagonal
rates are independent of 7. The exact identification proof
in Appendix I therefore applies unchanged to every refer-
ence: its three zero-row constraints force r 4 = 1, followed
by .06/rg — .04rp = .02, whose only positive solution is
rg = 1. Hence hzz = .1 for every exactly compatible
physical model in the common inference class.

The finite-error inequalities in Eqgs. (I14) and (T18) like-
wise apply to every complex, possibly nonunital candidate:

[ra— 1] < da(6) = 0:(V0),

K20

|hZZ(M>_h/0‘ SFE((S):OE(\/S) ( )
The constants are those of Eq. (I14); they do not depend
on 7, since the reference entries coincide.

We now turn to the augmented record. The mean
value theorem for log on [I,17!] and Eq. (K20) give |a| <
|ra—1]/l < da/l. Wetake dp < 1;for 0 < § <1, Eq. (I14)
gives dy < K./6 with K. = 20(4v/1.1 +1+1""). On
the box |al,|b| < B := log(I~!), Taylor’s theorem gives
0 < cosha—1 < (cosh B)a?/2 < (cosh B)K26/(21%). The
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target formula in Eq. (K7) and the eight-entry projection
in Eq. (19) give
\hzz(M) — hol
<5/l + | cosha — 1]
+ |2 (coshb — 1) + ksinh b| .

(K21)

The function ¢(t) = % (cosht — 1) + ksinh ¢ has ¢(0) = 0
and |¢'| < % sinh B + kcoshB =: L. on [-B, B], so
the last term is at most L.|b|. Equation (K19) therefore
bounds Eq. (K21) by C.(6 + d/|n|) < CLé/|n| for 0 <
In| < .01. Taking the smaller of this bound and Eq. (K20)
proves the upper inequality in Theorem 6. At n = 0, only
the square-root bound is needed.

5. Adding depolarizing noise with explicit Schur
bounds

Set a = 0, b = —6, where \g| < .01, and let Sy scale
only IX,1Y,1Z by €. Thus L, ¢ = SeL,S, . Write
¢ = coshf, s =sinh#. Equations (G1) and (K11) reduce
to

up = E(1+4¢)— s,
Uy = %(1 —c)+ %05,
vy = %(c— 1) — ’2“3,
w=24(1+4c),
z=14(c—1). (K22)

Decompose the Kossakowski matrix relative to the range
and kernel of C:

~ A B
Cho,—6 = (BT D> . (K23)
Here A consists of
A0 Ul
0 X w on (XI,IX,YZ),

<A wO) on (Z1,17),
—ivg A

and the unchanged Y1, TY singletons. The only entries
of B are ug on (YI,XZ) and z on (IZ,YX). The ker-
nel block D has two disjoint Hermitian phase blocks,
with entries —ins/2 on (XX, ZZ) and (XZ,ZX), their
conjugates, and zero elsewhere.

Lemma 5 (Uniform depolarizing correction). For every
In| < .01 and |6] < .01, set
Ky = 0.6,

tn.o = Kx (0% + [n6]). (K25)



Then 677’0’,9 + qnol15s = 0. The corresponding physical
generator is

L6 =SeL,S; " +16g, (D —id), (K26)
and its canonical target satisfies
he = .05(1 + cosh ) — .01 sinh 6,
|ho — hol > .0097|6]. (K27)

All statements and constants are uniform on the speci-
fied rectangle.

Proof. The formulas for uq,us, vy coincide with those of
Appendix G on the same interval, so Eq. (G6) applies;
the cosh estimate used there also bounds w:

lui| < .0103,
|vo| < .000052,

lw| < .010001. (K28)

To bound the occupied block below by a, = .01, subtract
axI from its diagonal. The Schur complement of the
first two diagonals in the three-by-three block is strictly
positive because

01032 +.010001* 693889999
.09 "~ 90000000000

01 >0. (K29)

The other blocks have remaining diagonal .09 and, at
most, off-diagonal magnitude .000052. Hence A > .011.

The only possibly nonzero entries of B, us and z, lie in
distinct rows and columns. Since

|z| < .2505|n]6% < .000025056)], (K30)
we obtain the operator-norm estimates

B|| = max{|us|, |z|} < .0251|6|,

81 = maxus, 21} < o251,

ID|| = 4|nsinh @] < .5005|n6|.

For q = g6, the inverse occupied block is at most a;ll.
The Schur complement after adding this noise therefore
satisfies
qI +D - BY(A+¢I)™'B
02512
.01
= [.5369996> 4 .0995|n6|] I = 0.

= |q — .5005|n6| — 02| 1

(K32)

This proves physicality, including the rank-deficient
point # = 0. By Eq. (All) at n = 2, adding ¢l15 to the
Kossakowski matrix gives 16¢(D — id). It changes no
Hamiltonian coefficient. Finally, hg coincides with the
target of the path in Appendix G, so Eq. (G8) gives

|hg — ho| > .01]6] — .025056% > .0097|6)]. (K33)

O
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6. Physical SPAM channels and the matching lower
bound

The compensating SPAM channels 4y = SpD, and
By = DTS;1 of Eq. (H4) do not depend on the generator.
For || < Omax = £/100 they are CPTP with Pauli-
mixture coefficients above /256, obey the budget, and
keep the zero-time calibration BygAg = D? [Egs. (HT7),
(H9), and (H10)].

