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Abstract

LEMNA explains a security classifier by fitting a local mixture of simple regressions under a fused

(total-variation) constraint. I adapted it to EMBER features, with 2,381 features and 1,000 samples

in each local neighbourhood, and asked whether its regression step can be solved reliably. The fusion

graph has 605 edges, so the matrix inside the solver has nullity of at least 776. On two saved inputs,

the stacked matrix has a measured numerical rank of 1,020 and 681 out of 2,381 columns. On 16

saved subproblems that had failed my convergence rule, jittered Cholesky, LSMR and LSQR passed

the residual tests in 4/16, 4/16 and 2/16 cases. No returned solution stayed inside the TV budget

under a zero-tolerance check. For the 16 saved Cholesky outputs I show that this check is stricter

than the residual tests: the excess is bounded by
√

m times the split gap ∥Dβ − z∥2, and in all 16

cases it was inside that bound (at most 7.5× 10−4). On two inputs, a larger budget did not help,

but 1,000 or 2,000 iterations gave a residual certificate, and an independent OSQP solve reached

objectives 1.3% and 0.10% below the 200-iteration result. Synthetic tests show that rank deficiency

alone need not block convergence. I do not establish a cause, and I report no attack, calibration or

official-test experiment.

Keywords: explainable AI, malware classification, EMBER, LEMNA, ADMM, fused regression, rank

deficiency, numerical conditioning, reproducibility.

1 Introduction

When a malware detector flags a file, analysts often want to know why. Explainers such as SHAP,

LIME and LEMNA try to answer that by showing which features drove a prediction [1, 2, 3]. Before

anyone studies whether such explanations are stable or can be manipulated, the explainer itself has to be

computed reliably. This note checks that first step for one method.

LEMNA fits a mixture of local linear regressions with a fused-lasso-type penalty [3]. In my EMBER

adaptation there are many more coefficients (d = 2,381) than local samples (n = 1,000), and the fusion

graph constrains only a small part of the coefficient space. The question is simple: can the resulting

convex subproblem be solved to a strict standard that I set in advance?

What this note contributes.

1. An audit of the EMBER fusion graph, with a rank bound for the β -update system (Sections 4–5).

2. A comparison of three ways to solve the β update on 16 saved failed subproblems, with the same

tolerances, reporting residual convergence and returned-β feasibility separately (Section 7).

3. A bound that links the raw-TV excess to the split gap, checked on all 16 saved Cholesky solutions,

plus budget, iteration-cap and reference-solve checks on two inputs (Section 7).
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4. A synthetic study that separates rank deficiency from budget tightness and from the strictness of

the raw-TV check (Section 8), and a table of the checks that are still open (Section 10).

Scope. This is not an attack study, and it does not reproduce the original LEMNA code. I worked only

with feature vectors from public EMBER training data. No PE file was modified or executed, and I did

not use the official test set.

2 Background and Related Work

Guo et al. introduced LEMNA for security applications [3]. LIME [2] and SHAP [1] are the two usual

comparison methods. Galadima et al. compared LEMNA, LIME and SHAP on EMBER and DREBIN

for fidelity, robustness and agreement [4]. Their work judges explanation quality. Mine asks a narrower

question: can the LEMNA regression step be solved in my EMBER adaptation? Related work on trust

includes sanity checks for Android-malware interpreters [5] and a survey of explainable ML for security

[6]. Slack et al. showed that LIME and SHAP can be manipulated [7]. Pierazzi et al. point out that a

change in feature space need not be a valid executable [8], so I make no claims at the executable level.

On the optimisation side I use ADMM splitting [9] for the fused-lasso constraint [10], and the iterative

least-squares solvers LSQR [11] and LSMR [12]. The dataset is EMBER [13].