Write Iy = id — D for the traceless transfer pro-
jector. Twirling leaves By unchanged. The maps Sy
and D, commute with Iy, and D, commutes with £,.
Boundary compensation therefore gives exactly G, ¢ =
D,.S, ' (SgL,Sy " — 16¢,,6110)SeD; !, that s,

G0 = Gy — 16¢y,0110,

K34
”Gnﬂ - Gn”max = 16qn,6- ( )

The maximum is the same for €7 and the full transfer
matrix, since Il has unit entries exactly on the fifteen
nonidentity diagonal positions. For a desired § > 0, put

8
16Ky’

2—|—4.Z'—
0(z,n) = Vn? A+ 4w —Jn|

2

(K35)

This is the nonnegative root of t2 + |nt = z. If R, =

min{\/z, z/|n|}, then

R, <0(z,n) < R,. (K36)

To check both constants, the increasing function f(¢) =
t2 + |n|t has f(R./2) < 3z/4 and f(R,) > z. Also
0(x,n) < y/x. Consequently

0 <6 <16K,6;

max

(K37)

places every such alternative inside the physical boundary
interval, uniformly in 7. These alternatives satisfy
16¢,0 = 16Kz = §, so Egs. (K27), (K34), and (K36)
give

wy(8) > .00976 > .00485R, > '084685 min{v's,5/|n},

' (K38)
the lower inequality in Theorem 6. These alternatives also
satisfy the constraints on all entries of G, which imply the
&o7 constraints. The upper bound therefore establishes
the theorem for both metrics, after decreasing dj if needed.

For the last assertion of the theorem, the centers G,|¢,,
coincide for all n, and the admissible class is the same.
Their entire compatible target sets for this metric are
therefore equal. The upper bound (K20) and the con-
struction just given at 7 = 0 show that their common

modulus is O, (/).

Remark 2. The argument constructs finite physical al-
ternatives directly, and the statistical comparison below
uses 0 > 0. For 7 # 0, the correction g, ¢ is not C? in 0
at zero.




7. Comparison for all durations and adaptive
confidence lower bound

Proposition 4 (Adaptive shot lower bound). Let 0 <
a < 1/2. For any allowed adaptive N -shot protocol and
any interval In uniformly valid at confidence 1 — a over
a physical class containing all the reference models and
alternatives above,

]En,O|IN|

K39
> Cepo min{fnax, N4 N2/} ()
The positive constant is independent of |n| < .01 and of
the protocol, its finite durations, and its sequence lengths.

Proof. The complete-record argument of Appendix H ap-
plies with qo replaced by ¢, 9. Its only new input is a
mixing constant uniform in 7. Subtracting .05 from the
six single-qubit diagonals of C), leaves a real positive
semidefinite residual, since

05-.02> k% +9*  (]n] <.01). (K40)

The proof of Eq. (H13) therefore gives, uniformly in 7,

IPyO)s < e TP0)s,  TrO=0,  (Kdl)
for every allowed local-unitary sequence of total duration
T. The complete-experiment identity Eq. (H15) holds
with P,, and 16¢;, 9, so the estimate of Eq. (H16) bounds
each outcome-probability change by 32¢, ¢ for all finite
durations and control sequences. The four outcomes give
a squared probability difference at most 4(32¢, ¢)*. Each
outcome probability is at least u = €/64 by Eq. (H17).
Lemma 1 therefore yields

N N
Dy (P IPY)
< NM. (6% + [n9))?,
B 262144K§

e =

(K42)

€

For 0 < a < 1/2, set v = (1 — 2a)/2, any =
V202 /(M:N), and Oy = min{Onyax,0(zn,n)}. Equa-
tion (K42) bounds the relative entropy by 2v2. Lemma 1
and the weaker gap 60y/200 from Eq. (K27) give
E,olIn| > (1 —2c — v)0n/200. The root comparison in
Eq. (K36), including clipping at 0my.x, proves Eq. (K39)
with constants uniform in 7. O

8. Estimating the 27 entries and bounding the
expected length

For the upper result, assume the known bound v > 0
in Eq. (C1) on the summed norms of the physical two-
local terms acting on each qubit. Fix this local norm
bound independently of N, 7, with a strict margin for the
displayed family. A finite bound suffices: the strength
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estimate of Eq. (G9), applied to the Kossakowski matrix
after adding depolarizing noise, whose trace is 6\ + m +
15g,,9, gives at most

|h9| + 8(6)\ +m + 15q77,9)7 (K43)

uniformly on the parameter rectangle. The estimator ap-
plies uniformly over unknown 7 and complex Kossakowski
matrices subject to this norm bound.

Apply the estimator of Appendix C to the 27 deriva-
tive responses and the same fifteen calibration means.
All added responses have Pauli support at most two, so
its derivative, interpolation, and normalization bounds
apply unchanged to every candidate, with the Chebyshev—
Lobatto constants of Eq. (C30) at degree p > 1 on [0,1/7].
The number of means is 27+ 15 = 42: for failure probabil-
ity 0 < ¢ < 1, the factor log(76/a) in Eq. (C20) becomes
log(84/¢). With fresh time, input-sign, and boundary
randomizations on every shot, Eq. (C23) becomes

”G - GHmaX7527 < 5G7

sp+ By | 2750
5G:T+ 27

with probability at least 1 — (.

(K44)

Proposition 5 (Upper bound on the expected length
without an 7 prior). For fired 0 < o < 1/2 and the
common local norm bound above, a single procedure, inde-
pendent of ), is uniformly valid at confidence 1 — o over
the bounded-strength class and satisfies, for all sufficiently
large N,

]E’r],O|IN|

S OE mln{ V 5N7 5N/|77|} + 2H*<N7
oN = Os,'y,oa (N71/2(10g N)5/2)7

uniformly for |n| < .01, with H. = 27 and {y =
min{a, N71}.

Proof. Set ny = |N/42] and allocate ny shots to each of
the 42 means. Leave the remaining shots unused and take

p = max{L, [logy(N + 1)]},
so = \/21og(84/Cw) /i,
For N > 42, the concentration bounds apply directly.
Since W = O,((log N)?) and 8, = O,((log N)>N~2),
Eq. (K44) gives the displayed d5. Small budgets can
return [—H,, H,].
Apply Lemma 2 to the class with this local norm
bound, using the finite-valued estimate on €7 and target

bound H, = 2v from Eq. (A8). The modulus w, over
the larger class bounds the retained targets, giving

En,OMN‘ < 20.)77(2(51\[) + 2H.(N.

(K45)

(K46)

sp = Wsg.

(KAT)

Since oy — 0 independently of 7, sufficiently large N
satisfy 20n < g, and Theorem 6 gives 2w, (20y) <
2C. min{y/28y,20n/|n|} < 4C. min{\/dn,dn/|n|}. This
proves Eq. (K45), with its constant equal to four times
that of Theorem 6. O



Appendix L: Lift to n-qubit physical two-local models

We prove Corollary 2 and Theorem 3 by reducing every
n-qubit physical two-local model to its pair block (Lem-
mas 6 and 7) and then applying the two-qubit arguments
of Appendices H, I, and K.

1. Class, pair reduction, and lifted references

Let n>2, A={1,2}, E={3,...,n},dg =2"2, and
1(Q) = Q ® Ie for two-qubit Pauli labels . The physical
two-local class 9ML2 consists of n-qubit boundary channels
obeying Eq. (2) and generators

>

ZC{1,...n}, 1<|Z|<2

Lz @idze, (L1)

where each Lz is a GKSL generator on the qubits of
Z. Tts subclass M2 also obeys Eq. (C1) with ke = 2,
which bounds the summed norms of the terms acting on
each qubit. Put | =1 — ¢, take the pair-reduction maps
En, Ra, and La of Eq. (C5), and write G’}%Q = Gy(Rr),(Q)
for the pair block of G; dog and do7 are evaluated on GA.
The target is h = hzzg1, -

Fix an allowance 0 < 5 < ¢ for the active SPAM
channels, and put r =1 — ea/8 and 0 = £4/100. The
maps D, D,., IIy =id — D, and Sy of Appendix H act on
A. Spectator data consist of a generator Lg that is a sum
of single- and two-qubit GKSL terms on E, and CPTP
maps Ag, Bg on E with

€E = ||AE - idHo + ||BE — id”o <e—ea.

Let £A be the two-qubit generator with Hamiltonian
hoZZ/2 and Kossakowski matrix C,, of Sec. VI, |n| < .01;
1 =0 gives Eq. (14). The lifted reference is

Lo = L) ®idg +ida ® L,

(L2)
Ay =D, ® AE, By =D, ® Bg.

For n = 2, E is empty, eg = 0, and ep = ¢ is allowed.

Lemma 6 (Factorized lift). Let (LA, AR, B?) be a phys-
ical two-qubit model and (Lg, Ag, Be) spectator data as
above, and set

B = B"®B.

L=L"@ide+ida®Le, A= A ® Ag,

(ii) For every allowed n-qubit setting s, the outcome law
is p(oa, 0 | 8) = p™(oa | sa) pE(0E | sE), where sp is an
allowed two-qubit setting, p™ is its law under (LA, A”, BR),
and pt depends only on the spectator data and sg. (iii)
Two such lifts with the same spectator data have, at every
setting, the relative entropy of their active factors; if their
two-qubit models have identical exact data, so do the lifts.
(iv) Twirling gives B = BA ® Bg. If ||A —id||, + || B —

(1) [A—idllo +[|B —idl|o < ||A* —id]l, + | BA —id]| +e€.
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id||o < 1, both factors are invertible, the pair block of G
is GA = BALA(BA)™L, and

G =G ®ide +ida ® BeLeBg .

Two such lifts with the same spectator data obey G —G' =
(GA — G"™) @ idg and |G — G'||lmax = |G — G™|lmax-
(v) If | (LY @ idF||ooseo < ga for every register F' and
the terms of Leg obey the local norm bound g, the lifted
generator has the decomposition of Eq. (L1) with local
norm bound max{ga,Ye}.

Proof. (i) The diamond norm is submultiplicative under
composition, unchanged by tensoring with an identity
map, and equal to one on channels. Since ® @ ¥ =
(? ®id)(id ® ¥), the decomposition

A—id= (A" —id) ® Ag +ida ® (Ag — id)

gives [|A —id||, < ||A? —id||s + ||Ag —id||s, and likewise
for B.

(ii) A setting consists of a product input &), p;, du-
rations t1,...,tx > 0, products U@ ... UK of single-
qubit unitary channels applied before, between, and af-
ter the evolution intervals (the first immediately after
A and the last immediately before B), and a rank-one
product projective measurement. Its experiment map
is BUWetL ... yMetr1Lf0) A Let sp and sg keep the
input, unitary, and measurement factors on A and on E.
The two summands of £ commute, so ¢4 = ettt ® etle;
every other factor of the experiment map is a tensor
product over A|E. The output state is therefore op ® o,
with oa the output of sa under the active model, and a
projector ITa @ g has probability Tr(IIaoa) Tr(IlgoE).

(iii) For probability vectors p, p’, q, Dkr(p®¢q|lp' ® q) =
Zj:qj>0 ¢; Dk (p|lp’) = Dxr(p||p’). The exact data are
the collection of the laws in (ii) over all settings.

(iv) Independent uniformly random local Cliffords V' =
Va® Vg give B=EV 1BV =EV, 'BAVA®E V¢ ' BeVk.
In the label order (a, s), the transfer matrix of a tensor
product of maps is the Kronecker product of their transfer
matrices. The gains of B are the products b2bE; under the
stated budget they are positive by Appendix A, so every
factor gain is nonzero. Inserting B~! = (BA)~' @ Bz’
in G = BLB~! gives the tensor sum. The map Lg =
BECEBgl annihilates the trace, because BEﬂ preserve
it and éE annihilates it. Hence the pair-block entries
(idA X ‘CE)L(R),L(Q) = 6RQ(LE)I,I vanish. For common
spectator data the second summands cancel, and [(G? —
G/A) ® idE](R,s),(Q,t) = (GA — G/A)R7Q§St attains every
active entry at s =t.