3 Problem Formulation

Take one mixture component with sample weights wi. The β step solves

min
β

1

2

∑i wi (x
⊤
i β − yi)

2

∑i wi

s.t. ∥Dβ∥1 ≤ S, S = 1.0, (1)

where D ∈ R
m×d is the fusion (edge-difference) matrix. Let Xw = diag

(

√

wi/∑ j w j

)

X , and let yw be

the response scaled the same way, so the objective equals 1
2
∥Xwβ − yw∥2

2. ADMM splitting [9] adds a

variable z = Dβ with the constraint ∥z∥1 ≤ S, and a scaled dual variable u. The z update projects Dβ +u

onto the ℓ1 ball of radius S. The β update is then the least-squares problem

min
β

∥

∥

∥

[

Xw√
ρ D

]

β −
[

yw√
ρ (z−u)

]

∥

∥

∥

2

2
. (2)

I write A for the stacked matrix in Eq. (2). Its normal equations are Gβ = X⊤
w yw + ρD⊤(z− u) with

G = X⊤
w Xw +ρD⊤D. The original implementation forms G and adds a small diagonal jitter δ I before

a Cholesky factorisation. LSMR and LSQR work directly on the rectangular stacked system, without

jitter.

Acceptance rule. The primal and dual residuals are r = Dβ − z and s = ρD⊤(zk − zk−1). A residual

certificate means both pass the absolute-plus-relative tolerances, which I did not change. Because z is

projected onto the TV ball and Dβ is not, a residual certificate does not guarantee ∥Dβ∥1 ≤ S. So I also

report joint strict acceptance: a residual certificate and ∥Dβ∥1 ≤ S = 1.0 for the returned β , with no

extra tolerance on TV.

A bound on the excess. Here z ∈R
m with m = 605 (one entry per fusion edge), the split is Dβ = z, and

z is projected so that ∥z∥1 ≤ S. The triangle inequality and Cauchy–Schwarz give

∥Dβ∥1 ≤ ∥z∥1 +∥Dβ − z∥1 ≤ S+
√

m∥Dβ − z∥2. (3)

So a returned β can exceed the budget by up to
√

m times its split gap, even when that gap is within

the primal tolerance. A zero-tolerance test ∥Dβ∥1 ≤ S is therefore stricter than the residual rule, and the

two can disagree at convergence without any solver error. I report ∥Dβ∥1 only as an extra check on the

returned β , not as a standard ADMM stopping rule.

2



0 500 1000 1500 2000 2500
Count

Null-space bound of G

Rank bound of G

Fusion rank rank(D)

Local rows n

Coefficients d

776

1,605

605

1,000

2,381

Figure 1: Dimensions that bound the rank of G. The null-space bound of 776 follows from d − (n+ rankD).

4 EMBER Representation and Fusion Graph

I use EMBER 2018, feature version 2, with the official parser ordering, which gives d = 2,381 features

[13]. The fusion edge list has 605 unique undirected edges, with no duplicates and no self-loops. Its

non-trivial parts are paths on 256, 256 and 96 vertices (255, 255 and 95 independent edges). The graph

touches 608 coordinates and leaves 1,773 isolated, so

rank(D) = 605, nullity(D) = 2,381−605 = 1,776.

I built the local neighbourhoods in raw feature space by coordinate-median replacement, then applied

a StandardScaler fitted on model-training records only. This was an implementation pilot on 1,800

training records, not the planned full-study partition.

5 Rank Analysis

The weighted design term X⊤
w Xw has rank at most n = 1,000, and ρD⊤D has rank 605. So

rank(G)≤ 1,000+605 = 1,605, nullity(G)≥ 2,381−1,605 = 776. (4)

In exact arithmetic G is singular, and its exact 2-norm condition number is infinite. Figure 1 shows the

dimensions. This is a structural bound, not a measured rank. I therefore do not quote a finite condition

number for G. Instead, Section 7 (Table 5) reports the numerical rank and the condition number of the

retained spectrum of the stacked matrix A on two inputs. Adding δ I makes G positive definite, but it

acts as a ridge penalty, so the Cholesky branch solves a slightly different problem.

What this does and does not show. If G is rank deficient, the least-squares solution is not unique and the

plain normal equations cannot be factorised directly. That does not by itself prove that ADMM cannot

converge. Section 8 shows that in a synthetic setting, n < d can make convergence easier, because 1,773

coordinates are untouched by the fusion term and can soak up the response.

6 Experimental Setup

The 16 subproblems are the saved inputs from the two failed records of the five-record pilot (7 from

record 2 and 9 from record 4). For each one I checked the SHA-256 hash, the required arrays, that all

values were finite, and the expected shapes. All solvers used ρ = 0.1, S = 1.0, absolute tolerance 10−6,

relative tolerance 10−5 and at most 200 ADMM iterations. The Cholesky branch uses jitter δ = 10−10.
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Figure 2: Outcomes by solver. Residual certificates occur in a few cases, but none returns a β within the TV

budget, so joint acceptance is zero.

LSMR and LSQR use the rectangular system without jitter, with an inner limit of 300 iterations. I did

not retrain any classifier, re-run any explainer or touch any official-test record. Runtimes are medians

with minimum and maximum, computed from the saved JSON output.

7 Results

I compare the three ways of solving the β update on the 16 saved subproblems (Tables 1–2, Figures 2–3).

Solver Residual cert. Raw β TV feasible Joint strict Inner iter.-limit stops

Jittered Cholesky 4/16 0/16 0/16 0/16

LSMR 4/16 0/16 0/16 15/16

LSQR 2/16 0/16 0/16 16/16

Table 1. Outcomes on the 16 persisted failed subproblems.

Solver Median (s) Min (s) Max (s)

Jittered Cholesky 18.40 7.12 26.48

LSMR 315.09 155.49 377.17

LSQR 312.73 278.74 386.20

Table 2. Runtime per subproblem.

Table 1 and Figure 2 show the outcomes, and Table 2 and Figure 3 show the runtimes. Three things stand

out. First, no method reached joint strict acceptance. Second, a residual certificate and TV feasibility

are different conditions: 4/16 Cholesky runs, 4/16 LSMR runs and 2/16 LSQR runs passed the residual

tests, yet none returned a β with ∥Dβ∥1 ≤ 1. Third, the last inner solve of LSMR and LSQR hit its

300-iteration limit in 15/16 and 16/16 cases, so their failures may come from the inner iteration budget

as much as from the problem. Cholesky solves its inner system directly, so it has no inner limit, and it

was the fastest; but it solves the jitter-modified system.

How this relates to the five-record pilot. The 16 subproblems come only from the two records that had

already failed the original gate. So 0/16 joint acceptance does not contradict the 3/5 pilot pass rate.
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Figure 3: Median runtime with min–max bars. The iterative solvers are roughly 17 times slower than jittered

Cholesky, and their final inner solves mostly reach the inner iteration limit.

Split-gap audit on the 16 EMBER subproblems

For all 16 subproblems I took the saved returned β and z arrays. These come from the Cholesky/jitter

ADMM branch (the original failure-callback output, with jitter 10−10). The β and z arrays of LSMR and

LSQR were not saved, so this audit covers the Cholesky outputs only. I checked whether the raw-TV

excess ∥Dβ∥1 − S lies within the bound of Eq. 3, with S = 1.0 and m = 605. It does in all 16 cases

(Table 3). The excess runs from 1.30× 10−4 to 7.48× 10−4 (median 2.8× 10−4), which is at most

0.075% of S. The split gap runs from 6.8×10−6 to 5.0×10−5 (median 2.0×10−5), and the bound from

1.7×10−4 to 1.2×10−3. The projected variable meets its constraint to rounding error: ∥z∥1 ranges from

0.999999999999998 to 1.0000000000000024, and the largest excess over S is 2.4× 10−15. The bound

follows from ∥z∥1 ≤ S, so passing it is consistent with a correct projection (it is necessary, not sufficient).

For Cholesky, the 0/16 raw-TV result is therefore explained by the finite primal gap: the returned β is

inside the budget up to solver tolerance. I could not run the same audit for LSMR and LSQR, so their

0/16 raw-TV results are not covered by this check. Nor does it explain the missing residual certificates

(12/16 for Cholesky, 12/16 for LSMR and 14/16 for LSQR), which remain the real unresolved failures.

Iteration, budget and reference-solve diagnostics (two subproblems)

I ran three more checks on two of the 16 inputs only: the first saved subproblem of record 2 and the first

of record 4 (files record_2_failed_001 and record_4_failed_001). I used the Cholesky branch,

ρ = 0.1 and tolerances 10−6/10−5. For the independent reference solve I used CVXPY 1.9.3 with OSQP

1.1.3 on the same weighted objective, with auxiliary variables t ≥±Dβ and ∑i ti ≤ S; the solver settings

are saved in the results files. Results are in Table 4.