(v) Assign L£? to the single term Z = A; all other terms
have supports in E. A site of A meets only Z = A, and a
site of E meets only spectator terms. O

Lemma 7 (Pair reduction under physical locality). Let
(L, A, B) € ML2 have canonical data (H,C), and extend
C by a zero row and column for the global identity. (1) If
Cup # 0, then suppa U suppb C Z for some |Z| < 2; in



particular every nonzero canonical jump label has weight
at most two. (ii) La is a physical two-qubit generator with
canonical Kossakowski matric (Jap)a,p0, where Jop =
> s Clas),(b,s), and its ZZ coefficient is h. If suppa U
suppb = A, then Jap = C(q,0),v,0)- (iii) GM = BALAB/Il,
where Ba(Q) = b,()Q and b,y € [I,1]. (iv) At the lifted
reference of Eq. (12), La = E?, bug) =1 for Q# 1, and
G = E’S.

Proof. (i) Tensoring the traceless Hamiltonian and the
nonidentity jump labels of the canonical form of £, with
identities on Z¢ represents Lz ®idz. in the form of Eq. (1),
with labels supported in Z. The sum of these represen-
tations represents £ in the same form, so uniqueness of
canonical coeflicients makes C' the sum of the embedded
Kossakowski matrices. A nonzero C,; therefore occurs in
a term whose support contains both labels.

(ii) The reduction in Appendix C, Eq. (C8) and the
steps before it, applies to every global generator and gives
a physical Lo with the stated Kossakowski matrix. In
Eq. (C9), each correction with s # 0 contains the label
(ZZ,s) of weight 2 + wts > 3, and vanishes by (i). For
s # 0 and suppa Usuppb = A, the labels (a,s), (b, s)
have union support A U supp s of size at least three, so
C(a,s),(b,s) =0 by (1)

(iii) Since d = 4dg, d'T(R)L((Q))] =
4-1 Tr[R LA(Q)], that is, EJ(R),L(Q) = (EA)R,Q- The
gauge transformation G = BLB~! multiplies this entry
by b,(ry/b.(q); the gains lie in [I, 1] by Appendix A.

(iv) RA(L:? & idE)EA = E',A], and RA(idA X ﬁE)gA(X) =
X Tr[Le(Ie)]/de = 0 by trace preservation. The map
D, acts as a scalar on each Pauli support sector and
is unchanged by twirling, so Lemma 6(iv) gives By =
D, ® Bg; since Bg has unit gain on the empty sector,
b.q) =r for Q # I. The Kossakowski matrix ), is real
symmetric, so £)(I) = > a(Cn)ab[Pa, Py] = 0; together
with trace preservation, the identity row and column of
L’ﬁ vanish. The equal gains r on the remaining entries
cancel in (iii). O

2. The identifiable reference on n qubits

Proof of Corollary 2. We first show that the lifted path is
admissible. Take n = 0 and, for |f| < Oy, the lifted path

Lo = [:9 ® idg + ida ® L,

S (L3)

Ap = SyD, ® AE, By =D, S, " ® Be,
with £ the active generator of Eq. (H1). Since
Omax < .01, it is physical by Appendix G. By Lemma 7(i),
its canonical coefficients are the embedded data of its
summands, giving target hg of Eq. (H2). Equations (H7)
and (H9), with e replaced by ea, make the active
SPAM channels CPTP with budget at most 15¢a/32, so
Lemma 6(i) bounds the lifted budget by 15ea/32+¢cg < €.
The path lies in ML2. Its active Kossakowski matrix
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has trace .62 + .1502, and the strength estimate at the
end of Appendix G gives ga < |hg| +8TrCy < 5.07;
by Lemma 6(v), the path obeys every v > 6 that also
bounds the local strength of the spectator generator.

We next prove the lower bound. For each setting,
Lemma 6(ii)—(iii) reduces the relative entropy to that of
the active setting sa, an allowed two-qubit experiment
for the active reference, path, and SPAM channels.
Equations (H13)—(H18) therefore hold with ¢ replaced by
ea: outcome changes are at most 32K 62, active outcome
probabilities are at least £4/64, and the per-shot relative
entropy is at most Kgpat0* with Kgpae = 26.2144/ep. Let
the history H;_; contain all earlier settings and active
and spectator outcomes. The policy kernel is common to
both models given H;_1, so Eq. (H19) bounds the N-shot
relative entropy by NK.i0*. The proof of Eq. (H20),
with Omax = ea/100 and this Kgas, gives Eq. (16) with
e replaced by ea.

Next, for every candidate in 9L2, Lemma 7 supplies a
physical reduced generator, the target h as its ZZ coeffi-
cient, readout gain ratios in [I,/7!], and the reference pair
block £4. These are the hypotheses of Eqs. (I14)—(118),
so |h — hg| < F.(6) whenever do3(GA,G5) < 4§, with
Il =1—¢; F.(0) = 0 proves identification from the 23
pair entries. Conversely, Eq. (I19) and Lemma 6(iv)
give Gg — Gy = —16K60?Ily ® idg, so both dyz and
the full maximum-entry distance equal 16K6%. For
0 < & < 16K6?%,,, the choice § = /§/(16K) and

Eq. (H3) give a candidate with |h — ho| > v/§/80.