Raising S up to 10 did not give a residual certificate within 200 iterations, so a tight budget does not

explain the missing certificates on these two inputs. Allowing 1,000 or 2,000 iterations did give a

certificate in both cases, which points to slow convergence under the 200-iteration cap rather than non-

convergence. The OSQP solves were optimal, with objectives slightly below the 200-iteration Cholesky

result. That fits an iterate that has not converged yet, and it may also reflect the jitter, which I did not

separate out. These checks cover 2 of 16 inputs and only the Cholesky branch.

Measured numerical rank. For the same two inputs I computed the singular values of the stacked

matrix A (not of G, whose condition number would be squared) with SciPy’s gesvd driver on a single

thread. I counted ranks above τ = max(m,n)ε σmax and above relative thresholds of 10−12 and 10−10.

All three thresholds gave the same rank (Table 5).

On both inputs the numerical rank is well below the structural bound of 1,605, so the null space has
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Subproblem Excess ∥Dβ∥1 −S (×10−4) Bound
√

m∥Dβ − z∥2 (×10−4) Excess ≤ bound

record_2_failed_001 1.60 2.02 yes

record_2_failed_002 1.41 1.76 yes

record_2_failed_003 1.99 2.47 yes

record_2_failed_004 1.58 2.13 yes

record_2_failed_005 1.36 1.67 yes

record_2_failed_006 1.48 1.99 yes

record_2_failed_007 2.25 2.89 yes

record_4_failed_001 5.59 6.83 yes

record_4_failed_002 7.48 9.11 yes

record_4_failed_003 6.04 7.43 yes

record_4_failed_004 5.47 6.70 yes

record_4_failed_005 5.52 7.01 yes

record_4_failed_006 3.39 4.27 yes

record_4_failed_007 4.86 6.10 yes

record_4_failed_008 1.30 12.25 yes

record_4_failed_009 4.85 5.68 yes

Table 3. Bound check on the 16 saved Cholesky/jitter ADMM outputs (16/16 satisfy it).

Diagnostic Record 2 input Record 4 input

200 iterations, S = 1 no certificate no certificate

200 iterations, S ∈ {1,2,5,10} none of 4 certified none of 4 certified

1,000-iteration cap, S = 1 certified certified

2,000-iteration cap, S = 1 certified certified

OSQP reference objective 2.1069×10−4 1.5621×10−3

Cholesky (200 it.) objective minus

OSQP

2.76×10−6 (1.3%) 1.56×10−6 (0.10%)

OSQP status optimal optimal

Table 4. Two-subproblem diagnostics (selected subset, not all 16 inputs). The reference problem is the same

convex subproblem; β = 0 is always feasible.

dimension at least 1,361 (record 2) and 1,700 (record 4). The retained part of the spectrum is only

moderately conditioned (about 105), so the ill-conditioning comes from the null space, not from nearly-

zero retained singular values. I did not test why the rank is lower than the bound.

8 Controlled Synthetic Study

Purpose and limits. I cannot vary the saved EMBER subproblems, so I tested three possible causes on

synthetic data. This is not EMBER data, and it does not prove what happened in the real failures. It only

shows which explanations are possible.

Design. Dimension d = 2,381. A path graph with the same component sizes (256, 256, 96; 605 edges)

placed on the first 608 coordinates. A Gaussian design X ∈ R
n×d , unit weights, and y = Xβ ⋆+ 0.1ε ,

where β ⋆
is piecewise constant and scaled to total variation TV⋆ ∈ {0.5, 2.0}. ADMM uses ρ = 0.1,

S = 1.0, jitter 10−10 and Boyd-style absolute and relative residual tolerances (10−6, 10−5) [9]. I used

three seeds per setting (two for the longest run). The exact tolerance formula in the EMBER code may
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Input σmax Smallest computed σ Smallest retained σ Rank Condition (retained)

Record 2 32.19 6.1×10−18 1.6×10−4 1,020 2.0×105

Record 4 14.64 1.2×10−19 4.7×10−5 681 3.1×105

Table 5. Numerical rank of the stacked matrix A (1605×2381) on two inputs; SVD time about 2.3 s each. Rank is

identical at τ , 10−12σmax and 10−10σmax (rank is threshold-dependent in general). The condition number is σmax

divided by the smallest retained singular value; the retained values shown are derived from the saved condition

numbers, because they were not saved separately. The smallest computed value includes numerical-null directions.