For the upper rate, consider the class zmg%y, with v ad-
mitting the lifted reference. The estimator in Appendix C
applies to n-qubit physical two-local generators. The 23
pair responses and 15 calibrations, the derivative bound
Eq. (C10), and the target protection of Lemma 7(ii) are
independent of the number of spectators. The interval
construction and Egs. (121)—(124) of Appendix I then
hold verbatim with the n-independent dn of Eq. (123),
giving Eq. (17). For n = 2 and ea = ¢, all statements
and constants are those of Theorem 2. O

3. The crossover with four additional matrix
elements in the two-local class

a. Upper bound on the modulus. For every candidate
in ML2 Lemma 7 gives a physical two-qubit generator £a
with Kossakowski matrix J = 0 and the same target h. Its
generator in the readout gauge is GA = BAEABA_l with
gain ratios in [I,171]. At the lifted reference, Gfl‘ = Ef].
The upper-bound proof of Theorem 6 uses these properties
through Walsh inversion of the fifteen diagonals, positive
minors of the Kossakowski matrix, inversion of the entries
with exchanged indices, and Lemma 4. Applying those
inequalities with [ = 1 — ¢ gives

\h — ho| < C-min{V/6,6/|n|}



for do7(GA, G,A]) < ¢ in the theorem’s uniform local do-
main. Constraining all entries of G implies the pair
constraint, so the same bound applies.

b. Physical alternatives and their strength. Lift the
active path SQEQS;1+16qn,9(D—id), where ¢, 9 = .6(0%+
[nf|), with the SPAM channels of Eq. (L3). Lemma 5
proves positivity for ||, |f| < .01; the boundary argument
above applies for |0] < Oax = £€a/100. The Kossakowski
diagonal is the reference diagonal plus g, 9, so Tr C' = .62+
15¢y,9 < .6218. The Hamiltonian is hgZZ/2 with |he| <
101 by Eq. (19). The strength estimate of Eq. (G9),
applied to this Kossakowski matrix and Hamiltonian,
bounds the completely bounded norm of the Heisenberg-
picture generator by |hg| + 8TrC < 5.076 < 6, and the
conclusion drawn from Lemma 6(v) for n = 0 holds for
this path as well.

For the matching lower bound, Eq. (K34) and
Lemma 6(iv) give

Gy — Gn = —16qn791_[0 ® idg.

Both pair and full entry distances equal 16g, 4, and
the canonical target is unchanged by the spectator lift.
The root construction and bounds in Eqgs. (K35)—(K37),
with Ophax = €a/100, therefore give the lower constant
.00485/9.6 on 0 < § < 9.6(ca/100)%2. The 23 observed
reference entries are identical for all n and the candidate
class is fixed. Their compatible target sets therefore co-
incide with those at 1 = 0, whose modulus is ©(v/§) by
Corollary 2. This proves Theorem 3.

c. Confidence widths. At each adaptive setting,
Lemma 6(ii)—(iii) cancels the spectator law. The active
mixing rate 1/5 of Eq. (K41) and the lower bound €4 /64
on each active outcome probability give Proposition 4
with € replaced by ea.

For the upper width bound, the 27 pair responses have
output support at most two. The derivative and error
bounds for the entries of G of Appendix K therefore
apply under the local norm bound. Lemma 7(ii)—(iii)
preserves the global target. Its eight-entry projection
and Eq. (M7) give |h| < v, so the clipping bound H, =
27 in Proposition 5 is valid. The same inclusion and
failure-probability argument gives the lifted upper bound
with 5 = Oc.a(N71/2(log N)*/2). Every constant is
independent of n.

Appendix M: Constraint from four additional matrix
elements and construction checks

This appendix derives the Kossakowski constraint used
to compute the intervals, bounds the target under the
common local norm bound, and checks the physical con-
structions. The references have Kossakowski matrix (),
target hg = 0.1, and SPAM channels Ag = By = D7g/s0-
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1. Kossakowski constraint from four additional
matrix elements

Let sp and sg be the simultaneous derivative and cali-
bration error allowances. The interpolation bias 3, and
the gain lower bound | = 1 — € give the entrywise error
bound in Eq. (C23),

sp+ B8y | 2780

0=—" 12

(M1)

Character inversion of the fifteen observed generator di-
agonals gives upper bounds dp = max{0,Cpp + 0} on
the diagonal Kossakowski coefficients of every compatible
candidate, by Eq. (C24).

For the four additional entries, define

U=Gyzix +Gvx,iz,

V= ézx,yz =+ éIZ,YX- (M2)

A candidate readout has the gain ratio rg = by2/bs €
[1,171]. Undoing its gauge transformation gives the em-
pirical canonical functional

~ U/rg —Vr
‘I’(TB)Zi/ 38 =3

Each of the four entries has error at most . Their contri-
bution to the functional error is at most §(rp +r5')/4 <
§(1+171) /4. Meanwhile, Eq. (28) and Kossakowski matrix
positivity imply

(M3)

|®(L)| < |Cxx,zz| + |Cxzzx|

<Vdxxdzz +\dxzdzx. (M4)
Every compatible candidate must therefore satisfy
~ S+ 17t
’(I)(TB)‘ <Vdxxdzz +\Vdxzdzx + % (M5)

This inequality holds for arbitrary complex Kossakowski
matrices and uses the measured entries, their errors, and
the candidate gain ratio. The reference parameter 7 enters
the precision bound through Eq. (30).

The zero-time data supply a further necessary
condition. Put

Gmin = max{l, mén(é\Q —S0)}- (M6)
Complete positivity and the SPAM budget give
Il < ag,bg < 1 and agbg > ! (Appendix A). Com-
patibility with the calibration data also requires
lagbg — ol < so, hence agbg > max{l,qo — S0} > ¢min-
Since ag,bg < 1, both gains are at least gmin and each
readout support ratio lies in [gmin, q;liln].

The numerical procedure evaluates this condition and
the original seven Kossakowski constraints over boxes in
that ratio square. It replaces [ + [~! in the bounds on
canonical coefficients and on ® by ¢umin + qx;iln and inter-
sects the result with the enclosure over [I,17!]2. Both



enclosures contain the target on the common error event.
Rational interval arithmetic gives outward bounds for
every target, Kossakowski coefficient, and square-root cal-
culation. A box is discarded only when its entire enclosure
violates a necessary physical constraint. Each bisection
covers its parent, and every remaining box contributes to
the target hull at the computation limit. Thus the true
calibration ratios remain in the search and the returned
interval contains the target on that event. The remaining
boxes form an outer relaxation of the physically feasi-
ble set, and the smallest interval containing their target
enclosures gives the reported width.

2. Target bound under the common local norm
bound

The local norm bound 7 of Eq. (C1) also bounds the
two-qubit canonical target. Its eight-entry projection
is linear in the generator, and its absolute weights sum
to one. Each position pairs Paulis that differ on both
sites. By Pauli orthogonality, a term of Eq. (C1) act-
ing on one site therefore has zero entry there. Dual-
ity and Holder’s inequality bound every other term by

(£2)r.al < d7MQIILL(R)lls < gz, giving

lhzzl < > 9z <7
z2{1,2}

(M7)

3. Checks of the physical constructions

a. Physical paths and assumptions on the Kossakowski
matriz. Figure 1(b) checks ten signed path values with
magnitudes from 107> to 1073 at € = 0.1. Forty product-
input, measurement, and local-control configurations per
value give 400 checks, including zero duration and total
durations from 0.01 to 100 in the reference time unit.
Calculations with the full superoperator verify physicality
of the Kossakowski matrix and SPAM channels, canonical
reconstruction, and Eq. (21). The fitted logarithmic slopes
for the target change are 0.9995 on the positive-6 branch
and 1.0005 on the negative branch, and the generator-
change slope is 2 on both.

Figure 1(c) fixes the record and varies only the assump-
tion of a real Kossakowski matrix for every candidate.
Nine entrywise tolerances from 107 to 10~* give 18 de-
terministic outer intervals, all containing hy = 0.1. Each
search starts from [[,17%]? with [ = 0.9, bisects a widest
surviving box along its longest side, and stops at target
half-width § or a budget of 255 evaluated boxes. All
18 runs reach that budget. Arithmetic is rational, with
square roots bounded upward on a 273" grid and re-
ported floating-point endpoints rounded outward. The
half-width slopes of these fixed-budget outer enclosures
are 0.501 for complex Kossakowski matrices and 0.993
under the assumption of a real Kossakowski matrix.

42

b. Correlation-dependent precision. Figure 2 uses 91
logarithmically spaced distances from 107! to 9.6 x 10~¢
for each n € {0,107°,107%,1073,1072}. The roots of
Eq. (K35) obey 0 < 6 < 1/6/9.6 < 1072 = £/100, within
the domains for the positive correction and physical SPAM
channels. The 455 constructed physical models exhibit the
square-root branch at n = 0 and a transition toward linear
dependence at nonzero 7. Theorem 3 supplies the match-
ing upper bound over all compatible physical models.

Further calculations with both signs of the correlation
and of the gauge parameter, including zero and long du-
rations, confirm positivity, the SPAM channels, canonical
reconstruction, and all 27 entries. Calculations with ran-
dom generators, including nonunital ones, confirm the
functional ® of Eq. (28).

Appendix N: Quantum-processor measurements and
analysis

The native data comprise three devices with three
selected pairs per device. Table II collects the acqui-
sition and resampling settings. Runs of idle evolution
disable dynamical decoupling. The injected-rotation
measurements were acquired separately, with their own
background noise.

For idle-evolution data in the computational basis, bit
strings are ordered as control then target. The count of
target outcomes equal to 1 sums both control outcomes.
For each pair, time, and neighbor preparation ¢, we divide
by the number of shots per configuration to obtain p§C>
without postselection or readout error mitigation. Fig-
ure 3(c) shows the observed contrasts |ﬁ§0) - ﬁ:(ll)| for all
90 pair-time combinations. The largest is 6.0 x 1074,
from counts of 61 and 37 target outcomes equal to 1 on
the second Pittsburgh pair at zero idle time.

a. Frequency estimator for idle evolution. For pre-
pared control state ¢, retain shots whose final control
outcome equals c. Let m be the measured fraction of
target outcomes equal to 0 among the M retained shots.
A column-stochastic 2 x 2 readout assignment matrix R
for the target, estimated by pooling the computational-
basis calibration counts over the control preparations,
gives v = R71(m,1 —m)T. Set v} = max{v,,0} and
po = vg /(v +v)). The estimator uses the effective
count k = round(Mpg) and probability py = k/M. This
selection fixes the final control state.

For basis b € {X,Y}, define

Zc(t) = 25O,CX(t) -1+ ipﬁO,cY(t) - ]-L

Z T(t)e—erift .

t

r(t) = z1(H)z()",  P(f) = (N1)

Times are in seconds. We maximize P(f) over 40,001
equally spaced frequencies from —260 to 260 kHz, with
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TABLE II. Sampling settings for the processor measurements. Native configurations are indexed by pair, prepared control state,
and idle time, with the probe basis specified separately. Numbers of shots are before postselection. Matched totals are per
configuration for n = 3 and n = 4, respectively, and apply to the visibility comparison; angle recovery uses the original injection
counts. The idle-time grid is 0,1,2,4,7,11,17,25, 35,47 us; the prediction check excludes 2, 7,25 us from fitting.

Analysis Scope

Counts used

Resampling

Idle evolution,
tions

popula- 9 pairs, 10 times
Idle evolution, Ramsey 9 pairs, X,Y bases
Injected visibility n = 3,4; 18 cases
Recovery of injected an- 66 estimates

gles

Joint-model check 9 pairs

40,000 shots per configuration

8000 shots per basis/configuration
Matched 25,000 / 50,000 shots
250,000 shots per estimate

Probe and calibration counts

None

50,000 bootstrap resamples
1000 random subsamples
4000 shot resamples

199 refits per pair

spacing Af = 13 Hz. For an interior maximum at f, the
refined estimate is

AfIP(fe-1) = P(fi41)]
[P(fr—1) = 2P(fx) + P(fr+1)]

The grid value is retained at an endpoint or when the
absolute denominator is at most 107'®. The phasors
are neither normalized nor weighted. Each of 50,000
resamples independently redraws the retained raw counts
from Binomial(M, m) and repeats the readout inversion,
clipping, rounding, and fit, holding the fitted calibration
and retained shot totals fixed. The root-mean-square
deviation of the fitted frequencies from their resampling
mean gives the plotted standard error. The random seed
is 20260814, with devices ordered Boston, Kingston, and
Pittsburgh.