Regime Iter. cap Residual cert. Strict (∥Dβ∥1 ≤ 1) Median iters ∥Dβ∥1 −S

n = 1000, any TV⋆ 200 3/3 3/3 1 ≈−1

n = 3000, TV⋆ = 0.5 200 3/3 0/3 58 +2.7×10−4

n = 3000, TV⋆ = 2.0 200 0/3 0/3 200 +0.94

n = 3000, TV⋆ = 2.0 1000 0/2 0/2 1000 +0.57 to +0.59

Table 6. Synthetic regimes (medians; n = 3000, TV⋆ = 0.5 is identical at 200 and 1000 iterations). With a relaxed

check ∥Dβ∥1 ≤ 1.001, the second row passes 3/3.

differ.

Findings.

1. n < d is trivially solvable here. With 1,000 rows, the 1,773 isolated coordinates alone can fit y

exactly while the path coordinates stay constant. So ∥Dβ∥1 ≈ 0 and ADMM stops at iteration 1.

This answer is degenerate, because all the attribution sits on unfused features. Rank deficiency

alone does not cause non-convergence.

2. A strict raw-TV check can fail at convergence. With n > d and TV⋆ < S, the budget is still active

(fitting noise inflates TV). The residual certificate is met in about 58 iterations, yet ∥Dβ∥1 exceeds

S by about 3× 10−4, and the gap ∥Dβ − z∥ is about 3× 10−5. A strict check with no tolerance

rejects solutions that pass the residual rule and are feasible to within solver tolerance.

3. A tight budget slows ADMM sharply. When TV⋆ is twice S, no run met the certificate in 200 or

1,000 iterations. TV keeps falling (from about 1.95 at 200 iterations to about 1.58 at 1,000), so

this looks like slow convergence, not a hard barrier.

Checking the bound (Eq. 3). For the n = 3000, TV⋆ = 0.5 runs, ∥z∥1 = S to machine precision and the

split gap is about 2.5–2.7×10−5. The observed excess ∥Dβ∥1−S (2.2–2.8×10−4) is below
√

m∥Dβ −
z∥2 (6.2–6.5× 10−4) in all three runs (Table 7). So the small violation is fully explained by the finite

primal residual.

9 Discussion

My evidence supports a narrow claim for the EMBER adaptation. First, for the Cholesky branch the

strict zero-tolerance raw-TV check is not informative. On all 16 saved solutions the excess is at most

7.5× 10−4 and inside the split-gap bound, so its 0/16 result reflects the finite primal gap (Table 3). I

could not audit LSMR and LSQR the same way. Second, the unresolved failure is the missing residual

certificate: 12/16 Cholesky runs, 12/16 LSMR runs and 14/16 LSQR runs did not meet the primal and

dual tolerances within 200 iterations. On the two inputs I tested, a larger budget did not help but a

larger iteration cap did (Table 4), so the failures there look like slow ADMM convergence under the

cap. The synthetic study makes “rank deficiency causes the failure” hard to defend. The measured

ranks (1,020 and 681 of 2,381) show a large null space, but I cannot say whether it contributes to the
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Seed Cert. iter. ∥z∥1 ∥Dβ∥1 Excess ∥Dβ − z∥2

√
m∥Dβ − z∥2

0 68 1.000000 1.000217 2.17×10−4 2.59×10−5 6.37×10−4

1 51 1.000000 1.000276 2.76×10−4 2.50×10−5 6.16×10−4

2 58 1.000000 1.000266 2.66×10−4 2.65×10−5 6.52×10−4

Table 7. Synthetic check of Eq. 3 (n = 3000, TV⋆ = 0.5, S = 1, m = 605). The bound holds in every run.

slowness, because the larger-neighbourhood test that would change the rank was not completed. None

of this extends automatically to the other 14 inputs or to LSMR and LSQR, which I did not run beyond

200 iterations.