The injected comparison pairs equal rotation magni-
tudes and draws random subsamples without replacement
of the counts in the additional basis within each prepara-
tion to match the number of shots in the computational
basis. Figure 4 reports the median TV in the additional
basis over the subsamples in Table II and its ratio to
the observed TV in the computational basis. This ratio
quantifies the increase in visibility relative to the nonzero
TV in the computational basis.

b. Angle recovery. Table III identifies the six acquisi-
tion groups. Each is repeated on all three devices, and the
two signs at each angle provide one estimate. Within each
sign, counts are pooled over the computational prepara-
tions u with their original shot allocations. Normalization
uses the nominal preparation polarizations of Table III.
Because the shot allocations are integers, the realized
pooled polarizations differ from these values by at most
0.12%. Normalizing by the realized values instead gives
a pooled slope of 0.9823 and a median absolute angle
error of 0.0182 rad, so the values reported in Sec. VII are
unchanged at their stated precision. A recorded bit string
ug -+ - - Unp—1 labels logical qubits from left to right, so the
Y; marginal weights outcomes by (—1)*/. The difference
of these marginals gives A(Yj) in Eq. (32).

The estimates use 1 = arcsin[—A(Y;)/(2(Z;)in)], with
the argument clipped to [—1, 1], on the programmed small-

J/C\:fk“"? (N2)

angle branch. No readout error mitigation is applied
to these angle estimates. Each of 4000 bootstrap repli-
cates independently redraws the full outcome multinomial
within each preparation and sign at its original number
of shots, then repeats pooling and inversion (random
seed 20260818). The sample standard deviation gives
the angle standard error s;. For x; = sin;, y; = sin 121\2-,
and weights w; = (s; cos ;) "2, the reported slope of the
weighted fit through the origin and standard error are

—1/2
B s ()

The resampling uncertainty is conditional on the physical
preparation and fixed device response.

c. Frequency sensitivity. The sensitivity analysis for
idle evolution compares all shots with postselected shots,
and raw target probabilities with probabilities after read-
out error mitigation. The time grid, signed periodogram,
and frequency search range stay fixed. Figure 5(a) shows
the resulting changes in fitted conditional frequencies from
the same counts. Relating these changes to a Hamiltonian
coefficient requires a trajectory and measurement model.

a:

1. Joint trajectory and calibration check

Write p = (po,p1)T for control populations and w =
(wo,w1)T for unnormalized target coherences, with the
convention that their real and imaginary parts give the
target X and Y expectations within each control block.
Here u and d are the control excitation and relaxation
rates, k is the target-coherence decay rate, and w; is the
target angular frequency conditional on control state s.
The model is

o —u d
b=\ 4P

_ wg —k —u d w
u iw; —k—d ’
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TABLE III. Acquisition groups for all 66 injected-angle estimates in Fig. 4(c). Every group uses rotations generated by Xo, X;
and measures YpY;; the remaining qubits are measured in Z. Each angle is repeated on three devices. A/C and B/E were
acquired separately. The nominal preparation polarizations used for normalization are given to ten decimal places. Each sign
uses 125,000 shots, allocated over preparations v = 0,...,2" — 1 in the order below; an angle estimate uses both signs.

Group n j Programmed angles (rad)

(Z;)in Estimates

A 31 0.1,0.2,0.3
B 41 0.1,0.2,0.3
c 31 0.1,0.2,0.3,0.4
D 32 0.1,0.2,0.3,0.4
E 41 0.1,0.2,0.3,0.4
F 42 0.1,0.2,0.3,0.4

+0.0546121323 9
+0.0968723995 9
+0.0546121323 12
—0.0152328537 12
+0.0968723995 12
+0.0475325868 12

n = 3 14148, 20038, 12801, 16576, 17204, 14523, 17396, 12314

n =4 7450, 10551, 6740, 8728, 9059, 7647, 9160, 6484,

10716, 9252, 7319, 7798, 6001, 4795, 7498, 5802

a Processing sensitivity b Joint fit

® From postselection
O From readout mitigation
| Bootstrap SE (fixed calibration)

C Prediction at
excluded times

199 bootstrap refits
@ Observed fit

30
B1 il . B1 - <> . 128 7.3 88
B2 il e B2 - O o 40 7.7 5.4 25
B3 il e B3{ —@> o 134 95 66 T
20 =
K1 -of ° K1 - - . 3.2 E
K2 -1 ° K2 <> * 6.1 7.8 15 ¢
K3 oI ° K3 - @ * 6.5 i S
c
P1 Al ° P1 <> . 3
s
P2 i ° P2 - <> * 5
P3 I o P3 < . .
0.0 0.5 1.0 15 50 10 300 1,000 2725
Frequency change and Joint multinomial Excluded idle time
standard error (kHz) (us)

deviance (log scale)

FIG. 5. Processing sensitivity and model diagnostics for Ramsey responses during idle evolution. Pair labels follow Fig. 3. (a)
Absolute changes in fitted frequency from postselection on the final control outcome with readout mitigation held fixed (filled
circles), and from readout mitigation within postselected data (open squares). Connecting lines pair the two changes, and
ticks show the bootstrap standard errors of Fig. 3(b) for scale. (b) Observed deviances from the joint probe and calibration fit
(diamonds) and distributions from 199 parametric-bootstrap refits per pair. The axis is logarithmic. (c¢) Mean total-variation
distance (TV) between measured and predicted joint-outcome distributions at three times excluded from fitting, averaged over
preparations and quadratures. Cell labels are in units of 1073, Fits and initial values use the other seven times and calibration

counts. The measured outcome frequencies retain shot noise.

For prepared control label ¢, the initial population is
p1 = sc and w, = a.e'®ep,. Ideal joint outcome proba-
bilities are (ps &+ Rewy)/2 for X and (ps £ Imws)/2 for
Y. A column-stochastic 4 x 4 assignment matrix maps
these to measured probabilities. Its twelve free logits are
constrained by the four computational-calibration distri-

butions in the same multinomial likelihood, which fits the
raw joint counts directly.

We minimize joint multinomial deviance using
bounded multistart least squares. Frequency parameters
fo = wo/(2m) and Af = (w1 — wp)/(27) are restricted
to [—260,260] and [—80,80] kHz. Rates (d,u,k) lie



in [0,0.2] x [0,0.05] x [0,0.2] in inverse microseconds;
so € [0,0.5], s1 € [0.5,1], a. € [0,1], and ¢. € [—m,7].
Off-diagonal assignment logits relative to each diagonal
entry lie in [—20, 3]. These parameter ranges define the
tested model.

For each pair, 199 parametric-bootstrap simulations in-
dependently sample the probe and calibration multinomi-
als from the fitted model at their original numbers of shots
and jointly refit all 23 parameters. The largest simulated
deviances range from 142 to 163, below their correspond-
ing observed values. The simulations assume independent
multinomial samples, a time- and basis-independent as-
signment matrix, and the specified preparation model, and
calibration circuits constrain the combined preparation
and measurement response.

We also fit the model using seven times and the
calibration counts, then compare its predictions with
measurements at the excluded times 2,7,25us. Fre-
quencies in kHz are converted to angular frequencies in
rad/ps using wy = 27 1073 f, with the same conversion
for frequency differences.

2. Exact equivalence for inputs diagonal in the
control basis

This protocol-specific calculation uses the known dis-
tinction between coherent phases and phases from imag-
inary Kossakowski coefficients [58]. Here tensor factors
are ordered control then target. Set A = ZI, B =17,
and consider a Hamiltonian that commutes with A and
contains hAB/2, and a canonical Kossakowski block

OZ=< e a“b)to
a—1ib v

on (A, B), together with control raising and lowering
jumps /u[1)(0] ® I and Vd|0)(1] ® I. Let S = {X :
[A,X] = 0}, so X = >  FE,® X, with B, = [s)(s],
and write H = ZS E, ® Hy;. Within control block s,
AX = z;X with z; = (—1)*®. Control dephasing and the
real off-diagonal Kossakowski term vanish on &, since
AXA =X and AXB+ BXA={AB, X}, while

(N6)

ib(AXB — BXA) = —ibz,[Z, X,]. (N7)
The raising and lowering jumps transfer whole target
blocks, so on S

(LX)s = —i[Hs + b2 2, Xs| + (2 X Z — X)

— ZS(UXO — Xm) (NS)
The generator preserves S. Its restriction depends on the
interaction only through r = h + 2b: the term hAB/2
contributes z,hZ/2 to H,, and the other parts of Hy do
not involve h or b. Equal restrictions have equal powers on
S and hence equal exponential series. They therefore give
equal propagated states from every input in S, including
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for noncommuting generator components. Any common
terminal measurement then gives equal joint probabilities.

For ~; > 0, fix r and choose any finite h,. Taking

b = (T—h*)/2, a, =0, 7: sz/% (NQ)
gives a positive semidefinite rank-one Kossakowski matrix
and the same restricted evolution. An explicit jump is
L. = (b./\/7)A —i\/7:B. For the Hamiltonian (w.A +
wiB 4+ hAB)/2, Hs + bzsZ = wezs/2 + (wi + 257)Z/2.
Taking traces of the block equation for X = p against
I and F = 2|0)(1|, with [F,Z] = —2F and ZFZ = —F,
gives the trajectory model of Appendix N1 with ps, =
Trps, ws = Tr(Fps), ws = wi + 257, and k = 274, so
Vi = (r — h.)?/(2k).

Each constructed model has finite coefficients, whereas
the family over all h, has unbounded control dephasing.
If 7. < G is independently imposed and a = 0, the
construction satisfies |h—r| < vV2Gk. At k = 0, positivity
forces b = 0, so this construction gives h = r.

The equivalence applies to actual inputs diagonal in the
control basis, common SPAM channels, and intermediate
operations that preserve control diagonality. Inputs with
the control in a superposition can leave S and distinguish
the generators. The exact data with trusted local controls
identify the target exactly: every diagonal Kossakowski
coefficient here is local, so {zz = 0 in Eq. (A14). Nu-
merical calculations with the full superoperator verify the
record equivalence.

Appendix O: Processor diagnostics and model
adequacy

1. Processing sensitivity and joint-model adequacy

For idle evolution, the joint probe counts show how the
fitted response depends on postselection on the final con-
trol outcome. The selection changes quoted in Sec. VIIC
[Fig. 5(a)] compare frequencies of different conditional
distributions estimated from the same shots. Applying
readout error mitigation within the postselected data
changes the frequencies by approximately 0.66-39 Hz.

Joint modeling tests the physical interpretation directly.
We fit all four outcomes of both probe quadratures us-
ing all shots, together with the computational-calibration
counts, with the model of Appendix N 1. Across the nine
pairs, observed joint deviances range from 194 to 1190,
and every value exceeds all 199 corresponding parametric-
bootstrap refits, which also resample calibration counts
and refit assignment parameters (Fig. 5(b)). These ap-
proximate diagnostics identify a mismatch with the tested
dynamical and readout model. Panel (c¢) shows predic-
tions at three held-out times. Appendix N 2 derives the
physical equivalence for the protocol with inputs diago-
nal in the control basis and shows how probes with the
control in a superposition distinguish the constructed
alternatives.
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