10 Diagnostic Status and Remaining Checks

Diagnostic What it tests Status

Excess TV and the bound of

Eq. 3 on the 16 inputs

Whether raw-TV infeasibility is explained

by the finite primal gap

Done, 16/16 (Ta-

ble 3)

Budget sweep in S Whether a tight S = 1.0 explains the miss-

ing certificates

Done on 2 inputs

(Cholesky): no ef-

fect at 200 it.

Iteration cap sweep Whether failures persist at 1,000–2,000 it-

erations

Done on 2 inputs

(Cholesky): certi-

fied; LSMR/LSQR

not run

Looser tolerance Sensitivity to the tolerance Not run

Independent reference solve

(OSQP)

Optimal objective and feasibility of the

same convex subproblem; β = 0 is always

feasible

Done on 2 inputs

Numerical rank by SVD of A Measured rank and conditioning versus the

structural bound 1,605

Done on 2 inputs

(Table 5)

Larger neighbourhood Whether increasing n improves measured

rank, conditioning and convergence; full

column rank must be measured, not as-

sumed

Not completed

11 Limitations

The synthetic study uses Gaussian designs and a path graph on the first 608 coordinates. These differ

from real EMBER neighbourhoods (median-replacement masks and a classifier-output response), so the

study tests possible mechanisms only. The 16 subproblems come from two records of a small pilot, and I

rebuilt them from deterministic training-only settings rather than capturing them in the original run. I did

not establish equivalence with the original LEMNA implementation, and the EMBER fusion graph is an

adaptation that may not reflect the true feature dependencies. I make no matched held-out comparison

of SHAP, LIME and LEMNA quality. The β and z arrays of LSMR and LSQR were not saved, so the

split-gap audit covers the Cholesky branch only. Independent review of the adaptation, the jitter and

the convergence rule is still pending. An earlier dense-SVD attempt did not finish in the time budget,

so the larger-neighbourhood test and the feature ablation were not completed. A later single-threaded

SVD took about 2.3 s per input, but I have not rerun those two tests. The numerical rank was measured

on two inputs only. The iteration, budget and reference-solve checks cover 2 of the 16 inputs and only
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the Cholesky branch, so they may not hold for the other inputs or for LSMR and LSQR. I report no

attack, calibration, 30-record or official-test result. A SHA-256 checksum of the official test file was

read during an environment audit; no test records were parsed or used.

12 Reproducibility and Availability

Machine-readable results, scripts and pinned dependencies are in an accompanying package. EMBER

itself is not redistributed; it must be obtained from its maintainers, and checksums should be veri-

fied independently. The synthetic-study scripts accompany this note. Code and results: https://

github.com/Deepakvarna02/fused-lemna-ember-audit (commit b85ff99337342d1c405a8586

bb600520e9ee170d). Archived on Zenodo: https://doi.org/10.5281/zenodo.24070079.

13 Conclusion

For the EMBER fused-LEMNA adaptation I audited, the β -update system is rank deficient in exact

arithmetic (nullity at least 776), and no solver I tested met the joint strict rule on the 16 saved failures. On

the 16 saved Cholesky solutions, the raw-TV excess is at most 7.5×10−4 and inside the split-gap bound,

so the zero-tolerance TV check mainly reflects the finite primal gap. Most runs did not reach the residual

certificate within 200 iterations. On two inputs, a larger budget did not help, while 1,000 or 2,000

iterations gave a certificate, which suggests slow convergence under the iteration cap. Synthetic controls

show that rank deficiency alone does not prevent convergence. On two inputs, the numerical rank of

the stacked matrix is 1,020 and 681 of 2,381 columns, far below the structural bound, with a retained-

spectrum condition number of about 105. The link between this null space and slow convergence, the

behaviour of the other 14 inputs and of LSMR and LSQR at larger caps, and independent review are still

open. Nothing here supports claims against LEMNA in general.

Appendix A: Pilot Context

Five-record pilot. Records 0, 1 and 3 passed the original strict LEMNA gate; records 2 and 4 failed

(about 1,269 s in total). I kept the failures in the record.

Classifier smoke test. On a 720-record training-derived holdout (1,800 records, stratified 60/40), accu-

racy and ROC-AUC were: Random Forest 0.9264 / 0.9842, LightGBM 0.9625 / 0.9925, MLP 0.9236

/ 0.9592. These are small-sample values. They are not evidence of generalisation and not official-test

results.
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